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Abstract. We establish a fixed point theorem involving a rational expression in a complete partial
metric space. Our result generalizes a well-known result in (usual) metric spaces. Also, we
introduce an example to illustrate the usability of our result.
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1. INTRODUCTION AND PRELIMINARIES

The notion of partial metric space was introduced by Matthews [10,11]in 1992. In
fact, a partial metric space is a generalization of usual metric spaces in which d(x, x)
are no longer necessarily zero. After this remarkable contribution, many authors
focused on partial metric spaces and its topological properties (see e.g. [1-9,12,13]).

The definition of partial metric space is given by Matthews (see e.g.[10, 11]) as
follows:

Definition 1. Let X be a nonempty set and let p : X x X — [0, 00) satisfy

(PM1) x=y < p(x,x)=p(y,y)=p(x,y)
(PM2) p(x,x) < p(x,y)
(PM3) p(x,y) =py,x)
(PM4) p(x,y) <px,2)+pz.y) —p(z.2)

for all x, y and z € X. Then the pair (X, p) is called a partial metric space (in short
PMS) and p is called a partial metric on X.

Notice that for a partial metric p on X, the function d, : X x X — R™ given by

dp(x,y) =2p(x,y)—p(x,x)—p(y,y) (1.1)

is a (usual) metric on X. Observe that each partial metric p on X generates a T
topology 7, on X with a base of the family of open p-balls {B,(x,¢) : x € X, & > 0},
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where B, (x,e) ={y € X : p(x,y) < p(x,x)+e¢} forall x € X and ¢ > 0. Similarly,
closed p-ball is defined as By[x,e] ={y € X : p(x,y) < p(x,x) + ¢}
Some basic concepts on partial metric spaces are defined as follows:

Definition 2 (See e.g.[10, 1 1]).

(i) A sequence {x,}inaPMS (X, p) converges to x € X if and only if p(x,x) =
limy o0 p(X, Xn).

(ii) A sequence {x,} in a PMS (X,p) is called Cauchy if and only if
limy, m—o0 P(Xn,Xm) exists (and finite).

(iii) A PMS (X, p) is said to be complete if every Cauchy sequence {x,} in X
converges, with respect to 1,, to a point x € X such that
p(x,x) =1imy m_ 0o p(Xn,Xm).

(iv) A mapping f : X — X is said to be continuous at xg € X, if for every ¢ > 0,
there exists § > 0 such that f(B(xg,8)) C B(f(xp),¢€).

The following lemmas play important role in the proofs of our main result.

Lemma 1 (See e.g.[10, 11]). (A) A sequence {x,} is Cauchy in a PMS (X, p)
if and only if {x,} is Cauchy in a metric space (X,dp),
(B) A PMS (X, p) is complete if and only if a metric space (X,dp) is complete.

Moreover,
lim dp(x,x,) =04 p(x,x) = lim p(x,x,) = lLm p(xn,xm) (1.2)
n—0o0 n—>0o0 n,m_—_oo

Lemma 2 (See e.g.[4]). Let (X, p) be a PMS. Then

(A) If p(x,y) =0 thenx =y,

(B) If x # y, then p(x,y) > 0.

Lemma 3 (See e.g. [4]). Let x, — z asn — oo in a PMS (X, p) where p(z,z) =
0. Then limy o0 p(xpn,y) = p(2,y) for every y € X.

2. THE MAIN RESULT
In this section we establish our main theorem which gives conditions for existence
and uniqueness of a fixed point for a certain type operators on partial metric spaces.
Theorem 1. Let (X, p) be a complete partial metric space and T : X — X be a
mapping satisfying
U(p(Tx.Ty)) =¥ (M(x,y)) —p(M(x.y)).Vx,y € X, (2.1)
where M(x,y) is given by
1+ p(x,Tx)
I+ p(x,y)
and Y 1 [0,00) — [0, 00) is a continuous and monotone non-decreasing function with

V() =0ifand only if t =0 and ¢ : [0,00) — [0,00) is a lower semi-continuous
function with ¢(t) = 0 if and only if t = 0. Then T has a unique fixed point.

M(x,y) =max | p(y,Ty) p(x,y)
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Proof. Let xq be an arbitrary point in X. We construct the sequence {x,} in X as

follows:
Xp+1=Txp, n=0,1,2,3,---.

If there exists n such that x,, = x, 41 then x, is a fixed point of 7. Now, suppose that
Xn 7# Xp+1 forall n > 0. Letting x = x,—1 and y = x5 in (2.1), we have

V(p(xn, Xn+1)) = ¥ (P(Txn—1,Txn)) < ¥ (M(xn—1,%n)) — (M (Xp—1,Xn))
where

1+ p(xp—1,TXn—1)

M (xp—1,xn) = max  p(xn, T xpn) T+ pGone1,70) P (Xn—1,Xn)¢
n—1-»+n

Hence, we obtain
V(p(xXn,Xn+1)) < ¥ (max{p(xn,Xn+1), p(Xn—1,%n)})
—@(max{p(xn,Xn+1), p(Xn—1,%n))}) (2.2)
If p(xn,Xxn+1) > p(Xn—1,%y), then from (2.2), we have

V(p(xXn. Xn+1)) S Y (p(Xn. Xn+1) —@(p(Xn, Xn+1)) < ¥ (P(Xn,Xn+1))

which is a contradiction since p(xy, xn+1) > 0by Lemma 2. So, we have p(x,,xp+1) <
p(Xp—1,%n), that is, {p(xn,X,+1)} is a non-increasing sequence of positive real
numbers. Thus, there exists L > 0 such that

lim p(xn,xn4+1) =L (2.3)
n—>00

Suppose that L > 0. Taking the upper limit in (2.2) as n — oo and using (2.3) and
the properties of ¥, ¢, we have

Y(L) =y (L) = Tim info(p(xn—1,%n)) < ¥ (L) —¢(L) < ¥/(L)
which is a contradiction. Therefore
lim p(xp,xp4+1) =0 2.4)
n—>oo
Due to (1.1), we have dp(Xn, Xn+1) < 2p(Xn,Xn+1)
nli?;odp(xnvxn-i-l) =0 (2.5)
Now, we prove that
lim p(xy,xm) =0.
n,m—o00

Suppose the contrary, that is,

lim  p(xp,Xxm) # 0.
o0

n,m—

Then there exists € > 0 for which we can find two subsequences {Xm(k)} , {xn(k)} of
{xn} such that n(k) is the smallest index for which

n(k) >m(k) >k, p(xXnk) Xmk)) = & (2.6)
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This means that
P(Xn(k)—1:Xm(k)) <& 2.7
From (2.6) and (2.7), we have
€ < p(Xn(k)s Xm(k)) = P(Xn(k)s Xn(k)—1) T PXnk)—1- Xm(k)) — P (Xn(k)—1+Xn(k)—1)
< P(Xn@k)s Xn(k)—1) + P(Xn)—1, Xm(k))
<&+ p(Xn(k)s Xn(k)-1)
Taking k — oo and using (2.4), we get
klinéo P(Xn(kys Xm(k)) = € (2.83)
By the triangle inequality, we have
P(Xn(kys Xmk)) < P(Xn@)s Xnk)—1) T P Xnk)=1>Xmk)) — P(Xn()—1Xn(k)—1)
< P(Xn(k)s Xn(k)—1) T PXn(k)—1- Xm(k))
< P(Xnk)» Xn(k)—1) + PXnk)=1: Xmk)—1) + P (Xm(k)—1>Xm(k))
— P(Xm@t)—1>Xm(k)—1)
< P(Xn(k)» Xnk)—1) + P(Xnk)=1: Xmk)—1) + P (Xm(k)—1>Xm(k))
and
P(Xn)—1:Xmk)—1) = P(Xn()—1-Xn(k)) T P (Xn(k): Xmk)—1) — P (Xn(k)> Xn(k))
< P(Xnk)—1-Xn(k)) + PXn(k)s Xm()—1)
< P(Xn(k)—1-Xn(k)) + P(Xn(k)s Xmk)) + P Xm(k)s Xm(k)—1)
— P(Xm(k)s Xm(k))
< P(Xn)—1>Xnk) T PXn()s Xm(k)) + P (Xme)s Xm(k)—1)

Taking k — oo in the above two inequalities and using (2.4),(2.8), we get
lim p(Xpk)—1-Xmk)—1) = € (2.9)
k—>o0
Now from (2.1), we have
V(P (Xmk)s Xnk)) = ¥ (2T Xm@)—1, T Xn(k)—1))

<V M Xm)y—1-%nk)-1) — (P Xme)—1)s Xn(k)—1) (2.10)

where
M(Xmk)y—1Xnk)—1) =

1L+ p(Xmk) =1+ Xm(k))
1+ p(Xmk)—1>Xn(k)—1)

= max | p(Xn(k)—1-Xn(k)) P (Xm(k) =1 Xn(k)—1)
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By (2.4),(2.8) and (2.9), we have
lim M(xm(k)_l ,xn(k)_l) = €. (2.1 1)
k—o00

Now, passing to the upper limit when k& — oo in (2.10) and using (2.8),(2.11) and the
properties of ¥, ¢, we have

V(e) <y (e) _kli)n;oinf(P(M(xm(k)—l»xn(k)—l)) <V¥(e)—g(e) <¥(e)
which is a contradiction. So, we have

lim  p(xp,xm) =0.
n,m—00
Since limy, ;00 P(Xn.Xm) exists and finite, we conclude that (x,) is a Cauchy se-
quence in (X, p).

Due to (1.1), we have dp (Xn,Xm) < 2p(Xpn,Xm). Therefore
Thus, by Lemma 1, {x,} is a Cauchy sequence in both (X,d)) and (X, p).

Since (X, p) is a complete partial metric space, then there exists x € X such that
lim, 00 p(xp,X) = p(x,x). Since limy ;00 P(Xn,Xm) = 0, then again by Lemma
1, we have p(x,x) = 0. Let us now prove that x is a fixed point of 7". Suppose that
Tx # x. From (2.1) and Lemma 3, we have

V(p(xn,Tx)) =¥ (p(Txp-1,Tx))

1 n— aT n—
< W(max{p(x, Tx) tf_’:;(xl_lxx) 1),p(xn—1,x)})
1 n— sT n—
—w(max{p(x,Tx) -i_ll—)k();(xl_lxx) 1),P(Xn—1,x)}) (2.13)

Letting n — oo in the above inequality and regarding the property of ¢, vy, we
obtain

Y(p(x.Tx)) =¥ (p(x.Tx) —e(p(x.Tx)) <y (p(x.Tx))

which is a contradiction. Thus T'x = x, that is, x is fixed point of 7. Finally, we shall
prove the uniqueness. Suppose that y is another fixed point of T such that x # y.
From (2.1),

v(p(x, ) =v(p(Tx,Ty)) <y (M(x,y)) —p(M(x,y))
=>Y(p(x,y)—e(p(x,y)) <¥(p(x,y))

which is a contradiction since p(x,y) > 0. Hence x = y.
The proof is completed. O



140 ERDAL KARAPINAR, WASFI SHATANAWI, AND KENAN TAS

Example 1. Let X = [0, 1] and p(x, y) = max{x, y} then (X, p) is a PMS. Suppose
T:X — X suchthat Tx = ﬁ—zx for all x € X and ¢(¢) : [0,00) — [0, 00) such that
v(t) = IL-H and ¢ (¢) = ¢. Without loss of generality assume x > y. Then, we have

X2 2 X2
p(Tx,Ty) = max , =
I1+x 14y I+x
On the other hand,
{ ( T)l—l—p(x,Tx) ( )} { I+x }
max , —=. plx, = max JXp =X
P2y 1+ p(x.y) PRy yl—l—x
Combining the observations above, we get
x2 y? x2 X x2
p(Tx,Ty) = max , = <x— = .
I+x 14y 1+x 1+x 14x

Thus, it satisfies all conditions of Theorem 1. Hence, T has a unique fixed point,
indeed x = 0 is the required point.

In Theorem 1, taking ¥ (¢) = ¢ for all ¢ € [0,00) and ¢(¢) = (1 —k)t for all ¢ €
[0,00) with k € (0, 1), we get the following result.

Corollary 1. Let (X,d) be a complete partial metric space and T : X — X be a
mapping satisfying
1 , T
p(Tx.Ty) < kmaX{p(y,Ty)M
1+ p(x.y)
where k € (0,1). Then T has a unique fixed point.

Example 2. Let X =[0,1]. Define T : X x X — X by Tx = 3. Also, define
p: X xX — Rt by p(x,y) = max{x, y}, then (X, p) is a complete partial metric
space and

,p<x,y)} (2.14)

14+ p(x,Tx) x )}
T+ pxy) TV

Thus by Corollary 1, T has a unique fixed point. Here O is the unique fixed point of
T.

Example 3. Let X =[0,00). Define T : X x X — X by Tx = 2x. Also, define
p: X xX — Rt by p(x,y) = max{x, y}, then (X, p) is a complete partial metric
space. It is clear that Matthew’s Theorem (analog of Banach Contraction Mapping
principle) does not work. Indeed, without loss of generality, we may assume that
x<y.

1
p(Tx,Ty) < EmaX{p(y,Ty)
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Then
p(Tx,Ty) =2y >ky =kp(x,y)
for any k € [0, 1).
However, for k = %, we have
1 1+2x 1+ p(x,Tx)
2y =p(Tx,Ty) <=2 = k max Ty)———=  p(x, .
y=p( ) 37 T 1x . Ty) T p(ry) p(x,y)

Thus by Corollary 1, T has a unique fixed point. Here O is the unique fixed point of

T.
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