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Abstract. In this paper we introduce the Mittag-Leffler operators, which includes the modified
Szasz-Mirakjan operators. We obtain the transformation properties and compute the rate of con-
vergence by using modulus of continuity. Furthermore we give the A-statistical approximation
theorem for these operators.
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1. INTRODUCTION
The function defined by [11]

o0 k

Z
Pa®= 2 Fart )

(z € C; R() > 0)

is known as the Mittag-Leffler function. The two-index Mittag-Leffler function is
defined by [14]

Eqp(2) :Zr( 5 ©PECR@>0.

Note that Ey . 1(z) = E¢(z) and

1 xk
ez—l Zzll 0 %1
, Etm+1(2) = —k-

E1,1(z) =€% Ei12(2) =

Moreover, for |z| < 2w, we have

1 ad Zn 1 ad ( )Zn
= YBE. =Y pmE
E12(2) ,;) " n! E1m+1(2) ,; " n!
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where the coefficients (Bj) are the familiar Bernoulli numbers and (B,S’”)) are the

generalized Bernoulli numbers (see [2]).
Let (b,) be a sequence of positive real numbers and let B > 0 be fixed. For all
n € N, we introduce the Mittag-Leffler operators by

k (nx)
ot £ (gl o
()5

where f € E := ;f € C[0,+00) : limy— 400 1]1—)6)215 ﬁnite} and C[0,4o00) de-
X

notes the space of continuous functions defined on [0, +0c0). Recall that the Banach
lattice E is endowed with the norm

£l = 7o)

x€[0,+00) 1+ x2

It is obvious that the operators Lflﬂ )( f:x) defined in (1.1) are linear and positive.
Note that for 8 = 1, we have

k
L(l)(f X)=e —nx/by Zf( ) (Z;Clz' — Sy (f1x)

where the operators S, are the modified Szdsz-Mirakjan operators considered in [1].
By direct computations one can state the following lemma;

Lemma 1. Let 2(t) = (t — x)2. Then, for each x > 0 and n € N, we have

@ LP1x) =1,

) |1 x| < TE00
(©
‘L(ﬂ)(t ) x‘ (2|1—ﬂn|+1)b
(20-)7+ 1= 1+ 1= Bl1B~21) b2
+ 2
n
(@)

(11—l + b
n
(20-p2+11-Bl+11-BlIB-21)b3

n2

LP) (y2:x) <

+
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Proof. Since
o0
(nx)k nx
Z k =Eip\ )
Pl beI'(k+ B) bn

then Lgﬂ)(l;x) = 1. Using the fact that I'(k+B8) = (k+B—-1)T'(k+p—1), we
get

L7t = nx n bkF(k—i-,B)
El'B(E)k 1
B 1 i (k+/3—1)+1—/3]b (nx)k
Elﬁ(’;—x)kﬂ bk(k+p—-1)I'(k+p—1)
1 1—,8 bp(nx)k
T G ) L) 42
1,8 =
Hence
[1—Blbn 1 o (nx)f [1—Blbn
L,gﬂ)(z;x)—x\= ! — Zbkr(k+,3) !
£ (5 )

Similarly, by k(k—1) = (k+B—-1)(k+B—-2)+2(1—-B)k + (1 —B)(B—2) and
r'k+p)=k+p-1)(k+p-2)I"(k+B—2), we get

B2 L (R, m0f
b (50 = nx Z(nb”) bk (k +B)

N (k(k—=1)+k)b2  (nx)k
>

1

ng()im o HTEED
1
1

i k(k—1)b2  (nx)k bu L) (13 )
x n?2  bkrk+p) n

X (k+B—1)(k+B—2)b?
= >

nx n2
El,ﬂ (E) k=2

y (nx)*
bk(k+B-1D)(k+B-2)I(k+B—2)
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1 iza—ﬂ)kbg (nx)k
()i 7 e
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n2E; g (b_) k=2"n (k+P) n

n

Therefore

21— B|bn i kb,  (nx)*

LP?x) - x| < ——— A
’ - k
< (1)iz m Hreep
n

®) ;.
[1—Bl1B—2|b% o~ (nx)F bn |Lp (t,x)‘
+ > 3 +
anlﬂ(E) kzzbnr(k_"ﬂ) n
E) bn
2[1-B|1+1)b 1— _2(p2

Using (1.2), we obtain

_ QI+ Dby
n

(20-p+11-Bl+1-BlIB-21)b3

2

Lflﬂ)(tz;x)—xz)

_|_

n
Finally,

LY (vi:x)

< )L,(fi)(tz;x)—xz‘—}—ZX‘LSIB)(I;x)—x‘+x2)L,(1’3)(1;x)—1‘
_ 2(1—=B)*+|1—B|+|1-B||B—2|) b?

_@n m+nmx+( [1=I+11-$118-2)

n n?
which completes the proof. U

We organize the paper as follows: In Section 2, we give the transformation proper-

ties of the operators Lf,ﬁ ) and compute the rate of convergence by using the modulus
of continuity. In Section 3, we prove an A-statistical Korovkin type approximation
theorem.

2. TRANSFORMATION PROPERTIES AND RATE OF CONVERGENCE

We start with the following lemma, which proves that L S,ﬂ ) maps E into itself.
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b
Lemma 2. Let (—n) be a bounded sequence of positive numbers and B > 0 be
n

fixed. Then there exists a constant M () such that, for w(x) = (1 + xz)_l , we have

1
w()LP () < M()
holds for all x € [0,00) and n € N. Furthermore, for all f € E, we have

LD =mBir1.

Proof. Using Lemma 1, we can write that

w(x)LSlﬂ)(%;x) = I:Lflﬂ)(l;x) +L£,B)(l‘2;x)]

14 x2

< [1+x2+(2|1_ﬁ|+1)b"x
1+ x2 n
(2082 +11-Bl+1-Bl1B-21) b3
+ 2
n
< M(B).

On the other hand

1
w0 [LP (0] = w0 | L L 0] < 11w L oo < M@ 171

Taking supremum over x € [0,00) in the above inequality, gives the result. 0

Now, recall that the usual modulus of continuity of f on the closed interval [0, B]
is defined by

wp(f.0) = | _su|p . | f() = f ()]
x.1€[0.B]

It is well known that, for a function f € E, we have limg_, .o wp(f,8) = 0.

The next theorem gives the rate of convergence of the operators Lg,ﬂ )( fix) to
f(x), forall f €E.

b
Theorem 1. Let B > 0 be fixed, (—") be a bounded sequence of positive num-
n
bers, f € E and wp+1(f,8) (B > 0) be its modulus of continuity on the finite interval
[0,B+ 1] C[0,00). Then

[LP S0~ F@)| 1 = My B BYS(B.B) +205.11(/.8(B. B)
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where 8, (B, B) = Nf(,B,B)};—n |:1 + bn—n] ,
Ny (B.B) = max {(4]1=B|+1) B, (21 =) + 1B+ [1 - Bl 82 )
and My (B, B) is an absolute constant depending on f, and B.

Proof. Let 8 > 0 be fixed. For x € [0, B] and ¢t < B + 1, we have the inequality

() = ()] < 01 (£l —x]) < (1+ ";x')wﬁl(m) @.1)

where § > 0. On the other hand, for x € [0, B] and ¢ > B + 1, using the fact that

t—x > 1, we have

| ()= F)| < Ap(1+x2+1%) < Ap(2+3x> +2(t —x)?) <647 (1+ B?) (t—x)*
(2.2)

By (2.1) and (2.2), we get for all x € [0, B] and ¢ > 0 that

| f(t)— f(x)] <6A4f (1+ B?)(t—x)* + (1 Ut

]
Therefore

)wB+1(ﬁ5)-

LP(f10)- /()|

B (14 _ -
<647 (14 B2 LP(— 00 + (1 " W) wp1(£.9)

Applying Cauchy-Schwarz inequality and Lemma 1, we get
L0 )

(L9 w29]"

<6y (14 B) L (i) + | 14—

wB+1(/.6)
<6As (1+ B?)
bn 2 b
[ =B+ B2 (202 11111 =15 -21) 5

bn p27"?
=B+ DB+ (20 + 1= Bl 11 - 115 2]) 5 |

1
+]1+ ;

xwp41(,8) < My (B, B)3x(B, B) +2wp41(f. (82 (B, B))'?),
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where

Ny (B.B) = max{@4[1-B|+ 1) B, (2(1=) +[1-B| +|1- Bl 182 .
Mz (B.B) =64y (14 B?) and 8,(B.B) = Nr(B, B)];—” [1 + i—"} . Whence the re-
sult follows. 0

3. A-STATISTICAL CONVERGENCE

Recently, A-statistical convergence of linear positive operators have been an active
research area (see [3—5, 12] ). We start to this section by recalling concepts of A-
statistical convergence.

Let A = (ajx) be a non-negative regular summability matrix.

Definition 1. The A-density of a subset K of N is given by

54(K) = 1i s 3.1
4(K) ljmza,,k 3.1)
keK

provided that limit exists (see [7]).

Definition 2. A sequence x = (xj,) is said to be A-statistically convergent to /
and denoted by stq-limx =/ if for every € >0, 4 {n € N: |x, —1| > e} = 0 (see

[6, 13]).

Taking A = Cq, the Cesaro matrix of order one in (3.1), A-statistical convergence
reduces to statistical convergence [8, 10].Taking A = I, the identity matrix then A-
statistical convergence reduces to ordinary convergence. Kolk [9] proved that in
the case of lim; maxy, |a j,n| = 0, A-statistical convergence is stronger than ordinary
convergence.

Now let A = (a;,) be a non-negative regular summability matrix. Assume that
(bn),en 1s a sequence in [0, 0o) satisfying

b
st4-lim — = 0. (3.2)
n n
Then we have
b 2
st4-lim (—”) =0. (3.3)
n n

Such a sequence (b, ),enN satisfying (3.2), can be constructed as follows: Take A =
C1, and define
) n, ifn=m? (meN)
bn = % n'/3, otherwise. 34
. by . by
Then clearly stc,-lim — = s¢-lim — = 0.
n n
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Theorem 2. Let A = (a;i) be a non-negative regular summability matrix and
B > 0 be fixed. If

b
stg-lim— =0
non

then
stq-lim ”Lff)(f;x)—f(x)H
n
holds for every f € E.

=0
Cl[o0,B]

Proof. Given r > 0 choose & > 0 such that ¢ < r. For fixed 8 > 0, define the
following sets:

U:={n:6,(B.B) =1},

Uy := n‘b—n>—r_‘8
T TN BB S

(bn)2 r—e
ni| =) > —-———
n) T2NB.B)|

where N¢(B,B) and 8, (8, B) be the same as in Theorem 1. Then it is clear that
U C Uy UU,, which gives

Zajkf Zajk—i- Zajk. 3.5

keU kelU; keU,

Uzi

Letting j — oo in (3.5) and using (3.2) and (3.3), we have lim; ) ;. oy ajr = 0. This
proves that st4-lim, 6, (8, B) = 0 which also implies

sta-limop.41(/.8,/* (8. B)) = 0.
Using Theorem 1 we get the result. (]

Remark that choosing the sequence (b, ),en as in (3.4), the statistical approxi-
mation results in Theorem 2 works, however its classical case does not work since

(1:1—”) N is not convergent in the ordinary sense.
ne
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