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Abstract. In this paper we prove two theorems on absolute generalized Hausdorff summability
of orthogonal series. These theorems give some sufficient conditions in terms of coefficients of
an orthogonal series under which it is absolute generalized Hausdorff summable. In addition, it
is verified that several known results are corollaries of the new results.
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1. INTRODUCTION

Hausdorff matrices have played an important role in summability theory and are
linked with the moment problem for a finite interval. The matrices of such standard
methods of summability as the Cesaro, the Holder, the Euler and the wighted mean
methods are all Hausdorff matrices.

On one hand, such matrices are used to define different types of absolute summa-
bility such as the absolute Norlund summability, the absolute generalized Norlund
summability, the absolute Riesz summability, the absolute generalized Cesaro sum-
mability, and the absolute Euler summability. On the other hand, by many authors
such notions are employed to study an interesting topic in theory of orthogonal se-
ries the so-called their absolute summability. For example, one can see the work
of Tandori [19], Leindler [8—11], Okuyama and Tsuchikura [15], Okuyama [13, 14],
Szalay [17], Billard [1], Grepagevskaya [4], Spevakov and Kudrajatsev [16]. In 2002
Okuyama [ 14] using generalized Norlund means has proved two theorems which give
sufficient conditions in terms of the coefficients of an orthogonal series under which
it is absolute generalized Norlund summable almost everywhere.

A generalization of a definition of absolute summability given by Borwien [2]
is presented in the paper of Borwein et al in [3], called the absolute generalized
Hausdorff summability. After some results proved by present author ([5—7]), which
generalize some of the results of the above mentioned papers, we continue here to find
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any sufficient condition under which an orthogonal series will be absolute generalized
Hausdorff summable, and this is the main purpose of this paper.

2. NOTATIONS, NOTIONS AND KNOWN RESULTS

Let > o2 oan be a given infinite series with its partial sums {s,}. Then, let p
denotes the sequence {p,} of real numbers. For two given sequences p and ¢, the
convolution (p * q), is defined by

n n
(p*q)n = Z Pmdn—m = Z Pn—mYm-

m=0 m=0

When (p *q), # O for all n, the generalized Norlund transform of the sequence {s, }
is the sequence {z7?} obtained by putting

7

Z Pn—mdmSm-

The infinite series Y .-, dx is absolutely summable (N, p,q) if the series

o0

, p.q
Z |an ? _tn—ll
n=1

" (px q)n

converges, and is written in brief

oo
Zan €|N,p.q]|.
n=0

The method |N, p,q| of summability was introduced by Tanaka [1&].
Let {¢n(x)} be an orthonormal system defined in the interval (a,b). We assume
that f(x) belongs to L?(a,b) and

o0
SO~ Y cngn (), Q.1)
n=0
where ¢, = fab f(X)pn(x)dx, (n=0,1,2,...).
In [14] is written
= (P*Q)n, R;jl. = Z Pn—mYm
where

R'"t1 =0, RY =R,

and the following two theorems are proved:
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Theorem 1 ([14]). If the series

0o n J J 2 %
Z Z &_Rn—l |C‘|2
Rn Rn—l /

n=1\ ;=1

converges, then the orthogonal series

Z Cnn(x)
n=0

is summable |N, p,q| almost everywhere.

Theorem 2 ([14]). Let {§2(n)} be a positive sequence such that {2(n)/n} is a
non-increasing sequence and the series Y po #(n) converges. Let {pn} and {qn}

be non-negative. If the series Y oo | |cn|>R2(n)w(n) converges, then the orthogo-
nal series Y p—oCn®n(X) € |N, p,q| almost everywhere, where w(n) is defined by

. . R/ R/_
w(j):=J IZE',°=,-n2(R—n—Rn_1) :

The following definition is introduced by Borwein et al in [3]. Let M := (a,k)
(n,k =0,1,...) be a matrix. For the series ) .-, a, and its partial sums s, let

oo
on = M(sy) = Zanksk.
k=0

Let

n
U,=1—up+ Zuk where up >0 for k=0,1,...,
k=0
and assume that y is a real number and > 0.
We say that the series Y no o dn is absolute summable | M, u,,, Ylg or Yo 0dn €
|A4JM,Vmif

o0
ZU,}’ﬂJ“ﬁ_lu,l,_ﬁwn—on_ll'B < 00. 2.2)
n=1
The main purpose of the present paper is to generalize Theorems 1 and 2 for
M, uy,y|g summability of the orthogonal series (2.1), where 1 < 8 < 2. For the
presentation of the main results we need to introduce some further notations and re-
quirements. Firstly, we suppose that M := (a,) is a normal matrix, i.e. a lower
triangular matrix of non-zero diagonal entries, and secondly, for it we associate anot-
her two lower matrices M := (d,)) and M := (a4, 1) as follows:

n
Ani =Y dni.n.i=0,12,...
i=k
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and
&00 = C_l()() =4apo, &nk = c_l,,k _&n—l,k» (I’l =1,2,. ) .
Throughout this paper, the letter K denotes a positive constant having different
values in different contexts and depending only on k.

The following lemma due to Beppo Levi (see, for example [12]) is often used in
the theory of functions. It will need us to prove main results.

Lemma 1. If f,(¢t) € L(E) are non-negative functions and

> / fa(0)dt < 0o, 2.3)
n=1 E

then the series

Y

n=1
converges almost everywhere on E to a function f(t) € L(E). Moreover, the series
(2.3) is also convergent to f in the norm of L(E).

3. NEwW RESULTS
We establish the following statement.

Theorem 3. If the series

i[(lﬂ“ i) Z|an,,| |c,|2}

n=1

converges for 1 < § <2, then the orthogonal series

Z Cnen(x)
n=0

is |M,up,y|g-summable almost everywhere.

Proof. Let 1 < B < 2. For the transform o, (x) = M (s, )(x) we have

n n k
on(X) =Y anisi(X) =D ank »_ cjpj(x)
k=0 k=0 Jj=0
n n n
= ¢i@i () anc =Y dnjcjpj(x)
Jj=0 k=j j=0

where Zf:o ¢j@j(x) is the partial sum of order k of the series (2.1).
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Hence

n n—1
on(X) —0n—1(x) = Y _anjcj9j(x)= Y _an—1,jcj; (x)
Jj=0 j=0
n—1
= dnnCnen(x) + Z (a_n,j _L_ln—l,j)cjgpj (x)
Jj=0
n—1 n
= nnCa@n(X) + Y _an,jCj0;(X) =Y an jcjpj(x).
j=0 j=0
Using the Holder’s inequality and orthogonality to the latter equality, with r and
s = % such that » +s = rs, we obtain

[Nlie

b 5 b
/ 0 () — Ont (1) P dx < (b—a)'—5 (/ |on<x)—on_1(x)|2dx)

—(h—a)"2 /ab

n g
1-£ A 21012
= (b—a) 2[Z|an,j| |c,-|} :
Jj=0

[S]1eN

" 2
Z&n,jc]~<pj(x)| dx
=0

Thus, the series

[ee) b
S upErA-lylh / o) =01 (1) Pl <

n=1 a

B — yr1—L 1-oN\2 < 5

1-5 ~B, B A 120002

<(-a)'"2 )] (Un Py ) > lan i Ples] 3.1
n=1 Jj=0

converges by the assumption since the last one does. Also we note that the functions

|0 (x) —0,—1(x)| are non-negative and integrable, therefore according to the Lemma
1 the series

o0
Z Uryﬂ—{_ﬂ_lu}i_ﬂ lon (x) —on—1(x) |ﬂ
n=1
converges almost everywhere.
For 8 = 1 we use the Schwartz’s inequality, until for § = 2 we use just the ortho-
gonality. With this the proof is completed. 0
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Now we shall prove a general theorem regarding to | M, u,,y | g-summability of an
orthogonal series which involves a positive sequence with certain additional condi-
tions.

For this reason first we denote

¢(ﬂ,y)(j) —

s ,_1 y+1— 1 1 n 2
Z ( Uo Puf |an,,-|) (3.2)
then the following theorem holds true.

Theorem 4. Let 1 < <2 and {$2(n)} be a positive sequence such that {2(n)/n}
is a non-increasing sequence and the series

Sl |

Z ns2(n)

n=1

converges.
If the series

o0
3 leiP2F ()¢ B ()
j=1

converges, then

o0
> cnpn(x) € [M.un.yp
n=0

almost everywhere, where ¢B-Y) (n) is defined by (3.2).

Proof. Applying the Holder’s inequality to the inequality (3.1) we get that

S Uz ﬂf 0w(x) — 0 ()Pl <

n=1
00 > n g
y+1 , —1 n 2 2
z[( bl ) S e

j=0

| /\

[S]1eN

- Z( e [(nmn))ﬂ‘l( o ) Danﬂ o1 }
=1\ n 2

2—B8
2

[SjeN

3 —1 — +1—
_K(,; (n.Q(n))) |:Z(H.Q(l’l))ﬁ 1( 4 [3 ) §|an1| lcj] :|
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B
N e PR T S WL N
<&} Yl Y e2ed ! (0" ™)
n=j

Jj=1

8
00 . 2_1 o 2 2
20)\*? 2(2-1 y+1—% L-1\"

) |¢/|2( ] 2" G (" \dn,j|>

j=1

n=j

A

K

B
=K§Zlajlzﬂf%‘l(jm(ﬂ’”(j)} :

Jj=1

which is finite by assumption, and this completes the proof. U

Ifu, =1forn=20,1,2,..., then (2.2) is equivalent to

o0
ALl IR L

n=1

which is the defining inequality in the definition of absolute summability given by
Borwein [2]. Therefore from Theorems 3—4 we immediately obtain:

Corollary 1 ([0]). If the series

— 2(y+1-4) &
Z[n BZ|an,j|2|cj|2}

n=1 Jj=0

[Nlie

converges for 1 < B <2, then the orthogonal series

Z Cnen(X)
n=0

is |M,y|g-summable almost everywhere.

Corollary 2 ([6]). Let 1 < B <2 and {§2(n)} be a positive sequence such that
{£2(n)/n} is a non-increasing sequence and the series

Sl |

Z ns§2(n)

n=1

converges.
If the series

o0
> e PRAT()HeBN ()
2
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converges, then

%)
ch(pn(x) € |M,)/|f3
n=0

almost everywhere, where d)(ﬂ ¥)(n) is defined by

1 & 1 2
6PN ()= —— D (w7 Flan 1)
)

n=j

We note that Theorems 1-2 are corollaries of the main results as well. It is enough
to put in Theorems 3-4: u, = 1 forn =0,1,2,...,y =0, 8 =1, and a,; = 225 qu
Namely, for such particular conditions we have

n n—1
ap k = dn,k _dn—l,k = Zanj - Zan—l,j
j=k j=k

1 Z” 1 "Z‘l R, RI_
n . n—1 .
j=k j=k

Rn Rn—l
2
2 _ RJ R;J1 1
Rn Rn—l '
and similarly
2
1 & R, R’
o)== |n —n=l) )
J ’; Rn Rn—l

which verify Theorems 1-2.

Remark 1. Tt should also noted that if we take the values of u,,, v, B as above and:
(i) ank = 25~
(i) ank = G-
one can obtain the results of [15], see also corollaries proved in [14].
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