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AsstrAcT. In this paper the two dimensional linear Volterra type of integral equa-
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1. PROBLEM DESCRIPTION

Let D denote the rectangle = {(x,y) :a< X< Xg,bp <y < b}, 1 ={a<x<
X0, Y=Db}, T2 = {X=a, bp <y < b}. Inthe domairD we consider the following
integral equation

U(x, y)+/lf(Ltj(32dt uf;f)(xs;?

(1.1)

+‘5f(t a f(l'tjf’s?eds(x,Y) =f(xy)

wherea > 0, 8 > 0anda, u, 6 are constants, the right-hand side functf@r, y) €
C(D) is a given function irD, such that it vanishes on the linEg I',.

If the integral equation (1.1) has a solution and the corresponding integrals are
convergent, then passing to the limitin (1.1)yas>» b andx — a, we obtain o™,
andI'; the following two one-dimensional Volterra type integral equations:

b

V) -n [ posds=f(ay) 12)
CuUtb)

UGeb) + 4 | G grdt= f0xb) (1.3)
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The equations (1.2) and (1.3) are studied in detail in [1], [2].

It should be noted that the integral equation (1.1) under the following restrictions
for the pairs of parametets< 1, <1, a<1, B=1;a=1 B<landa>1 B>
1 was investigated in [3], [4].

In this paper the general solution of the integral equation (1.1) is constructed for
the pairse = 1, 8 > 1 anda > 1, 8 = 1. It will be established that for certain values
of parametergl and u the corresponding homogeneous integral equation (1.1) has
an infinite number of linear independent solutions and for other valuds pfthe
homogeneous integral equation (1.1) has no other solutions than the trivial solution.
Under some additional conditions it will be proved that the inhomogeneous integral
equation (1.1) for certain values af u is solvable, and for some other values of
A, p has a unique solution. In the case wides —Au in (1.1), the solution can be
found using a well known approach.

It seems to the authors that the integral equation (1.1) with super-singularity has
not been studied yet.

2. SINGULARITY ON THE FIRST AND SUPER-SINGULARITY ON THE SECOND VARIABLE

Theorem 2.1Let us suppose that =1, 8> 1, 4 >0, A < 0,andé = —Au in
integral equation (1.1). Moreover, assume that the behaviour of the right-hand side
functionf(x,y) € C(D) is determined by the following asymptotic formulae

f(xy) = olexpuaf(y)(b - y)"*], y1 > B (2.1)
W) = [(B- b -y

asy — b and
f(xy) = ol(x—a)?], y2 > |4, (2.2)
asx — a.
Then the corresponding homogeneous integral equation (1.1) in the class of func-
tionsC(D) has an infinite number of linear independent solutions. The non-homoge-

neous integral equation (1.1) is always solvableG(D) and its general solution
containing four arbitrary functions is given by the following formula

U(x,Y) = expl-ua (V)]pa(x) + (x— a) "y (y)+

b
+ (x— a) " expluct(y)] f expluat (9]ya()dst
y

+ (x— ) explucf )] f (t - a) oot + F(xy)-
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X b

_a . f (S - o
2 f 22y g0 f XPheR® — AW ¢ g5
y

(b—sy

a

X b

t-a,, dt [ expl(wy(s) - )] _
—/luf(x_a) t—af b_ f(t,9)ds=
a y
= Tl,ﬁ[(pl(x)’ QDZ(X)a lﬁl(Y)’ lﬁz(Y), f(X, y)]’ (23)
In (2.3) ¢j(x), ¥j(y),j = 1,2 are arbitrary functions defined ofy, I'>, such that
¢j(x) € C(I'1), ¥j(y) € C(I'2) (j = 1,2) satisfying the following conditions as—
a,y—b:

e1(X) =0o[(x—a)”®],y3>0 asx—a (2.4)

v1(y) = ol(b—y)“l.ya>B-1 as y—-b (2.5)

2(¥) = of(x - a)"® expCpah())]. vs > 1Al as x— a (2.5)
way) = ofexp(-uawp(y))(b - )], y6 > -1 as y—b. (2.7)

Proof. The proof of Theorem 2.1 essentially uses the theory of partigdrdntial
equations of hyperbolic type with singular and super-singular lines [5], [6]. For the
values of parametera = 1, 8> 1, 1 <0, u > 0 let the integral equation (1.1) have

a differentiable solution in the doma. Then by diferentiating (1.1) with respect

to x andy, we get the following equality

U 1 U u oU 1) A

AXoy Tx—aox b-yPBox (x-a)b-yPB  oxdy
Thus we reduce the given problem to finding a solution of the so-called model type
second order linear hyperbolic equation with one singular linE0and one super-
singular line oT’2. The theory of the model equation obtained above is constructed
in [5-6]. According to [5-6], the solution of the model equationfox O, u > 0, § =
—Au has the form:

U(xY) = expl-uaf(y)]ea(x) + (x— &)y (y) +

b
+ (x— ) explucf )] f expluat(9ua(9ds +
y

+ (x— ) explpucf )] f (t - a)'ea(t)dt -
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X

b
- 2
- (622t [ explutuf(® - ofsds

a y

Performing the necessary transformations in this expression and using the conditions
of Theorem 2.1, we get the integral representation (2.3), which is obtained by suppos-

ing thatfj—afy € 0(5). By direct computation one can check that under the conditions
of the theorem the solution having the form (2.3) satisfies the integral equation (1.1)

even in the case whef(x, y) € C(D). O

Theorem 2.2Let us suppose that =1, 8> 1, u <0, 1 >0, 6§ = —Auin the
integral equation (1.1) andf(x,y) € C(D). In addition, assume that on the lines
I'1, T'> the functionf(x,y) € C(D) possesses the following asymptotic properties

f(xy) = ol(x-a)"], y7 > 0, (2.8)

asx — aand
f(xy)=ol(b-y)*l. ¢ >p5-1 (2.9)
asy — b.

Then on the one hand, the corresponding homogeneous integral equation (2.1)
has only the trivial solution in the class of functio@¢D). On the other hand, the
non-homogeneous integral equation (1.1) is always uniquely solvaBihand its
solution is given by formula

U(Xy) = T15[0,0,0,0, f(x,y)]. (2.10)

Theorem 2.3.Let us assume that in the integral equation (b} 1, 8> 1, u <
0, 1 < 0, 6§ = —Au and the asymptotic behaviour of the functidi{x,y) € C(D)
is determined according to (2.2) and (2.9) as— a and asy — b, respectively
Then the corresponding homogeneous integral equation (1@{0x) has an infinite
number of linear independent solutions. Moreover, the non-homogeneous equation
(1.1) inC(D) is also always solvable and its general solution contains two arbitrary
functions defined oh, and given by the following formula

U(xY) = T14[0, 0,1 (y). v2(y), f(x )], (2.11)

wherey1(y), w2(y) arbitrary functions defined oh, such thaty1(y) has the property
(2.5) andy»(y) satisfy the condition

Ya(y) = o[(b—-y)**], yo > B - L (2.12)

asy— b

Theorem 2.4. If in the integral equation (1.1y = 1, 8> 1, u > 0, A2 >
0, 6 = —Au and the right hand side functiof(x, y) € C(D) vanishing o, has the
asymptotic property (2.1) ag — b, then the corresponding homogeneous integral
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equation (1.1) irC(IS) is always solvable. In this case the general solution contains
two arbitrary functions defined dr, and can be written in the form

U (X’ y) = Tlﬁ[(pl(x)’ QDZ(X)’ O’ 0’ f(X, y)]’ (213)

wherep1(X), ¢2(X) are arbitrary functions defined oy such thaty,(x) satisfy con-
dition (2.4) asx — a and foryg,(X) € C(I'1) holds the equality

@2(X) = o[(x = a)"*°], y10 > 0.

asx — a.
Remark 2.1. Under the conditions of Theorem 2.1 the solution of the f¢2n3)
vanishes o'y, I'; according to the following asymptotic formula

U(x,y) = o[(x—a)"], y11>0, as x— a,

U(xy) =o[(b-y)*]. y12>B~-1 as y—b.

Remark 2.2. If the conditions of Theorem 2.2 hold, then the solution of the form
(2.10) vanishes oh, I'; satisfying the following relations

U(x.y) = ol(b-y)"*], y13> B - 1, (2.14)

b

.
U(ay) = f(o,y) - f(o,y) + u f explu(wy(s) b))
y

(b—sy

f(a, s)ds-

b

_jme%Q—%Mﬂ
(b-sp

f(a,9)ds=0

asx—a, y— b
Remark 2.3. Under the conditions of Theorem 2.3 the solution of the form (2.11)
vanishes o'y, I'; satisfying the following relations as— a, y —» b

Uxy) =o[(x-a], as x— a,

U(x,y) = o[(b-y)’], as y— b.

Remark 2.4. If the conditions of Theorem 2.4 are satisfied, then the solution (2.13)
vanishes oifr;, I'; such that the following asymptotic formulae holdas> a, y —» b

U(x,y) = o[(x—a)"], y14>0, as x— &,

U(xy) = olexp-uwf ()], as y— b.
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3. SUPERSINGULARITY ON THE FIRST AND SINGULARITY ON THE SECOND VARIABLE

Theorem 3.1.Let us assume that in the integral equation (b} 1, 8 =1, u >
0, 1 <0, 6 = —Au, and the right hand side functiof(x,y) € C(D) satisfies the
following asymptotic relations
f(x.y) = olexp(wyz(X))(x— )], y15> @ —1 (3.1)
asx — aand
f(x.y) = o[(b—y)"*], y16 > 1, (3.2)
asy— b. _
Then the corresponding homogeneous integral equation (1@jin has an infi-
nite number of linear independent solutions. Besides, the non-homogeneous integral

equation (1.1) inC(D) is always solvable and its general solution containing four
arbitrary functions defined oh1, I'; has the form

U(xy) = (b - y)e1(x) + expllwg (X)]¥a(y)+

+ (b - yy* expliw; (X)] f (b—5)"y2(s)ds+ (b - y)* expldw; (X)]x

a

x [ ek acileadt+ 10cy) -2 f

X

expi(wa(X) — wa(D)]
(t-a)”

b
f(x 9)
+'uf(lo S) d_/lf(bsbs
y

expA(wi(X) — wi ()]
8 f (t-a)

f(t,y)dt+

f(t,9ds=

a
= Toale1(X), p2(X), Ya(y), v2(y), F(x Y1, ~ (33
wherew?(X) = [(« - 1)(x — @)*~1]71, and the arbitrary functions;(X) € C(I'1) and
vi(y) e C(I'2), j = 1,2 satisfy the following asymptotic relations s~ a, y — b

p1(x) = o[(x — @)"*" explwy(X))], y1i7> -1, as x—a, (3.4)
ya(y) = ol(b-y)"**], 18>0, as y—b, (3.5)

w2(X) = o[explwz (X)) (X —a)**°], y1.9>a -1, as X— a, (3.6)
Yo(y) = o[(b-y)’"*], y20>u, as y—b. (3.7)

From the integral representation (3.3) it follows:
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Remark 3.1. If the conditions of Theorem 3.1 are valid, then any solution of the
integral equation (1.1) vanishes dhand I'; asx — a, y — b in the following
manner

U(xy) = o[(x-a)*],y21>a~-1as x—a
U(x.y) = o[(b-y)"*], y22>0,as y—b.
Theorem 3.2.Letus assumethat> 1, =1, u <0, 1 >0, 6 = —Au hold in the
integral equation (1.1) and the functiof y) € C(D) has the asymptotic behaviour
f(xy) = ol(x-2a)*], y23>a -1,
asx — aand
f(xy) =o[(b-y)*], y24>0
asy — b. _
Then the corresponding homogeneous integral equation (1.C([) has only

the trivial solution, while the inhomogeneous equation (1.1) is uniquely solvable in
C(D). The solution is given by the formula

U(Xy) = To1[0,0,0,0, f(x,y)]. (3.8)

From Theorem 3.2 it follows:
Remark 3.2. Under the conditions of Theorem 3.2 any solution of the integral
equation (1.1) vanishes @nandI'; having the asymptotic behaviour

U(x.y) = o[(x—a)"*], y25 > a -1,
asx — aand

X

U(x,b) = f(x,b)—/lf

a

expli(wa (X) — wa(D)]
(t—a)”

f(t, bydt —

X

_f(x.b) +/lfexp[/1(wg(x) — wa®)] f(t.b)dt=0

(t—a)

asy — b.

Theorem 3.3. Let us suppose that in the integral equation (1.1) the relations
a>1 B8=1 1<0, u<0, § =—-Auhold and the functiorf(x, y) € C(D) fulfils the
following asymptotic relations

f(x,y) = o[(x—a)"%], y26>a -1, asx— a
and
f(x,y) =o[(b-y)"#], y27>Iul asy—b

Then the homogeneous integral equation (1.X3(B) has an infinite number of lin-
ear independent solutions. Moreover, the non-homogeneous equation (CM)in
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is always solvable and its general solution contains two arbitrary functions and has
the form

U(x,Y) = Toa[0, 0, yra(y). wa(y), f(x Y] (3.9)
wherey1(y), ¥2(y) are arbitrary functions such that; (y) satisfy the condition (3.5)
while for the functiony»(y) holds the following relation
ya(y) = o[(b—y)"**], y28 > 0

asy — h.

From the integral representation (3.9) it follows:

Remark 3.3. If the conditions of Theorem 3.3 hold then any solution of the inte-
gral equation (1.1) vanishes dn, I'> with the following asymptotic behaviour

U(xy) = olexp(lwa(X)], as x — a,

U(x.y) = o[(b - y)"*], y29 > 0.

In the case when the paramet@randu are positive, we have the assertion:

Theorem 3.4.Let us assume that in the integral equation (1.1) the relations
1,8=121>0 u>0, 6 =—-Au hold and for the functiorf(x,y) € C(D) the
following asymptotic relations

f(xy) = ol(x — &) exp[-Awg(X)], y30 > @ - 1,
asx — aand
f(xy) =o[(b-y)"*], ya1>p.as y—-b

hold. Then the homogeneous integral equation (1.1) has an infinite number of linear
independent solutions in the class of functi@P). The non-homogeneous equation
(1.1) is also solvable i€(D). The general solution contains two arbitrary functions

U(X.Y) = Teale1(X), ¢2(X), 0,0, f(x, y)], (3.10)
wherep1(X), ¢2(X) are arbitrary functions satisfying the following conditions
e1(X) = o[(Xx—a)"*], yz2>a -1,

p2(X) = o[(x—a)"*], ysz>a -1
asx — a.
From Theorem 3.4 it follows:
Remark 3.4. Under the conditions of Theorem 3.4 any solution of the integral
equation (1.1) vanishes an, I'; with the following asymptotic properties

Uxy)=0o[(x—a)*], yas>a—-1as x—a

U(x,y) =0o[(b-y)*],as y—h.
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4. SERIES REPRESENTATION OF THE SOLUTION WITH RESPECT TO ONE OF THE VARIABLES

It is easy to see that in the case witea —Au the problem of finding the solution
of the integral equation (1.1) is reduced to the solution of this equation Wwith
0, u=0.

For example in the case when> 1, s =1, u >0, 1 <0, § # —Au, finding the
solution of equation (1.1) is reduced to studying the solution of the following integral
equation

b
V(X, y)+61f(t 27 \Q(Ez)ds:G(x,y), 4.1)
y

wheres; = 6 + Ay,
V(x,y) = (b —y) ™ exp[-Awz (¥]U(X.Y),
G(x,y) = (b= y) y1(y) + expl-Awg (X)]p1(X) +

X

b
+fexp(—/lwg(t))<p2(t)dt+f(b—S)_“t//z(s)ds+

a

+ (b - y) ™ expAwa (9] F(x.y) — A(b - y)™ x

 expEAw O] (L)
% f (t—a)

dt + uexp[-Awg (X)] x

f(X s)ds exp-1wl(t)]
(b S)/“'l f (b S)y+1 f (t _ a)a f(t’ S)dS

0i(X), ¥ily), ] __1,2 are arbitrary functlons defined dn, I'; such thatyj(x) €
C(I'y), yj(y) € C(I'2), j = 1,2 and these functions satisfy the conditions (3.4)-(3.6)
asx—a, y—bh.

Let us search the solution of the integral equation (4.1) in the following form

V(xy) = i(b —Y*Vi(X), 6 > 0, (4.2)
k=0

whereVg(x) are unknown functions.
Suppose that the functigB(x, y) has the following series representation

G(xy) = ) (b= y)**'Gi(), (4.3)
k=0

whereGy(x) are given functions. Moreover, assume that the series (4.3) converge
absolutely and uniformly.
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In this case in finding the solutions of the two-dimensional integral equation (4.1)
one should determine the solutions of the following one-dimensional Volterra type
integral equations

51 Vihat
6J (t—a)
a

Vik(X) + " = Gk(X), (4.4)

k=0,1,2,..., which were investigated in [1-2] in detail.
Using the technique from [1-2] for solving (4.4), we find that

Vk(X) = exp[ wa(X)]ck + Gr(X)—-

Gi()dt, (4.5)

5 feXp[+k+5(wa(X) wa ()]
K+o (t—a)

wherecy, ¢y, Cp, .... are arbitrary constants.

The solutions of the form (4.5) were obtained, supposing éhat O and the
functionsGg(x) € C(I'g) vanish in the poink = ¢ having the following asymptotic
behaviour

Gk(X) = o[exp(

y35>a/—1, k=0,1,2,....

In this case, we have the following assertion.

Theorem 4.1. Let us assume that in the integral equation (4.1) relatians
Lu>01<06=6+Au#0, 61 <0 (6 < |u) hold and moreover for the
functionG(x, y) the series representation (4.3) holds, whégx) are given functions
vanishing o’y with the asymptotic behaviour (4.6), where- 0. Then the corre-
sponding homogeneous integral equation (4.1) in the class of functions having the
series representation of the form (4.2) has an infinite number of linear independent
solutions of the form

L ws00) (x- ay), (4.6)

Vi(x,y) = exp[ 01 (x)] (b=y)*5, k=0.1,....6>0,

k+o

The non-homogeneous integral equation (4.1) in the class of functions having the
series form (4.2) is always solvable and this solution is given by the following formula

Vi y)—Zexp[ S6800| (6~ Y0+ G(x )~

(t—a)

whereck (k= 0,1,2,...) are arbitrary constants.

s [ (F expLEs (@i(X) - wl(B)] .
_k;k”[af G(t)dt| (b — y)*?.
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Theorem 4.2. Let us suppose that in the equation (1a1)> 1, 8 = 1, u >
0,1<0,01=06+Au+#0, 61 >0 (5 > |1u) and the functiorG(x,y) is presented
in the form (4.3), wher&y(x) are given functions such th&x(x) € C(I'1). Then
the corresponding homogeneous integral equation (4.1) is not solvable in the class
of functions having the series representation of the form (4.2). In this case the non-
homogeneous integral equation (4.1) has a unique solution of the series form (4.2),
which is given by the following formula

V(xy) = Gx.y) - fGl(X—yt)dt

o (4.7)

where

(wa(¥) — wa (D)]Gk().

k+6 k+(5

Gixy.) = 3 (b- 2 expl L
k=0

Remark 3.5. If the conditions of Theorem 4.1 are met, then the solution having the
series form (4.2) vanishes @i, I'> and its behaviour is determined by the following
asymptotic formula

V(x.y) = o[exp(-cwa(X))],
asx — a, wheree is a sifficiently small positive constant satisfying the conditions
e < &l and
V(Xy) =0[(b-Yy)"],y3s>0,as y— b.

Remark 3.6. Under the conditions of Theorem 4.2, the solution of the series form
(4.2) vanishes also and its asymptotic behaviour is determined from the following
equality

V(O,y) =G(0,y) —G(0,y) =0, as x— a,
i.e.,
V(xy) = o((b-y)™), ys7>0, as y—b.

The proof of the statements above can be carried out by using the technique pro-
posed in [5, 6].
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