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Abstract. We present some new nonlinear Wendroff type integral inequalities with respect
to two independent variables for discontinuous functions. The results obtained are applied
to investigate properties of solutions of a certain class of hyperbolic equations with impulse
influence on certain surfaces.
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1. Introduction

Differential models of various real processes are described by systems of ordinary
differential equations with impulse influence [1-3]. Among the methods of investi-
gating the properties of these systems (such as existence, uniqueness, boundedness,
and stability of solutions), the method of integro-sum inequalities [4-15] plays an im-
portant role. Note that applications and generalizations of this method to estimate
solutions of systems of partial differential equations with impulse perturbations were
not considered.
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The study of this kind of problems is motivated by models of real processes in the
dynamics of hydromechanical systems which are described by certain classes of hy-
perbolic partial differential equations with impulse perturbations, where the impulse
effect is concentrated on surfaces transversal to characteristics.

Integro-sum representations of the solutions of such systems contain Lebesgue—
Stiltjes measure concentrated on the curves of jumps of the solutions.

2. Main results

Let us assume that:

(a) D* is an open set in R? (D* C R?);
) D*=D\T, whereD:Uij,jzl,z,...;
() T=U; 1y, T ={(z,9) : pj(z,y) =0,j = 1,2,... };
) @;(x,y) are real-valued continuously differentiable functions such that grad ¢;(x,y) >
0forall j=1,2,...;
(&) Dy < {(@,y) 1220, y =0, p1(w,y) < O;
Dk: déf {(x7y) tr 2> 07 Yy > 07 kafl(xﬂl/) > 07@k(x7y) < 07 vk > 27 ke N}a
(f) Gj ={(w,v): (z,y) € Dj, 0<u<z, 0<v<y, je N}
(8) ty, is the Lebesgue-Stiltjes measure concentrated on the curves I'y,.

Let us consider a real-valued nonnegative continuous function u(x,y) on D*, which
has finite jumps on the curves {I';}.

Denote by ®(x,y,u) a nonnegative, continuous, and nondecreasing function of w,
with z,y € D* fixed. We shall consider the functions ® of one of the following types
d=03, (j=1,4):

(1) él(mﬂuv ) fl(x7y) ( Y )

(i) @o(z,y,u) = folz, y)u(z,y) + f3(z,v),

(i) P3(x,y,u) = fa(z,y)u*(z,y), o = const > 0, # 1,

(iV) ©4('T’y7 ) f ( ) ('7" y) + f6(xay)ua($ay)v where fj(xay)(j = 176) are
continuous nonnegative functions in R3 = {(z,y): 2 >0, y > 0}.

Let W(z,y,u(z,y)) denote a function of one of the following two types W; and
Wo:
Wi = Bju(z,y), jeEN
where §; > 0 are constants, and
Wy = Bj(z, y)u(z,y), je€N,
where 3;(,y) are continuous functions nonnegative for all (z,y) € R%.

Let g(x,y) be a positive, nondecreasing continuous function in R%. Assume that
u(z,y) satisfies the following integro-sum inequality in D*:

uw) < gten)+ [ atrsutmondrdse Y [ W n)dn,, 220

Gn j:1 J mGn
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which is satisfied for all (z,y) € D*. Then the following results are true.
Proposition 1. The estimate
u(@,y) < g(z, y)exp[Fi(z,y)] [ [(8i(z.9), if & =1, W=Wa;  (22)
u(z,y) < g(z, y)exp[Fi(z,y)] [[(8)), if & = ®1, W =W
holds for all (x,y) € D*. Here,

v Y def .
/ / fi(r,8)drds = Fi(z,y), i=1,3,5,
o Jo

I [ swadn, = TG, TT0+6) (e L5,

j=17TiNGx j=1 [;NGn
where \/1 (tp;) is the complete variation of p,, .

Proposition 2. The estimate
U({L‘, y) S g(x7 y) eXp[FZ(mv y)] H(ﬁj ({L‘, y)) X

C [ ) —Fy(r, 8)|drds
<+ [ [ 2 explopr sy

holds if ® = &9, W = Wy, and

Y fs(rys
ule,y) < ol ) explFa(z )] T[(5) (1 | % exp|-Fi(r, s)]dnzs> |
0 0 ’
if ® =&y, W =W1.
Proposition 3. The following assertions hold.

(A) The estimate

11—«

u(z,y) < g(z,y) H(Bj(l"ay) [1 +(1 -0« /OI /Oy fa(T, )9 (T, s)des]

is true if 0 < a < 1, ® = ®3, and W = Wy. When B;(z,y) = ; = const > 0,
the expression [[(B;(x,y)) in estimate (A) is replaced by [[(5;)-
(B) The estimate

u(w,y) < gle,y) [[(B(@ ) [1 = (a = 1)x
X HOHI Bi(z,y) /0m /Oy fy(T, s)ga*I(T, s)dr, ds} o

holds for > 1 and for arbitrary (x,y) € D* such that
x Y a—1
| [ #ogtesyiras < @ = D G
o Jo

If Bj(x,y) = Bj = const > 0, then [[(Bj(z,y)) in estimate (B) is replaced
by 11(5;)-

Proposition 4. The following assertions hold.
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(C) The estimate

u(@,y) < gz, y) [ [(3i(2, ) exp[Fs(x, )] x

1

-«

1+<1—a>/0m/0yf6<r,s>ga1<T,s>><

x expl(a — 1)F5(r, s)|drds

holds for 0 < a < 1, ® = &4, W = Wy. If B;(x,y) = B;, the expression

[1(Bj(z,y)) in (C) changes to [](5;)-
(D) The estimate

u(@,y) < g(z,y) [[(8i(2,v)) exp[Fs (=, y)] ll —(a- D" Gita.m)x

1
a—1

X /OI /oy fo(7,8) x g* (7, 8) exp[(a — 1) F5(r, S)]deS]

is true for a > 1 and arbitrary (x,y) € D* such that

z Y a—1 -1
/ / fog™ ' expl(a — 1) F5]drds < [(04 —1) H (Bj(x,y))] .
o Jo
If Bj(z,y) = Bj, the expression [[(Bj(x,y)) in (D) changes to [[(5;).
The proofs of Propositions 1-4 are obtained by using the induction method.

Proof. Let us establish Proposition 1 (Propositions 2—4 are proved analogously).

Let (z,y) € D;. Inequality (2.1) reduces to the form
uw) < g+ [[ (s utr9)drs
G

We can suppose that g(z,y) = C > 0, a constant function, because otherwise, if
g(x,y) # C then, by using the fact that g is positive and nondecreasing, it is possible
to obtain the comparison inequality

pla,y) <1+ //G Dy (1, 8, pu(t, 8))drds,
1
where p = %.
Obviously, the following estimate holds in D;:
u(z,y) < Cexp|Fi(z,y)].
Consider the domain Ds. Let Gy = G} U G%, where
G5 ={(z.y) : (z,y) € D2N Ga}.

Then, for all (z,y) € Ds, the inequality
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w(z,y) < C + // By (7, 5, u(r, s))drds + / B (, y)ule, y)dpe,
G% NG

+// Dy (7, 8,u(T, s))drds
G3
holds.

On the curves I'; NGa, we select some points A;(x},y}), i =0, n — 1, and consider
the inequality

n—1

a1 ryi
u(z,y) < Z(C+/0 /0 Dy (7, 8,u(T, s))des—l—u(ﬂc},yil)ﬁl(m%,yil)Au%

i=0
z ry
—|—// fbl(T,s,u(T,s))des>,

where Au% is the variation of the measure function (5 on the segment A;A; ;. Using
(2.2), we obtain

n—1

u(z,y) <Y {CexplFi(x},y})] + CBi(x}, y} ) Apl, exp[Fi (), y})]+
1=0

z pry n—1 )
+ [ [ wdrdsy < 300+ Bl g A explFy(al )+
ziJy} i=0

+ [ [ oaran) < Sica+ sl s evneyl  3)

When maxg<i<n—1 AufPl — 0, we obtain

w(z,y) < CexplFi(, )] / (1 Brle ).

Let (2.2) be satisfied for all (z,y) € Dy. Let us consider (z,y) € Dyy1 and put
G =Gy UGEy,
Gy ={(@,y) : (z,9) € D1 NGY, Giyy = G\ Gy
Then
u(z,y) < C+ // b drds —l—/ Br(z, y)u(z, y)dpg, + // O, drds.
G} T'nNG G?

k41 k41

On the curve I'yNG, we select some points B; (z¥, y¥),i =0, n — 1. Denote by A/uprk
the variation of the measure on the segment B;B;;1. Similarly to the consideration
above, we obtain

n—1

ab oyk .
ueg) Y0+ [ wdrds+uat )l uHAL+
0 0

=0
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_ z ey
—|—u(xf,yf)ﬁk(xf,yf)Azpk + /k/k b drds).

Then
n—1

ule,y) < SICA + Bulak,u)) x Mg, explF (2, 9)] H/F By |
i=0 Ja

When maxo<i<n—1 A, — 0, we get

k
u(z,y) < Cexp[Fi(z,y) H/ . (1+Bj(z,y))dpuy,
j=1/mn

for all (x,y) € Dg41. This completes the proof of Proposition 1. O

3. Applications

Consider the model of a hydraulic system consisting of a tank, a delivery pipeline, an
auger centrifugal pump, and a pressure head pipeline giving a liquid in gasogenerator
and the chamber output pressure. Such systems were considered in [16, 17, 20]. Note
that there may be auto-oscillations stipulated by the feedback in a hydraulic part of
the system due to the fact that the system is located on a stand.

Experiments showed that, in certain cases, there may be a significant increase of
the amplitude of auto-oscillations of the stand. Thus, the oscillation frequencies of the
liquid in the tank are characterized by the eigenfrequencies of the stand that coincide
with the eigen-oscillations of the output pressure. The amplitude of the oscillations
may have white-noise-like-behaviour.

The main problem in the study of such systems is to describe the deviation of the
system state from the equilibrium.

3.1. Dynamics of fluid in the pipeline. In the one-dimensional case, the dynamics
of a compressed liquid in the homogeneous pipeline is usually described by a system
consisting of the following equations:

A) Equation of motion of the liquid:

oV ov. 10dp A

- — +—= V V|i=o0.

ot tu oz + ~v Ox + V=
Here, A is the resistance coefficient depending on the Reynolds number, x represents
the coordinate of an axis of the pipeline, ~ is the density of the liquid, d is the
diameter of the pipeline, p, V are the instantaneous pressure and speed of the liquid,

respectively.
B) Equation of continuity:
oy 87 6V
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C) The equation of state for the liquid, whose role is played by Hook’s law, is

pP—Po
T=" (1 + 5 ) :
Yoc
For the majority of hydraulic systems, the convection terms can be neglected. For

the turbulence analysis, the nonlinear term admits linearization, and the equations
with the distributed parameters reduce to the form

0 0
9 _ o <_2_+kq),

“9x  F.\ ot
op _y0q
ot F. oz’

Here, q is the volumetric intensity of the liquid.

3.2. The description of the centrifugal pump and pressure head sprocket.
Among the main characteristic features describing the mode of operation of the cav-
itational centrifugal pump is the dependence of the sizes of the cavitational cavities
Vi on the input and output pressure Vi = f(p, ¢). This dependence is related to the
cavitation number k(Vj,q) defined as the ratio of the pressure difference to the ve-
locity head p = p,, + k(Vi, q)’yw;, where p,, is the pressure of the saturated steam of
the liquid, w is the speed of the blade-to-blade flow in the auger channels, 7 is the
density of the liquid steam. When the liquid passes through the auger, the pressure
varies according to the rule

pn = (ain® + bng™ +¢;(¢M)*) f1(V),

where n is the number of revolutions of the shaft, a;, b;, ¢; are the parameters describ-
ing the operation of the pump and the pressure head sprocket, f1(V') is an experimen-
tally obtained function describing the influence of the size of the cavitational cavities
on the operation of the auger of the pump and the pressure of the head sprocket.

Thus, a simplified model of the dynamics of the system is as follows:

tank — delivery pipeline — auger of the pump — pressure head pipeline —
chamber of combustion positioned on the sliding stand.

This reduces to the following mathematical problems.

3.3. Model without sharing cavitational cavities. The corresponding system
contains the following equations:

1) Equation of mechanical oscillations of the stand:

R(t
(zpﬁv Z:1727767

B4 bi(t) 2 4 wi(t)z =
O+ 0% = s,

2) Equation of motion of the liquid in the pipeline:

I _ o On
83: F1 8t ’
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9 _ o

815 F1 83: ’
with the boundary conditions

H(t
p1(0,8) + Riqu (0,8) = 1 Zauzz + BnF Zazzz”

p1(l.t) = B1Vi + Bogi (I, 1) + EVi + Le(ly, 1).
Here, I; is the length of the pipeline and, in the quasistationary model, F = I, = 0.
3) Equation of motion of the liquid in the pressure head pipeline:

O _ 1290
or F2 0t’
9 _ &2 00
ot N F2 or

with the boundary conditions:
p2(ly +0,t) + Raga(ly + 0,8) = p1(ly — 0,8) + s1¢1(lh — 0,t) + Vi, (3.1)
T2l +l2,t) + pa(ls +l2,t) = Aaga(ly + 12, 1),
p2(ly + 1o, t) = pa(t).

4) Equation of material balance describing summarized size of cavitational cavities
in the pump:
"V, = q2(l1 —l—O,t) —ql(h —O,t). (32)

Relations (3.1), (3.2) can be considered to be the impulse effect concentrated on
the curves transversal to the characteristics. Thus, we have to study solutions of
the hyperbolic equations with impulse effect concentrated on surfaces transversal to
characteristics [18, 19].

3.4. Reduction to the integral equations and inequalities. The reduced model
is represented by an equation of hyperbolic type with, generally speaking, a nonlinear
right-hand member and boudary conditions acting as the impulse effect.

Let us assume s; = ¢; and z; = —7"—”- The general solution of the partial differential
equations considered has the form p;(z,t) = v(z — s;t) + u(x + s;t) and ¢;(z,t) =
Zi(y( —s;t) —u(z+s;t)). In view of the boundary conditions at ¢t = 0, by making the
standard substitution £ = x — st, and n = = + st, applying the d’Alembert formula in
the domain 0 < £ + 1 < 211, we obtain the following representation of the solutions:

ui(§,m) = 901(5)4-901 / (s ds+—// fi(s,t)uq(s,t)|ui(s,t)|dsdt.

Here, the functions ¢, are determined from the initial and boundary conditions.
The integration is carried out in the domain

Dy={s,t:s+t>0, s<& t<mn, E+n<2h}.
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Similarly, in the domain 2l < £ + n < 2, the formula of representation for
solutions has the form

watem) = Ty [Paids 5 [ o uate, Dluats, dsirs

+/ u(s, t)pa(s, t)dp.
ng’)/

Here,
Dy={s,t:s+t>0, s<& t<mn 2 <&+n<2s}
the curve v = {&, n : £+ n = 2l } represents the curve of rupture of the stream
stipulated by the presence of the pump. The functions are constant along the char-
acteristics in the domain Ds \ Dy; their change is determined by a Stieltjes integral
on the curve v and depends on the constant characteristics of the pump. We do not
consider the process of reflection of a wave from the blades of the pump.

Thus, the problem considered can be studied by using the multi-dimensional inte-
gral inequalities considered in Section 2.
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