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A. In the past, all Banach–Steinhaus type results have been established only
for some special classes of locally convex spaces, e.g., barrelled spaces ([2], [3],
[4]), s-barrelled spaces ([5]), strictly s-barrelled spaces ([6]), etc. Recently, Cui
Chengri and Songho Han ([1]) have obtained a Banach–Steinhaus type result for
linear bounded operators which is valid in every locally convex space.
In this paper we would like to prove the same result, but for linear locally Lips-
chitzian operators.
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Let (X, λ) and (Y, µ) be locally convex spaces. Assume that the locally convex
topologyµ is generated by the family (qβ)β∈I of semi-norms onY. Let B(Xλ) denote
the family of bounded set in (X, λ) and letσ ⊂ B(Xλ).

For a linear mappingT : X→ Y, a semi-normp onY andC ∈ σ, set

L(p, C)(T) = sup
h∈C

p(Th).

Let T : X→ Y be a linear operator.T is said to beσ-locally Lipschitzian if

∀C ∈ σ ∀β ∈ I L(β, C)(T) ≡ L(qβ, C)(T) < ∞.
By Lip (Xλ, Yµ, σ) we denote the vector space ofσ-locally Lipschitzian operators.
Note that Lip (Xλ, Yµ, σ) is a locally convex space under the locally convex topology
τ(µ, σ) generated by the family of semi-normsL(β, C), β ∈ I , C ∈ σ.

An operatorT : X → Y is said to be sequentially continuous if{xn} is a sequence
in X such thatxn → x thenT xn → T x; T is said to be bounded ifT sends bounded
sets into bounded sets. Clearly, continuous operators are sequentially continuous;
sequentially continuous operators are bounded, and linear bounded operators areσ-
locally Lipschitzian but in general, converse implications fail. LetX′, Xs, Xb andXL

σ

denote the families of continuous linear functionals, sequentially continuous linear
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functionals, bounded linear functionals andσ-locally Lipschitzian functionals onX,
respectively. In general, the inclusionsX′ ⊂ Xs ⊂ Xb ⊂ XL

σ are strict.
Let θ(X, XL

σ) denote the topology of uniform convergence onσ(XL
σ, X)- Cauchy

sequences inXL
σ. Note that ifσ = B(Xλ), thenXb = XL

σ and consequently,θ(X, XL
σ) =

θ(X, Xb).

Theorem 1. Let (X, λ), (Y, µ) be locally convex spaces andTn : X→ Yσ- locally
Lipschitzian operators,n ∈ N. If weak-limn Tnx = T x exists at eachx ∈ X, then the
limit operatorT mapsθ(X, XL

σ)-bounded sets into bounded sets.

P. Let y′ ∈ Y′. Then limn y
′(Tnx) = y′(T x) for eachx ∈ X. So (y′ ◦ Tn)n∈N

is aσ(XL
σ,X)-Cauchy sequence inXL

σ. Suppose thatB is θ(X,XL
σ)-bounded subset of

X and{xk} ⊂ B. Then 1
k xk → 0 in (X, θ(X,XL

σ)), so limk
1
ky
′(Tnxk) = 0 uniformly in

n ∈ N.
Now fix ε > 0. There is ak0 ∈ N such that|1ky′(Tnxk)| < ε

2 for all n ∈ N and all
k ≥ k0. Fix a k ≥ k0. Since limn y

′(Tnxk) = y′(T xk) there is ann0 ∈ N such that
|y′(Tn0 xk) − y′(T xk)| < ε

2. Therefore,

|y′(T xk)| ≤ |y′(T xk) − y′(Tn0 xk)| + |y′(Tn0 xk)| < ε

2
+
ε

2k
< ε.

This shows that{y′(T x) : x ∈ B} is bounded. Sincey′ ∈ Y′ is arbitrary,T(B) is
µ-bounded by the classical Mackey theorem. Thus, we obtain the proof. �

Theorem 1 shows that the limit operatorT can be bounded even if the sequence
(Tn)n is not bounded.

Now we have the following useful result.

Theorem 2. For a locally convex spaceX the following conditions are equivalent.

(1) For every locally convex spaceY and for every sequenceTn of σ- locally
Lipschitzian linear operators fromX into Y such thatweak-limn Tnx = T x
exists at eachx ∈ X, the limit operatorT isσ- locally Lipschitzian.

(2) (XL
σ, σ(XL

σ, X)) is sequentially complete.

P. (1)⇒ (2). Let { fn} be aσ(XL
σ,X)- Cauchy sequence inXL

σ. Then, there
exists a linear functionalf such that for everyx ∈ X limn fn(x) = f (x). Consequently,
f ∈ XL

σ by (1).
(2)⇒ (1). Let Y be a locally convex space and{Tn} a sequence ofσ- locally

Lipschitzian linear operators fromX into Y such that weak-limn Tnx = T x exists at
eachx ∈ X. Let y′ ∈ Y′, C ∈ σ. Then limn y

′(Tnx) = y′(T x) at eachx ∈ X. Since
y′ ◦Tn ∈ XL

σ for all n ∈ N, y′ ◦T ∈ XL
σ by (2). Therefore{y′(T x) : x ∈ C} is bounded

and henceT(C) is µ-bounded by the classical Mackey theorem. Thus,T isσ- locally
Lipschitzian. �

Remark1. The proof of [1, Theorem 4] seems to be incorrect and, hence, the result
is not correct because even if limn y

′(Tnx) = y′(T x) for eachx ∈ X, {y′ ◦ Tn : n ∈ N}
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is not necessarily conditionallyσ(Xb, X)-sequentially compact. Indeed,y′ ◦ T is not
necessarily inXb. Consequently,y′ ◦ Tn do not converge toy′ ◦ T in (Xb, σ(Xb, X)).

Let Xθ denote the space of linearθ(X, XL
σ)-bounded functionals onX. By η(X, Xθ)

we denote the topology of uniform convergence on conditionallyσ(Xθ, X)-sequenti-
ally compacts sets ofXθ.

Now we have a useful proposition as follows.

Theorem 3. Let (X, λ), (Y, µ) be locally convex spaces andTn : X→ Y σ-locally
Lipschitzian operators,n ∈ N. If weak-limn Tnx = T x exists at eachx ∈ X, then the
limit operatorT mapsη(X, Xθ)-bounded sets into bounded sets.

P. Let y′ ∈ Y′. Then limn y
′(Tnx) = y′(T x) for eachx ∈ X. It follows from

Theorem 2 thatT ∈ Xθ. Consequently,y′ ◦ T ∈ Xθ. On the other hand, since
(y′ ◦ Tn)n∈N is σ(XL

σ,X)-Cauchy sequence inXL
σ, theny′ ◦ Tn ∈ Xθ. Therefore,

{y′ ◦ Tn : n ∈ N} is conditionallyσ(Xθ,X)-sequentially compact.
Suppose thatB is aη(X,Xθ)-bounded subset ofX and{xk} ⊂ B. Then 1

k xk → 0 in
(X, η(X,Xθ)), so limk

1
ky
′(Tnxk) = 0 uniformly inn ∈ N.

Now fix ε > 0. There is ak0 ∈ N such that|1ky′(Tnxk)| < ε
2 for all n ∈ N and all

k ≥ k0. Fix a k ≥ k0. Since limn y
′(Tnxk) = y′(T xk) there is ann0 ∈ N such that

|y′(Tn0 xk) − y′(T xk)| < ε
2. Therefore,

|y′(T xk)| ≤ |y′(T xk) − y′(Tn0 xk)| + |y′(Tn0 xk)| < ε

2
+
ε

2k
< ε.

This shows that{y′(T x) : x ∈ B} is bounded. Sincey′ ∈ Y′ is arbitrary,T(B) is
µ-bounded by the classical Mackey theorem. Thus, we achieve the proof. �
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Ú M 1, F́  , D́  ́, O, M


