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1. I

The concepts of the directional lower and upper derivative sets of set valued maps
and continuity of set-valued maps are studied in many papers (see, e. g., [2,3,5–7,9,
12–21]).

The concepts of the directional lower and upper derivative sets of the set valued
maps are based on the concepts of the lower and upper Bouligand cones [5,6]. In this
paper, when the value of set-valued map has a piecewise smooth boundary, the direc-
tional lower and upper derivative sets are investigated. Furthermore, the connection
between the directional continuity and the directional derivative sets of the set-valued
maps is investigated.

In what follows, cl (�m) (resp., comp (�m)) denotes the set of all nonempty closed
(resp., compact) subsets in�m.

Let a(·) : �n → �m be a set valued map and letx0 ∈ �n. It is said thata(·) is
upper semi-continuous atx0 if for all open neighbourhoodsN(a(x0)) of the seta(x0),
there exists a neighbourhoodN(x0) of x0 such thata(x) ⊂ N(a(x0)) for all x ∈ N(x0).

It is said thata(·) is lower semi-continuous atx0 if for all y0 ∈ a(x0) and for all
open neighbourhoodsN(y0) of y0, there exists a neighbourhoodN(x0) of x0 such that
a(x) ∩ N(y0) , ∅ for all x ∈ N(x0) [3,18].

It is well-known that a set-valued mapa(·) : �n → comp (�m) is upper semi-
continuous atx0 if and only if for all ε > 0, there exists aδ(ε, x0) > 0 such that
‖x− x0‖ < δ(ε, x0)⇒ a(x) ⊂ a(x0) + εB, whereB = {y ∈ �m : ‖y‖ < 1}.

c© 2005 M U P



174 ERDAL EKICI

Furthermore,a(·) : �n → comp (�m) is lower semi-continuous atx0 if and only
if for all ε > 0, there exists aδ(ε, x0) > 0 such that‖x − x0‖ < δ(ε, x0) ⇒ a(x0) ⊂
a(x) + εB, whereB = {y ∈ �m : ‖y‖ < 1} [1,4].

It is said that the set-valued mapa(·) : �n → �m is locally bounded atx0 ∈ �n if
a(·) is bounded in a neighbourhood ofx0.

2. D    - 

Let a(·) : �n → cl (�m) be an upper semi-continuous set-valued map. Let us
consider the following sets. For (x, y) ∈ �n ×�m and vectorf ∈ �n, we set

Da(x, y) | ( f ) =

{
d ∈ �m : lim inf

δ→+0

1
δ

dist (y + δd, a(x + δ f )) = 0

}
,

D∗a(x, y) | ( f ) =

{
v ∈ �m : lim

δ→+0

1
δ

dist (y + δd,a(x + δ f )) = 0

}
.

Here forx ∈ �n, D ⊂ �n, dist(x,D) = infd∈D ‖x− d‖. Da(x, y) | ( f ) (D∗a(x, y) | ( f ))
is called the upper (lower) derivative set of the set valued mapa(·) at (x, y) in the
direction f .

Note that the directional upper (lower) derivative set of the set-valued mapa(·)
is closed and there is a connection between the upper (lower) derivative set of a set-
valued map and the upper (lower) contingent cone which is used to investigate several
problems in nonsmooth analysis (see, e. g., [3,8,15]).

It is obvious thatD∗a(x, y) | ( f ) ⊂ Da(x, y) | ( f ).

A = grapha(·) = {(x, y) ∈ �n ×�m : y ∈ a(x)}
denotes the graph of the set-valued mapa(·). Sincea(·) is upper semicontinuous,
grapha(·) is a closed set. It is possible to show thatDa(x, y) | ( f ) = D∗a(x, y) | ( f ) =

∅ if ( x, y) < grapha(·), Da(x, y) | ( f ) = D∗a(x, y) | ( f ) = �m if ( x, y) ∈ int (grapha(·))
where int (grapha(·)) denotes the interior of grapha(·).

Suppose that the set-valued mapa(·) is given as

a(x) = {y ∈ �m : c(x, y) ≥ 0} (2.1)

wherec(·, ·) : �n × �m → R is a continuous function on�n × �m and locally
Lipschitz on�m. The lower and upper derivative ofc(·, ·) at the point (x, y) in the
direction (f , d) is denoted by∂

−c(x,y)
∂( f ,d) and ∂+c(x,y)

∂( f ,d) , respectively, and defined by

∂−c(x, y)
∂( f , d)

= lim inf
δ→+0

[
c(x + δ f , y + δd) − c(x, y)

]
δ−1,

∂+c(x, y)
∂( f , d)

= lim sup
δ→+0

[
c(x + δ f , y + δd) − c(x, y)

]
δ−1,
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respectively. If

∂c(x, y)
∂( f ,d)

= limδ→+0
[
c(x + δ f , y + δd) − c(x, y)

]
δ−1

exists and is finite, thenc(·, ·) is called differentiable at the point (x, y) in the direction
( f ,d) and ∂c(x,y)

∂( f ,d) denotes the derivative ofc(·, ·) at the point (x, y) in the direction
( f ,d).

We introduce the sets

H−∗ (x, y) | ( f ) =

{
d ∈ �m :

∂+c(x, y)
∂( f ,d)

> 0

}
,

H∗(x, y) | ( f ) =

{
d ∈ �m :

∂+c(x, y)
∂( f ,d)

≥ 0

}
,

E−∗ (x, y) | ( f ) =

{
d ∈ �m :

∂−c(x, y)
∂( f ,d)

> 0

}
,

E∗(x, y) | ( f ) =

{
d ∈ �m :

∂−c(x, y)
∂( f ,d)

≥ 0

}
.

Proposition 1. Let the set-valued mapa(·) be in the form(2.1). Then for all
(x, y) ∈ ∂A and f ∈ �n,

cl H−∗ (x, y) | ( f ) ⊂ Da(x, y) | ( f ) ⊂ H∗(x, y) | ( f ),

cl E−∗ (x, y) | ( f ) ⊂ D∗a(x, y) | ( f ) ⊂ E∗(x, y) | ( f ),

where∂A denotes the boudary ofA andcl A denotes the closure ofA.

Proposition 2. Let (x, y) ∈ ∂A, c(·, ·) be differentiable at(x, y) and ∂c(x,y)
∂y , 0.

Then it is possible to show that

Da(x, y) | ( f ) = D∗a(x, y) | ( f )

=

{
d ∈ �m :

〈
∂c(x, y)
∂x

, f

〉
+

〈
∂c(x, y)
∂y

,d

〉
≥ 0

}
,

where the symbol〈·, ·〉 denotes the inner product.

Remark1. Now suppose that the set-valued mapa(·) : �n → cl (�m) is given by
the relation

a(x) =
{
y ∈ �m : max

i∈I
ci(x, y) ≥ 0

}
(2.2)

whereI is a finite set andci(·, ·) is a continuous differentiable function for alli ∈ I .
Then (see [10,11])b(x, y) = maxi∈I ci(x, y) is a directional derivable function and

∂c(x, y)
∂( f , d)

= max
i∈I∗(x,y)

[〈
∂ci(x, y)
∂x

, f

〉
+

〈
∂ci(x, y)
∂y

, d

〉]
,

where
I∗(x, y) =

{
i∗ ∈ I : ci∗(x, y) = max

i∈I
ci(x, y)

}
.
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In that case, it follows herefrom that

E−∗ (x, y) | ( f ) = H−∗ (x, y) | ( f )

=

{
d ∈ �m : max

i∈I∗(x,y)

[〈
∂ci(x, y)
∂x

, f

〉
+

〈
∂ci(x, y)
∂y

, d

〉]
> 0

}
,

E∗(x, y) | ( f ) = H∗(x, y) | ( f )

=

{
d ∈ �m : max

i∈I∗(x,y)

[〈
∂ci(x, y)
∂x

, f

〉
+

〈
∂ci(x, y)
∂y

,d

〉]
≥ 0

}
.

Theorem 1. Let the set-valued mapa(·) : �n → cl (�m) be of form(2.2), (x, y) ∈
∂A, f ∈ �n andH−∗ (x, y) | ( f ) , ∅. Then

Da(x, y) | ( f ) = D∗a(x, y) | ( f ) = H∗(x, y) | ( f ).

P. It is obtained by using the preceding propositions and the remark. �

Remark2. The above theorem is not true whenH−∗ (x, y) | ( f ) = ∅ for (x, y) ∈ ∂A
and for f ∈ �n.

Example1. Let us take the set-valued mapa(·) : [0, 1] → cl (�2), x 7→ a(x) =

{(y1, y2) ∈ �2 : −y2
1 − y2

2 ≥ 0}. We know thata(x) = {(0, 0)} for all x ∈ [0,1]
andb(·, ·, ·) : [0, 1] × �2 → �, (x, y1, y2) 7→ b(x, y1, y2) = y2

1 + y2
2 is a differentiable

function. Then we obtainH∗(x, 0,0) | (1) = �2, H−∗ (x, 0,0) | (1) = ∅ andDa(x,0,0) |
(1) = {(0,0)} for (x,0, 0) ∈ ∂A.

3. D   - 

Theorem 2. Let a(·) : �n → comp (�m) be a set valued map. Ifgrapha(·) is
closed anda(·) is locally bounded atx0 ∈ �n, thena(·) is upper semi continuous at
x0 [4,18].

Theorem 3. Let a(·) : �n → �m be a set valued map and letx0 ∈ �n. a(·) be
lower semi continuous atx0 if and only if for all {xn}∞n=1 wherexn → x0 asn → ∞
and for all y0 ∈ a(x0), there exists a{yn}∞n=1 such thatyn ∈ a(xn) and yn → y0 as
n→ ∞ [3].

Definition 1. Let x0 ∈ �n, f ∈ �n and leta(·) : �n → comp (�m) be a set-valued
map. If

lim
δ→0+

a(x0 + δ f ) = a(x0),

then it is said thata(·) is continuous atx0 in the directionf . If

lim
δ→0+

a(x + δ f ) = a(x)

for all x ∈ �n, then it is said thata(·) is continuous on�n in the directionf .
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Proposition 3. Let x0 ∈ �n, f ∈ �n and leta(·) : �n → comp (�m) be a set-
valued map. The set valued mapϕ(·) : � → comp (�m), δ 7→ ϕ(δ) = a(x0 + δ f ), is
continuous on the right atδ = 0 if and only ifa(·) is continuous atx0 in the direction
f .

Proposition 4. Let x0 ∈ �n, f ∈ �n anda(·) : �n → comp (�m) be a set-valued
map. If the set valued mapa(·) is upper continuous (resp., lower continuous) atx0,
then the set-valued mapϕ(·) : �→ comp (�m),

δ 7−→ ϕ(δ) = a(x0 + δ f ),

is upper continuous (resp., lower continuous) atδ = 0.
Hence, if the set-valued mapa(·) is continuous atx0, then the set-valued map

ϕ(·) : �→ comp (�m), δ 7→ ϕ(δ) = a(x0 + δ f ), is continuous atδ = 0.

P. Let f ∈ �n and leta(·) be continuous atx0. We will show that there exists
aδ(ε) > 0 such that

|δ| < δ(ε) =⇒ %H(ϕ(δ), ϕ(0)) = %H(a(x0 + δ f ),a(x0)) < ε

for all ε > 0, where%H denotes Hausdorff distance. Then the set-valued mapϕ(·) will
be continuous atδ = 0.

Let ε > 0. Since the set-valued mapa(·) is continuous atx0, then there exists a
δ1 > 0 such that

‖x− x0‖ < δ1 =⇒ %H(a(x),a(x0)) < ε. (3.1)

Putδ∗ = δ1‖ f ‖−1. Then for allδ ∈ (−δ∗, δ∗),

‖x0 + δ f − x0‖ = |δ| ‖ f ‖ < ‖ f ‖. δ1

‖ f ‖ = δ1.

It follows that from (3.1), for allδ ∈ (−δ∗, δ∗),
%H(a(x0 + δ f ), a(x0)) < ε.

Hence, we obtain that the set-valued mapϕ(·) is continuous atδ = 0. �

Theorem 4. Let x0 ∈ �n and leta(·) : �n → comp (�m) be a set-valued map.
If the set-valued mapa(·) is continuous atx0, thena(·) is continuous atx0 in the
direction f for any f ∈ �n.

P. Since the set-valued mapa(·) is continuous atx0, then the set valued map
ϕ(·) is continuous atδ = 0 from Proposition 4. From Proposition 3, the set-valued
mapa(·) is continuous atx0 in the directionf for any f ∈ �n. �

Remark3. The converse of the above theorem is not true. The following example
will show this.
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Example2. Let f (·, ·) : � ×�→ � be the function defined by

(x, y) 7−→ f (x, y) =


xy/(x4/3 + y6) for x , 0, y , 0,

0 for x = 0, y = 0.

We will show thatf (·, ·) is continuous at (0, 0) in the direction (f1, f2) wheref1 , 0
or f2 , 0, but f (·, ·) is not continuous at (0, 0).

Let (x0, y0) = (0, 0). Let (f1, f2) ∈ � ×� such thatf1 , 0 or f2 , 0. Then

f ((x0, y0) + δ( f1, f2)) = f (x0 + δ f1, y0 + δ f2)

= f (δ f1, δ f2)

= δ2 f1 f2/(δ
4/3 f 4/3

1 + δ6 f 6
2 )

= δ2/3 f1 f2/( f 4/3
1 + δ42

3 f 6
2 )

and hence, asδ→ +0,
δ2/3 f1 f2

f 4/3
1 + δ42

3 f 6
2

→ 0 = f (0, 0).

Therefore,f (·, ·) is continuous at (0,0) in the direction (f1, f2).
Take {(xn, yn)}∞n=1 = {(δn, δ

1/3
n )}∞n=1, whereδn → 0 asn → ∞. Then (xn, yn) →

(0,0). Since

f (xn, yn) =
δ4/3

n

δ4/3
n + δ2

n

=
1

1 + δ2/3
n

and
(
1 + δ2/3

n

)−1→ 1 asn→ ∞, then it follows that

lim
(x,y)→(0,0)

f (x, y) , f (0,0).

Hence,f (·, ·) is not continuous at (0, 0).

Theorem 5. If the set-valued mapa(·) : �n → comp(�m) is continuous atx0 =

(x1
0, x

2
0, . . . , x

n
0) in all directions f ∈ �n, then the set-valued map

xi 7−→ a(x1
0, x

2
0, . . . , x

i−1
0 , xi , xi+1

0 , . . . , xn
0)

is continuous atxi
0.

P. Let f1 = (0, 0, . . . ,0, 1,0, . . . ,0) and f2 = (0, 0, . . . ,0,−1,0, . . . ,0) where
1 and−1 are theith components. Since the set-valued mapa(·) is continuous atx0 in
all directionsf ∈ �n, we see that

lim
δ→0+

a(x0 + δ f1) = a(x0),

lim
δ→0+

a(x0 + δ f2) = a(x0).
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Then we obtain

lim
δ→0+

a(x1
0, x

2
0, . . . , x

i−1
0 , xi

0 + δ, xi+1
0 , . . . , xn

0) = a(x0), (3.2)

lim
δ→0+

a(x1
0, x

2
0, . . . , x

i−1
0 , xi

0 − δ, xi+1
0 , . . . , xn

0) = a(x0). (3.3)

It follows from (3.2) and (3.3) that

lim
∆→0

a(x1
0, x

2
0, . . . , x

i−1
0 , xi

0 + ∆, xi+1
0 , . . . , xn

0) = a(x0).

This imples that the set-valued mapxi 7→ a(x1
0, x

2
0, . . . , x

i−1
0 , xi , xi+1

0 , . . . , xn
0) is contin-

uous atxi
0. �

Theorem 6. Let x0 ∈ �n, f ∈ �n and leta(·) : �n → comp (�m) be a set-valued
map. Suppose that the setgraphD a(·) = {(x, y) ∈ D × �m : y ∈ a(x)} is compact
for any compact setD ⊂ �n. If D∗a(x0, y0) | ( f ) , ∅ for all y0 ∈ a(x0), then the
set-valued mapa(·) is continuous atx0 in the directionf .

P. First, we will show that the set-valued mapa(·) is upper semi continuous
at x0 in the directionf .

Since the set̄B(x0,1) = {x ∈ �n : ‖x− x0‖ ≤ 1} is compact, it follows that the set
graph̄B(x0,1) a(·) is compact. Then, we obtain that the set-valued mapa(·) : B̄(x0, 1)→
comp (�m) is locally bounded atx0 and its graph is closed. From Theorem 2, the set-
valued mapa(·) : B̄(x0, 1) → comp (�m) is upper semi-continuous atx0. Hence,
a(·) is upper semi-continuous atx0 in the direction f and then the set valued map
δ→ a(x0 + δ f ) is upper semi-continuous on the right atδ = 0.

Now we will show that the set-valued mapδ 7→ a(x0 + δ f ) is lower semi-continu-
ous on the right atδ = 0, i. e., we will show that for ally0 ∈ a(x0) and for all{δk}∞k=1
whereδk → +0 ask→ ∞, there existsyk ∈ a(x0 + δk f ) such thatyk → y0 ask→ ∞.

Takey0 ∈ a(x0). From the hypothesis of the theorem,D∗a(x0, y0) | ( f ) , ∅. Take
d∗ ∈ D∗a(x0, y0) | ( f ). From the definition ofD∗a(x0, y0) | ( f ), there exists aδ∗ > 0
such that for allδ ∈ [0, δ∗],

y(δ) = y0 + δd∗ + δs(δ) ∈ a(x0 + δ f )

wheres(δ) → 0 asδ → +0. For any sequence{δk}∞k=1 whereδk → +0 ask → ∞,
there exists ak0 ∈ � such thatδk ∈ [0, δ∗] for all k ≥ k0. Then for allk ≥ k0,

yk = y(δk)

= y0 + δkd∗ + δks(δk) ∈ a(x0 + δk f ).

Hence, we obtain thatyk ∈ a(x0 + δk f ) and yk → y0 as k → ∞ and hence the
set-valued mapδ→ a(x0 + δ f ) is lower semi-continuous on the right atδ = 0.

Consequently, we obtain that the set-valued mapϕ(·) : � → comp (�m), δ 7→
ϕ(δ) = a(x0 + δ f ), is upper and lower semi-continuous on the right atδ = 0 and then
it is continuous on the right. Therefore,a(·) is continuous atx0 in the directionf . �
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Corollary 1. Let [a, b] ⊂ �, x0 ∈ (a,b) and leta(·) : [a,b] → comp (�m) be
a set-valued map and letgrapha(·) be a compact set. IfD∗a(x0, y) | (1) , ∅ and
D∗a(x0, y) | (−1) , ∅ for all y ∈ a(x0), thena(·) is continuous atx0.

P. SinceD∗a(x0, y) | (1) , ∅ for all y ∈ a(x0), by Theorem 6,

lim
δ→0+

a(x0 + δ) = a(x0) (3.4)

and sinceD∗a(x0, y) | (−1) , ∅ for all y ∈ a(x0), from Theorem 6,

lim
δ→0+

a(x0 − δ) = a(x0). (3.5)

Then from (3.4) and (3.5),
lim
δ→0

a(x0 + δ) = a(x0).

Hence,a(·) is continuous atx0. �

Remark4. The following example shows that Theorem 6 and Corollary 1 are not
true when the conditionD∗a(x, y) | ( f ) , ∅ is replaced by the conditionDa(x, y) |
( f ) , ∅.

Example3. Let us set, forx ∈ [−1,1],

a(x) =


[−1,1] for x ∈ [−1,0],

sin 1
x for x ∈ (0, 1].

One can show that the set-valued mapx 7→ a(x) is not continuous atx0 = 0 in the
direction f = 1. However,

Da(0, y) | (1) =



(−∞,0] for y = 1,

(−∞,+∞) for y ∈ (−1,1),

[0,+∞) for y = −1,

Da(0, y) | (−1) =



(−∞,0] for y = 1,

(−∞,+∞) for y ∈ (−1,1),

[0,+∞) for y = −1,

and then for ally ∈ [−1, 1] = a(0), Da(0, y) | (1) , ∅, Da(0, y) | (−1) , ∅. On the
other hand,

D∗a(0, y) | (−1) =



l(−∞,0] for y = 1,

(−∞,+∞) for y ∈ (−1,1),

[0,+∞) for y = −1,

andD∗a(0, y) | (1) = ∅ for all y ∈ [−1,1].
We obtain the following corollary from Theorem 6 and Theorem 5.
Let f +

i = (0, 0, . . . ,0, 1,0, . . . ,0) and f −i = (0,0, . . . ,0,−1, 0, . . . ,0) wherei =

1,2, . . . ,n and 1 and−1 areith coordinates of the vectorsf +
i and f −i , respectively.
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Corollary 2. Let a(·) : �n → comp (�m) be a set valued map. Suppose that
x0 ∈ �n and the set

graphD a(·) = {(x, y) ∈ D ×�m : y ∈ a(x)}
is compact for any compact setD ⊂ �n. If D∗a(x0, y) | ( f +

i ) , ∅ and D∗a(x0, y) |
( f −i ) , ∅ for all y0 ∈ a(x0) and for all i = 1, 2, . . . ,n, then the set-valued map
x 7→ a(x) is continuous according to all coordinates.

Remark5. We will show that the converse of Theorem 6 is not true in general.
Example4. Take the set-valued mapa(·) : [−1,1]→ comp(�),

x 7−→ a(x) = {y ∈ � : 3√x ≤ y ≤ 2}.
One can show thata(·) is continuous atx0 = 0 and thena(·) is continuous atx0 = 0

in any directionf .
We know that (0, 0) ∈ grapha(·) and

Da(0,0) | (1) =
{
v ∈ � : ∃δk > 0 such thatδk → 0 + ask→ ∞,

∃yk ∈ a(δk) 3 lim
k→∞

yk/δk = v
}
.

Take a sequence{yk}∞k=1 such thatyk ∈ a(δk) andδk → 0+ as k → ∞. Since
yk ∈ a(δk), we haveyk ≥ 3√δk and then

lim
k→∞

yk

δk
≥ lim

k→∞

3√δk

δk
= lim

k→∞
1

3
√
δ2

k

→ ∞.

ThenDa(0,0) | (1) = ∅ and sinceD∗a(0,0) | (1) ⊂ Da(0, 0) | (1), then it follows that

D∗a(0,0) | (1) = ∅.

Remark6. The hyphothesis of the above theorem does not imply the continuity of
a(·).

Example5. Let us put, for all (x, y) ∈ � ×�,

f (x, y) =


1 if y = x3, x > 0,

0 in the other cases,

and take the set-valued mapa(·, ·) : � ×� → comp (�), (x, y) 7→ a(x, y) = { f (x, y)}.
One can show that the functionf (·, ·) is not continuous at (0,0).

We have
∂ f (0,0)
∂( f1, f2)

= lim
δ→0+

f (δ f1, δ f2) − f (0,0)
δ

= 0

where f1 , 0 or f2 , 0. Then we get

D∗a(0,0, 0) | ( f1, f2) =

{
∂ f (0, 0)
∂( f1, f2)

}
= {0} , ∅.
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4. C

The concepts of directional lower and upper sets of set-valued maps and continu-
ity of the set-valued maps are basic concepts in set-valued analysis. In this study,
the directional lower and upper derivative sets of the set valued map the values of
which have piecewise smooth boundary are suggested and investigated. Moreover,
the connection between the directional continuity and the directional derivative sets
of set-valued maps is investigated.
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