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Abstract. In this paper, we prove some iterated convergence theorems to fixed points of self
mappings satisfying Z-type conditions and Z-operators by considering the base space as a real
linear n(> 1)-normed space. We also establish some common fixed point theorems for quadruple
of self mappings satisfying certain weak conditions and @- contraction. The paper also demon-
strates a way to construct convergence and fixed point theorems in real linear n-normed spaces
as base space.
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1. INTRODUCTION AND PRELIMINARIES

In mathematics, a fixed point (also known as an invariant point) of a function is a
point that is mapped to itself by the function. In many fields, equilibria or stability
are fundamental concepts that can be described in terms of fixed points. Many ap-
plications of fixed point theorems can be found both on the theoretical side and on
the applied side.

In the last three decades many papers have been published on the iterative approx-
imation of fixed points for certain classes of operators, by using Picard, Krasnoselskij,
Mann and Ishikawa iteration methods. They do basically differ due to their speed of
convergence depending on the position of parameters involved.

The concept of 2-normed spaces was initially developed by Géhler [11] in the mid
of 1960’s, while that of n-normed spaces can be found in Misiak [19]. Since then,
many others have studied this concept and obtained various results; see for instance
Gunawan and Mashadi [12], Dutta [8, 9], and Dutta, Reddy and Cheng [10] etc.

Let neN and X be a real vector space of dimension d, where n<d. A real-valued

function ||.,. . ,.||on X" satisfying the following four conditions:
(N1) ||x1, x2, . . ., xp||= 0 if and only if xq, x2, . . ., x, are linearly dependent,
(N2) ||x1, x2, . . . , Xp|[|is invariant under permutation,
(N3) |laxt, X2, . . ., Xpl|= |||]x1, X2, . . ., x|, for any «€R,
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(N4) ||x+x/, x2, . xul|<||% X2, .« ., Xn||[HX, X2, . . ., xp||is called an n-norm
on X, and the pair (X, ||.,. . .,.||) is called an n-normed space.

A trivial example of an n-normed space is X=R" equipped with the following
Euclidean n-norm:

X111+ X1n
[|x1.x2, . . . xn||E =abs Do , where x;=(x;1,...,Xin) €R"for each
Xnl**Xnn
i=1,2,.....,n.

If (X,|].,- - -,-||) be an n-normed space of dimension d > n>2 and {ay, az, . . ., an}
be a linearly independent set in X. Then the following function [|,.,. . .,.||eo on X"~ !
defined by

llx1.%2, .« . Xn—1]loo = max {||x1.x2, . . . Xp—1,ai||: i=1,2,.. .,n} defines an
(n-1) norm on X with respect to {a1, az, . . ., dn}.

The standard n- norm on X, a real inner product space of dimension d = n is as
follows: 1
(x1,x1) -+ {x1,Xn)
X1, oxnlls=| & - , where (., .) denotes the inner product on
(xXn,x1) - (Xn, Xn)
X. If X=R", then this n-norm is exactly the same as the Euclidean n-norm ||x1,x2, . .

1
. »Xn || E mentioned earlier. For n = 1, this n-norm is the usual norm ||x1||= (x1,x1)Z2.

A sequence (xg) in an n-normed space (X, ||., . . ,.||) is said to converge to some
Le X in the n-norm if
lim ||xp—L,us,....... ,Un||= 0, for every us, . . ., u, €X.
k—o00
A sequence (xg) in an n-normed space (X, ||., . . ,.||) is said to be Cauchy with
respect to the n-norm if
lim ||xg —x7,uz,....... ,Un||= 0, for every us, . . ., u, €X.
k,l—o00

If every Cauchy sequence in X converges to some LeX, then X is said to be com-
plete with respect to the n-norm. Any complete n-normed space is said to be n-
Banach space.

If a term in the definition of n-norm represents the change of shape, and the n-norm
stands for the associated area or center of gravity of the term, may be we can think
of some applications of the notion of n-norm, and then the generalized convergence
make sense. This is considered as the main issue in the use of n-normed structures
here. Keeping this in mind, we consider real linear n-normed space as the base space.

The following iterative scheme was introduced by Mann [18] in 1953.

Let K be a non empty, closed, convex subset of a normed linear space E and
T : K — K be aself map. For xg € K, the sequence {x,},~, defined by

Xpnt1=U—ap)xp+a,Tx,,n=0,1,2,..., (1.1)
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where {a, }5°, is a real sequence in [0, 1], is called the Mann iteration process. Many
converging theorems and approximation results have been proved using the Mann
iteration process. A two-step iteration process was introduced by Ishikawa [13] in
1974 as defined below:

For x¢ € K, the sequence {x,};2 is given by

where K be a non empty, closed, convex subset of a normed linear space E and
T : K — K be a self map and {«,}, {8} are real sequences in [0, 1]. This iteration
process is called as Ishikawa iteration process. When §, = 0, this iteration process
reduces to Mann iteration scheme given by (1.1).

We procure the following definitions in a metric space (X, d):

A mapping T : X — X is called an a—contraction if there exists a € [0, 1) such
that

(z1)d(Tx,Ty) <ad(x,y),forall x,y € X.

The map T is called a Kannan mapping [16] if there exists b € [0, %) such that

(z2) d(Tx,Ty) <bld(x,Tx)+d(y,Ty)], forall x,y € X.

A similar definition is due to Chatterjea [7] if there exists ¢ € [0, %) such that (z3)
d(Tx,Ty) <c[d(x,Ty)+d(y,Tx)],forall x,y € X.

The conditions (z1), (z2) and (z3) are independent contractive conditions [24].

Combining these three definitions, Zamfirescu [27] obtained the following import-
ant fixed point theorem in 1972.

Theorem 1. Let (X,d) be a complete metric space and T : X — X be a mapping
for which there exist real numbers a,b and ¢ with a € [0,1), b € [0, %)and c €0, %)
such that for all x,y € X at least one of the following conditions holds:

(z1):d(Tx,Ty) <ad(x,y)
(ZZ) . d(T.X, Ty) = b[d(x’ T)C) + d(y’ Ty)]

(z3):d(Tx,Ty) <cld(x,Ty)+d(y,Tx)] (1.3)
Then T has a unique fixed point x* and the Picard iteration {x,}">, defined by

Xp+1=Txp,neN
converges to x* for any arbitrary xg € X.

An operator T which satisfies at least one of the contractive conditions (z1), (22)
and (z3) is called a Zamfirescu operator (Z-operator).

In 2004, Berinde [2] proved the strong convergence of Ishikawa iterative process
given by (1.2) to approximate fixed points of Zamfirescu operators in an arbitrary
Banach space E. In proving the theorem, he made use of the conditions,

ITx =Tyl <8x,yll+28[x—Tx| (1.4)
which holds for any x,y € E, where 0 <§ < 1.
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In this paper, we define the following condition in order to establish our results of
this paper in real linear n-normed spaces:

Let K be a non empty, closed, convex subset of a real linear n- normed space
E and T : K — K be a self map. There exists a constant L > 0 such that for all
X,¥,22,...,2n € K, we have

”T)C—Ty’ZZ,...,Zn”

< el =Tx222nl 28 ||x = Tx,Z2s oo Zn ||+ 8 |X — V. 22, o Zn ) (1.5)

where 0 < § < 1 and e* denotes the exponential function of x € K. This condition
will be recalled in the paper as generalized Z-type condition.

The above condition is similar to a condition introduced in [5] by generalizing
(1.4) in normed linear spaces.

If L = 0, in the above condition, we obtain

ITx—Ty,z2,...,Zall < S| x—=¥,22, s Znll + 26 |x = Tx,22, ... Zn|
which is an n-norm extension of the Zamfirescu condition used by Berinde [3], where

1 =max{a,L,L} ,0<§ <1,
1-b 1—c
where constants a, b and ¢ are as defined in Theorem 1.

In a similar fashion, we can extend the Theorem 1 to real liner n-normed spaces by
replacing the base space (metric spaces). For some relevant results in normed linear
spaces, we refer to [5,23], [26], etc. We extend some such results in the next section
of this paper.

We shall use the following lemma in proving some results of this paper.

Lemma 1 (Berinde [4]). Let {an};2( 1bn}oeq 1Cnlneq be sequences of non-
negative numbers satisfying an+1 < (1 —wy)an + by + cu, for all n > 0, where
{wn}n2, C[0,1].

IFY 02 oWn =00, by = O(wy) and Y 5o cn < 00, then li)m a, =0.
n o0

2. CONVERGENCE THEOREMS

In this section, we shall prove some convergence theorems to fixed points. Through-
out this section, K is taken as a non empty, closed, convex subset of an n-normed
linear space E.

Theorem 2. Let T : K — K and S : K — K be two self mappings with Fr (| Fs #
¢ where Fr and Fs are the sets of fixed points of T and S respectively satisfying gen-
eralized Z - type conditions given by (1.5). For arbitrary xo € K, let {x,};2, be
the sequence generated by generalized Mann type iteration scheme (introduced by
Owojori and Imoru [20])

Xnt+1=anXn + by Txp +cnSxy,,n=0,1,2, ...,
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where {an}, {bn} and {c,} are real sequences in [0,1] with a, + by, + ¢, = 1 and
bn+cn =anandy ;2o = 00. Then {x,}5°_ converges to a common fixed point
of T and S.

Proof. Since Fr () Fs # ¢, let us take x* € K be a common fixed point of 7 and
S. Since T and S satisfy generalized Z-type condition given by (1.5), we have that
for all x,y,22,...,2n € K, the following inequalities hold

ITx—=Ty,z2,....2n|

< oLIx=Tx.22,....2 Q8 x—Tx,22, s Znl + 81X — ¥, 22000 Zn]) .0
and
[Sx—=Sy.z2,....znl
< eMoTxzeinl 0§ ||x — Sx,25, 0 2all + 8 Ix =3, 220 2al) - 22)
where L >0,0<§ <1 and8=max{a,1bTb,lcTc .

Now let {x,}52, be the sequence generated by generalized Mann type iteration
scheme and x¢ € K be arbitrary. Then for all z5,...,2, € K

|xn1=x* 22, cczn| = ||anxn + bnTxn + cnSxn —x*. 22, ... 24 ||
= ||(1=an)xn +baTxp + cnSxn—(@n + bn + cn)x*, 22, ... 20 |
= || (1 —an)xn +baTxp + cnSxn— (1 —an)x* —bpx™ —cpx™, 22, ... 20 |
= H(l —ap)(xp —x*) + by (Txy —x*)+cn(Sxn—x%),22,....2n “
<(I—ap) |xn—x* 22,z | +bn | Txn —x*. 22, .20
+cn | Sxn—x*.22. . 2n (2.3)
Taking x = x* and y = x, in (2.1), we get

|Tx* =Txn.22.....2||

— eL”x*—x*,zz ..... Znll (28 Hx* —X*,Zz,...,Zn ” +5 ”x* —Xn,22,--2n H)
— eL(O) (28(0) 46 Hx* —Xn,22, ...,Zn‘ ),

This implies that

|Txn—x* 22, cczn| < 8xn—x*. 22,2, (2.4)
Similarly by taking x = x* and y = x, in (2.2), we obtain

[Sxn—x*.22,ccc.zn|| <8 xn —x*.22..... 24| (2.5)
Now using (2.4) and (2.5) in (2.3), we have

|xn1—x% 22,020

| < (I—ap) ||xn —x*.22..... 24|
+b,5 Hxn —x*.22,..,2n H +cpd chn —x%,72,...,2n H
= (l — 0y +bn5 +Cn8) ”xn —x*,Z2,...,Zn ”
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= (1—an +and) |xn —x*. 22, 0.2
Thus we have,
xn+1 =3 22 za|| SN —en(1=8)] | xn —x* 22, 2n ] .n =0,1,2, ..

Since {o, } and § satisfy the conditions of Lemma 1, we have our expected condition
lim |[xp4+1—x%,22,....2x] =0, for every z3,...,2, € K.
n—oo

Thus {x,}52, converges to x* which is the common fixed point of 7 and S. [
Corollary 1. Let T : K — K and S : K — K be two Z-operators with Fr (| Fs #
¢ where Fr and Fg are the sets of fixed points of T and S respectively. For any

X0 € K, let {x,};2 be the sequence as defined in the statement of Theorem 2. Then
{xn}o2, converges to a common fixed point of T and S.

Theorem 3. Let T : K — K be a self maps satisfying generalized Z-type condition
given by (1.5) with Fr # ¢, where Fr is the set of fixed points of T. For any x¢ € K,
let {xn}72, be the sequence generated by the following two step iteration scheme
(introduced by Thianwan [25])

Xn+1 = (1 _an),Vn +anTyn,

yn = (1 _ﬁn).x” + ﬂnTXn,n = O, 1,2, ceey
where {a,} and {B,} are sequences of positive numbers in [0,1] satisfying
322 00n = 00. Then {xp yoo o converges to the unique fixed point of T .

Proof. The assumption F7 # ¢ guarantees that T has a fixed point in K, say x*.
Since T satisfies generalized Z-type condition given by (1.5), we have the inequality
(2.1) holds for all x,y,z2,....,2n € K. Now let {x,}5°, be the sequence generated
as given in the statement and x¢ € K be arbitrary. Then for all z,,...,z, € K,

|xn+1—x* 22, Zn|| = | (L —n)yn + tn Tyn —x*. 22, ... 2a|
= ”(1_an)(J’n_X*)+0‘n(TYn_X*)»Zz,---,zn H
<(I—an)|yn—x"22.cc.zn| +on | Tyn—x*.22..... 20

=(l—an) |yn—x"22..zn| +n | Tx* = Tyn.22.....22 |
Considering (2.1) by taking x = x* and y = x,,, the above inequality becomes

|xnr1—x* 22,0 zn| < A=) | yn —x*. 220 .20 |

=(l—an) |yn—x"22....22]|

ta, I:eL"x*_x*,Zz,...,Zn I (25 ”x* —X*, 2200 Zn H oy Hx*  YnsZ2s e H)]

=(1—ay) Hyn —X*,22, 20 “ + oy [eL(O) (28(0) +3 ”x* —Yn,225--2n H)]

|,

=(1—-an) Hyn—x*,ZH +Otn3Hyn—X*
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So,
|xn+1—x* 22, Zn|| < (L —an +nd) | yn —x*. 22, 2| (2.6)
We have
|y —x* 22, czn|| = [ (1= Bu)xn + Bn Txn —x* .22, ... 20
= [ (1= Bn) (xn = x™) + Bu(Txn = x*), 22, ... 20|
< =Bn) |xn—x*.22.c.zn| + Bn | Txn —x*.22. ... 22 || 2.7)

Using (2.7) and then (2.4) in (2.6), we get
|xnr1—x* 22, zn| < A —an +nd) | yn—x* 22, ... 20|
< —an+and) [(1=Bn) |xn—x".22,c.zn |+ Bn | Txn —x*. 22, ... 20| ]
<(I—an+and) [(1=Bn) |xn—x*. 22, . 2n | + Bud | xn —x*. 22, . 2a [ ]
= (1—an +@n8)(1 = B + Bud) | xn —x*. 2] .

Since,

(1—an +on8)(1— B+ Bnd) = 1—an(1—=8) = Bu(1=8) [ —atn (1—6)]
< l—an(1-96),

we have the inequality

|xne1=x* 22, cczn| SN —an(1=8)] |xn —x*.22,.c.zn| .n =0,1,2, ...

Since 0 <8 < 1, ay €[0,1] and Y o2 sty = 00, setting an = || xp —x*,22, .., Zn ||
(for arbitrarily fixed 25, ..., 2, € K), wy, = &, (1 —3§) and applying Lemma 1, we have
li)m |Xn+1—x*,22,....2n|| =0, for every z2,...,2, € K.
n o0

Thus it follows that {x,}2 , converges to a fixed point of 7.

To show the uniqueness of fixed point, let us assume that x} and xJ be two distinct
fixed points of 7. Applying generalized Z-type condition given by (1.5) and using the
fact that 0 < § < 1, we obtain for every z25,...,2, € K:

|xt =x3.22.czn| = | Tx} = Tx3.22,...24||

< e LI =TT 22,02 (28 Hxik —TX],22,:2n H +4 Hx’f —X5,225 s 2n ”)
— oLllx{=x{.z2, 2| (28 |xT —xT 220 zn || + 8|5 = X3 .22, z2n)

= L O (28(0)+¢ Hxik — X5 ,225 - 2n H) =6 Hxik—x;‘,z,z,...,zn H

<||xf =x3.22, . 2n]

’

a contradiction.
Therefore x{ = x5. Thus {x,}2 , converges to the unique fixed pointof 7. [
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Corollary 2. Let E be an arbitrary n-Banach space and T : K — K a Z-operator.
For any xg € K, let {x,}5°, be defined by two-step iteration process as in the state-
ment of Theorem 3 with {a,} and {Bn} are sequences of positive numbers in [0, 1]
satisfying Y peo0n = 00. Then {x, 1902 o converges to the unique fixed point of T.

Theorem 4. Let T : K — K and S : K — K be two self mappings of K satisfying
generalized Z-type condition given by (1.5) with Fr (| Fs # ¢ where Fr and Fg are
the sets of fixed points of T and S respectively. For any xo € K, let {x,};> be the
sequence defined by following two-step iteration scheme (introduced by Raphel and
Pulickakunnel [23])

Xn+1 = (l_an)Yn +onSyn.
yn=0=Bn)xn+PuTxn,n=0,12,..,

where {on} and {Bn} are sequences of positive numbers in [0,1] satisfying
Yo oan = 0o. Then {x,}°2 , converges to the common fixed point of T and S.

Proof. Since S satisfies generalized Z-type condition given by (1.5), we get that
the inequality (2.2) holds for all x, y,z2,....,2n € K. As Fr () Fs # ¢, let x* be the
common fixed point of S and 7" in K. Now for every z5,...,z2, € K,

|xnt+1—x* 22, czn|| = | —n)yn + @nSyn —x* .22, .. Zn|
= | (1 =) (yn = x*) + @ (Syn —x*). 22, . 2|
<(I—apn) || yn—x* 22, cc.zn| +on | Syn —x*. 22, .2
=(1—an) |yn—x".22.c.zn| +an | Sx* = Syn.22..... 2] -
Taking x = x* and y = y, in (2.2), we obtain
|xns1—x* 22, zn | < (A=) | yn—x". 22, ... 20 |
+ay [eL”x*_Sx*’zz’”"Z”” (28 |x* = Sx*,z2, ..z | + 8 | X — yn. 220 20 H)}
=(1—an) | yn—x*.22, .24

ta, I:eL”x*_x*,zz,...,Zn I (25 Hx* —X* 22 Zn ” iy Hx*  YnsZ2s s ”)]

=(1—oayp) Hyn —x*,22,..,2n H + oy [eL(O) (28(0) +§ Hx* — VY1+22+ 12 H)]

=(I—an) |yn—x"22,.zn| + @8 | yn —x*. 22, ... 20 -
Thus,

|xne1—x* 22,0z | < A —an + and) ||yn —x* .22, o 2n |-

Now, applying iteration process as given in the statement and proceeding similarly as
in the proof of Theorem 3, we obtain
lim |[xp4+1—x%,22,....2x] =0, for every z5,...,2, € K.
n—>00

This completes the proof. O
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Corollary 3. Let T : K — K and S : K — K be two Z-operators with Fr (| Fs #
¢ where Fr and Fs are the sets of fixed points of T and S respectively. For any
xo € K, let {x,}72 be the sequence as defined in the statement of Theorem 4 with
{an} and {Bn} are sequences of positive numbers in [0, 1] satisfying Y peo0tn = 00.
Then {xy},>, converges to a common fixed point of T and S.

3. FIXED POINT THEOREMS

In main aim of this section is to prove some common fixed point theorems for a
quadruple of weak compatible self mappings on a real linear n-normed space satisfy-
ing a common (E.A) property and a generalized @- contraction.

Definition 1. Two self mappings A and S of an n-normed space (X, |[|.,...,||) are
called compatible if lim ||ASxy,,—SAXm,22,...,2s| =0 (forevery z5 ,...,2n € X),
m—00

whenever {x,,} is a sequence in X such that lim Ax, = lim Sx, =¢, for some ¢
. n—>oo n—oo
n X.

In 1986, the notion of compatible mappings which generalized commuting map-
pings, was introduced by Jungck [14]. This has proven useful for generalization of
results in metric fixed point theory for single-valued as well as multi-valued map-
pings. Further in 1998, the more general class of mappings called weakly compatible
mappings was introduced by Jungck and Rhoades [15]. Recall that self mappings S
and T of a metric space (X,d) are called weakly compatible if Sx = Tx for some
x € X implies that STx = T'Sx. i.e., weakly compatible pair commute at coincid-
ence points. For some other results on fixed point theory, one may refer to [21,22],
etc.

Aamri and Moutawakil [ 1] introduced the following notion of the property (E.A)
for a pair of self maps in metric spaces. We define this notion for real linear n-normed
spaces as follows:

Definition 2. Two self mappings S and T on a real linear n-normed space (X,
[|.,--.,||) are said to satisfy the property (E.A), if there exists a sequence {x,,} in X
such that for every 25 ,....2n € X lim ||Txm,22,....2x| = lim ||Sxm.22,.... 25|

m—00 m—00

=t, forsomet € X.

Definition 3. Let A, B,S,T : (X,].,.....]) = (X,]-,--.,.]])- The pairs (A4, S) and
(B,T) are said to satisfy a common property (E.A), if there exist two sequences
{Xm} and {y;,} such that for every z5 ,...,.2n € X

lim |[|AXm.22,...2nll = LIm ||Sxm,22,....24]| = lim [|Bym,22,....2xl
m—0oQ m—00 m—0oQ

= lim ||Tym,22,....2al| =1t € X.
m—00
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This definition reduces to the previous one, if we take, B = A and § = T'. Further
this definition is given by Liu, Wu and Liu [17] for metric spaces.

We denote by @ the collection of all functions ¢ : [0,00) — [0,00) which are
upper semi-continuous from the right, non-decreasing and satisfy SE)rthr supp(s) < t,

o(t) <t forallt > 0.
Let A, B, S and T be self-mappings on a real linear n-normed space (X, ||.,...,.||)
such that for every z5 ,....z2, € X

lAx —By,z2,....znl? +allSx—Ty,z2,....zn||P1|Ax — By, 22, ....za|?
<amax{||[Ax —Sx,22,....z2n || | By = Ty.22, ... 2n %,

/
|Ax=Ty.z2....2a|? | By = Sx.22.....20 |7 }

/
o2([Ax —=Sx, 22, ... 2all" 1By =Ty, z2....2al" ),

/
903(|le - Ty7Z21 ,Zn”S ”By _SX,Z2,---»Zn||S )9

1 /
¢4<5[||Ax—Ty,zZ,...,znul |Ax —SX.22.....zn ]

+ 1By = 5x.22, 0. 2all | By = Tv.22, .20l D, 3.1)
for all x,y,z22,....2n € X, ¢; € ®(i = 1,2,3,4), a,p.q.q’.r.r',s,s',1,]" > 0 and
2p=q+q =r+r ' =s+s" =1+1". The condition (3.1) is commonly called a
generalized @- contraction.

Now we first prove a common fixed point theorem for a quadruple of weak com-
patible self mappings satisfying a common (E£.A) property and a generalized @-
contraction and then present some other results as corollaries. Finally, we present an
extension of this common fixed point theorem.

Theorem 5. Let A, B, S and T be self mappings on a real linear n-normed space
(X, |- .- -|D) satisfying (3.1). If the pairs (A, S) and (B, T) satisfy a common (E.A)
property, weakly compatible and that T (X) and S(X) are closed subsets of X, then
A, B, S and T have a unique common fixed point in X.

Proof. Since (A4, S) and (B, T') satisfy a common property (E.A), we can find two

sequences {x,} and {y,} in X such that
lim Ax, = lim Sx, = lim By, = lim Ty, =z,
n—>oo n—0o0 n—>oo n—>oo

for some z € X.

Let us assume that S(X) and T'(X) are closed subspaces of X. Then, z = Su =
Tv for some u,v € X. Then using (3.1) by considering x in place of x, and v in
place of y, we have for all z5,...,z, € X

Axp —Bv.z2,....zull? +a||Sxn —Tv,22,.... 20 |1P] || AXn — B, 22, ... Zn||”

<amax{||Axy, — Sxn,22,..s Zn||Z |1Bv—Tv,22,....Zn %,
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/
|AXn —Tv, 22, e, Zal|? | Bv = SXn. 22,0 Zn |7}
2
+max{p1 (||Sxn —Tv,22,....2n[|*?),
/
02(|Axn —Sxn.22, ..zl |1Bv=Tv,22,....za|"" ).

/
(p3(||Axn - TU’Z2’--'7ZH||S ||BU _S-XI'I?ZZa ,Zan )’

1 /
wa 5[l Axn - Tv.22. o Znl |AXn — SXn. 22+ s Zn |l

1B =Sxn.220 s znl |Bv=Tv, 22,20 | D1
Taking limit as n — oo, and Tv = z, we obtain
[lz—Bv,22, s 2ull® +allz = 2,22, s 2ul P 12— BV, 22, ooy Zn||P
<amax{||z—2z,22,....za|" |Bv—2,22,....2a|1",
||z—z,12,...,zn||q||Bv—Z,Zz,...,zn||q/}+max{<p1(||z—Z,Zz,...,ZnIIZP),
02(12 = 2220 Zn " |1 BU =222,z ™),

/
(p3(||Z _Z,ZZ’---,Zn”S ||Bv _Z,ZZ, ---,Zn”S )7

1 ! %
eaGllz =222, znll 12 = 2,22, 2a

/
+Bv—z.22 e znl | Bu—2.22.cccza " D}
or

lz—Bv,z2,....2n ||2p

1 /
< max{1(0).¢2(0).¢3(0). ¢4 (5 1Bv—2,22, ...zl )},

or
|z —Bv,zZ,...,anzP

2 /
< max{g1(||z — Bv.22,....2n|*7). 02|z = Bv, 22, ... 2 |"T),

/ 1 /
03(l2=Bv.22..zn ). 0a(5 IBv—2,22, ...zl 7))
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If pj € @ where i € I (some index set), then there exists a ¢ € @ such that
max{p;,i € I} < ¢(t) for all £ > 0 (Chang [6]). This along with the above ar-
gument and the property ¢(t) < ¢ for all £ > 0; we have ||z — Bv,z2,....zn|*? <

¢o(|z—Bv,z2,....zn|*?) < |z— Bv,z2,....zn||*?, a contradiction. This implies

that z = Bv. Therefore Tv = z = Bv. Hence it follows by the weak compatib-

ility of the pair (B,T) that BTv = TBv, thatis Bz =Tz.

Now, we shall show that z is a common fixed point of B and T'. For this, consid-

ering x, in place of x and z in place of y, (3.1) becomes

(|Axn — Bz.z2,...zn|? +a||Sxn —Tz.22, ... Zu||P1|Axn — Bz, 22, ... 2n||”

<amax{|Axn —Sxn.22,... Zn|* |1Bz—Tz.22.....2a|% .

/
|Axn —Tz,22, ... 20|12 ||1Bz — Sxn.22, . Zn ||}
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+max{p;(||Sx, —T2z,22, ...,Zn||2p),
/
(pz(”AXn - SXn,ZZ’ ""Zn ||r ||BZ - TZ5227 "'7Zn”r )’

/
@3(|Axn —Tz. 22, ... 2nll* | Bz = Sxn. 22, . 2u|l* ),

1 /
a1 Axn = T2.22.czn|' | Axn = S 22,2

/
+|Bz—Sxn.22. 20l 1Bz = T2, 22, za " D}

Letting n — oo, and using the fact that lim Ax, =z = lim Sx, and Bz =Tz,
n—oo n—o00

we get
lz—Bz.22,...znllP +allz—Tz.22, .. zn "1z — Bz, 22, ... 2u|l?
<amax{|z—2z,22....2n | |Bz=T2z,22.....2n |7,
1z =Tz 220 zn | 1Bz — 2,22, s zn || ¥} + max{or (|2 = T2, 22 s 2 | 2P),
02(12= 2,22, 2l 1Bz = T2, 22, s 2all”),
03(12= T2, 22, 2all’ 1 B2 = 2,220 2aI*),

1 I 1/
eaGllz=Tz 22, znl Iz =222, 02

/
1Bz 2,200 znll |1 Bz = Tz 22, cozal D},
or ||lz—Bz.z2,....zall?? +allz—Bz,z2.....zn|**

<a|Bz—2,22,.. 2a)| 7T + max{e1 (|2 — B2,22, .2 [*7), 02(0),
03(1z2= Bz, 22, s Zn|I*1), 04 (0)},
or (1+a)lz—Bz.22.nznl® <a|Bz—2.22,..zall!tY
+max{g; (|2 — Bz.22+.... 20 |*?).

4
0200),03(|z2 = Bz, 22, . Zn|I* ™)., 04 (0)},
’
or [z—Bz.z2...znl?? < 5 1Bz —2.22. . 2n ]|

1
o maxter (|2~ B2.22, . 2n 127),
+a

©2(0).93(llz = Bz.22. .. 2a[***). 04 (0)}

Since 2p = ¢ + ¢’, using the same argument as applied earlier, we have
lz—Bz,22, ... 2n|*? < |z = Bz,22,....za||*? (for every z2,...,2n € X), a contra-
diction. So, z = Bz = T'z. Thus z is a common fixed point of B and T'.

Similarly, we can prove that z is a common fixed point of A and S. Thus z is the
common fixed point of 4, B, S and T'. The uniqueness of z as a common fixed point
of A, B, S and T can easily be verified. O

Now we deduce some other relevant results as corollaries.
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Corollary 4. Let A, B and S be self-mappings of X such that (A,S) and (B, S)
satisfy a common (E.A) property and

2
|Ax —By.z2,....zn||"? <amax{|Ax —Sx,z22,....2a 1" |1By — Sy.22,....za ",

/
|Ax —Sy.z2,...zn|? | By = Sx,22.....za T }+
/
max{@s (|| Ax —Sx.,z2....zu|" IBy = Sy.22.....2al" ),
/
o3(|Ax = Sy.z2,....z2all’ 1By = Sx.22.....2a "),

1 /
0a(5 1A% =5y, 22,0 2 1L Ax = Sx, 22 zn |’

+11By = Sx,22,.. 2l [ By = Sy,22, 0 2all D, (32)
forallx,y,z2,....2n € X, ;i € ® (i =2,3,4), a,p.q.q .r.r',s,s'".1.'">0and 2p =
q+q =r+r'=s+s" =1+ If the pairs (A, S) and (B, S) are weakly compatible
and that S(X) is closed, then A, B and S have a unique common fixed point in X .

Proof. This is an immediate consequence of Theorem 5 with S = T'. O

Corollary 5. Let A, B, S and T be self mappings of a real linear n-normed space
(X, |I-s - .- If the pairs (A, S) and (B, T) satisfy a common (E.A) property and

”AX_BYaZZ’,Zn“ZP 5hmaX{HSX_TvaZ»---’Zn“zpv
/
|Ax —S8x,22,..c.zul |BY =Ty,z22.,....zall"" ,

/
lAx =Ty, z2,....zall* |1By = Sx,22.....za > .

1 /
UlAx=Ty.za. coznll 1 Ax = Sx. 22, zal)

+ 1By = Sx,22, 0 2ull 1By = Ty,22,0.2all " 1}, (33)
forall x,y,22,....2n € X, p.q.q",r,r" 5,8, 1,1' >0and 2p =qg+q' =r+7r' =
s+s' =141 Ifthe pairs (A,S) and (B,T) are weakly compatible and that T (X)
and S(X) are closed, then A, B, S and T have a unique common fixed point in X.

Proof. If wetakea =0and ¢;(t) =ht (i =1,2,3,4), where 0 < h < 1 in Theorem
5, we have the desired result. O

Corollary 6. Let A and B be self mappings of a complete real linear n-normed
space (X, |-, ...,.||) satisfying the following condition:

lAx — By.z2,....znll? +allx = y.22+ ... 20 lI’1|Ax — By, 22, ... 2 ||”
<amax{||Ax —x,22,...2n|P |1BY = ¥, 22, s Znl?,
lAx —y.22, ...z || ||By—x,zz,...,1n||q/}+
max{@1 (X = .22, 20 |22). 02 (| Ax = x. 22,0 Za | 1BY = .22, Za "),
034X = ¥, 22,0, 2al’ 1By = %, 22,0 20 |*)),
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1 /
¢4(§[||Ax—y,z2,...,zn||l |Ax —x.22....zn|l"

+1BY = %,22, 2all 1By = 7,22, 2l "D},
forall x,y,22,....2n € X, ¢ € ® (i =1,2,3,4), a,p,q.q",r,r',s,s',1,I' >0 and
2p=q+q =r+r' ' =s+s" =141, then A and B have a unique common fixed
pointin X.

Proof. The proof is immediate, if we take S = 7" = Iy (the identity mapping on
X) in Theorem 5. U]

Finally, we give the following result as an extension of Theorem 5.

Theorem 6. Let S, T and A, (n € N) be self mappings of a real linear n-normed
space (X,||.,...,.||). Suppose further that the pairs (Azn—1,S) and (Azn,T) are
weakly compatible for any n € N and satisfying a common (E.A) property. If S(X)
and T(X) are closed and that for any i € N, the following condition is satisfied for
all x,y,22,..,2n € X

MAix—Ai+1v.22, . znllP +a|Sx =Ty, z2, ... 2o’ |Aix — Ai 1Y, 22, .. Zn||P
<amax{||Adix —Sx,z22,.... Zu|? | Ai+1Y =Ty, 22, ..» Zn||®

/
14ix =Ty, 22, el | Ait1y = Sx. 220 2|7}
+max{@; (|Sx —=Ty.22,.... 20 ||*?).

/
2(|[Aix = Sx, 22, .. 20" 1Ai 1y =Ty, 22, s 2|l ),

/
e3(|14ix =Ty, z2,...2all’ | Ai 1y — Sx. 22, .. za V),

1 /
<p4(5[||Az~x—Ty,zZ,...,znu’ | Aix—SX,22, . zn]

/
FlAis1y —Sx, 22, Znl Ai41y =Ty, 22, s zal D}
where ; € ® (i =1,2,3,4), a,p,q.q",r,r',s,s',1,I' >0and2p =qg+q' =r+7r’
=s+s' =1+, then S, T and A, (n € N) have a common fixed point in X .
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