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1. INTRODUCTION

Let A denote the class of functions of the form

f .´/D ´C

1X
nD2

an´
n (1.1)

which are analytic in the open unit disc � D f´ W j´j < 1g and normalized by the
conditions f .0/D 0 and f 0.0/D 1. Further, let S denote the class of all functions in
A which are univalent in �. Some of the important and well-investigated subclasses
of the univalent function class S include (for example) the class S�.˛/ of starlike
functions of order ˛ in � and the class K.˛/ of convex functions of order ˛ .0 �
˛ < 1/in �: It is well known that every function f 2 S has an inverse f �1, defined
by

f �1.f .´//D ´ .´ 2�/

and f .f �1.w//D w .jwj< r0.f /Ir0.f /� 1=4/

where

f �1.w/D g.w/Dw�a2w
2
C.2a22�a3/w

3
�.5a32�5a2a3Ca4/w

4
C�� � : (1.2)

A function f .´/ 2A is said to be bi-univalent in � if both f .´/ and f �1.´/ are
univalent in �.Let ˙ denote the class of bi-univalent functions in � given by (1.1).
Earlier, Brannan and Taha [3]introduced certain subclasses of bi-univalent function
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class ˙; namely bi-starlike functions of order ˛ denoted by S�˙ .˛/ and bi-convex
function of order ˛ denoted by K˙ .˛/ corresponding to the function classes S�.˛/

and K.˛/ respectively.
A function f .´/ 2 A is in the class of strongly bi-starlike functions S�˙ Œ˛� ([3,

19])of order ˛ .0 < ˛ � 1/ if each of the following conditions is satisfied:ˇ̌̌̌
arg

�
´f 0.´/

f .´/

�ˇ̌̌̌
<
˛�

2
; and

ˇ̌̌̌
arg

�
wg0.w/

g.w/

�ˇ̌̌̌
<
˛�

2

and strongly bi-convex functions K�˙ Œ˛� ([3, 19])of order ˛ .0 < ˛ � 1/ˇ̌̌̌
arg

�
1C

´f 00.´/

f 0.´/

�ˇ̌̌̌
<
˛�

2
; and

ˇ̌̌̌
arg

�
1C

wg00.w/

g0.w/

�ˇ̌̌̌
<
˛�

2

where g is given by (1.2). For each of the function classes S�˙ Œ˛� and K˙ Œ˛�, non-
sharp estimates on the first two Taylor-Maclaurin coefficients ja2j and ja3j were
found [3,19]. But the coefficient problem for each of the following Taylor-Maclaurin
coefficients:

janj .n 2Nn f1;2gI N WD f1;2;3; � � � g

is still an open problem(see[2,3,8,12,19]). Many researchers (see[16,17,20,21]) have
introduced and investigated several interesting subclasses of the bi-univalent function
class ˙ and they have found non-sharp estimates on the first two Taylor-Maclaurin
coefficients ja2j and ja3j:

An analytic function f is subordinate to an analytic function g; written f .´/ �
g.´/; provided there is an analytic function w defined on � with w.0/ D 0 and
jw.´/j < 1 satisfying f .´/ D g.w.´//: Ma and Minda [11] unified various sub-
classes of starlike and convex functions for which either of the quantity ´ f 0.´/

f .´/
or

1C ´ f 00.´/
f 0.´/

is subordinate to a more general superordinate function. For this pur-
pose, they considered an analytic function � with positive real part in the unit disk
�;�.0/ D 1;�0.0/ > 0; and � maps � onto a region starlike with respect to 1 and
symmetric with respect to the real axis. The class of Ma-Minda starlike functions
consists of functions f 2 A satisfying the subordination ´ f 0.´/

f .´/
� �.´/: Similarly,

the class of Ma-Minda convex functions of functions f 2A satisfying the subordin-
ation 1C ´ f 00.´/

f 0.´/
� �.´/:

A function f is bi-starlike of Ma-Minda type or bi-convex of Ma-Minda type if
both f and f �1 are respectively Ma-Minda starlike or convex. These classes are
denoted respectively by S�˙ .�/ and K˙ .�/:

The study of operators plays an important role in the geometric function theory and
its related fields. Many differential and integral operators can be written in terms of
convolution of certain analytic functions. It is observed that this formalism brings an
ease in further mathematical exploration and also helps to understand the geometric
properties of such operators better. The convolution or Hadamard product of two



BI-STARLIKE FUNCTIONS OF COMPLEX ORDER 307

functions f;h 2A is denoted by f �h and is defined as

.f �h/.´/D ´C

1X
nD2

anbn´
n; ´ 2� (1.3)

where f .´/ is given by (1.1) and h.´/D ´C
1P
nD2

bn´
n:

For complex parameters ˛1; : : : ;˛l and ˇ1; : : : ;ˇm . ǰ ¤ 0;�1; : : : Ij D 1;2; : : : ;m/
the generalized hypergeometric function lFm.´/ is defined by

lFm.´/� lFm.˛1; : : :˛l Iˇ1; : : : ;ˇmI´/ WD

1X
nD0

.˛1/n : : : .˛l/n

.ˇ1/n : : : .ˇm/n

´n

nŠ
(1.4)

.l �mC1I l;m 2N0 WD N[f0gI´ 2�/

where N denotes the set of all positive integers and .a/n is the Pochhammer symbol
defined by

.a/n D

�
1; nD 0

a.aC1/.aC2/ : : : .aCn�1/; n 2N:
(1.5)

For positive real values of ˛1; : : : ;˛l and ˇ1; : : : ;ˇm
. ǰ ¤ 0;�1; : : : Ij D 1;2; : : : ;m/, let

H .˛1; : : :˛l Iˇ1; : : : ;ˇm/ W S ! S

be a linear operator defined by

.H .˛1; : : :˛l Iˇ1; : : : ;ˇm//.f /.´/D ´ lFm.˛1;˛2; : : :˛l Iˇ1;ˇ2 : : : ;ˇmI´/�f .´/

.H l
m/.f /.´/D ´C

1X
nD2

�n an ´
n (1.6)

where

�n D
.˛1/n�1 : : : .˛l/n�1

.ˇ1/n�1 : : : .ˇm/n�1

1

.n�1/Š
(1.7)

˛i > 0;.i D 1;2; :::l/; ǰ > 0;.j D 1;2; :::m/; l �mC1I l;m 2N0 DN[f0g:
For notational simplicity, we use a shorter notation

H l
mŒ˛1;ˇ1�f .´/DH l

mf .´/

for
H .˛1; : : :˛l Iˇ1; : : : ;ˇm/DH l

mŒ˛1;ˇ1�

in the sequel. It follows from (1.6) that

H2
1 Œ1;1�f .´/D f .´/;H

2
1 Œ2;1�f .´/D ´f

0.´/:

The linear operator H l
mŒ˛1;ˇ1� is called Dziok-Srivastava operator (see [6]). Fur-

ther by using the Gaussian hypergeometric function given by (1.6), Hohlov [7] intro-
duced a generalized convolution operator Ha;b;cas Ha;b;cf .´/D ´ 2F1.a;b;cI´/�
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f .´/; contains as special cases most of the known linear integral or differential op-
erators. For the suitable choices of l;m in turn the operator H l

mŒ˛1;ˇ1� includes
various operators as remarked below:

Remark 1. For f 2A;

H2
1 .a;1Ic/f .´/DL.a;c/f .´/

D

 
´C

1X
nD2

.a/n�1

.c/n�1
´n

!
�f .´/D ´C

1X
nD2

.a/n�1

.c/n�1
an´

n

was considered by Carlson and Shaffer [4].

Remark 2. For f 2A; and

H2
1 .ıC1;1I1/f .´/D

´

.1�´/ıC1
�f .´/DDıf .´/; .ı > �1/

given by Dıf .´/D ´C
P1
nD2

�
ıCn�1

n�1

�
an´

n; was introduced by

Ruscheweyh [15].

Remark 3. For f 2 A; and H2
1 .c C 1;1Ic C 2/f .´/ D

cC1
´c

R ´
0 t

c�1f .t/dt D

Jcf .´/ where c > �1: The operator Jc was introduced by Bernardi [1]. In par-
ticular, the operator J1 was studied earlier by Libera [9] and Livingston[10].

Remark 4. For f 2A;H2
1 .2;1I2��/f .´/D� .2��/´

�D�
´ f .´/D˝

�f .´/; �…

N n f1g called Owa-Srivastava operator[18] and ˝� is also called Srivastava-Owa
fractional derivative operator, where D�

´ f .´/ denotes the fractional derivative of
f .´/ of order �; studied by Owa [13].

Motivated by the earlier work of Deniz[5], in the present paper we introduce two
new subclasses of the function class˙ of complex order 
 2Cnf0g,involving Dziok-
Srivastava operator H l

m and find estimates on the coefficients ja2j and ja3j for func-
tions in the new subclasses of the function class ˙: Several related classes are also
considered , and connection to earlier known results are made.

1.1. The function class of bi-univalent functions

In the sequel, it is assumed that � is an analytic function with positive real part in
the unit disk �; satisfying �.0/D 1;�0.0/ > 0; and �.�/ is symmetric with respect
to the real axis. Such a function has a series expansion of the form

�.´/D 1CB1´CB2´
2
CB3´

3
C�� � ; .B1 > 0/: (1.8)

Further we assume ˛i > 0;.i D 1;2; :::l/; ǰ > 0;.j D 1;2; :::m/; l � mC 1I l;m 2

N0 DN[f0g in our present study unless otherwise stated.
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Definition 1. A function f .´/ 2˙ given by (1.1) is said to be in the class
S
l;m
˙;�.
;�/ if the following conditions are satisfied:

1C
1




 
´.H l

mf .´//
0

H l
mf .´/

C
�´2.H l

mf .´//
00

H l
mf .´/

�1

!
� �.´/ (1.9)

and

1C
1




 
w.H l

mg.w//
0

H l
mg.w/

C
�w2.H l

mg.w//
00

H l
mg.w/

�1

!
� �.w/ (1.10)

where 
 2Cnf0g; �� 0;´;w 2� and the function g is given by (1.2).

Definition 2. A function f .´/ given by (1.1) is said to be in the class K
l;m
˙;�.
;�/

if the following conditions are satisfied:

1C
1




 
Œ´.H l

mf .´//
0C�´2.H l

mf .´//
00�0

.H l
mf .´//

0
�1

!
� �.´/ (1.11)

and

1C
1




 
Œw.H l

mg.w//
0C�w2.H l

mg.w//
00�0

.H l
mg.w//

0
�1

!
� �.w/ (1.12)

where 
 2Cnf0g; �� 0;´;w 2� and the function g is given by (1.2).

Remark 5. A function f .´/ 2˙ given by (1.1) and for �D 0, we note that

S
l;m
˙;�.
;�/� S

l;m
˙;�.
/

satisfies the following conditions :"
1C

1




 
´.H l

mf .´//
0

H l
mf .´/

�1

!#
� �.´/ and

"
1C

1




 
w.H l

mg.w//
0

H l
mg.w/

�1

!#
� �.w/

and
K
l;m
˙;�.
;�/�K

l;m
˙;�.
/

satisfies the following conditions :"
1C

1




 
´.H l

mf .´//
00

.H l
mf .´//

0

!#
� �.´/ and

"
1C

1




 
w.H l

mg.w//
00

.H l
mg.w//

0

!#
� �.w/

where 
 2Cnf0g ´;w 2� and the function g is given by (1.2).

Remark 6. A function f .´/ 2˙ given by (1.1) and for 
 D 1; we note that
S
l;m
˙;�.
;�/� S

l;m
˙;�.�/ and K

l;m
˙;�.
;�/�K

l;m
˙;�.�/ satisfies the following conditions

respectively:  
´.H l

mf .´//
0

H l
mf .´/

C
�´2.H l

mf .´//
00

H l
mf .´/

!
� �.´/;
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w.H l

mg.w//
0

H l
mg.w/

C
�w2.H l

mg.w//
00

H l
mg.w/

!
� �.w/; 

Œ´.H l
mf .´//

0C�´2.H l
mf .´//

00�0

.H l
mf .´//

0

!
� �.´/;

and  
Œw.H l

mg.w//
0C�w2.H l

mg.w//
00�0

.H l
mg.w//

0

!
� �.w/

where �� 0;´;w 2� and the function g is given by (1.2).

2. COEFFICIENT ESTIMATES FOR THE FUNCTION CLASS S
l;m
˙;�.
;�/ AND

K
l;m
˙;�.
;�/

For deriving our main results, we need the following lemma.

Lemma 1 ([14]). If h 2P , then

jckj � 2

for each k, where P is the family of all functions h analytic in� for which<.h.´// >
0 and

h.´/D 1C c1´C c2´
2
C�� � for ´ 2�:

Lemma 2 (see [14]). Let the function '.´/ given by

'.´/D

1X
nD1

Cn´
n .´ 2�/

be convex in U. Suppose also that the function h.´/ given by

h.´/D

1X
nD1

hn´
n

is holomorphic in �. If
h.´/� '.´/ .´ 2�/;

then
jhnj5 jC1j .n 2N/:

Theorem 1. Let f .´/ is given by (1.1) be in the class S
l;m
˙;�.
;�/, 
 2Cnf0g and

�� 0. Then

ja2j �
j
 jB1

p
B1qˇ̌


Œ2.1C3�/�3� .1C2�/�
2
2 �B

2
1 C .1C2�/

2.B1�B2/�
2
2

ˇ̌ (2.1)
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and

ja3j �
j
 j2B21

.1C2�/2� 22
C

j
 jB1

2.1C3�/�3
: (2.2)

Proof. It follows from (1.9) and (1.10) that

1C
1




 
´.H l

mf .´//
0

H l
mf .´/

C
�´2.H l

mf .´//
00

H l
mf .´/

�1

!
D �.u.´// (2.3)

and

1C
1




 
w.H l

mg.w//
0

H l
mg.w/

C
�w2.H l

mg.w//
00

H l
mg.w/

�1

!
D �.v.w//: (2.4)

Define the functions p.´/ and q.´/ by

p.´/ WD
1Cu.´/

1�u.´/
D 1Cp1´Cp2´

2
C�� �

and

q.´/ WD
1Cv.´/

1�v.´/
D 1Cq1´Cq2´

2
C�� � ;

or equivalently,

u.´/ WD
p.´/�1

p.´/C1
D
1

2

"
p1´C

 
p2�

p21
2

!
´2C�� �

#
and

v.´/ WD
q.´/�1

q.´/C1
D
1

2

"
q1´C

 
q2�

q21
2

!
´2C�� �

#
:

Then p.´/ and q.´/ are analytic in� with p.0/D 1D q.0/: Since u;v W�!�; the
functions p.´/ and q.´/ have a positive real part in �; and for each i ,

jpi j � 2 and jqi j � 2:

Since p.´/ and q.w/ in P , we have the following forms:

�.u.´//D �

 
1

2

"
p1´C

 
p2�

p21
2

!
´2C�� �

#!

D
1

2
B1p1´C

"
1

2
B1.p2�

p21
2
/C

1

4
B2

#
´2 (2.5)

and

�.v.w//D �

 
1

2

"
q1wC

 
q2�

q21
2

!
w2C�� �

#!
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D
1

2
B1q1wC

"
1

2
B1.p2�

p21
2
/C

1

4
B2

#
w2 (2.6)

It follows from (2.3) -(2) that
1



.1C2�/�2a2 D

1

2
B1p1; (2.7)

1




�
2.1C3�/�3a3� .1C2�/�

2
2 a

2
2

�
D
1

2
B1.p2�

p21
2
/C

1

4
B2p

2
1 ; (2.8)

�
1



.1C2�/�2a2 D

1

2
B1q1; (2.9)

and
1




�
Œ4.1C3�/�3� .1C2�/�

2
2 �a

2
2�2.1C3�/�3a3

�
D
1

2
B1.q2�

q21
2
/C

1

4
B2q

2
1 :

(2.10)
From (2.7) and (2.9), we get

p1 D�q1 (2.11)
and

8.1C2�/2� 22 a
2
2 D 


2B21 .p
2
1Cq

2
1/: (2.12)

Upon adding (2.8)and (2.10),if we make use of (2.11) and (2.12), we obtain�
4f
Œ2.1C3�/�3� .1C2�/�

2
2 �B

2
1 C .1C2�/

2.B1�B2/�
2
2 g
�
a22

D 
2B31 .p2Cq2/:

which yields

a22 D

2B31 .p2Cq2/

4f
Œ2.1C3�/�3� .1C2�/�
2
2 �B

2
1 C .1C2�/

2.B1�B2/�
2
2 g

Since, by definition, p.´/;q.w/� h.�/; by applying Lemma (1) for the coefficients
p2 q2 and B1 > 0; we have

ja2j �
j
 jB1

p
B1qˇ̌


Œ2.1C3�/�3� .1C2�/�
2
2 �B

2
1 C .1C2�/

2.B1�B2/�
2
2

ˇ̌ :
Next, in order to find the bound on ja3j, by subtracting (2.8) from (2.10) and using
(2.11), we get

4



.1C3�/�3.a3�a

2
2/D

B1

2
.p2�q2/:

Upon substituting the value of a22 from (2.12), we get

a3 D

2B21 .p

2
1Cq

2
1/

8.1C2�/2� 2
C

B1.p2�q2/

8.1C3�/�3
:
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Applying Lemma (1) once again for the coefficients p1;p2;q1 and q2, we get

ja3j �
j
 j2B21

.1C2�/2� 22
C

j
 jB1

2.1C3�/�3
:

�

Theorem 2. Let f .´/ given by (1.1) be in the class Kl;m˙;�.
;�/, 
 2 Cnf0g and
�� 0. Then

ja2j �
j
 jB1

p
B1q

2f
ˇ̌

Œ3.1C3�/�3�2.1C2�/�

2
2 �B

2
1 C2.1C2�/

2.B1�B2/�
2
2

ˇ̌
g

(2.13)
and

ja3j �
j
 j2B21

4.1C2�/2� 22
C

j
 jB1

6.1C3�/�3
: (2.14)

Proof. We can write the argument inequalities in (1.11) and (1.12) equivalently as
follows:

1C
1




 
Œ´.H l

mf .´//
0C�´2.H l

mf .´//
00�0

.H l
mf .´//

0
�1

!
D �.u.´// (2.15)

and

1C
1




 
Œw.H l

mg.w//
0C�w2.H l

mg.w//
00�0

.H l
mg.w//

0
�1

!
D �.v.w//; (2.16)

and proceeding as in the proof of Theorem 1, we can arrive the following relations
from (2.15) and (2.16)

2



.1C2�/�2a2 D

1

2
B1p1; (2.17)

1



Œ6.1C3�/�3a3�4.1C2�/�

2
2 a

2
2�D

1

2
B1.p2�

p21
2
/C

1

4
B2p

2
1 ; (2.18)

and

�
2



.1C2�/�2a2 D

1

2
B1q1; (2.19)

1



Œ6.1C3�/.2a22�a3/�3�4.1C2�/�

2
2 a

2
2�D

1

2
B1.q2�

q21
2
/C

1

4
B2q

2
1 : (2.20)

From (2.17) and (2.19), we get
p1 D�q1 (2.21)

and
32.1C2�/2� 22 a

2
2 D 


2B21 .p
2
1Cq

2
1/: (2.22)
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Now from (2.18), (2.20) and (2.22), we obtain

a22 D

2B31 .p2Cq2/

8Œ
Œ3.1C3�/�3�2.1C2�/�
2
2 �B

2
1 C2.1C2�/

2.B1�B2/�
2
2 �
: (2.23)

Applying Lemma (1) for the coefficients p2 and q2, we have the desired inequality
given in (2.13).

Next, in order to find the bound on ja3j, by subtracting (2.18) from (2.20), and
using (2.21), we get

12



.1C3�/.a3�a

2
2/�3 D

B1

2
.p2�q2/:

Upon substituting the value of a22 given (2.22),the above equation lead to

a3 D

B1.p2�q2/

24.1C3�/�3
C

2B21 .p

2
1Cq

2
1/

32.1C2�/2� 22
:

Applying the Lemma (1) once again for the coefficients p1;p2;q1 and q2, we get the
desired coefficient given in (2.14). �

Putting �D 0, in Theorems (1) and (2) , we can state the coefficient estimates for
the functions in the subclasses S

l;m
˙;�.
/ and K

l;m
˙;�.
/ defined in Remark (5).

Corollary 1. Let f .´/ given by (1.1) be in the class S
l;m
˙;�.
/; then

ja2j �
j
 jB1

p
B1q

j
.2�3��
2
2 /B

2
1 C .B1�B2/�

2
2 j

and ja3j �
j
 j2B21

� 22
C
j
 jB1

2�3
:

Corollary 2. Let f .´/ given by (1.1) be in the class K
l;m
˙;�.
/;then

ja2j �
j
 jB1

p
B1q

2j
.3�3�2�
2
2 /B

2
1 C4.B1�B2/�

2
2 j

and ja3j �
j
 j2B21

4� 22
C
j
 jB1

6�3
:

Taking 
 D 1, in Theorems (1) and (2) , we can state the coefficient estimates for
the functions in the subclasses S

l;m
˙;�.�/ and K

l;m
˙;�.�/ defined in Remark (6).

Corollary 3. Let f .´/ given by (1.1) be in the class S
l;m
˙;�.�/; then

ja2j �
B1
p
B1q

jŒ2.1C3�/�3� .1C2�/�
2
2 �B

2
1 C .1C2�/

2.B1�B2/�
2
2 j

and

ja3j �
B21

.1C2�/2� 22
C

B1

2.1C3�/�3
:



BI-STARLIKE FUNCTIONS OF COMPLEX ORDER 315

Corollary 4. Let f .´/ given by (1.1) be in the class K
l;m
˙;�.�/; then

ja2j �
B1
p
B1q

2jfŒ3.1C3�/�3�2.1C2�/�
2
2 �B

2
1 C2.1C2�/

2.B1�B2/�
2
2 gj

and

ja3j �
B21

4.1C2�/2� 22
C

B1

6.1C3�/�3
:

3. COROLLARIES AND ITS CONSEQUENCES

For the class of strongly starlike functions, the function � is given by

�.´/D

�
1C´

1�´

�˛
D 1C2˛´C2˛2´2C�� � .0 < ˛ � 1/; (3.1)

which gives B1 D 2˛ and B2 D 2˛2:

Corollary 5. By choosing �.´/ of the form (3.1), we state the following results
(1) for functions f 2 S

l;m
˙;�.
;�/; by Theorem1,

ja2j �
2j
 j˛q

jŒ.1�˛/.1C2�/2�2j
 j˛.1C2�/�� 22 C4j
 j˛.1C3�/�3j

and

ja3j �
4j
 j2˛2

.1C2�/2� 22
C

j
 j˛

.1C3�/�3
:

(2) for functions f 2K
l;m
˙;�.
;�/; by Theorem2,

ja2j �
j
 j˛q

jŒ.1�˛/.1C2�/2�2j
 j˛.1C2�/�� 22 C3j
 j˛.1C3�/�3j

and

ja3j �
j
 j2˛2

.1C2�/2� 22
C

j
 j˛

3.1C3�/�3

On the other hand if we take

�.´/D
1C .1�2ˇ/´

1�´
D 1C2.1�ˇ/´C2.1�ˇ/´2C�� � .0� ˇ < 1/; (3.2)

then we have B1 D B2 D 2.1�ˇ/:
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Corollary 6. By choosing �.´/ of the form (3.2), we state the following results
(1) for functions f 2 S

l;m
˙;�.
;�/; by Theorem1,

ja2j �
j
 j
p
2.1�ˇ/q

j
Œ2.1C3�/�3� .1C2�/�
2
2 �j

and

ja3j �
4j
 j2.1�ˇ/2

.1C2�/2� 22
C
j
 j.1�ˇ/

.1C3�/�3
:

(2) for functions f 2K
l;m
˙;�.
;�/; by Theorem2,

ja2j �
j
 j
p
.1�ˇ/q

j
Œ3.1C3�/�3�2.1C2�/�
2
2 �j

and

ja3j �
j
 j2.1�ˇ/2

.1C2�/2� 22
C
j
 j.1�ˇ/

3.1C3�/�3

Corollary 7. Let f .´/ given by (1.1) be in the S
l;m
˙;�.�/ and �.´/ is of the form

(3.1), then from Theorem (1),we have

ja2j �
2˛q

jŒ.1�˛/.1C2�/2�2˛.1C2�/�� 22 C4˛.1C3�/�3j

and

ja3j �
4˛2

.1C2�/2� 22
C

˛

.1C3�/�3
:

Remark 7. From Corollary (7),taking �D 0; we obtain the following results

ja2j �
2˛q

.1�3˛/� 22 C4˛�3

and ja3j �
4˛2

� 22
C
˛

�3
:

Further by taking l D 2;mD 1; we obtain the results of Srivastava et al [17].

Corollary 8. Let f .´/ given by (1.1) be in the S
l;m
˙;�.�/ and �.´/ is of the form

(3.2), then from Theorem (1), we have

ja2j �

s
2.1�ˇ/

j2.1C3�/�3� .1C2�/�
2
2 j

and

ja3j �
4.1�ˇ/2

j.1C2�/2� 22
C

.1�ˇ/

.1C3�/�3j
:
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Remark 8. From Corollary (8),taking �D 0; we get

ja2j �

s
2.1�ˇ/

j2�3��
2
2 j

and ja3j �
4.1�ˇ/2

� 22
C
.1�ˇ/

�3
:

Further by taking l D 2;mD 1; we have

ja2j �
p
2.1�ˇ/ and ja3j � 4.1�ˇ/2C .1�ˇ/:

Corollary 9. Let f .´/ given by (1.1) be in the K
l;m
˙;�.�/ and �.´/ as defined in

(3.1)then from Theorem (2), we have

ja2j �
˛q

jŒ.1�˛/.1C2�/2�2˛.1C2�/�� 22 C3˛.1C3�/�3j

and

ja3j �
˛2

.1C2�/2� 22
C

˛

3.1C3�/�3
:

Remark 9. From Corollary (9),taking �D 0; we get

ja2j �
˛q

j3˛�3C .1�3˛/�
2
2 j

and ja3j �
˛2

� 22
C

˛

3�3
:

Further by taking l D 2;mD 1; we have

ja2j � ˛ and ja3j � ˛2C
˛

3
:

Corollary 10. Let f .´/ given by (1.1) be in the K
l;m
˙;�.�/ and �.´/ is of the form

(3.2),then from Theorem (2), we have

ja2j �

s
1�ˇ

j3.1C3�/�3�2.1C2�/�
2
2 j

and

ja3j �
.1�ˇ/2

.1C2�/2� 22
C

.1�ˇ/

3.1C3�/�3
:

Remark 10. From Corollary (10), by taking �D 0; we get

ja2j �

s
1�ˇ

j3�3�2�
2
2 j

and ja3j �
.1�ˇ/2

� 22
C
.1�ˇ/

3�3
:

Further by taking l D 2;mD 1; we have

ja2j �
p
.1�ˇ/ and ja3j � .1�ˇ/2C

.1�ˇ/

3
:
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Concluding remarks: By further specializing the parameters l;m, one can define
various other interesting subclasses of ˙ based on the differential operators stated
in the Remarks 1 to 4, and we can easily derived analogous results (as in Theorems
1 and 2) and the corresponding corollaries as mentioned above. The details involved
may be left as an exercise for the interested reader.
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