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1. INTRODUCTION

Let + denote the class of functions of the form

o0
f@=z+) anz" (1.1)
n=2
which are analytic in the open unit disc A = {z : |z| < 1} and normalized by the
conditions f(0) = 0and f'(0) = 1. Further, let 8 denote the class of all functions in
4 which are univalent in A. Some of the important and well-investigated subclasses
of the univalent function class § include (for example) the class §*(«) of starlike
functions of order « in A and the class K («) of convex functions of order o (0 <
o < 1)in A. It is well known that every function f € § has an inverse f !, defined
by

[THf@) =2 (z€ )
and f(f7'w) =w (lw| <ro(f)iro(f) = 1/4)
where
7l w) =gw) =w—aw?+ (2a§—a3)w3 —(5a§ —Sazaz+ag)w*+--. (1.2)

A function f(z) € # is said to be bi-univalent in A if both f(z) and f~!(z) are
univalent in A.Let X' denote the class of bi-univalent functions in A given by (1.1).
Earlier, Brannan and Taha [3]introduced certain subclasses of bi-univalent function
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class ¥, namely bi-starlike functions of order o denoted by &7, (cx) and bi-convex
function of order o denoted by K 5 () corresponding to the function classes §* ()
and K () respectively.
A function f(z) € s is in the class of strongly bi-starlike functions §3.[a] ([3,
]of order @ (0 < o < 1) if each of the following conditions is satisfied:

‘arg (Zf’(z)) < %, and |arg (wg’(w))‘ < oz_n

1 @) g(w) 2
and strongly bi-convex functions K5, [er] ([3, 19])of order & (0 < < 1)
" "
arg(l—i—zf (Z)) <ﬂ, and arg(1+wg (w)) <ﬂ
1'@) 2 g'(w) 2

where g is given by (1.2). For each of the function classes 87 [«] and K x[o], non-
sharp estimates on the first two Taylor-Maclaurin coefficients |az| and |a3| were
found [3, 19]. But the coefficient problem for each of the following Taylor-Maclaurin
coefficients:

lan|  (ne N\{1,2}; N:={1,2,3,---}

is still an open problem(see[2,3,8,12,19]). Many researchers (see[16,17,20,21]) have
introduced and investigated several interesting subclasses of the bi-univalent function
class X' and they have found non-sharp estimates on the first two Taylor-Maclaurin
coefficients |a;| and |a3]|.

An analytic function f is subordinate to an analytic function g, written f(z) <
g(z), provided there is an analytic function w defined on A with w(0) = 0 and
|lw(z)| < 1 satisfying f(z) = g(w(z)). Ma and Minda [ 1] unified various sub-
classes of starlike and convex functions for which either of the quantity %/Z()Z) or

1+ % ff,(z()Z) is subordinate to a more general superordinate function. For this pur-

pose, they considered an analytic function ¢ with positive real part in the unit disk
A,$(0) =1,¢'(0) > 0, and ¢ maps A onto a region starlike with respect to 1 and
symmetric with respect to the real axis. The class of Ma-Minda starlike functions
consists of functions f € # satisfying the subordination * J{p(/z()Z) < ¢(z). Similarly,
the class of Ma-Minda convex functions of functions f € + satisfying the subordin-

ation 1+ £/,:8) < 4(2).

A function f is bi-starlike of Ma-Minda type or bi-convex of Ma-Minda type if
both f and f~! are respectively Ma-Minda starlike or convex. These classes are
denoted respectively by 873.(¢) and K 5 (¢).

The study of operators plays an important role in the geometric function theory and
its related fields. Many differential and integral operators can be written in terms of
convolution of certain analytic functions. It is observed that this formalism brings an
ease in further mathematical exploration and also helps to understand the geometric

properties of such operators better. The convolution or Hadamard product of two
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functions f,h € 4 is denoted by f * & and is defined as

(f*h)(2) =2+ ) anbpz", z€A (1.3)

n=2
where f(z)is given by (1.1) and h(z) =z + Z bnz".

For complex parameters o1, ..., o and,Bl,.. ﬂm (B #0,— =1,2,...,m)
the generalized hypergeometric function | Fy,(2) is defined by

1Fn(2) = 1 F(@1s...01: B, Bmiz) = Z((gll))" ((gl))” Z— (1.4)

(l<m+1;l,meNyg = NU{0}:;z € A)
where N denotes the set of all positive integers and (a), is the Pochhammer symbol
defined by
(@)n = 1, n=0
"7 ) ala+1)(a+2)...(a+n—1), neN.
For positive real values of «1,...,a; and B1,...,Bm
B #0,—1,...;j =1,2,...,m), let
H(xy,...ap;81,....8m): 8 —> 38

be a linear operator defined by

(J(’(ozl,...al;ﬁl,...,,Bm))(f)(z) =z [Fm(Oll,Olz,---al;ﬂl’ﬁZ---,ﬁmQZ)*f(Z)

(1.5)

F) (@) =2+ Tnan " (1.6)
n=2

where
- 1
= (@)n—1-..(0))n—1 (w7
(ﬂl)n 1- (,Bm)n—l (l’l—l)!
a;>0,(i=12,..0),; >0,(j =1,2,..m), ] <m+1;[,m e No = NU{0}.
For notational simplicity, we use a shorter notation

Jllar, B1lf(2) = #], f(2)

for
H(ar,...aiPr.....Bm) = H} o1, B1]

in the sequel. It follows from (1.6) that

HEL]f(2) = f(2), K2, 1] f(2) = 2 f(2).

The linear operator 5‘6,51 [a1, B1] is called Dziok-Srivastava operator (see [0]). Fur-
ther by using the Gaussian hypergeometric function given by (1.6), Hohlov [7] intro-
duced a generalized convolution operator H, p, cas H, p o f(2) =2z 2F1(a,b,c;z) *
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f(z), contains as special cases most of the known linear integral or differential op-
erators. For the suitable choices of /,m in turn the operator J{’,ln [a1, B1] includes
various operators as remarked below:

Remark 1. For f € A,
Hi(a,l;c) f(2) = L(a.c) f(2)
3 @n-1 @n-1
_(z—i-nX:;( o ) 7z )_z+z()n 1

was considered by Carlson and Shaffer [4].

Remark 2. For f € 4, and

HEE+1LID @) = Sy @) = D' (@).(6> =)

(1
. p 00 §+n—1
givenby D° f(z) =2+ ,2, n—1

Ruscheweyh [15].

Remark 3. For f € s, and HZ(c +1.1:c +2) f(z) = <L [F1e71 f(0)dr =
dc f(z) where ¢ > —1. The operator J. was introduced by Bernardi [1]. In par-
ticular, the operator §; was studied earlier by Libera [9] and Livingston[10].

Remark 4. For f € A, H2(2,1;2—1) f(2) = [2—0)* DL f(2) = 22 f(z), 1 ¢
N\ {1} called Owa-Srivastava operator[ 18] and £2* is also called Srivastava-Owa

fractional derivative operator, where i)é f(z) denotes the fractional derivative of
f(z) of order A, studied by Owa [13].

) anz", was introduced by

Motivated by the earlier work of Deniz[5], in the present paper we introduce two
new subclasses of the function class X' of complex order y € C\{0},involving Dziok-
Srivastava operator J(’,ln and find estimates on the coefficients |as| and |as| for func-
tions in the new subclasses of the function class X'. Several related classes are also
considered , and connection to earlier known results are made.

1.1. The function class of bi-univalent functions

In the sequel, it is assumed that ¢ is an analytic function with positive real part in
the unit disk A, satisfying ¢(0) = 1,¢’(0) > 0, and ¢(A) is symmetric with respect
to the real axis. Such a function has a series expansion of the form

$(z) =1+ Biz+ Bz + B3z3+---, (B; >0). (1.8)

Further we assume o; > 0,(i = 1,2,...1),8; >0,(j =1.2,.m),l <m+1;1,m e
No = N U {0} in our present study unless otherwise stated.
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Definition 1. A function f(z) € X given by (1.1) is said to be in the class
5 i‘?% (y,A) if the following conditions are satisfied:

oL (z(e}f’,i,f(z))’ A2 (K f(2)"

HLA@ LG 1) DA (49

and

1+

1 gt I w2 "
L (e | hwtGte@)’ |\ g
Y\ Hngw) Hing (W)
where y € C\{0}, A > 0,z,w € A and the function g is given by (1.2).
Definition 2. A function f(z) given by (1.1) is said to be in the class K iV’ZJ (Y, A)
if the following conditions are satisfied:
Lo L (B f @) + 222 f@)T
y (), f(2))

1) < ¢(2) (1.11)

and

1+

Y (Hh,g(w)y
where y € C\{0}, A > 0,z,w € A and the function g is given by (1.2).

l ([w(Jé’,f,,g(w))/+)&w2(=7€;£1g(w))”]/ _ 1) < ¢(w) (1.12)

Remark 5. A function f(z) € X given by (1.1) and for A = 0, we note that
l, — l:
82?25(% A) = /Sz{;(y)

satisfies the following conditions :

1 [zt f () 1 (w(Ilgw))
|:1+;<—J€,£1f(z) —1):| <¢(Z) and |:1+;(—]€’£1g(w) _1):| <()b(w)
and

l, _ a1,
K (r.0) = K0 ()
satisfies the following conditions :

1 [ 2(3, f(2)) 1 (w(Hpgw)”
|:1 +; <—(5‘€,€1f(z))’ )i| < ¢(z) and |:1 + S ( L gw)y )j| < ¢(w)

where y € C\{0} z,w € A and the function g is given by (1.2).

Remark 6. A function f(z) € X given by (1.1) and for y = 1, we note that
8 lzrzb A =38 g"; (A) and X IE"; A=K IE"; () satisfies the following conditions
respectively:

(z(e%,’nf(z))’ AP [R)"

#L @) KL @) ) A



310 GANGADHARAN MURUGUSUNDARAMOORTHY AND T. JANANI

w(HLgw))  Aw?(H}g(w))”
(Jf,zg<w) T g w) )<¢(w)’

[2(HL, f(2)) +Az2(HL, £ ()"
( ) ) A

and

(HLg(w)) < o(w)

where A > 0,z,w € A and the function g is given by (1.2).

([w(%&g(w))’+Aw2(«7€fng(w>)"]/)

2. COEFFICIENT ESTIMATES FOR THE FUNCTION CLASS Siv”dl) (y,A) AND
K5y h)
For deriving our main results, we need the following lemma.
Lemma 1 ([14]). Ifh € P, then
ekl =2

for each k, where P is the family of all functions h analytic in A for which R(h(z)) >
0 and

h(z)=1l4ciz+c2z2% 4+ forz € A.
Lemma 2 (see [14]). Let the function ¢(z) given by

p(z) = Z Cnz" (z € A)
n=1

be convex in U. Suppose also that the function H(z) given by

h(@) =) bhaz”
n=1

is holomorphic in A. If

h(z) < e(2) (z € 4),
then

ol =|C1l  (neN).

Theorem 1. Let f(z) is given by (1.1) be in the class 8;’2 (v, A), y € C\{0} and
A >0. Then

las] < ly|B1+/ B1
\/\y[zu + 303 — (1420 T2 B2 + (1 +20)2(B1 — Ba) 2|

2.1)
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and
ly|* B} ly|B1

+20)2r7 2143015
Proof. Tt follows from (1.9) and (1.10) that

(2.2)

a <
|3|_(1

1) =¢u(2)) (2.3)

L (U@ A2 @)
v\ Hnf@) HL f(2)
and
1 Jfl w2 ng "
"y (wgffsi(ww))) - ;%quggv)) B 1) =p(w)). (24
Define the functions p(z) and ¢(z) by
p(2):= Ltule) L+ p1z+ paz® +--
1—u(z)
and
q(z) = L@ _ +q12 + 2%+,
1-v(z)

or equivalently,

._P(Z)—l_l_ pf )
u(z) '—m—i_l’lz-l-(]?z—?)z +i|

and

S| PR O T
v(z).—q(z)_H—E_q1z+<Q2—7)z + }

Then p(z) and ¢(z) are analytic in A with p(0) = 1 = ¢(0). Since u,v: A — A, the
functions p(z) and ¢(z) have a positive real part in A, and for each i,

|pil <2 and |g;i| <2.

Since p(z) and g(w) in &, we have the following forms:

! P\ 2
Pu(z) =¢ 5 p1z+ pz—7 24

_1g +_1B( pf)JrlB 5 03
_21P1Z 21p22 42Z )

gl i\ >
p(v(w)) =¢ 5 q1w + qz—7 w4+

and
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= g | LB ) L e, |02 2.6)
—21611w 21[72 ) 42w .
It follows from (2.3) -(2) that
1 1
;(1 +2)L)F2612 = EBlpl’ (27)
1 2 2 1 p% 1 2
" [2(1+3M0) a3 —(1+20) T a3] = EBl(pz— 7) + ZBZPI’ (2.8)
1 1
—;(1+2)L)F2a2=531(h, (2.9)
and
1 21 2 1 ‘1% 1 2
” (41 + 303 — (14 20) IS la3 —2(1 +34) [3a3) = EBl (g2 — 7) + Zqul )
(2.10)
From (2.7) and (2.9), we get
P1=—q1 (2.11)
and
8(1+21)°I7a3 = y?BY (i +47). (2.12)

Upon adding (2.8)and (2.10),if we make use of (2.11) and (2.12), we obtain
(4y[2(0+30) 53— (1 +20) 1F]B7 + (14+20)%(B1 — Bo) I3} a3
=y’Bi (p2+q2).
which yields

Y2 B} (p2+q2)
Hy[2(1+30) 15— (1 +20) TABZ + (1 +24)2(B1 — Bo) I}
Since, by definition, p(z),q(w) C h(A), by applying Lemma (1) for the coefficients
P2 g2 and By > 0, we have

2 _
a2_

4| < ly|B1+/B1
\/|y[2(1 303 — (1420 T2 B2 + (14 22)2(By — Bo) 2]

Next, in order to find the bound on |a3|, by subtracting (2.8) from (2.10) and using
(2.11), we get

4 B
G 30 (a3 —a?) = 71(1)2—612)-

Upon substituting the value of a% from (2.12), we get

g VBIPI 4D | yBi(p2—2)
3T 81420202 T 8143015
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Applying Lemma (1) once again for the coefficients p;, p2,q1 and g, we get

ly|?B? ly|B1

las| < > .
(14+20)2r7  2(1+30)13
O
Theorem 2. Let f(z) given by (1.1) be in the class KIE’?;()/,)L), y € C\{0} and
A > 0. Then
ly|B1v/ B1
laz| <
\/2{\)/[3(1 +30) 3 —2(1+20) 2 B? +2(1 +24)2(B1 — B2) T2 |}
(2.13)
and .
B B
s < ly|”Bj ly|B1 2.14)

=4 4202r2 T 6(1+3015

Proof. We can write the argument inequalities in (1.11) and (1.12) equivalently as
follows:

1 ([z(%,’nf(z))/ +AZ2 (o f(2)")

14—
- KL @)

) 1) =¢u(z)) (2.15)

and

1 _
5 (L g(w)y

and proceeding as in the proof of Theorem 1, we can arrive the following relations
from (2.15) and (2.16)

1 ([w(%,lng(w))'+Aw2(<7€,lng(w))”]/ B 1) = p(v(w)) (2.16)

2 1
;(1+2A)anz=531p1, (2.17)
1 1 p? 1
1601 +30) a3 =401 +20Gas) = S Bi(pa— )+ Bopl, (218)
and
2 1
—;(1+2/\)an2=§qu1, (2.19)

1 1 20
1601432 @a3 ~az) I3 —4(1 +20) [Fa3] = 5 Bi(ga ~ L)+ Baad. (220)
From (2.17) and (2.19), we get
P1=—q1 (2.21)
and
32(1 +20)2I2a? = y2B2(p? + 4?). (2.22)
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Now from (2.18), (2.20) and (2.22), we obtain

y2Bi(p2+q2)
8[y[3(1 +3M) I3 —2(1 +24) [Z1B? +2(1 +24)2(B1 — B2) 7]
Applying Lemma (1) for the coefficients p, and ¢g,, we have the desired inequality
given in (2.13).
Next, in order to find the bound on |as|, by subtracting (2.18) from (2.20), and
using (2.21), we get

a% = (2.23)

12 B
S (1+30@ =@l = (p2 = o).

Upon substituting the value of a% given (2.22),the above equation lead to
_ yBi(p2—q2) | V?BI(p}+47)
24(1 43013 32(1 420207

Applying the Lemma (1) once again for the coefficients py, p»,q1 and g», we get the
desired coefficient given in (2.14). O

as

Putting A = 0, in Theorems (1) and (2) , we can state the coefficient estimates for
the functions in the subclasses § é:’;ly (y) and KX ZE"(; (y) defined in Remark (5).

Corollary 1. Let f(z) given by (1.1) be in the class 8 IE"; (y), then

BB 2B? B
Jly@rs—I2)B? + (B - By) I3 I ’
Corollary 2. Let f(z) given by (1.1) be in the class Ké’g (y),then
BB 2p? B
] < ly|B1v/ B1 and |a3] < |yl Vi +|Z|r1‘
21y —2I2) B} +4(By — By) T3 40 3

Taking y = 1, in Theorems (1) and (2) , we can state the coefficient estimates for
the functions in the subclasses § 12'25 (1) and X é:"; (1) defined in Remark (6).

Corollary 3. Let f(z) given by (1.1) be in the class § ZE"; (A), then
BV B
laz| <
\/|[2(1 +30) 5 — (14 24) 21 B2 + (1 +22)2(By — By) 2|

and
B? B

1
(1+21)217 + 2(1 43015

las| <
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Corollary 4. Let f(z) given by (1.1) be in the class K é:"; (X), then

laa| < B1VBi
\/2|{[3(1 305 —2(1 +20) T2 B2 +2(1 4 20)2(By — By) 2}

and
B? N By
4142027 6(1+30)I3

las| <

3. COROLLARIES AND ITS CONSEQUENCES

For the class of strongly starlike functions, the function ¢ is given by

1+z\%
¢(z)=(1i’—§) = 1420z +20%22 4+ O<a<l), (3.1

which gives By =2« and B, = 202,

Corollary 5. By choosing ¢(z) of the form (3.1), we state the following results
(1) for functions f € 8;’2’5 (y,A), by Theoreml,
2|y|a
laz| < 4
V(=) (1+22)2 =2y la(1+ 2] 7 + 4y le(1+ 30) T3

and
4y |*a? |yl
las| < 3 :
(120212 " (1+30)7

(2) for functions f € JCIE"; (y,A), by Theorem?2,

|y |e
laz| <
\/|[(1 —a)(1420)2 =2|y|a(1 +20)] 7 + 3|yla(l +31) T3]

and
s < P |y ]er
T (14202 3(1+3M0)13

On the other hand if we take

5(2) = 1+ (11_— 2B)z

then we have B} = B, = 2(1 — B).

=142(1-B)z+2(1-B)z%>+--- (0<p<1), (3.2
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Corollary 6. By choosing ¢(z) of the form (3.2), we state the following results
(1) for functions f € 8;’25 (y,A), by Theoreml,

] < v1vV20=P)

CIRA 43— (14201

and
s < AlyP1=B)*  yld—=p)
=042 T (43005

(2) for functions f € JCIEZ (y,A), by Theorem?2,

aa] < lylv(d—8)

L IyBa+3I -2+ 2017

and
lyP(1-8)*  lyl(1—p)
1+ 2A)2F22 3(143A0)13

Corollary 7. Let f(z) given by (1.1) be in the 82”;()&) and ¢(2) is of the form
(3.1), then from Theorem (1),we have

laz| <

200

laz| <
\/|[(1 —a)(1+20)2 = 2a(1 + 2A)] 12 + 4a (1 + 30 T3]

and

las] < 4o? + o

a .

TS 42022 T (14300

Remark 7. From Corollary (7),taking A = 0, we obtain the following results

200 42 o
laz| < and |a3| < — + —.

— 2
\/(1—305)1’22+4a1’3 ry " Is

Further by taking / = 2,m = 1, we obtain the results of Srivastava et al [17].

Corollary 8. Ler f(z) given by (1.1) be in the 8;"; (A) and ¢(z) is of the form
(3.2), then from Theorem (1), we have

o] < 21-p)
2=V R+ — (142072

and
4(1-p)? (1-p)
1420207 (143A0)73]

las| <
I(
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Remark 8. From Corollary (8),taking A = 0, we get

2(1— 41-p)* (-
il = [20=B) gy < 30=B2  1=B)
213 — I I I3
Further by taking [ = 2,m = 1, we have

laz| < v2(1—B) and |as| < 4(1—-B)*+(1—B).

Corollary 9. Let f(z) given by (1.1) be in the JCIE"; (A) and ¢(z) as defined in
(3.1)then from Theorem (2), we have

(04

las| <
VI =) (1422)2 ~20(1+ 22177 + 31 +30) T3]

and
2

o
las| <

o
+ .
= (142022 T 3(14+30)7

Remark 9. From Corollary (9),taking A = 0, we get

o Ol2 o

|az| < and |a3| < —5 + .
JB3ars + (=303 ry 30

Further by taking / = 2,m = 1, we have

o
laz| <« and |as] §a2+§.

Corollary 10. Letr f(z) given by (1.1) be in the K IE"; (A) and ¢(z) is of the form
(3.2),then from Theorem (2), we have

1-8
laz| < 5
131+ 33) 5 —2(1 + 2A) T2
and

(1-p)? n (1-p)
2222 30143015

Remark 10. From Corollary (10), by taking A = 0, we get

1— 1-8)2 (1-
—ﬂ 5 and |a3|§( f) +( 'B).
135 —2I7| Iy 3r;

azl <
|3|_(1

laz| <

Further by taking / = 2,m = 1, we have

laz] < /(1—B) and |as| < (1—B)* + (1_,3)'

3
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Concluding remarks: By further specializing the parameters /, m, one can define
various other interesting subclasses of X' based on the differential operators stated
in the Remarks 1 to 4, and we can easily derived analogous results (as in Theorems
1 and 2) and the corresponding corollaries as mentioned above. The details involved
may be left as an exercise for the interested reader.
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