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Abstract. The goal of this paper is to introduce new g-Stancu-Kantorovich operators and to study
some of their approximation properties. A convergence theorem using the well known Bohman-
Korovkin criterion is proven and the rate of convergence involving the modulus of continuity is
established. Furthermore, a Voronovskaja type theorem is also proven.
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1. INTRODUCTION

In 1987, A Lupas [7] introduced and studied g analogue of Bernstein
operators, while in 1996 another generalization of these operators based on g-integers
was introduced by Philips [13]. Generalizations of the Bernstein operators based on
the g-integers attracted a lot of interest and were studied by a number of authors. Dur-
ing the last decade, the applications of g-calculus in the study of linear and positive
operators were considered in [5,6,8,10,12,14-16]. The goal of the present paper is to
introduce a Kantorovich variant of q-Stancu operators and investigate their approx-
imation properties. Many generalizations and applications of the Stancu operators
were considered in the last years ( [1,2, 11, 15]).

Before proceeding further, we mention some basic definitions and notations from
g-calculus. Let g > 0. For each nonnegative integer k, the g-integer [k] and g-
factorial [k]! are respectively defined by

W= kl_q g=1 ’[]"_{1, k=0

For the integers n, k satisfying n > k > 0, the g-binomial coefficients are defined by

(© 2015 Miskolc University Press



4 ANA MARIA ACU, DAN BARBOSU, AND DANIEL FLORIN SOFONEA

k—1
We denote (a + b)]qc = l_[ (a+bq’).
j=0
The g-Jackson integral on the interval [0,b] is defined as

b 00 ) )
| r0dge = a-ap Y- bl 0<q <1,
=0

provided that sums converge absolutely. Suppose 0 < a < b. The g-Jackson integral
on the interval [a, b] is defined as

b b a
/af(l)dqt=/0 f(t)dqz—/o f)dt,0<q<1.

The clasical Bernstein-Kantorovich operators B, n = 1,2,... are defined by

k+1/n+1

Bi(fix)i=(n+1) an L) / floydr

—ank()/( )drf[OIHIR (1.1)

where py, x(x) = (Z)xk (1—x)" k.
In [3] the author introduced the g-analogue of the Bernstein-Kantorovich operators

[k+1]/[n+1]
Bug(fix) = [n+1] Zq P [ F)dgt,
[k]/[n+1]
. _|n ki1 _ \n—k
where f € C[0,1] and p, x(q:x) = e (1=x)z7".

In [8], inspired by (1.1), the authors introduced a g-type generalization of Bernstein-
Kantorovich operators as follows

(k] +q*t
B} (/%) —ank(q x)f ( SR )dqz, (12)

where f € C[0,1],0<g < 1.
These operators verify:

Lemma 1 ([8]). Foralln € N, x € [0,1] and 0 < g < 1 we have

* _ 1 p* _2q |[n] 11
Brg(10) =1 By g0 = o e Y )
> +2) [nn—1] , 49+74°+q> [n] L1

* 2 _ -
e N P T TR S AR I S TEs
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In [15] two kinds of Kantorovich-type g-Bernstein-Stancu operators were intro-
duced. The first version is defined using g-Jackson integral as follows

k+1]+o
SEP(fx) = (n+ 1 +ﬂ>2q puatai) [0 f0dge 3
[n+11+8

To guarantee the positivity of S,E,q’ﬂ ) in [15] a Riemann-type g-integral is considered

(see [9]), with the following definition:
b S .
| rwaki=a-ae-a Y f(a+0-aq’)d
a _0

M.Y. Ren and X.M. Zeng redefine S, (a b )( f:x) by putting the Riemann-type g-
integral into the operators instead of the q -Jackson integral as

[k+1]+a
S“"ﬂ)(fX)—([nH]Jrﬂ)Zq pitg) [0 podfe
[n+11+8

The idea of using Riemann-type q—lntegral in the study of linear and positive oper-
ators, in order to guarantee the positivity, was first used by O. Dalmanoglu and O.
Dogru [4] for g-Bernstein-Kantorovich operators.

Inspired by (1.2) we introduce a g-type generalization of Stancu-Kantorovich op-
erators as follows

k]
SpleP) (fx) = an k(q; X)/ (%) dyt, (1.5)

where 0 <« < f and f eC[O,l].
2. UNIFORM APPROXIMATION BY ¢-STANCU-KANTOROVICH OPERATORS

Using the Bohman-Korovkin criterion we shall prove a convergence theorem for
the g-Stancu-Kantorovich operators. First, we need the following two lemmas.

Lemma 2. Foralln € N, x € [0,1] and 0 < g < 1, we have

w(@.B) (om _ [n+1]m m am—v m " v
Sng ) ([n+1]+ﬂ)’"§[n+1]m—V<v)B"=q(’ KA

Proof. By direct computation we obtain

e (g n 1 [ +4* +\"
Srg ’x)‘<[n+1]+ﬂ)mzp”k(“)/( TERTI B

_ [n+1] k]+qkt a7V
R +ﬂ)mzp”"(" x)/ ( )( n+11) e




ANA MARIA ACU, DAN BARBOSU, AND DANIEL FLORIN SOFONEA

I L i [k] + q*
C(n+1 +ﬂ)’"z[n+ ( )ank(qx)/ ([n+1 ) dat
_ [n+1] 2 oMy m\ . .,
N ([n+l]+,3)’”‘§)[n+l]m_”(v)B”’q(t %)-
O
Lemma 3. Foralln e N, x €[0,1] and 0 < g < 1, we have
*(,B) _ 1 ox@p) 2q  [n] o 1
S D = LS ) = B e 8 T R+ B
x(@.8) (12 ) — ! ?@q+2)
S = |
qln] 4+7q+q2) 21 }
0] (4‘” o ) e tEte

Proof. Taking into account (2.1) and Lemma 1, by direct computation we obtain

explicit formulas for S, (a 2 )(ti,x), i =0,1,2, as follows
Seg P (1x) =By ,(1Lx) =1,

*(a,8) . [n+l] { o
Spq x)_[n—i—l]—i—ﬂ 1] nq(l x)+ B, (t,x)}
I B ) + !
2l n+1]+B"  [+1]+p  2(n+1]+p)

s@B) 2 o [+ { o? 20, . 2 }
ST 0 = s | B (L4 o B 0+ B 12
. 1 q*(q+2) a2
T ]+ﬂ)2{ g el
M( 4+7q+q2) 2a 1 }
T\ TmtE e

Lemma 4. Foralln € N, x € [0,1] and 0 < g < 1, we have

#@B) ((1_y)2 ﬂi( _ L)(“_ﬂ )2

Sea =0 9= G g 1o O o ) G ) (0
8[n+1]? C 1 o g \*

e (o 0005 ) o) %

where C is a positive absolute constant.

Syh) (1—x)*, x) <
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Proof. The proof is based on the estimations of the second and fourth order central
moments of the g-Bernstein-Kantorovich operators (Lemma 2.4 in [8]):

By, ((t—x)?, x) < [i] (x(l—x)+ i ])

((t—x)4 x) < [C]; (x(l x)+#).
We have

k 2
*( ,ﬂ) 2 [k +a+q-t
Sma P (1 =x)%, ank(q x)/ ([n—i—l g Y]

_ [n+1]? [k]+qkz o 8 2
([ +1] +ﬂ)22p"k(q’ )/ (m_x+[n+l]_[n+l]x) dyt
o Ant1 k1+qkr :
. o B 2
+l€2:;)Pn,k(q,X)/(; ([n+1]—[n+1]x) dqz}

2412 4 o B 2
RCEDEN Ok m(’“(l ’“”H) ([n+11_[n+11x)}'

A similar calculus leads to

4
*(a,B) 4 < 8[1’1 + 1]2 & [k] +qkt
Sn,q ((t x)",x )— ([n+ +:8)2 an k(q; x)/ [I’l+ —X dql
n ' 1 o B 4
+}§pn,k<q,x)[o ([n+1]—[n+1]x) dqt}

8[n + 1] C 1 a B 4
o (00 )+ () }

T (n+1]+8)?
Theorem 1. Let (¢5)n, 0 < gn < 1 be a sequence satisfying the following condi-
tions

O

lim g, =1, lim g =a, a<]0,1). (2.2)
n—>oo n—0o0

Then for any f € C][0,1], the sequence {S;,k,(;n’ﬂ )( f,x)} converges to [ uniformly on
[0,1].
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Proof. Using the Bohman-Korovkin theorem, it is sufficient to verify

lim S;(g’ﬂ)(ei,x) =x',i=0,1,2, uniformly on [0, 1]. (2.3)
n—o0 4N
, _ , ] [n]ln—1]
Ifqn — 1, thellnlll'lgo[l’l] =0 andnlglgom = 1, nll?;om = 1,

hence (2.3) follows from Lemma 3.
O
3. THE RATE OF CONVERGENCE OF ¢-STANCU-KANTOROVICH OPERATORS

In this section we will estimate the rate of convergence in terms of modulus of
continuity. Furthermore, we calculate the rate of convergence in terms of the first
modulus of continuity of the derivative of the function.

Recall that the first modulus of continuity of f € C[0,b] for § > 0 is given by

w(f.8) = sup [f(y)=f(x)|. x.y€[0.b].

ly—x|<8
Theorem 2. Let (qn)n be a sequence satisfying conditions (2.2). Then
Sy (f.x) = ()] = 20(f: V5a(3)
forall f € C[0,1], where
8n(x) = Sy:P) ((1 —x)2 x)

Proof. Since S,’,k,(,z;ﬂ )(eo, -) = eg, we have

n 1 k
@B (£ ) £(x) = . K +ant +a)
S50~ 109 = |3 pnstani / {f( n ) f(x)}dqnz

n 1 k
k] +qt+a
= an,k(qn;X)/ S (— — f(x)|dg,t.
o 0 [n+1]+p
Using the following well known property of modulus of continuity
t—x
70 fol <ot (5 1) >0 G1)
we get
“ U k] +4%t +a
S:,(c;x,;ﬂ)(ﬁx)_f(x)‘ f};)l’n,k(qu)/o (3 m—x +1 | o(f.8)dg,t
e 0(f18) § . Ukl +gkt+a
=w(f:8)+ 5 ];)Pn,k(qn,X)/O g anl-
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By the Cauchy-Schwarz inequality it follows

k]—i—qkt—i-oz
dg,t
zpnk@n,x)/ Lol v,
2 1/2 1/2
n 1 k )
[k] +qnt +a { }
B SO (CEFIE=TN WP R P
kg;)pn,k(‘h 0 ( [n+1]+ﬂ qd 0 q
S 1/2 [k]+qkt +a 2 '
:];){Pn,k(‘h,x)} Pn k(Qn,x)/ (Tn—i_ﬁ x) dqnt
1/2
< {S;,(;‘n’ﬂ) ((z —x)z,x)}

Therefore

i (o= 0] = (14 5VSIGP ((=020) ol £

But, by Lemma 4 and conditions (2.2), li)m S;(;’B) ((t —x)z,x) = 0. So, letting
n—00 dn

On(x) = \/S:(;nﬂ) (t—x)z,x) and taking § = /8, (x), we get the result. a
Denote
Lipm(y) ={f € CIO.1LIf(O)— f() =Mt —x|"},0<y <L

,B)

The next result give the rate of convergence of operators S, ( in terms of the

Lipschitz class.

Theorem 3. Let (gn)n be a sequence satisfying conditions (2.2) and
f € Lipy(y). Then

1SFEBY(fx)— f(x)] < M(8u(x))?/2,

n.4qn

where 8, (x) = S:,(;,;ﬂ) ((t—x)2,x).

Proof. Since S:’(Z;ﬂ)(eo,-) =e¢opand f € Lipp(y), we have

([kﬂl_fﬂ) )l

3B ()~ )] < ank<qn,x) [ (e

[kl +q5t+o

[n+1]+,3 dg,t.

<Mank(qn, )/
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2 2
Appling the Holder’s inequality with p = — and g = 3, we get
4 -V

SweB (fx) = £()]

n 1
<M an,k(qn;x){ o

k=0

v/2
[k]—i—qnt—i-oz . 2d ,
n+1]+8 an

n 1
=M an,k(qn;m{ i

k=0

/2
_uN , K]+ gkt +a g
_M];)(pn,k(qn’x) {Pn k(Qn»x)/ (m—x) dqnt}

k] + gkt g &
k] + gyt +o x) dqnt}

I /\

{Z Pa k(qn,X)/

— M {558 (1 —x2.0) )"

[n+l +B

0

Theorem 4. Let (q), 0 < gn < 1 be a sequence satisfying the conditions (2.2).
Then for any f € C1[0,1] and x € [0, 1] we have

SyeB)(fx) - f(x)\ <A+ 28, (' V(X)) (3.2)

where An(x) = Sy (1 — x x) and 8, (x) = &P (1 — x)2. x).

Proof. Let f € C1[0,1]. For any ¢ € [0,1], x € [0, 1], we have

t
fO)—fx)= f/(X)(t—X)+/ (') = f'(x)) du

so we get
Sy@h) (f(1)— f(x).x)
= [0Sy &P (1 —x,x)+8x P (/t(f/(u)—f/(x))du,x).

Using the well known property of modulus of continuity (3.1) we have

<o(f"; 5)[( t=x)° |t—x|:|.

()= f'(x)|du
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Therefore
SE@B(fx) = F@)] < £/ 1S5@B) (1 - x.x)|

+o(f; 5){ —SxeP) (1 —x)% x) + S (| —x].x)

n.,dn n.qn

Using Cauchy-Schwartz inequality, we obtain

57 (1= 31,3 = VS2eP (10 S3P ((1—2.)

S*’(;;ﬂ) )C)2 < \/S;(;;ﬁ) )C)2 \/S:(qo;ﬂ) x)z’x)’

so we have
Sx @B (fx)— F <1/ )] 1Sy@B) (¢t —x . x)]

+o(f, 5){ \/s*g’;ﬂ) ((t—x)2,x) +1} \/ o ((=2)2,x)
_ |f/(x>|xn(x>+w<f’,8>-{ e +1} Vo).

Choosing § = /6, (x), we find relation (3.2). O

4. A VORONOVSKAYA THEORM FOR q—STANCU—KANTOROVICH OPERATORS

In this section we shall establish a Voronovskaja type theorem for S, ,(;’ﬂ ), First,
we need the auxiliary result contained in the following lemma.

Lemma 5. Assume that 0 < qn, <1, g, — 1 and q}; — a, a € [0,1) as n — oo.
Then we have

1 2 1
Jim (]3P —xix) = FI gy L
2a +1
: *(,8) ((+ _ +\2. _ 2
nlgnoo[n]Sn’qn (t—x)":x) = 3 X“4+x

Proof. To prove the lemma we use the formulas for S, ,(;,;B ) (t',x),i =0,1,2 given
in Lemma 3.

1 *(aaﬁ) Yy
nlggo[n]Sn’qn (t—x;x)

o @ o !
—nlif‘;o[”]{(m TESIEY: 1)x+[n+1]+,8+[2]([n+1]+/9)}

. [n] Cq_ntl_ afn] [n] }
nlggo{ A B e B TR
l+a+2p

1
=T rtety
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. *(a,B) 2. T *(a,B) (42 2 *(ao,B) (4 _
Tim 1] Sy (- x)%x) = tim [n]{s,,,qn (12, x) = x> = 2x 53 @B ¢ x,x)}

(@@ 2=1] Y\
-t (e e )
. [n]? A0+ 792 +q;
T R+ 14 B2 (4 " 3] )
+ lim [n]{ o n 2o n : }
AN G TR0+ A2 T B0+ p)2

—nli)néo2x[n]S:$:ﬂ)(t—x,x)
o Qn(Qn+2)([n]2_[n]) 2 1+a+2p 1
_nli)néo[n]( Bt 11+ 6)2 —l)x +Qa+2)x—2x (—T)H—a—kz)
- i G+ D1 — (g + D]

~ n 500 Bl([n + 1]+ B)?

—BI(1 +gnln] + B)?} x* +x +x*(1 +a +2pB)
o [n] . 2 2
= nlggo Bl + 1]+ B)2 {(Qn (gn +2) [3]‘];1) [n]

— qn (qn +2+2[3](1+ B)) [n] — [3](1 + B)?} x?

2a+1 ,
3 X+ Xx.

+x+x*(1+a+2p)=—

The main result of this section is the following Voronovskaja type theorem:

Theorem 5. Let f” € C[0,1] and g, € (0,1), g, — 1 and g} — a, a €[0,1) as
n — oo. Then we have

lim ]Sy &P)(f.x)— f(x)) = (—wx +a+ %) f'(x)
% (_2a;— 1x2 +x) f"(x).

Proof. From the Taylor’s theorem, we have

SO = £+ G0 /() 5= )+ 5~ — (), @)

where £ lies between ¢ and x.

Applying S, ,(‘}xn’ﬂ ) on both side of (4.1), we obtain

) (SyeeP ()= F(0)) = In] /' (08 8P (¢ = x.x)
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70876 (1 )%, 0)

n,dn

— )2
+ 15" (%(f“(s) - f”(x)),x) . @42)

2

Forall x,y € [0, 1], | /" (§)— f"(x)] < w7r(6) (1 L=

52 ),forany8>0.

In view of the Lemma 4 and Lemma 5, we have
153580 (1= (©)— £ (6)). )|
(e t—x)* 1 1
< wpr(8)[n]Sye-P) ((t—x)2+ ( 52) ,x) = wpn(8) (0(1) +550 (W)) .
Choosing § = [n]~1/2, we get

111858 (1= 02(F"©) = 17 (0).x)| = g (n)712) - 0.

Hence
tim |n]S; 8P (1= 02(/"(©) - /(). x)| = 0.
n—o00 Hn
In view of Lemma 5, we obtain

Jim 70 o = 1) = (S e 1) £

1 2 1
+§(_ a;‘ x2+x) f”(x).

5. NUMERICAL EXAMPLE

Let us take f(x) = x2. In Table 5 we compute error estimation for operators (1.4)
and (1.5) to the function f.

TABLE 1. Error estimate (n =30, =2, 8 =4, ¢ = 0.89)

x 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
S’,S'f‘q’ﬂ) 0.0393{0.0631{0.0743|0.0730/0.0590]0.0325|0.0067|0.0584|0.1227|0.1996|0.2890
S:,(;"B) 0.0393]0.0638|0.0763|0.076810.0652|0.0417{0.0062|0.0412]0.1007{0.1722|0.2556

Forn =30, =2, B =4, g = 0.89, the convergence of operators (1.4) and (1.5)
to function f(x) = x?2 is illustrated in Figure 1.
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FIGURE 1. Function f(x) = x? and g-Stancu-Kantorovich operators.
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