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Abstract. In this note we establish some estimates, involving the Euler Beta function, of the in-
tegral

R b
a .x�a/

p.b�x/qf .x/dx for functions when a power of the absolute value isP�convex.
An extension to functions of several variables is also obtained.
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1. INTRODUCTION

Let I be an interval in R. Then f W I ! R is said to be convex if

f .txC .1� t /y/� tf .x/C .1� t /f .y/

holds for all x;y 2 I and t 2 Œ0;1�.
The notion of quasi-convex functions generalizes the notion of convex functions.

More precisely, a function f W Œa;b�! R is said to be quasi-convex on Œa;b� if

f .txC .1� t /y/�maxff .x/;f .y/g

holds for any x;y 2 Œa;b� and t 2 Œ0;1�. Clearly, any convex function is a quasi-
convex function. Furthermore, there exist quasi-convex functions which are not con-
vex (see [11]).

The generalized quadrature formula of Gauss-Jacobi type has the formZ b

a

.x�a/p.b�x/qf .x/dx D

mX
kD0

Bm;kf .k/CRmŒf � (1.1)

for certain Bm;k;k and rest term RmŒf � (see [22]).
In [17], Özdemir et al. established several integral inequalities concerning the

left-hand side of (1.1) via some kinds of convexity. Especially, they discussed the
following result connecting with quasi-convex function:
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Theorem 1. Let f W Œa;b�! R be continuous on Œa;b� such that f 2 L.Œa;b�/,
0� a < b <1. If f is quasi-convex on Œa;b�, then for some fixed p;q > 0, we haveZ b

a

.x�a/p.b�x/qf .x/dx � .b�a/pCqC1ˇ.pC1;qC1/maxff .a/;f .b/g;

where ˇ.x;y/ is the Euler Beta function.

Recently, Liu [12] established some new integral inequalities for quasi-convex
functions as follows:

Theorem 2. Let f W Œa;b�! R be continuous on Œa;b� such that f 2 L.Œa;b�/,
0 � a < b <1 and let k > 1. If jf j

k
k�1 is quasi-convex on Œa;b�, for some fixed

p;q > 0, thenZ b

a

.x�a/p.b�x/qf .x/dx

�.b�a/pCqC1 Œˇ.kpC1;kqC1/�
1
k

�
max

n
jf .a/j

k
k�1 ; jf .b/j

k
k�1

o�k�1
k
:

Theorem 3. Let f W Œa;b�! R be continuous on Œa;b� such that f 2 L.Œa;b�/,
0� a < b <1 and let l � 1. If jf jl is quasi-convex on Œa;b�, for some fixed p;q > 0,
then Z b

a

.x�a/p.b�x/qf .x/dx

�.b�a/pCqC1ˇ.pC1;qC1/
�

max
n
jf .a/jl ; jf .b/jl

o� 1
l
:

On the other hand, Dragomir et al. in [6] defined the following class of functions
of P -convex.

Definition 1. Let I � R be an interval. The function f W I ! R is said to belong
to the class P.I / (or to be P -convex) if it is nonnegative and, for all x;y 2 I and
t 2 Œ0;1�, satisfies the inequality

f .txC .1� t /y/� f .x/Cf .y/:

Note that P.I / contain all nonnegative convex and quasiconvex functions. Since
then numerous articles have appeared in the literature reflecting further applications
in this category; see [1, 2, 4, 5, 7–10, 13–16, 18–21, 23–26] and references therein.

The main purpose of this note is to establish some new estimates of the integ-
ral
R b

a .x�a/
p.b�x/qf .x/dx for functions when a power of the absolute value is

P�convex. An extension to functions of several variables is also obtained. That is,
this study is a continuation and further generalization of [12, 17] via P -convexity.
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2. NEW INTEGRAL INEQUALITIES VIA P -CONVEXITY

In this section we generalize Theorems 1-3 with a P -convex function setting. For
this purpose, we need the following lemma (see [17, Lemma 2.1]):

Lemma 1. Let f W Œa;b� � Œ0;1/! R be continuous on Œa;b� such that f 2
L.Œa;b�/, a < b. Then the equalityZ b

a

.x�a/p.b�x/qf .x/dx D .b�a/pCqC1

Z 1

0

.1� t /ptqf .taC .1� t /b/dt

(2.1)
holds for some fixed p;q > 0.

The next theorem gives a new result for P -convex functions.

Theorem 4. Let f W Œa;b�! R be continuous on Œa;b� such that f 2 L.Œa;b�/,
0� a < b <1. If jf j is P -convex on Œa;b�, for some fixed p;q > 0, thenZ b

a

.x�a/p.b�x/qf .x/dx

�.b�a/pCqC1ˇ.pC1;qC1/.jf .a/jC jf .b/j/; (2.2)

where ˇ.x;y/ is the Euler Beta function.

Proof. By Lemma 1, the Beta function which is defined for x;y > 0 as

ˇ.x;y/D

Z 1

0

tx�1.1� t /y�1dt

and the fact that f is P -convex on Œa;b�, we haveZ b

a

.x�a/p.b�x/qf .x/dx �.b�a/pCqC1

Z 1

0

.1� t /ptqjf .taC .1� t /b/jdt

�.b�a/pCqC1

Z 1

0

.1� t /ptq.jf .a/jC jf .b/j/dt

D.b�a/pCqC1ˇ.qC1;pC1/.jf .a/jC jf .b/j/;

which completes the proof. �

The corresponding version for powers of the absolute value is incorporated in the
following result.

Theorem 5. Let f W Œa;b�! R be continuous on Œa;b� such that f 2 L.Œa;b�/,
0� a < b <1 and let k > 1. If jf j

k
k�1 is P -convex on Œa;b�, for some fixed p;q > 0,

then Z b

a

.x�a/p.b�x/qf .x/dx
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�.b�a/pCqC1 Œˇ.kpC1;kqC1/�
1
k

�
jf .a/j

k
k�1 Cjf .b/j

k
k�1

�k�1
k
: (2.3)

Proof. By Lemma 1, Hölder’s inequality, the definition of Beta function and the
fact that jf j

k
k�1 is P -convex on Œa;b�, we haveZ b

a

.x�a/p.b�x/qf .x/dx

�.b�a/pCqC1

�Z 1

0

.1� t /kptkqdt

� 1
k
�Z 1

0

jf .taC .1� t /b/j
k

k�1dt

�k�1
k

�.b�a/pCqC1 Œˇ.kqC1;kpC1/�
1
k

�Z 1

0

�
jf .a/j

k
k�1 Cjf .b/j

k
k�1

�
dt

�k�1
k

D.b�a/pCqC1 Œˇ.kqC1;kpC1/�
1
k

�
jf .a/j

k
k�1 Cjf .b/j

k
k�1

�k�1
k
;

which completes the proof. �

A more general inequality using Lemma 1 is as follows:

Theorem 6. Let f W Œa;b�! R be continuous on Œa;b� such that f 2 L.Œa;b�/,
0 � a < b <1 and let l > 1. If jf jl is P -convex on Œa;b�, for some fixed p;q > 0,
then Z b

a

.x�a/p.b�x/qf .x/dx

�.b�a/pCqC1ˇ.pC1;qC1/
�
jf .a/jlCjf .b/jl

� 1
l
: (2.4)

Proof. By Lemma 1, Hölder’s inequality, the definition of Beta function and the
fact that jf jl is P -convex on Œa;b�, we haveZ b

a

.x�a/p.b�x/qf .x/dx

D.b�a/pCqC1

Z 1

0

�
.1� t /ptq

� l�1
l
�
.1� t /ptq

� 1
l f .taC .1� t /b/dt

�.b�a/pCqC1

�Z 1

0

.1� t /ptqdt

� l�1
l
�Z 1

0

.1� t /ptqjf .taC .1� t /b/jldt

� 1
l

�.b�a/pCqC1 Œˇ.qC1;pC1/�
l�1

l

h�
jf .a/jlCjf .b/jl

�
ˇ.qC1;pC1/

i 1
l

D.b�a/pCqC1ˇ.pC1;qC1/
�
jf .a/jlCjf .b/jl

� 1
l
;

which completes the proof. �
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3. AN EXTENSION TO FUNCTIONS OF SEVERAL VARIABLES

In this section some new integral inequalities for functions of several variables on
convex subsets of Rn will be given. First we recall the notion of P -convexity for
functions on a convex subset U of Rn.

Definition 2 ([3, Definition 3.1]). The function f WU ! R is said to be P -convex
on U if it is nonnegative and, for all x;y 2 U and � 2 Œ0;1�, satisfies the inequality

f .�xC .1��/y/� f .x/Cf .y/:

The following proposition will be used throughout this section.

Proposition 1 ([3, Proposition 3.2]). Let U � R be a convex subset of R and
f WU !R be a function. Then f is P -convex on U if and only if, for every x;y 2U ,
the function ' W Œ0;1�! R, defined by

'.t/ WD f ..1� t /xC ty/;

is P -convex on I with I D Œ0;1�.

We have the following inequalities for functions of several variables on convex
subsets of Rn.

Theorem 7. Let U � R be a convex subset of R. Assume that f W U ! RC is a
P -convex function on U . Then, for every x;y 2U and every Œa;b�2 Œ0;1� with a < b,
the following inequality holds:Z b

a

.t �a/p.b� t /qf ..1� t /xC ty/dt

�.b�a/pCqC1ˇ.pC1;qC1/Œf ..1�a/xCay/Cf ..1�b/xCby/�: (3.1)

Proof. Let x;y 2 U and every Œa;b� 2 Œ0;1� with a < b. Since f W U ! RC is a
P -convex function, by Proposition 1 the function ' W Œ0;1�! RC defined by

'.t/ WD f ..1� t /xC ty/;

is P -convex on I with I D Œ0;1�. Applying Theorem 4 to the function ' implies thatZ b

a

.t �a/p.b� t /q'.t/dt

�.b�a/pCqC1ˇ.pC1;qC1/.j'.a/jC j'.b/j/;

and we deduce that (3.1) holds. �

Similarly, we have
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Theorem 8. Let U � R be a convex subset of R and let k > 1. Assume that
f

k
k�1 W U ! RC is a P -convex function on U . Then, for every x;y 2 U and every

Œa;b� 2 Œ0;1� with a < b, the following inequality holds:Z b

a

.t �a/p.b� t /qf ..1� t /xC ty/dt

� .b�a/pCqC1 Œˇ.kpC1;kqC1/�
1
kh

f
k

k�1 ..1�a/xCay/Cf
k

k�1 ..1�b/xCby/
ik�1

k
:

Theorem 9. Let U � R be a convex subset of R and let l > 1. Assume that f l W

U ! RC is a P -convex function on U . Then, for every x;y 2 U and every Œa;b� 2
Œ0;1� with a < b, the following inequality holds:Z b

a

.t �a/p.b� t /qf ..1� t /xC ty/dt

�.b�a/pCqC1ˇ.pC1;qC1/Œf l..1�a/xCay/Cf l..1�b/xCby/�
1
l :
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[17] M. E. Özdemir, E. Set, and M. Alomari, “Integral inequalities via several kinds of convexity,”
Creat. Math. Inform., vol. 20, no. 1, pp. 62–73, 2011.

[18] M. Z. Sarikaya, A. Saglam, and H. Yildirim, “On some Hadamard-type inequalities for h-convex
functions,” J. Math. Inequal., vol. 2, no. 3, pp. 335–341, 2008.

[19] M. Z. Sarikaya, E. Set, and M. Ozdemir, “On some new inequalities of Hadamard type involving
h-convex functions,” Acta Math. Univ. Comen., New Ser., vol. 79, no. 2, pp. 265–272, 2010.
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[24] M. Tunç, “On some integral inequalities via h-convexity,” Miskolc Math. Notes, vol. 14, no. 3, pp.
1041–1057, 2013.
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