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Abstract. In this paper we consider the following nonlocal boundary value problems

1
(POXY = ftxx)), X (©)=0, x(1)= /0 X(5)dg(s)

and .
(PO = ftxx). X0 =0, x(1)= /0 x()dg (),

where f :[0,1] x RXx R¥ — RX and the integrals are meant in the sense of Riemann-Stieltjes.
Under a sign condition on the function f, we prove the existence of solutions.
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1. INTRODUCTION

In this paper the following ordinary differential equations
(p()x") = f(t.x,x"), t€][0,1] (1.1)
with the initial condition
x'(0)=0 (1.2)

and the non-local boundary condition

1
x(1) = [0 ¥ ()dg(s) (1.3)

or

1
x(1)=/0 x(s)dg(s), (1.4)
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where f = (f1..... fx) : [0,1] x REx R* — R¥ is continuous, p is of class C!,
p(@)>0and p'(t) = 0,1 €[0,1], g = (g1..... &) : [0,1] = R* has bounded vari-

ation and [, x'(s)dg(s) = [fy X} (5)dg1(s),.... [y X, ()dgr ()], [y x(s)dg(s) =

[fo1 x1(s)dg1(s),.. .,fol Xk (s)dgy (s)], is studied.
In other words, for instance, (1.1), (1.2) and (1.3) is the system of k BVPs

(p()x; (1)) = fit,x(1),x' (1)),
x7(0) =0,

xi(1) = [y xi(s)dgi(s),

where t € [0,1],7 = 1,...,k and the integrals fol x7(s)dg;(s) are meant in the sense
of Riemann-Stieltjes.

Nonlocal boundary value problems (BVPs) arise in different areas of applied math-
ematics and physics. Such problems, inter alia, have applications in chemical engin-
eering, thermo-elasticity, underground water flow and population dynamics (see for
instance [ 1, 19] and the references therein).

The study of nonlocal BVPs in the case of linear second-order ordinary differential
equations was initiated by Bitsadze and Samarski [2] and later continued by II’in and
Moiseev [7, 8]. Since then, many authors began to consider second-order differential
equations with various multi-point boundary conditions (compare for instance [3, 5,

D.

BVPs with Riemann-Stieltjes integral boundary conditions include as special cases
multi-point BVPs. According to the best of our knowledge, [15] is one of the first
article in which the Authors consider the Riemann-Stieltjes integral boundary condi-
tions for ordinary differential equations. Nowadays, the problem of the existence of
solutions for various types of such nonlocal BVPs is the subject of many papers (we
refer the reader to [10—12, 14, 18] and the references therein).

BVPs of the type: x” = f, x’(0) = 0, wherein in the second boundary condition
x (1) depends on the derivative of the function x at some of its points, were considered
for instance in [4,60]. As far as we are aware, the BVP (1.1), (1.2), (1.3) has not been
studied in this generality so far.

Nonlocal BVPs with conditions of the type x’(0) = 0, x(1) = fol x(s)dg(s) one
can find for instance in [5], [ 18] or [17]. To our best knowledge, problem (1.1), (1.2),
(1.4) was considered for the first time in [9] and [ 16] - in [9] as a multi-point boundary
value problem, in [16] as a nonlocal boundary value problem with the Riemann-
Stieltjes boundary condition.

In all papers mentioned above the Authors deal with scalar problems.

The purpose of this paper is to obtain conditions for the existence of a solution
for the BVPs (1.1), (1.2), (1.3) and (1.1), (1.2), (1.4), using the properties of the
Leray-Schauder topological degree. Our results extend results in the references.
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2. MAIN RESULT

First, we shall introduce notation and terminology. Denote by C ([0, 1], R¥) the
Banach space of all continuous functions x : [0, 1] — R¥ which have continuous first
derivatives x’ with the norm

x|l = max{ Ix(1)], sup lx’(r)\} : 2.1)
tefo,1]

where |- | means the Euclidean norm in R¥.
We shall also need the following result (which is a straight consequence of the
classical Arzela—Ascoli theorem):

Lemma 1. For a set Z C C! ([0, 1], IRk) to be relatively compact, it is necessary
and sufficient that:
(1) there exists M > 0 such that for any x € Z and t € [0,1] we have |x (1)| <M
and |x' (t)| < M;
(2) for every to € [0,1] the family Z' := {x' | x € Z} is equicontinuous at t.

First let us consider BVP (1.1), (1.2), (1.3). Since the problem is always non-resonant
(the homogeneous linear problem has only trivial solution), we will find an equivalent
integral equation.

Let us consider the equation (1.1) and integrate it from O to ¢, we get

I 1 ! / x'(0)
x'(t) = m/{; f(s,x(s),x" (s))ds + ()
It then follows from (1.2) that

/ 1 ! /
x'(t)= m/o f(s,x(s),x"(s))ds. 2.2)

Now, integrating (2.2) from ¢ to 1, we have

x(t) = [ (S)[ Sf(u,x (), x"(w))duds + x(1). (2.3)
By (1.3) and (2.3), we obtain
w0 = [ [ . dudg o),

As an immediate corollary we have the following:

Lemma 2. A function x € C1([0,1],R¥) is a solution of the problem (1.1), (1.2),
(1.3) only and only if x satisfies the following integral equation

1 1 K ,
x(1) =—/t m/o fu,x(u),x" (u))duds+
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1 1 Ky
+ / L / Fluox (). () dudg s).
o P)Jo

Let A : C'([0,1].R¥) — C' ([0, 1], R¥) be such that
1 s
(Ax) (1) :—/ %/ f(u,x(u),x"(u))duds+

_|_/0 e )/ S, x (), x"(u)dudg (s).

We thus conclude that

(400 =~ [ fs.x6). 60

Functions Ax,(Ax)" : [0,1] — R¥ are continuous. It follows that the operator A is
well-defined.
Let x € C! ([0, 1], [Rk) and ||x|| = M. Ttis to be noted that
[x ()| < (1—t) sup }x (t)‘ +|x ()| <2M. 2.4)
1]

t€fo,

Now, since f is continuous g has bounded variation, by (2.4) and Lemma 1, it is
clear that

Lemma 3. The operator A is completely continuous.
The existence result is given in the following theorem:

Theorem 1. Assume that the following conditions hold
() f=(f1,.... fi) : [0,1] x RE x R* — R is a continuous function;

(ii) there exists M > 0 such that (y| f(t,x,y)) <O fort € [0,1], x € R* and
|y| = M, where (- | -) means the scalar product in R* corresponding to the
Euclidean norm;

(iii) p € C1([0,1],R) are such that p(t) > 0 and p'(t) > 0;

(iv) g =(g1,....8%) : [0,1] = RX and Var(g) < 1, where Var(g) means the vari-

ation of g on the interval [0,1];

Then BVP (1.1), (1.2) and (1.3) has at least one solution.

Proof. Let us consider the continuous family of BVPs:

1
(p()¢) =Af(t.0.¢"). ¢'(0)=0, <p(1)=/0 ¢'(s)dg(s), (2.5

depending on a parameter A € [0, 1]. Notice that the problem (2.5) is equivalent to
the following integral equation ¢(¢#) = AA@(t). It follows from Lemma 3 that the
operator A4 is completely continuous.



EXISTENCE RESULTS FOR A NON-RESONANT NONLOCAL BVPS 521
Consider the homotopy H : [0, 1] x C! ([0, 1], R¥) — C! ([0, 1]. R¥) given by
H (A, @) =¢—AAg

in 2 = B (0, M), where M is the positive constant from the assumption (i 7).

We shall show that H (A,¢) = 0 has no solution for A € [0, 1] and ¢ belonging to
082.

Conversely, suppose that H (A,p) =0 for A € [0,1] and ¢ € 052.

It H(A,¢) =0for A =0 and ¢ € 02, then BVP (2.5) has only a trivial solution,
which contradicts the fact that ¢ € 952.

Now, let H (A,¢) =0 with A € (0,1] and ¢ € 952. By (2.1),

M=||<ﬂ||=maX{I<p(1)|, sup \w’(t)l}
t€l0,1]

First, assume that |¢(1)| = M. In this case, by (1.3) and (iv), we get

1
M = lp(1)] = ‘ /0 ¢/ (5)dg(s)| = M Var(g) < M,

a contradiction.

Now, consider the case when sup, ¢ 1719’ (t)| = M. Let ¢ (t) = |¢’ (t)|*. Notice
that ¢’(0) = 0. Hence v has a maximum equal to M ? for some fy € (0, 1].

If ¢9 € (0,1], then, by assumptions (i), (iii) and (2.5), since |¢’ (to)| = M, we
have

0<vy'(to) =2(¢'(to) | ¢" (10))

A , N ' ’
oy ) | M0 g;((z;;)) w(m))_z; <(;§))¢(t°))
_ zﬁ (¢ (t0) | 1 (t0.0(t0).¢' (10))) —21;,((;3)) [¢'(0)]” <0.

Hence, we get a contradiction.

Hence homotopy H does not vanish on the boundary of §2 for A > 0. We thus
conclude that H (A,¢) # 0 for A € [0,1] and ¢ € 052.

Now, by the properties of the Leray-Schauder topological degree, we have

degy (1 —A,82) =degy s (H (1.-).52)
=degys(H (0,-),92) = deg; 5(1,82) =1 #0.

Hence A has a fixed point in £2, i.e. BVP (1.1), (1.2) and (1.3) has a solution in
2. O
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Now, let us consider BVP (1.1), (1.2), (1.4). For this problem we will assume that

Var(g) < 1/2. If so, then fol dgi(s) # 1 and the problem is non-resonant. Proceeding
similarly as in the case of the first problem, we get

Lemma 4. A function x € C1([0, 1], R¥) is a solution of the problem (1.1), (1.2),
(1.4) only, and only if x satisfies the following integral equation

1 1 Ky ,
x; (1) :_/z m/o fi(u,x(u),x" (u))duds+

Lreloq “ ’ .
+a,-[ /0 [ o /0 fl-(z,x(z),x(z))dzdudgz(s):|,

-1
foreveryi =1,...,k, where a; := (fol dg,'(s)—l) .

Let B : C' ([0,1],R¥) — C' ([0, 1], R¥) is given by
1 1 K ,
(Bx)(t) = —/; m/o fu,x(u),x" (u)duds+

1,1 "
+a|:/0 /S p(lu)/o f(zvx(Z),x/(Z))dzdudg(s)],

It is clear that Bx, (Bx)' :[0,1] — R¥ are continuous. It follows that B is well-
defined. Moreover, since f is continuous g has bounded variation, by (2.4) and
Lemma 1, it is clear that

Lemma 5. The operator B is completely continuous.

Theorem 2. Assume that the following conditions hold
@) f=(f1,.... fr): [0,1] x RE x R* — RX is a continuous function;
(ii) there exists M > 0 such that (y|f(t,x,y)) <0 fort € [0,1], x € R* and
Iyl = M;
(iii) p € C1([0,1],R) are such that p(t) > 0 and p'(t) > 0;
(iv) g =(g1,....8%) : [0,1] = RX and Var(g) < 1/2.
Then BVP (1.1), (1.2) and (1.4) has at least one solution.

Proof. Let us consider the continuous family of BVPs:

1
(P =Af(t.0.¢"), ¢'(0)=0, ¢(1)=/0 p(s)dg(s), (2.6)

depending on a parameter A € [0, 1]. Notice that the problem (2.6) is equivalent to
the following integral equation ¢(t) = AB¢(¢). It follows from Lemma 5 that the
operator AB is completely continuous.

Consider the homotopy H : [0,1] x C! ([O, 1], IRk) —C! ([0, 1], IRk) given by

H(A,9) =¢—ABgp
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in 2 = B (0, M), where M is the positive constant from the assumption (i 7).
Notice that H (4,¢) = 0 has no solution for A € [0,1] and ¢ belonging to the
boundary of the ball §2.
Indeed, H (0,¢) = 0 has only a trivial solution, so A # 0.
Now, let H (A,¢) =0 with A € (0,1] and ¢ € 952. By (2.1),

M=||<0||=maX{|<p(1)|, sup \w’(ﬂ!}
t€fo0,1]

First, assume that |¢(1)| = M. In this case, by (1.4) and (iv), we get

1
M = Jo(1)| = ‘ /0 0(s)dg(s)| < 2M Var(e) < M,

a contradiction.

The proof of the fact that sup, [ 1 l@'(¢)] # M is similar to the proof of Theorem
1.

So, H (A,¢) = 0 has no solution for A € [0,1] and ¢ € 052. Hence A4 has a fixed
point in £2,i.e. BVP (1.1), (1.2) and (1.4) has a solution in £2. ]

3. APPLICATION

Let us consider the following BVP

1
(p()x")' = f(t.x.x"), x'(0)=0, X(l)Z/O x'(s)dg(s), (3.1

where f(t,x,y) = (f1(t,x, ), fa(t,x,¥)),
St x,y) == +1) (exp(=x7) + 1) y1 — (¢ + 1) (exp(—x3) + 1) ya,
falt.x,y) =t +1) (exp(—=x3) + 1) y1 — (¢ + 1) (exp(—x7) + 1) y2+

—2(t + 1) (exp(—x7) + 1)

and p, g are arbitrary functions satisfying the conditions (iii) and (iv).
Observe that f satisfies the assumptions (i) and (i{). Indeed, for any M > 2 and
|y| > M, x € R> and ¢ € [0, 1], we have

| £t x,9) = y1 (=@ +1) (exp(=x7) + 1) y1 — (¢ + 1) (exp(—x3) + 1) y2) +
+y2 ((t+ 1) (exp(—x3) + 1) y1 — (1 + 1) (exp(—x]) + 1) y2) +
—2y2(t+1) (exp(—x%) + 1) =
=—(t+1) (exp(—x%) + 1) (yf + y% + 2y2) < 0.

Indeed, notice that y% +y§ + 2y, >0, if y5 € (—00,—-2]U[0,00). If y, € (—2,0),
we obtain

Vi YI 4y > M2 4y, > 24y, >0.
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Hence, there exists at least one nontrivial solution of (3.1) what ends the example and
completes the paper.
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