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1. INTRODUCTION

Throughout this paper, N denotes the set of natural numbers and I Df1;2; : : : ;N g,
the set of firstN natural numbers. Let .X;d/ be a metric space andK be a nonempty
subset of X . A selfmap T on K is said to be nonexpansive if d .T x;Ty/� d .x;y/.
Denote by F .T / the set of fixed points of T and by F D \N

iD1 .F .Ti /\F .Si //

the set of common fixed points of two finite families of mappings fTi W i 2 I g and
fSi W i 2 I g.

Given x0 in K (a subset of Banach space), Mann and Ishikawa iteration schemes
for a mapping T WK!K read as follows:

xnC1 D .1�˛n/xnC˛nT xn; (1.1)

and

xnC1 D .1�˛n/xnC˛nTyn; (1.2)

yn D .1�ˇn/xnCˇnT xn;

where f˛ng and fˇng are in .0;1/.
The concept of �-convergence in general metric spaces was coined by Lim [18].

Kirk and Panyanak [14] specialized this concept to CAT(0) spaces and showed that
many Banach space results involving weak convergence have precise analogs in this
setting. Dhompongsa and Panyanak [5] continued to work in this direction and stu-
died the �-convergence of Picard, Mann and Ishikawa iterates in CAT .0/ spaces
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(Theorems 3.1, 3.2 and 3.3 respectively in [5]). While acknowledging their contribu-
tion, we note that their schemes involve one mapping. The case of two mappings in
iteration schemes has also remained under study since Das and Debata [4] gave and
studied a two mappings scheme on the pattern of the Ishikawa scheme:

xnC1 D .1�˛n/xnC˛nT xn; (1.3)

yn D .1�ˇn/xnCˇnSxn; n� 1:

This scheme reduces to Ishikawa’s scheme when S D T , and to Mann’s Iteration
scheme when S D I . In 2011, Khan and Abbas [11] obtained some results for two
mappings using the Ishikawa-type iteration scheme (1.3) in CAT .0/ spaces. Note
that the two mappings case, that is, approximating the common fixed points, has its
own importance as it has a direct link with the minimization problem, see for example
Takahashi [22].

On the other hand, let us state without error terms the iteration scheme studied by
Yao and Chen [23] for common fixed points of two mappings:

xnC1 D ˛nxnCˇnT xnC
nSxn; (1.4)

where f˛ng ;fˇng and f
ng are in .0;1/ and ˛nCˇnC
n D 1.
We, in this paper, translate the iteration scheme (1.4) for two finite families of

nonexpansive mappings in a subset K of a hyperbolic space X as under:

xnC1 DW

�
Tnxn;W

�
xn;Snxn;

ˇn

1�˛n

�
;˛n

�
(1.5)

where TnD Tn .mod N/ and SnDSn .mod N/; 0< a� ˛n;ˇn� b < 1 and satisfy
˛nCˇn < 1.

Remark 1. It is worth mentioning that the iteration scheme (1.5) coincide with the
iteration scheme (1.4) of Yao and Chen [23] whenW .x;y;˛/D ˛xC.1�˛/y, Si D

S and Ti D T for all i 2 I; and X is a Banach space. Moreover, it provides iteration
scheme of Abbas and Khan [1] in a CAT(0) space if W .x;y;˛/ D ˛x˚ .1�˛/y

and Si D S , Ti D T for all i 2 I .

Remark 2. Note that this scheme reduces to Mann’s iteration scheme when either
Si D T or Si D I or Ti D I for all i 2 I , and is independent and simpler than both
the Ishikawa scheme and (1.3).

The aim of this article is to analyze �-convergence as well as strong convergence
through algorithm (1.5) for two finite families of nonexpansive maps in the more
general setup of hyperbolic spaces. Our results can be viewed as refinement and
generalization of several well-known results in CAT .0/ spaces and uniformly convex
Banach spaces.
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2. HYPERBOLIC SPACE

We work in the setting of hyperbolic spaces as introduced by Kohlenbach [15]. It
is worth noting that they are different from Gromov hyperbolic spaces [3] or from
other notions of hyperbolic space that can be found in the literature (see for example
[7, 13, 19]).

A hyperbolic space [15] is a triple .X;d;W / where .X;d/ is a metric space and
W WX2� Œ0;1�!X is such that

W1. d .u;W .x;y;˛//� ˛d .u;x/C .1�˛/d .u;y/

W2. d .W .x;y;˛/ ;W .x;y;ˇ//D j˛�ˇjd .x;y/

W3. W .x;y;˛/DW .y;x;.1�˛//

W4. d .W .x;´;˛/ ;W .y;w;˛//� ˛d .x;y/C .1�˛/d .´;w/

for all x;y;´;w 2X and ˛;ˇ 2 Œ0;1�.
The convexity mappingW was first considered by Takahashi in [21], where a triple

.X;d;W / satisfying (W1) is called a convex metric space (see, more details [8]).
If .X;d;W / satisfies (W1)-(W3), then we obtain the notion of space of hyperbolic
type in the sense of Goebel and Kirk [7]. (W4) was already considered by Itoh [9]
under the name ”condition III” and it is used by Reich and Shafrir [19] and Kirk
[13] to define their notions of hyperbolic space. Hyperbolic spaces are a natural
generalization of both uniformly convex normed spaces and CAT(0) spaces.

A hyperbolic space .X;d;W / is said to be uniformly convex [20] if for all u;x;y 2
X , r > 0 and " 2 .0;2�, there exists a ı 2 .0;1� such that

d .x;u/� r

d .y;u/� r

d .x;y/� "r

9=;) d

�
W

�
x;y;

1

2

�
;u

�
� .1� ı/r:

A map � W .0;1/� .0;2�! .0;1� which provides such a ı D �.r;"/ for given
r > 0 and " 2 .0;2�, is called modulus of uniform convexity. We call � monotone if
it decreases with r (for a fixed ").

Let fxng be a bounded sequence in a hyperbolic spaceX . For x 2X , define a con-
tinuous functional r .:;fxng/ W X ! Œ0;1/ by r .x;fxng/ D limsupn!1d .x;xn/ :

The asymptotic radius �D r .fxng/ of fxng is given by �D inffr .x;fxng/ W x 2Xg.
The asymptotic center of a bounded sequence fxng with respect to a subset K of X
is defined as follows:

AK .fxng/D fx 2X W r .x;fxng/� r .y;fxng/ for any y 2Kg :

The set of all asymptotic centers of fxng is denoted by A.fxng/.
It has been shown in [17] that bounded sequences have unique asymptotic center

with respect to closed convex subsets in a complete and uniformly convex hyperbolic
space with monotone modulus of uniform convexity.
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A sequence fxng in X is said to �-converge to x 2 X if x is the unique asymp-
totic center of fung for every subsequence fung of fxng [14]. In this case, we write
� -limnxn D x.

Recall that ��convergence coincides with weak convergence in Banach spaces
with Opial’s property [16].

The proofs of the following two lemmas can be found in Khan et al. [10].

Lemma 1 ([10]). Let .X;d;W / be a uniformly convex hyperbolic space with
monotone modulus of uniform convexity �. Let x 2 X and f˛ng be a sequence
in Œb;c� for some b;c 2 .0;1/. If fxng and fyng are sequences in X such that
limsupn!1d .xn;x/� r; limsupn!1d .yn;x/� r and limn!1d .W .xn;yn;˛n/ ;x/

D r for some r � 0, then limn!1d .xn;yn/D 0:

Lemma 2 ([10]). LetK be a nonempty closed convex subset of a uniformly convex
hyperbolic space and fxng a bounded sequence in K such that A.fxng/D fyg and
r .fxng/D �. If fymg is another sequence in K such that limm!1 r .ym;fxng/D �,
then limm!1ym D y.

3. STRONG AND �-CONVERGENCE THEOREMS IN HYPERBOLIC SPACES

Lemma 3. Let K be a closed and convex subset of a hyperbolic space X and
let fTi W i 2 I g and fSi W i 2 I g be two finite families of nonexpansive selfmaps on K
such that F ¤ ¿. Then for the sequence fxng in .1:5/, we have limn!1d .xn;p/

exists for each p 2 F:

Proof. Let p 2 F . It follows from (1.5) that

d .xnC1;p/D d

�
W

�
Tnxn;W

�
xn;Snxn;

ˇn

1�˛n

�
;˛n

�
;p

�
� ˛nd .Tnxn;p/C .1�˛n/d

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;p

�
� ˛nd .xn;p/Cˇnd .xn;p/C .1�˛n�ˇn/d .Snxn;p/

� ˛nd .xn;p/Cˇnd .xn;p/C .1�˛n�ˇn/d .xn;p/ :

That is
d .xnC1;p/� d .xn;p/ :

This gives that limn!1d .xn;p/ exists for each p 2 F: �

We need the following lemma in order to prove some strong and �-convergence
theorems.

Lemma 4. Let K be a closed and convex subset of a uniformly convex hyperbo-
lic space X with monotone modulus of uniform convexity � and let fTi W i 2 I g and
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fSi W i 2 I g be two finite families of nonexpansive selfmaps on K such that F ¤ ¿.
Then for the sequence fxng in .1:5/, we have

lim
n!1

d .xn;Tlxn/D lim
n!1

d .xn;Slxn/D 0 for each l 2 I:

Proof. From Lemma 3, we know that limn!1d .xn;p/ exists for each p 2 F .
We suppose that limn!1d .xn;p/D c, that is,

lim
n!1

d .xnC1;p/D lim
n!1

d

�
W

�
Tnxn;W

�
xn;Snxn;

ˇn

1�˛n

�
;˛n

�
;p

�
D c

(3.1)
Since Tn is nonexpansive, we have d .Tnxn;p/ � d .xn;p/ for each p 2 F . Taking
lim sup on both sides, we obtain

lim sup
n!1

d .Tnxn;p/� c (3.2)

Observe that

d

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;p

�
�

ˇn

1�˛n
d .xn;p/C

�
1�

ˇn

1�˛n

�
d .Snxn;p/

�
ˇn

1�˛n
d .xn;p/C

�
1�

ˇn

1�˛n

�
d .xn;p/

D d .xn;p/

This gives

lim sup
n!1

d

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;p

�
� c: (3.3)

By using (3.1)–(3.3), and Lemma 1, we get

lim
n!1

d

�
Tnxn;W

�
xn;Snxn;

ˇn

1�˛n

��
D 0: (3.4)

Now

d .xnC1;Tnxn/D d

�
W

�
Tnxn;W

�
xn;Snxn;

ˇn

1�˛n

�
;˛n

�
;Tnxn

�
� ˛nd .Tnxn;Tnxn/C .1�˛n/d

�
Tnxn;W

�
xn;Snxn;

ˇn

1�˛n

��
gives by (3.4) that

lim
n!1

d .xnC1;Tnxn/D 0 (3.5)

Moreover,

d .xnC1;p/D d

�
W

�
Tnxn;W

�
xn;Snxn;

ˇn

1�˛n

�
;˛n

�
;p

�
� ˛nd .Tnxn;p/C .1�˛n/d

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;p

�
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� ˛nd .xn;p/Cd

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;p

�
�˛nd

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;p

�
� ˛nd .xn;p/Cd

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;p

�
�˛n

�
ˇn

1�˛n
d .xn;p/C

�
1�

ˇn

1�˛n

�
d .Snxn;p/

�
� ˛nd .xn;p/Cd

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;p

�
�˛n

�
ˇn

1�˛n
d .xn;p/C

�
1�

ˇn

1�˛n

�
d .xn;p/

�
D d

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;p

�
yields that

c � lim inf
n!1

d

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;p

�
: (3.6)

Combining (3.3) and (3.6), we have

lim
n!1

d

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;p

�
D c (3.7)

Again by Lemma 1 (with limsupn!1d .Snxn;p/� c), we get

lim
n!1

d .xn;Snxn/D 0: (3.8)

Furthermore,

d

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;xn

�
�

ˇn

1�˛n
d .xn;xn/C

�
1�

ˇn

1�˛n

�
d .xn;Snxn/

gives by (3.8),

lim
n!1

d

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;xn

�
D 0: (3.9)

Consider

d .xnC1;xn/D d

�
W

�
Tnxn;W

�
xn;Snxn;

ˇn

1�˛n

�
;˛n

�
;xn

�
� ˛nd .Tnxn;xn/C .1�˛n/d

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;xn

�
� ˛n fd .xnC1;xn/Cd .Tnxn;xnC1/g

C .1�˛n/d

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;xn

�
:
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From the above inequality, the following important inequality is obtained:

d .xnC1;xn/�
b

1�b
d .Tnxn;xnC1/Cd

�
W

�
xn;Snxn;

ˇn

1�˛n

�
;xn

�
:

Taking limsup on both sides in the above inequality and then using (3.5) and (3.9),
we have

lim
n!1

d .xnC1;xn/D 0

which implies that
lim

n!1
d .xnCl ;xn/D 0 for l < N: (3.10)

Since d .xn;Tnxn/� d .xn;xnC1/Cd .xnC1;Tnxn/, therefore it follows from (3.5)
and (3.10) that

lim
n!1

d .xn;Tnxn/D 0: (3.11)

For each l 2 I , we have

d .xn;TnClxn/� d .xn;xnCl/Cd .xnCl ;TnClxnCl/Cd .TnClxnCl ;TnClxn/

� d .xn;xnCl/Cd .xnCl ;TnClxnCl/Cd .xnCl ;xn/

� 2d .xn;xnCl/Cd .xnCl ;TnClxnCl/ :

Thus, from (3.10) and (3.11), we have

lim
n!1

d .xn;TnClxn/D 0 for each l 2 I: (3.12)

Since the sequence fd .xn;Tlxn/g is a subsequence of
SN

iD1 fd .xn;TnClxn/g and
limn!1d .xn;TnClxn/D 0 for each l 2 I , therefore

lim
n!1

d .xn;Tlxn/D 0 for each l 2 I: (3.13)

For each l 2 I , similar to the proof of (3.12), we have limn!1d .xn;SnClxn/D 0

for each l 2 I . Consequently, we obtain

lim
n!1

d .xn;Slxn/D 0 for each l 2 I: (3.14)

The proof is completed. �

Now we give �-convergence theorems for two finite families of nonexpansive
mappings.

Theorem 1. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convexity � and let
fTi W i 2 I g and fSi W i 2 I g be two finite families of nonexpansive selfmaps on K
such that F ¤ ¿. Then the sequence fxng defined in .1:5/, ��converges to a com-
mon fixed point of fTi W i 2 I g and fSi W i 2 I g.
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Proof. It follows from Lemma 3 that fxng is bounded. Therefore fxng has a unique
asymptotic center, that is, A.fxng/D fxg. Assume that fung is any subsequence of
fxng such that A.fung/D fug : Then by Lemma 4, we have limn!1d .un;Tlun/D

limn!1d .un;Slun/D 0 for each l D 1;2; � � � ;N: Now we prove that u is the com-
mon fixed point of fTi W i 2 I g and fSi W i 2 I g :

Define a sequence fvmg in K by vm D Tmu; where Tm D Tm .mod N /.
Clearly,

d .vm;un/� d .Tmu;Tmun/Cd .Tmun;Tm�1un/C�� �Cd .T un;un/

� d .u;un/C

m�1X
iD1

d .un;Tiun/ :

Thus, we have

r .vm;fung/D lim sup
n!1

d .vm;un/� lim sup
n!1

d .u;un/D r .u;fung/ :

This implies that jr .vm;fung/� r .u;fung/j! 0 asm!1. By Lemma 2, we ob-
tain Tm .mod N /uD u;which implies that u is the common fixed point of fTi W i 2 I g :

Similarly, we can show that u is the common fixed point of fSi W i 2 I g. Therefore
u 2 F . Moreover, limn!1d .xn;u/ exists by Lemma 3.

Assume x ¤ u: By the uniqueness of asymptotic centers,

lim sup
n!1

d .un;u/ < lim sup
n!1

d .un;x/

� lim sup
n!1

d .xn;x/

< lim sup
n!1

d .xn;u/

D lim sup
n!1

d .un;u/

a contradiction. Thus x D u. Since fung is an arbitrary subsequence of fxng, the-
refore A.fung/ D fug for all subsequences fung of fxng. This proves that fxng

��converges to a common fixed point of fTi W i 2 I g and fSi W i 2 I g. �

Khan and Fukhar-ud-din [12], introduced the so-called condition (A’) and gave a
slightly improved version of it in [6] as follows:

Two mappings T;S W K ! K with F ¤ ¿ are said to satisfy the Condition (A’)
[12] if there exists a nondecreasing function f W Œ0;1/! Œ0;1/ with f .0/ D 0,
f .t/ > 0 for all t 2 .0;1/ such that

either d .x;T x/� f .d .x;F // or d .x;Sx/� f .d .x;F //

for all x 2K, where d .x;F /D inffd .x;p/ W p 2 F g.
We can modify this definition for two finite families of mappings as follows. Let

fTi W i 2 I g and fSi W i 2 I g be two finite families of nonexpansive mappings of K
with nonempty fixed points set F . These families are said to satisfy Condition (B)
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on K if there exists a nondecreasing function f W Œ0;1/! Œ0;1/ with f .0/ D 0,
f .t/ > 0 for all t 2 .0;1/ such that

either max
i2I

d .x;Tix/� f .d .x;F // or max
i2I

d .x;Six/� f .d .x;F //

for all x 2K. The Condition (B) reduces to the Condition (A’) when T1D T2D �� � D

TN D T and S1 D S2 D �� � D SN D S for all i 2 I:
A sequence fxng in a metric space X is said to be Fejér monotone with respect to

K (a subset of X ) if d .xnC1;p/� d .xn;p/ for all p 2K and for all n� 1.
For further development, we need the following technical result.

Lemma 5 ([2]). Let K be a nonempty closed subset of a complete metric space
.X;d/ and fxng be Fejér monotone with respect to K. Then fxng converges to some
p 2K if and only if limn!1d .xn;K/D 0.

Lemma 6. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convexity � and let
fTi W i 2 I g and fSi W i 2 I g be two finite families of nonexpansive selfmaps on K
such that F ¤ ¿. Then the sequence fxng defined in .1:5/ converges strongly to
p 2 F if and only if limn!1d .xn;F /D 0.

Proof. It follows from Lemma 3 that fxng is Fejér monotone with respect to F and
limn!1d .xn;F / exists. Now applying the above Lemma, we obtain the result. �

We use the Condition (B) to study strong convergence of fxng defined in (1.5). It
is worth noting that, in the case of two finite families of nonexpansive self mappings
fTi W i 2 I g and fSi W i 2 I g, the Condition (B) is weaker than the compactness ofK.

Theorem 2. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convexity � and let
fTi W i 2 I g and fSi W i 2 I g be two finite families of nonexpansive selfmaps on K
such that F ¤ ¿. Suppose that fTi W i 2 I g and fSi W i 2 I g satisfy Condition .B/.
Then the sequence fxng defined in .1:5/ converges strongly to p 2 F:

Proof. By Lemma 3, limn!1d .xn;F / exists for all p 2 F . Also, by Lemma
4, limn!1d .xn;Tlxn/D limn!1d .xn;Slxn/D 0 for each l 2 I: It follows from
Condition (B) that limn!1f .d .xn;F //D 0: Since f is nondecreasing with f .0/D
0, we have limn!1d .xn;F / D 0. Now, Theorem 6 implies that fxng converges
strongly to a point p in F . �

Although the following are corollaries to our Theorems 1-2, yet they are new in
the literature.

Theorem 3. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convexity � and let T
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and S be two nonexpansive selfmaps on K such that F WD F .T /\F .S/¤¿. Let
the sequence fxng defined by

xnC1 DW

�
T xn;W

�
xn;Sxn;

ˇn

1�˛n

�
;˛n

�
(3.15)

Then fxng ��converges to a common fixed point of fTi W i 2 I g.

Proof. Choose Si D S and Ti D T for all i 2 I in the theorem 1. �

Theorem 4. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convexity � and let
T and S be two nonexpansive selfmaps satisfying the Condition .A0/ on K such
that F WD F .T /\F .S/¤ ¿. Then the sequence fxng defined in .3:15/ converges
strongly to p 2 F:

Remark 3. (1) Theorem 1 and Theorem 2 extends the corresponding results of
Abbas and Khan [1] in two ways: (i) from two nonexpansive mappings to two fi-
nite families of nonexpansive mappings (ii) from CAT .0/ space to general setup of
uniformly convex hyperbolic spaces.

(2) Theorem 1 sets analogue of [11, Theorem 1], for two finite families of nonex-
pansive maps on unbounded domain in a uniformly convex hyperbolic space X:

(3) Theorems 1–2 contain the corresponding theorems proved for the Mann itera-
tion scheme when Si D Id or Ti D Id (Id is the identity mapping) for all i 2 I .

(4) In view of simplicity of the iterative process .1:5/ as compared with .1:2/ and
.1:3/, our results improve and generalize the results of Dhompongsa and Panyanak
[5] and Khan and Abbas [11].
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