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Abstract. In this paper, we prove some strong and A-convergence theorems for two finite fa-
milies of nonexpansive maps on a hyperbolic space. Our iterative scheme is independent and
simpler than the Ishikawa type iteration process. Our results refine and generalize several recent
and comparable results in uniformly convex Banach spaces as well as CAT(0) spaces.
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1. INTRODUCTION

Throughout this paper, N denotes the set of natural numbers and / = {1,2,..., N},
the set of first NV natural numbers. Let (X, d) be a metric space and K be a nonempty
subset of X. A selfmap T on K is said to be nonexpansive if d (Tx,Ty) <d (x,y).
Denote by F (T) the set of fixed points of T and by F = ﬂf\]:l (F(T;)NF(S;))
the set of common fixed points of two finite families of mappings {7; :i € I} and
{S,' el }

Given xg in K (a subset of Banach space), Mann and Ishikawa iteration schemes
for a mapping 7' : K — K read as follows:

Xnt+1 = (1 —an)xn +onTxy, (1.1
and
Xn+1 = (1 —an)xn +onTyn, (1.2)
Yn = (1=PBn)Xn+ BnT xn,

where {o,} and {8, } are in (0, 1).

The concept of A-convergence in general metric spaces was coined by Lim [18].
Kirk and Panyanak [14] specialized this concept to CAT(0) spaces and showed that
many Banach space results involving weak convergence have precise analogs in this
setting. Dhompongsa and Panyanak [5] continued to work in this direction and stu-
died the A-convergence of Picard, Mann and Ishikawa iterates in CAT (0) spaces
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(Theorems 3.1, 3.2 and 3.3 respectively in [5]). While acknowledging their contribu-
tion, we note that their schemes involve one mapping. The case of two mappings in
iteration schemes has also remained under study since Das and Debata [4] gave and
studied a two mappings scheme on the pattern of the Ishikawa scheme:

yn=1=PBn)xn+ PnSxn, n=1.

This scheme reduces to Ishikawa’s scheme when § = T, and to Mann’s Iteration
scheme when S = 7. In 2011, Khan and Abbas [ ] obtained some results for two
mappings using the Ishikawa-type iteration scheme (1.3) in CAT(0) spaces. Note
that the two mappings case, that is, approximating the common fixed points, has its
own importance as it has a direct link with the minimization problem, see for example
Takahashi [22].

On the other hand, let us state without error terms the iteration scheme studied by
Yao and Chen [23] for common fixed points of two mappings:

Xn+1 = UpXp +,3nTxn+Vnan, (1.4)

where {a,},{Bn} and {y,} arein (0,1) and a, + B + yn = 1.
We, in this paper, translate the iteration scheme (1.4) for two finite families of
nonexpansive mappings in a subset K of a hyperbolic space X as under:

Xn+1 = W(TnxnaW(xn,SnxnsIB—n)aan) (1.5)
l_an

where T, =T, (mod N)and S, =S, (mod N),0<a <ay, B, <b <1 and satisfy
an+ B < 1.

Remark 1. It is worth mentioning that the iteration scheme (1.5) coincide with the
iteration scheme (1.4) of Yao and Chen [23] when W (x,y,0) =ax+ (1 —a) y, S; =
Sand 7T; =T foralli € I, and X is a Banach space. Moreover, it provides iteration
scheme of Abbas and Khan [1] in a CAT(0) space if W (x,y,0) =ax®d (1—a)y
and S; =S,T; =T foralli € I.

Remark 2. Note that this scheme reduces to Mann’s iteration scheme when either
Si=TorS;=1orT; =1 foralli € I, and is independent and simpler than both
the Ishikawa scheme and (1.3).

The aim of this article is to analyze A-convergence as well as strong convergence
through algorithm (1.5) for two finite families of nonexpansive maps in the more
general setup of hyperbolic spaces. Our results can be viewed as refinement and
generalization of several well-known results in CAT (0) spaces and uniformly convex
Banach spaces.
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2. HYPERBOLIC SPACE

We work in the setting of hyperbolic spaces as introduced by Kohlenbach [15]. It
is worth noting that they are different from Gromov hyperbolic spaces [3] or from
other notions of hyperbolic space that can be found in the literature (see for example
[7,13,19D).

A hyperbolic space [15] is a triple (X,d, W) where (X,d) is a metric space and
W : X2 x][0,1] — X is such that

W1. d (u,W(x,y,a)) <ad (u,x)+(1—a)d (u,y)

W2 d (W (x,y,0), W(x,y,B)) = la—B|d (x,y)

W3. W (x,y,a) =W (y,x,(1-a))

Wa. d (W (x,z,0) W (y,w,a)) <ad (x,y)+(1-a)d (z,w)

forall x,y,z,w € X and o, B € [0, 1].

The convexity mapping W was first considered by Takahashi in [2 1], where a triple
(X,d, W) satisfying (W1) is called a convex metric space (see, more details [8]).
If (X,d, W) satisfies (W1)-(W3), then we obtain the notion of space of hyperbolic
type in the sense of Goebel and Kirk [7]. (W4) was already considered by Itoh [9]
under the name “condition III” and it is used by Reich and Shafrir [19] and Kirk
[13] to define their notions of hyperbolic space. Hyperbolic spaces are a natural
generalization of both uniformly convex normed spaces and CAT(0) spaces.

A hyperbolic space (X, d, W) is said to be uniformly convex [20] if forall u,x,y €
X, r>0and ¢ € (0,2], there exists a § € (0, 1] such that

dx,u)<r 1
d(y,u)<r éd(W(x,y,—),u)S(l—S)r.
d(x,y)>er 2

A map 7 : (0,00) x (0,2] — (0,1] which provides such a § = n(r,e) for given
r > 0and ¢ € (0,2], is called modulus of uniform convexity. We call n monotone if
it decreases with r (for a fixed ¢).

Let {x,} be a bounded sequence in a hyperbolic space X. For x € X, define a con-
tinuous functional 7 (.,{x,}) : X — [0,00) by r (x,{x,}) = limsup,_,d (x,xp).
The asymptotic radius p = r ({x,}) of {x,} is given by p = inf{r (x,{x,}) : x € X}.
The asymptotic center of a bounded sequence {x, } with respect to a subset K of X
is defined as follows:

Ag §xn) ={x e X :r(x,{xn}) <r(y,{xn}) forany y € K}.

The set of all asymptotic centers of {x,} is denoted by A({x,}).

It has been shown in [17] that bounded sequences have unique asymptotic center
with respect to closed convex subsets in a complete and uniformly convex hyperbolic
space with monotone modulus of uniform convexity.
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A sequence {x,} in X is said to A-converge to x € X if x is the unique asymp-
totic center of {u, } for every subsequence {u,} of {x,} [14]. In this case, we write
A -limy, x,;, = x.

Recall that A—convergence coincides with weak convergence in Banach spaces
with Opial’s property [16].

The proofs of the following two lemmas can be found in Khan et al. [10].

Lemma 1 ([10]). Let (X,d,W) be a uniformly convex hyperbolic space with
monotone modulus of uniform convexity n. Let x € X and {a,} be a sequence
in [b,c] for some b,c € (0,1). If {x,} and {yn} are sequences in X such that
limsup,, _, oo d (Xn,x) <r,limsup,_,od (yn,Xx) <randlim,_ood (W (Xn, yn,0n),X)
=r for some r > 0, then limy o0 d (X5, yn) = 0.

Lemma 2 ([10]). Let K be a nonempty closed convex subset of a uniformly convex
hyperbolic space and {x,} a bounded sequence in K such that A ({x,}) = {y} and
r({xn}) = p. If {ym} is another sequence in K such that limy,—soo ¥ (Ym,{xn}) = p,
then limy, 00 Y = ).

3. STRONG AND A-CONVERGENCE THEOREMS IN HYPERBOLIC SPACES

Lemma 3. Let K be a closed and convex subset of a hyperbolic space X and
let{T; :i € I} and {S; : i € I} be two finite families of nonexpansive selfmaps on K
such that F # @. Then for the sequence {x,} in (1.5), we have limy, oo d (Xp, p)
exists for each p € F.

Proof. Let p € F. It follows from (1.5) that
p
d(xn—}—l’p):d(W(Tnxn’W(xnaSnxn’—n ,Oln ’p

<ond (Tyxp,p)+ (1 —ay)d (W (xn, SnXn, &) ,P)

< and (xn, p) + Bnd (xn, p) + (1 —an —Bn) d (Spxn, p)

< and (xn, p) + Bnd (xn, p) + (1 —an —Bn)d (xn, p).
That is

d (Xp41.p) =d (xXn.p).
This gives that limy, o0 d (x5, p) exists for each p € F. O

We need the following lemma in order to prove some strong and A-convergence
theorems.

Lemma 4. Let K be a closed and convex subset of a uniformly convex hyperbo-
lic space X with monotone modulus of uniform convexity n and let {T; :i € I} and
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{S;i :i € I} be two finite families of nonexpansive selfmaps on K such that F # @.
Then for the sequence {x,} in (1.5), we have
lim d (x,,T;xy) = lim d (xp,,S;x,) = 0foreachl € 1.
n—00 n—>00

Proof. From Lemma 3, we know that lim, o d (x5, p) exists for each p € F.
We suppose that lim,, o0 d (x5, p) = ¢, that is,

lim d (xp+1,p) = lim d (W (T,,xn, 74 (x,,,Snxn,—'Bn ),an) ,p) =c
n—o00 n—o00 11—y,
3.1

Since Ty, is nonexpansive, we have d (T, x,, p) < d (xn, p) for each p € F. Taking
lim sup on both sides, we obtain

lim sup d (Tyxn,p) <c (3.2)
n—>oo
Observe that
Bn Pn Bn
d\W | xn,Spxp, —— P = d(xn,P)'i‘ 1— d(Snxnap)
1—ay, 1—oy 1—oy
< P d(xp,p)+(1- P d (xn, p)
1—a, 1—ay
= d (xnvp)
This gives
lim sup d (W (xn,Snxn, Pn ),p) <ec. (3.3)
n—00 1 —ay
By using (3.1)—(3.3), and Lemma 1, we get
lim d (Tnxn,W (xn,Snxn, Pn )) = 0. (3.4)
n—o00 l—an

Now

d (Xpa1,Tuxn) =d (W (Tnxn, w (xn,Snxn, ﬂ—n) ,(xn) ,Tnxn)

1_an

<and (Tpxp, Tpxp)+ (1 —ay)d (Tnxn, w (xn,Snxn, 1’8_”))

gives by (3.4) that
lim d (xp+1,Tpxn) =0 3.5)
n—>00

Moreover,

—Un
<and (Tpxn,p)+(1—an)d (W (xn, SnXn, P ) ’p)

l_an
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fand(xnap)'i'd(W(Xn,Snxn,I’Bn )’p)

_an

1_an

<apd (xn,p)+d (W (xn,Snxn,lﬂ—") ,p)
—WUn
Bn

) d (Spxn, p)i|

l_an n

—an[ Pn al(xn,p)—l—(l—1

<opd (X, p)+d (W (xn,Snxn,ﬂ—n) ,P)

l_an
— iy P d (xn,p)+(1- P d (xXn, p)
_ Pn
—_ d W Xn, San, I ,p
1_an
yields that
¢ <lim inf d (W (x,,,s,,x,,, Pn ) ,p). (3.6)
n—>00 1 —ay
Combining (3.3) and (3.6), we have
lim d (W (xn,Snxn, ﬂ—n) ,p) =c 3.7
n—00 1—oy

Again by Lemma 1 (with limsup,_, . d (Spx,., p) < ), we get

lim d (x,,Syx,) =0. (3.8)
n—>0o0
Furthermore,
d (W (5 Swxm—P7Y 3} < L oy + (1= =PV (. S)
1—ay, 1—ay, 1—ay,
gives by (3.8),
n—o00 1— n

Consider

d (xn-i-laxn) =d (W (Tnxna w (xnaSnxn» %) aan) ,xn)
— 0y
<and (Tpxp,xp)+ (1 —op)d (W (xn, SnXn, P ) ,xn)

l_an

< ap{d (Xpt1.Xn) +d (TuXn, Xn+1)}

+(—an)d (W (xn’Snxn’lB—n) »xn)-
l_an
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From the above inequality, the following important inequality is obtained:

b
- n

Taking limsup on both sides in the above inequality and then using (3.5) and (3.9),
we have

which implies that
lim d (x,47,xn) =0forl < N. (3.10)
n—oo

Since d (xp, Tpxn) <d (xn,xXn+1) +d (xp+1, Tnxn), therefore it follows from (3.5)
and (3.10) that

lim d (x,,Tyx,) =0. (3.11)
n—->oo
Foreach/ € I, we have
d ()Cn, Tn+lxn) = d (xn’xn+l) +d (xn+lv Tn+lxn+l) +d (Tn+lxn+lv Tn+lxn)
<d (n.Xpq1) +d (Xpq1. Togi X)) +d (Xpgg. Xn)
<2d (xn,xpy1) +d (X1 Tpg1 Xn41) -
Thus, from (3.10) and (3.11), we have
lim d (x,,T,+1xn) =0foreach!/ € [. (3.12)
n—>oo

Since the sequence {d (x5, T;x,)} is a subsequence of U,N=1 {d (xn, T, +1xn)} and
limy o0 d (Xn, Ty, +1Xn) = 0 for each [ € I, therefore

lim d (x,,T;x,) =0foreach!/ € I. (3.13)
n—00

For each / € I, similar to the proof of (3.12), we have lim, oo d (X5, Sp471X,) =0
for each [ € I. Consequently, we obtain

lim d (x,,S;x,) =0foreach/ € [. (3.14)
n—>oo
The proof is completed. U

Now we give A-convergence theorems for two finite families of nonexpansive
mappings.

Theorem 1. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convexity n and let
{T;:i €el} and {S; :i € I} be two finite families of nonexpansive selfmaps on K
such that F # @. Then the sequence {x,} defined in (1.5), A—converges to a com-
mon fixed point of {T; :i € [} and {S; :i € I}.
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Proof. 1t follows from Lemma 3 that {x, } is bounded. Therefore {x,} has a unique
asymptotic center, that is, A ({x,}) = {x}. Assume that {u,} is any subsequence of
{xn} such that A ({u,}) = {u}. Then by Lemma 4, we have lim, o0 d (4, Tju,) =
limy, 00 d (Up, Sjun) = 0foreach/ =1,2,---, N. Now we prove that u is the com-
mon fixed point of {7; :i € [} and {S; :i € [ }.

Define a sequence {vy, | in K by vy = Tyu, where T = T, (mod N)-

Clearly,

d (Vm,upn) <d (Tyu, Tmun) +d (Tun, Tim—1un) +---+d (Tup,uy)
m—1
<d (u,un)+ Y d (un, Titiy).
i=1
Thus, we have
F (Um,{un}) =1lim sup d (v, upn) <lim sup d (u,u,) =71 (u,{us}).
n—>00 n—00
This implies that |7 (v, {un}) —r (u,{u,})| = 0as m — co. By Lemma 2, we ob-
tain Ty, (mod N)¥ = u, which implies that u is the common fixed point of {7; :7 € I'}.
Similarly, we can show that u is the common fixed point of {S; :i € I}. Therefore
u € F. Moreover, limy, o d (x,,u) exists by Lemma 3.
Assume x # u. By the uniqueness of asymptotic centers,
lim sup d (uy,u) <lim sup d (un,x)
n—>oo n—->oo

<lim sup d (x,,x)
n—>oo

<lim sup d (x,,u)
n—0o0

=1lim sup d (un,u)
n—>0o0
a contradiction. Thus x = u. Since {u,} is an arbitrary subsequence of {x,}, the-
refore A ({un}) = {u} for all subsequences {u,} of {x,}. This proves that {x,}
A—converges to a common fixed point of {7; :i € I} and {S; :i € I }. 0

Khan and Fukhar-ud-din [12], introduced the so-called condition (A’) and gave a
slightly improved version of it in [6] as follows:

Two mappings 7,S : K — K with F # @ are said to satisfy the Condition (A”)
[12] if there exists a nondecreasing function f :[0,00) — [0,00) with f (0) =0,
f () > 0forall ¢ € (0,00) such that

eitherd (x,Tx) > f(d(x,F)) ord (x,Sx)> f(d(x,F))

forall x € K, where d (x, F) = inf{d (x,p) : p € F}.

We can modify this definition for two finite families of mappings as follows. Let
{T; :i €l}and {S; :i € I} be two finite families of nonexpansive mappings of K
with nonempty fixed points set F'. These families are said to satisfy Condition (B)
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on K if there exists a nondecreasing function f :[0,00) — [0,00) with f (0) =0,
f () > 0forall ¢ € (0,00) such that

either malxd (x,Tix)> f(d(x,F)) or malxd (x,Six)> f(d(x,F))
XSS IAS

for all x € K. The Condition (B) reduces to the Condition (A’) when 77 =T, = --- =
ITy=Tand S;=85,=---=Sy=Sforalli €.

A sequence {x,} in a metric space X is said to be Fejér monotone with respect to
K (asubset of X)if d (xp+1,p) <d (xn,p) forall p € K and for all n > 1.

For further development, we need the following technical result.

Lemma 5 ([2]). Let K be a nonempty closed subset of a complete metric space
(X,d) and {x,} be Fejér monotone with respect to K. Then {x,} converges to some
p € K ifand only if lim,, o0 d (x,, K) = 0.

Lemma 6. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convexity n and let
{T; :i €I} and {S; :i € I} be two finite families of nonexpansive selfmaps on K
such that F # @. Then the sequence {x,} defined in (1.5) converges strongly to
p € F ifand only if limy 00 d (x5, F) = 0.

Proof. 1t follows from Lemma 3 that {x, } is Fejér monotone with respect to F and
limy, 00 d (X5, F) exists. Now applying the above Lemma, we obtain the result. [

We use the Condition (B) to study strong convergence of {x,} defined in (1.5). It
is worth noting that, in the case of two finite families of nonexpansive self mappings
{T; :i e I}and {S; :i € I}, the Condition (B) is weaker than the compactness of K.

Theorem 2. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convexity n and let
{T; :i €I} and {S; :i € I} be two finite families of nonexpansive selfmaps on K
such that F # &. Suppose that {T; :i € 1} and {S; : i € I} satisfy Condition (B).
Then the sequence {x,} defined in (1.5) converges strongly to p € F.

Proof. By Lemma 3, lim,— o0 d (x5, F) exists for all p € F. Also, by Lemma
4, limy oo d (X, Tixp) = limy o0 d (x5, S;xn) = 0 for each [ € 1. It follows from
Condition (B) that limy,— o f (d (x5, F)) = 0. Since f is nondecreasing with f (0) =
0, we have lim,— oo d (x5, F) = 0. Now, Theorem 6 implies that {x,} converges
strongly to a point p in F. (|

Although the following are corollaries to our Theorems 1-2, yet they are new in
the literature.

Theorem 3. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convexity n and let T
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and S be two nonexpansive selfmaps on K such that F := F(T)N F (S) # @. Let
the sequence {x, } defined by

xn+1=W(Txn,W(xn,an, Pn )an) (3.15)

1—ay
Then {x,} A—converges to a common fixed point of {T; i € I}.
Proof. Choose S; = S and T; =T for all i € I in the theorem 1. O

Theorem 4. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convexity n and let
T and S be two nonexpansive selfmaps satisfying the Condition (A’) on K such
that F := F (T)N F (S) # @. Then the sequence {xp} defined in (3.15) converges
strongly to p € F.

Remark 3. (1) Theorem 1 and Theorem 2 extends the corresponding results of
Abbas and Khan [1] in two ways: (i) from two nonexpansive mappings to two fi-
nite families of nonexpansive mappings (ii) from CAT (0) space to general setup of
uniformly convex hyperbolic spaces.

(2) Theorem 1 sets analogue of [11, Theorem 1], for two finite families of nonex-
pansive maps on unbounded domain in a uniformly convex hyperbolic space X.

(3) Theorems 1-2 contain the corresponding theorems proved for the Mann itera-
tion scheme when S; = Id or T; = Id (Id is the identity mapping) for all i € [.

(4) In view of simplicity of the iterative process (1.5) as compared with (1.2) and
(1.3), our results improve and generalize the results of Dhompongsa and Panyanak
[5] and Khan and Abbas [11].
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