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Abstract. In this paper we investigate the generalized Hyers-Ulam stability of mappings of
m—semigroups m € N; m > 2 into Banach spaces. For m = 3 the results can be found in Am-
yari and Moslehian [Approximate homomorphisms of ternary semigroups, Lett. Math. Phys. 77
(2006), 1-9] with the mention that they are true in the class of normal m—semigroups which is
larger than the class of commutative m—semigroups. For m = 2 we find certain results of Hyers
[On the stability of the linear functional equation, Proc. Nat. Acad. Sci. USA, 27 (1941), 222-
224 1, Aoki [On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan,
2 (1950), 64-66], Rassias, Th. M. [On the stability of the linear mapping in Banach space, Proc.
Amer. Math, Soc. 72 (1978), 297-300 ] and Rassias, J. M. [ Solution of a Problem of Ulam,
J. Approx. Theory Math. 57 (1989), 268-273 ]. In addition, we establish the superstability of
m—ary homomorphims into Banach algebras endowed with multiplicative norms, generalizing
the results of Szekelyhidi [On a theorem of Baker, Lawrence and Zorzitto, Proc. Amer. Math.
Soc., 84 (1982), 95-96 ] and Amyari and Moslehian (2006) .
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1. INTRODUCTION

In 1940 S.M. Ulam [22] proposed the famous problem ”Give conditions in order
for a linear mapping near an approximately linear mapping to exist”. More precisely,
given a group (G,-), a metric group (G’,-,d) and a positive number ¢ > 0, does
there exist § > 0 such that if a function f : G — G’ satisfies the inequality d( f(x -
y), f(x)- f(y)) <6 for all x,y € G, then there is a homomorphism 7 : G — G’
such that d(f(x), T(x)) < e for all x € G? When this problem has a solution, we
say that the homomorphisms from G to G’ are stable.

In 1941 D.H. Hyers [13] solved the Ulam problem for the case of approximate
additive mappings under the assumption that G and G’ are Banach spaces. This
result was generalized by T. Aoki [3] in 1950 and improved by Th. M. Rassias [19]
in 1978. After 1982 J. M. Rassias [17, 18], Th. M. Rassias [20] and L. Szekelyhidi
[21] established the stability for Ulam problem for different mappings. The aspect
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of stability that was introduced in these papers is called Hyers-Ulam (shortly H-U)
stability. During past few years several mathematicians, like P. Gavruta [12], Z. Gajda
[10] have published on various generalizations and applications of H-U stability to a
number of functional equations .

In 2006 Amyari and M. S. Moslehian [1] generalized the H-U stability of map-
pings on commutative ternary semigroup homomorphisms into Banach spaces. Also,
the superstability (”stronger” than the concept of stability) of ternary semigroup ho-
momorphisms into Banach algebras endowed with multiplicative norms has been
investigated.

In 2012 M. Dehghanian and M. S. Modarres [6] investigated the generalized H-
U stability of ternary y—homomorphisms on ternary semigroups. The stability of
ternary algebras homomorphisms has been studied by I. S. An and C. Park [2] , M.
S. Moslehian and L. Szekelyhidi [15], also.

The object of the present article is thus to formulate and solve some stability prob-
lems for m-ary case, in such a way to retrieve some known results from the bin-
ary or ternary case. m—Ary algebraic structures have many applications in different
branches. For example, in the theory of automata [11], some m—groupoids are ap-
plied in the theory of quantum groups, ternary structures [14] and m—Lie algebras
are used in physics. The first paper focused on m—groups was written by W. Dornte
[7] in 1928. In 1940 E. Post [16] published an extensive study of m—groups. The
other mathematicians like W. Dudek [8], K. Glazek [9] investigated different m—ary
structures.

In this paper, using a sequence of Hyers type, we generalize the H-U stability of
mappings on m—semigroups, /1 > 2 into Banach spaces. As a particular case, for
m = 2 we obtain the results of P. Gavrutd [12], D. H. Hyers [13], T. Aoki [3], Th.
M. Rassias [19,20], J. M. Rassias [18], and for m = 3 we find those of M. Amyari
and M. S. Moslehian [1] with the mention that they are true in the class of normal
m—semigroups which is larger than the class of commutative m—semigroups. In
addition, we establish the superstability of m—ary homomorphims into Banach al-
gebras endowed with multiplicative norms, generalizing the results of L. Szekelyhidi
[21] and Amyari and Moslehian [1].

2. PRELIMINARIES

First, we recall notations, definitions and properties related to
m—semigroups which are used throughout this paper.

Let (S,()o) be an m—semigroup, m € N; m > 2, i.e. a set S with associative
operation ()o : S — S. A sequence of simbols xjx5...x; whether they are sets or
individual elements, will be abbreviated to x’i. When x1 = x, =... = x; = x, then

. . () . . . . .
we will write x1x2...x; = x. With this convention, the associative law is written as

2m—1 j i+ 2m—1
(x1")o xm’il )o = (X} (x;+;n)o xifm+1)o
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forall x1,...,xom—1€Sandi =1,2,....m—1.

-1
Recursively, one may also define x[0 = x, x[11 = ((;)1(1))07 xleH1] = (x[k](mx ))o

k(m—1)+1
for every natural number k. Therefore x[*] = (( o by o+

long product.
The following laws are true:

(x[k‘],...,x[k”’])o =yl Fhm+1] o a1 ki,....km € N

)o which is the so-called

(x[k])[S] — x[ks(m—1)+k+s], Vk,seN
We remark that

(R 1) () () (57 = b

and
(("}ck))o — I T Am 2 m 1]y e N
An m—semigroup (S, ()o) will be called:

- commutative, iff (x{")o = (xgg';))o for all xy...,x;, € S and for each permuta-

tiono of 1,2,...,m;

- semicommutative, iff (x]")o = (xmxén_lxl)o for all x1,x2,...,xm € S;

- entropic, iff ((x}{")o(x%{")o...(x,’,’flm)o)o = ((x{”ll)o,(x{"zz)o,...,(x{”mm)o)o for
any m by m matrix (x;;); ; =i, of elements from S;

- normal (or exponential), iff (x{" L"] = (xgn], .. .,x,[,'f])O for all x1,...,x;, € .S and
for all n € N.

We remark that commutativity implies semicommutativity, semicommutativity im-
plies entropy and entropy implies the normality of m—semigroup S.

An m-semigroup (S, ()o) is called an m-group if for all ag,ay,...,a,m € S and
fixed i € {1,...,m} there exists an unique element x € S such that (a’i_l,x,a;'jrl)o

= ag. In some m-groups there is an element e € A (called an identity or a neutral

" ~.
element) such that ((l e ),x, (me l))o = x holds forall x € S and foralli =1,...,m.

It is interesting that there are m-groups with two or more neutral elements or which
do not contain such elements [7, 16].

We mention that if (S,*) is a semigroup (group) and we define the m- ary op-
eration ()o : 8™ — §, (x")o = X1 * X2+ * Xy, then (S,()o) is an m-semigroup
(m—group), so called the m-semigroup (m-group) derived from the binary semig-
roup (group) (S, *). In addition, there are m-semigroups that are not derived from a
binary semigroup.

Definition 1. A normed m—semigroup is a triplet (S, ()o, || ||) such that (S, ()o)
is an m—semigroup and || || : S — [0,00), ” (xi")oH < x|l + ...+ |xml for all
X1y X € S.
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Definition 2. Ler (X, *,| ||) be a Banach space over the field of real numbers
or complex numbers. If we define an m-ary operation ()o : X™ — X; (x]")o =
X1k X%k Xy then (X, ()o) is an commutative m—group with neutral element. We
say that (X, ()o, | ||) is an m—ary Banach space derived from (X, *, | ||).

Extending the notion of ternary Banach algebra given in [5],[23] we have

Definition 3. An m-ary Banach algebra is a normed Banach space (X, || ||)
equipped with an m-ary operation ()o : X™ — X which is associative and satisfies
H(x’ln)oH < |\x1ll--- | xml forall x1,...,xm € S. If” (x{”)oH = |x1|| ... | Xm| then we
say that the norm is multiplicative.

3. THE GENERALIZED HYERS-ULAM STABILITY

P. Géavrutd [12] obtained a generalization of Th. M. Rassias’s theorem by replacing
the Cauchy differences by a control mapping ¢ satisfying a condition of convergence.
In the same manner, using the Hyers “direct method” we can prove the following
theorem, which generalizes Theorem 2.1 of Amyari and Moslehian [!] for ternary
semigroups.

Theorem 1. Let (S, ()o) be an m—semigroup, X a Banach space and
@ : 8™ — [0,00) be a mapping such that

- 1 00 _ (m™) (m™)
G(X1,...,xm) 1= — E ~ m T o((X1 )os- . (Xm )o) <00 3.1)
m n=0

Suppose that the map f : S — X satisfies the condition

|Gt xm)o) =D 00| < 0kt m). (3.2)

Then there exists an unique mapping T : S — X such that

||f(X)—T(X)||SQZ(X,X,...,X) (33)

and

TNy =mT(x) . forall x € S. (3.4)

Moreover, if S is a normal m—semigroup then T is a homomorphism of S on (X,)"),
the m—semigroup derived from (X, +).

Proof. For x1 = ... = x,; = x in (3.2) we get
|t —mfo| < gxn)
or

1
< —op(x,...,x).
m

|6t f)




A GENERALIZATION OF HYERS-ULAM STABILITY ON m-SEMIGROUPS 411

Because
((ml;:l)) [mk-i-mk_l-‘r...-i-m-i-l] — (x[mk_l-i-mk_z-i-...-i—l])[l] — (((”)ICk))o)[l]
we also have
(m k+l (mk)
Hf(( x )) fnf(X)o <<p(( ) (X o).
Then, recursively, we obtain
b 1B s =[S (A = ()|
n— mk-H mk
- sz: ( £ )o)—f(((x ) H
n— mk+1
=D DA LV (N

LStk [ dmi] (252 mi]
<_Zko o(x oMl x 0y,

Hence

e ] = L by

(3.5)

Similarly, for all x € S, n,r € N; r < n we can show that
Hm—n FIEZom Ty _gyr f(x[zz';émf])H

<1 Sl k(e m] | xiZom]y,
From this inequality and condition (3.1) we conclude that the sequence
n—1__;
an(x) = m™" f(xtz=om)
(a so called generalized Hyers-Ulam sequence) is a Cauchy sequence in X. In

view of above conclusion, corroborated with the completeness of X, it follows that
{an(x)}nen is convergent. Let T : S — X be their limit

T(x)= lim m™" FxZizomy. (3.6)
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Because (x[l])[zy;émi] = x[Xi=0m'] for all x € S, we obtain
7MY = lim m— f(()EZom'T) =
n—00 )
=m lim m~ @+ f (x[2?=0ml]) =mT(x).

n—>00 n—00

By (3.1) and (3.6) and by letting n — oo in inequality (3.5), we have

||T(X)—f(X)|| = ¢(x""’x)
forall x € S.
We intend now to prove that 7 is uniquely defined. Let 7’ : S — X be another
mapping with these properties. Then by (3.4) we conclude

IT)=T'(x)| =m™ |m"T(x)—m"T'(x)|
iZom'ly _ 7 ([i=om'T) “

[ZiZomly _ p(xZiZom) H 4

[XiZom'ly _ g (x[Zi=om']) H
and by (3.3) we have
| TG =T/ ()| < 2m™g(xlZimom’] | y[Zizom'])
Taking the limit in this inequality as n — oo , we obtain T'(x) = T'(x) for all

x € S and so T is unique.
In the sequel, we suppose that (S, ()o) is a normal m—semigroup, i.e.

(x1,... xm)[k] ( Ek],...,x,[,]f]) (3.7
for all x1,...,x, € S and all Kk € N. Replacing x; by x[z’ Zom ] =1,....,min

inequality (3.2) we have

“f([xgzﬁ‘_ém"]w oo om] o) =S £ [0 om])H

<(p(x[zl Om]’.“ [Zl Om])

Using the equality (3.7), if we divide both sides by m”" we obtain

Hm—"f((xl,.. ) s °”‘]>H

<m go(x[Z:z Om]’”‘ [Zz Om])

In the last inequality, by letting n — oo, and by (3.1) and (3.6), we get
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m
T((1-eoxm)o) =) T(x))
i.e. T is an m— semigroup homomorphism. ([l

Therefore, we have proven that under suitable conditions on the function involved,
“near” any solution of inequality (3.2) there exists a solution of equation f((x]")o) =
Z;';l Jf(x;). The word "near” means that the distance of the solution of the equation
from the solution of the inequality is explicitly evaluated through the function ¢ :
S™ — [0, 00).

As a consequence, if ¢(x1,...,X;;) = constant, Theorem 1 gives a generalization
of the well known Hyers result [13].

Corollary 1. Let (S, ()o) be an m—semigroup, m > 2, X be a Banach space and
e > 0. Suppose that f : S — X is a mapping satisfying

(G =Y )| <e

forall x1,...,xm € S.
Then there exists an unique mapping T : S — X such that

e
1) =T < —
m—1
and
T(x[l]) =mT(x),VxeS.
Moreover, if S is a normal m—semigroup, then T is an m—semigroup homomorph-
ism.

Proof. Because m > 2, the series Z?:o # is convergent with sum ﬁ

Applying Theorem 1 there exists an unique mapping 7 : S — X such that
T(X) = lim m—nf(x[mn_l-l-...-i-m-i-l])
n—>oo
with
T(x[l]) =mT(x); VxeS
and .
[ /()T <—.
m—1
O
For various forms of the function ¢(x1,..., X, ) we obtain other generalizations of

some results on stability published in the last years.

First, we suppose that f : S — X is a mapping satisfying a condition weaker than
Hyers’s condition on approximate additive mappings in terms of a product of powers
of norms.
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Corollary 2. Let (S, ()o, || ||;) be a normed m—semigroup, m € Nym > 2, (X, || ||5)
be a Banach space and ¢ > 0. Suppose thatky,.. . .km e R; 0<p=ki+...+kn <1
and f : S — X is a mapping satisfying the condition

m k k m
| Grxmo) =Y | < ellallf el el
VX1,...,Xm €8S.
Then there is an unique mapping T : S — X such that

ellx|If

1f () =T (x| <

m—mP
and
Ty =mT(x), Vx e S.

Moreover, if S is a normal m—semigroup, then T is an m—ary homomorphism.

Proof. Because (S, ()o. || ||;) is a normed m—semigroup, we have for all x € §,

(m)
] = 1ol < mlix.

By induction, we have ||x%1||; < ((m — 1)k + 1)||x||; forall k € N.
Hence
||x[m"_1+...+m+1]||l Emn||x||l,
foralln € N and all x € S.
Let ¢ : S™ — [0,00) be defined by @(x1.....xm) = &||x1|[¥" ... ||xm||¥" where
O<p=ki+...+km<l.
Because

(m") (m™) m"). |k ™) e
@((x1)or- -, (xm )o) = €ll(X1)o|[1" - 1| (X o[y

< e(m™|x1[|)FL .. (" || |[1)*m

k
= e(m™)< [ |17 [
k
=em"P|[x1|I7" - |xml 1™
the series
1S, ) (m™) 1 — . Kk k
— 2 m (X1 o (X )o) = — 3 e(m? " [xaly .. [Lxmll}” < 00
n=0 n=0
is convergent with the sum
~ & k
O(X1,....xm) < p||x1||11---||xm||1m
m—m

and
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D
ZE e L
m—mP

According to Theorem 1 there is an unique mapping 7" : S — X such that

ellx[17

1f ) =T <

m—mP
and

T(x)y = mT(x), forall x € S.

If S is a normal normed m—semigroup, then T is an m—ary homomorphism. [J

We remark that, in the special case where m = 2, Corollary 2 is Theorem 1.1 from
J. M. Rassias [18].

Corollary 3. Let (S, ()o, || ||1) be a normed m—semigroupm € N, m >2, (X,| ||,)
be an m—ary Banach space and ¢ > 0. Suppose that f : S — X is a mapping satis-
fying the inequality

" p p
| ez xmo =Y £ < elllxall] + -+ ] D)

for xi,....xm €S, where 0 < p < 1.
Then there is an unique mapping T : S — X such that

em||x]|{

I/ () =T ()l <

m—mP
and
T(x[l]) =mT(x),VxeS.
Moreover, if S is a normal m—semigroup, then T is an m—ary homomorphism.
Proof. We apply Theorem 1 to the mapping ¢ : S — X,
P(x1oeeexm) = e(||xall] + ..+ xml])-

and so we

Because for 0 < p < 1, the series Z?:o mn(P—1) converges to

obtain the result above. O

In particular, the case m = 2 gives the results of T. Aoki [3] and Th. M. Rassias
[19].



416 ADINA POP AND MARIA S. POP

4. SUPERSTABILITY

Let (S, ()o) be an m—semigroup, X a Banach space and f : § — X be a mapping.
Investigations concerning stability properties of the functional equation

F(Me) =) f(x))
Jj=1

proved that any “approximate” solution of this equation can be approximated by
an exact solution, i.e., by an m—ary homomorphism if we regard (X,) ) as an

m
m—semigroup derived from (X, +). The equation f((x]")o) = [[ f(x;) possesses
j=1

a more surprising stability property, namely, any unbounded approximate solution
must be an m—ary homomorphism. Such a phenomenon is called superstability (see
L. Szekelyhidi [21], for m = 2 and M. Amyari and M.S. Moslehian [1] for m = 3).
More exactly, suppose that we are given a functional equation E( f) = 0, such that
the notion of boundedness of f and E( f) makes sense and furthermore, we assume
that E(f) is bounded whenever f is bounded. The functional equation E(f) =0
is stable if any function g approximately satisfying this equation is near to a true
solution of this equation. This functional equation is superstable if the boundedness
of E(f) implies that either f is bounded or E(f) = 0. Therefore the notion of
superstability is ’stronger” than the notion of stability.

In this section we will study the superstability of m—ary homomorphism, general-
izing the results of Amyari and Moslehian. [1].

Theorem 2. Let (S, ()o) be an m—semigroup, A a normed algebra whose norm
is multiplicative and ¢ > 0. If f 1 S — A satisfies the inequality

|Gt =TT, fn)| <e (@

forall xy1,...,xm, €S, then there is §¢ > 1 such that either
| f(xX)|| <8, forall x € S, 4.2)

or

S Xm)o) = ]_[;_":1 F()), ¥x1.... X € . 4.3)

Proof. By inequality (4.1) we have H £y —(Fx))m H <e.

We remark that the equation §” —§ = ¢ has a unique solution §; > 1. Suppose that
there exists a € S such that | f(a)|| > é¢ i.e. || f(a)|| = ¢ + p for some p > 0. Then

| @] = @y =@y - sty
> | f@I" = | (/@)™ - fat)|
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> (Be+p)" —e
=8+ m8™ I p . P — (87 —6,)
> 8 +mp.

Assume by induction that

Hf(a[mn—l-{—...‘l-ﬂ’l‘l-l])H > 8 +m" p.

Then
”f(a[mn+...+m+1])“ — Hf((a[mn_1+"'+m+l])[1])H
- H f(a[m”—‘+...+m+1])Hm_
_ H (f(a[m”_1+...+m+l]))m _ f((a[m”_l+...+m+l])[l]) H
> (8e +m"p)" —e> 8 +m"Tlp.
Therefore
holds for all positive integers 7.
Because for every x1,X2,...,X2,m—1 € S according to the inequality (4.1) we have
| F(Oe X1 De) = F(T)0) f(xmt1) . f(x2m—1)| < €
and

| £ o)e) = F(x1) - foma1) (X2 D)o | <&

By associativity of m—ary operation ()., we obtain

| (o fCamt) - famet) = £ 1) - fComet)o £ (2 N)) | < 2.
Because the norm || || is multiplicative, we have

| F(0) fGmn) o fam) =TI )
= [ (e F o) S 2mat) = 1) o f o) S0 | +
G0 G S OZ0) = f ) . f (K1)
<2e+ SO Gem=1) ] e

In particular, for xX;;41 = Xm42 = ... = Xom—1 = alm" = e AmE1] e obtain
m n—1 m—1
| @ =TT, £ | flat ™ e
<2e+ [ fxO.. [If (xm=1)ll &
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By (4.4)

I/ ((xT)e) = F(x1) ... fxm) ]l <

Letting n — oo then

2e+ || SO - N f (em—1) |l &
(8¢ +m" pym—1 .

JGo = f(x1)... f(xXm)

for all x1,...,xm € S. ]

The Baker’s example [4] extended to m—ary product shows that the crucial step
in the proof above is the fact that the norm is multiplicative.
Given ¢ > 0 there is an unique solution §; greater than 1 of the equation |6 —§| =
e. If (S = R,()o) is the m—semigroup with (x{")o = x1 + ... + Xpm, M2(R) is the

X
algebra of 2x2 matrices with real elements and f : R — M>(R), f(x) = ( 60 (;) )
&€

then for the usual matrix norm we have

[f(x1 4. 4 xm) = f(x1) ... fxm) | =
0 0 ) =-sm =
0 s—sm )|~ =

for all xy,...,x, € R.Hence f(x1+...4+xm) # f(x1)... f(xs) while f is unboun-
ded.

Szekelyhidi [2 1] proved that the invariance of the vector space where the functions
are defined is enough to ensure superstability. The notions and results of Theorem 2
can be generalized in the following:

Definition 4. Ler (S, ()o) be an m—semigroup and let V be the linear space of
complex C—valued function on S. The space V is called right (left) invariant if
¢ . S — C belongs to V implies that the right (left) translation

Gyt 18 = Ci g1 (0) = p((x. 777 1o)

(1925 = C; no19(x) = 9(G " 1))
belongs to V for every y1,¥2,...,Ym—1 € S.
Theorem 3. Let (S, ()o) be an m—semigroup, V a right invariant linear space of

complex valued functions on S and ¢, f : S — C be nonzero functions for which the
Sfunction 1/fy,1n—1 S —>C;

Vym=1 (¥) = (2. 37" Do) =) f (1) .- f (Ym—-1),

belongs to V for every yi,...,ym—1 € S. Then either ¢ € V, or f is an m—ary ho-
momorphism of m—semigroup (S, ()o) into (C, I1)—the derived m—semigroup from
the semigroup (C,-).
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Proof. Suppose that f is not an m—ary homomorphism of S into C. Hence there
are elements X, x3,...,Xm+1 € S such that

SOF0) # f(x2) f(x3) .. [ (Xm+1)

and therefore there is

_1 denoted _
A5 e) = f(2) o fOome)] T 2 0
Assume that x; € S such thatb; = f(x;) #0;i e {m+2,....2m—1}.
Then, by associativity law of m—ary operation we have

P(((Tox gt 110) =0 ((x)o) f (¥mt1) - f (x2m—1)

= [p((e1 (5 Doxn 15 0) —@(x1) (X5 o) [ (omet2) - [ (¥2m—1)]
—lp((x1)o) —(x1) f(x2) ... f¥m)]f (¥m-1) - f (X2m—1)

+o(x D) (5T Do) = f(x2) . fXma )] f Gmet2) - [ (X2m—1)

and hence

p(x1) = {p(((Toxz 7)) =0 ((x)o) f (Xmt1) - - f (x2m—1)]

m—+1

—lp(Ce1 (5" D ox 25 0) =0 (x1) S (5T Do) [ Com+2) - f(x2m—1)]

Ho((x1)o) —@(x1) f(x2) ... f(Xm)]f (Xm41) ... [ (x2m—1)}
LfCETY = f2) o fEma D] G 2)] 70 [ (2m—)]

Therefore
p(x1) = [lﬂxm—ll ((x1")o) — w(x£n+l)oxfnrf,’_51 (x1)

F Y (1) f (mt1) - fam—1)]a™ bk byt 5 b
Since V is right-invariant linear space we conclude that the right-hand side of
above equality as a function of x; belongs to V', then hence so does ¢. U

As a consequence we obtain a natural generalization of Theorem 3.4 of Amyari
and Moslehian [1]:

Corollary 4. Let (S, ()o) be an m—semigroup and ¢, f : S — C be nonzero func-
tions for which there exists a bounded function o : S™~1 — [0, 00) such that

lo((x1")e) —@(x1) f(x2) ... f(xm)| < (x2.x3.....Xm)
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forall x1,x2,...,xm € S.
Then either ¢ is bounded or f is an m—ary homomorphism of (S, ()o) into (C, IT).

Proof. Let V be the linear space of all bounded C—valued function on S. The
function yrym : § — C

Y (x1) = @((x1")o) = @(x1) f(x2) ... f(xXm)
belongs to V for each x2, x3,...,x;. Then we can apply Theorem 3 which implies
that either ¢ is bounded or f is an m—ary homomorphism. g

In the special case where f = ¢ : S — C and mapping o = ¢, ¢ > 0 we obtain a
generalization of Corollary 3.5 from [1]:

Corollary 5. Let (S, ()o) be an m—semigroup, € > 0 and f : S — C be a nonzero
function such that

SO =[] f(x)| <e

j=1
forall x1,x2,...,xm € S.
Then either f is bounded or f is an m—ary homomorphism.
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