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Abstract

We derive characteristic function identities for conditional distributions of
an r-trimmed Lévy process given its r largest jumps up to a designated time
t. Assuming the underlying Lévy process is in the domain of attraction of a
stable process as t | 0, these identities are applied to show joint convergence
of the trimmed process divided by its large jumps to corresponding quantities
constructed from a stable limiting process. This generalises related results in
the 1-dimensional subordinator case developed in Kevei & Mason| (2014) and

produces new discrete distributions on the infinite simplex in the limit.

1 Introduction and Lévy Process Setup

Deleting the r largest jumps up to a designated time ¢ from a Lévy process gives
the “r-trimmed Lévy process”. We derive useful characteristic function identities

for conditional distributions of the process given some of its largest jumps. As
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corollaries, representations for the characteristic functions of the trimmed process
divided by its large jumps are found. Assuming X is in the domain of attraction of
a stable process as t | 0, the representations are applied to show joint convergence of
those ratios to corresponding quantities constructed from the stable limiting process.

In the case of subordinators, Kevei & Mason, (2014)) considered one-dimensional
convergence to stable subordinators and derived the limit distribution of the ratio of
an r-trimmed subordinator to its r** largest jump occurring up till a specified time
t>0,ast | 0ort— oo Perman|(1993)), also considering subordinators, derived
exact expressions for the joint density of the ratios of the first r largest jumps up till
time t = 1 of a subordinator, taken as ratios of the value of the subordinator itself
at time 1. In Perman’s case the canonical measure of the subordinator was assumed
to have a density with respect to Lebesgue measure. His results, when applied to a
Gamma subordinator, produce formulae for the Poisson-Dirichlet process.

For our asymptotic results we allow a general Lévy measure, making no conti-
nuity assumptions on it. Our main result, Theorem is a multivariate version of
part of Theorem 1.1 of Kevei & Mason| (2014)), and, as a generalisation, we consider
a trimmed Lévy process in the domain of attraction of a stable distribution with
parameter « in (0,2), taken as a ratio of one of its large jumps at time ¢. We show
the joint convergence of these ratios to corresponding quantities constructed from
the stable limiting process, as time ¢ tends to 0.

When 0 < a < 1, the limit distribution in Theorem is related to the gen-
eralised Poisson-Dirichlet distribution PDY’ in Ipsen & Maller| (2016) derived from
the trimmed stable subordinator, which includes as a special case the PD(a, 0) dis-
tribution in Pitman & Yor (1997). When a > 1 the process is not a subordinator,
and there is no direct connection with the Poisson-Dirichlet distribution. In this
case the process has to be centered appropriately to get the required convergence.
We note that (since the Lévy measure has infinite mass) there are always infinitely
many “large” jumps of Xj, a.s., in any right neighbourhood of 0.

These considerations form the basis of further generalised versions of Poisson-
Dirichlet distributions explored in [Ipsen & Maller| (2016)). In the present paper we
limit ourselves to proving Theorem n (in Section [2)) and the foundational results
needed for its proof (in Section . A second Theorem proves a kind of “large
trimming” result, showing that the trimmed process is of small order of the largest
jump trimmed, uniformly in ¢, as the order tends to infinity. Section [ contains the
proofs of the results in Section [2 For the remainder of this section we give a brief

introduction to the Lévy process ideas we will need.



1.1 Lévy Process Setup

We consider a real valued Lévy process (X;)i>p on a filtered probability space
(Q, (Ft)t>0, P), with canonical triplet (v, o2, I1); thus, having characteristic function
EelfXt = t¥(0) ¢ >0, § € R, with exponent

() := iy — 20%0% + / (eie’” — 1 — iz, <)) I1(dx). (1.1)

R\{0}

Here v € R, 02 > 0 and II is a Lévy measure on R, i.e., a Borel measure on R with
fR\{o} (2 A1)II(dz) < co. The positive, negative and two-sided tails of IT are defined
for x > 0 by

O (z) = I{(z,00)}, T (2) :=I{(—o00, —2)}, and T(z) =T (z)+ 1 (z). (1.2)
Let TT " denote the inverse function of ﬁ+, defined by
07 (x)=inf{y >0: T (y) <z}, x>0, (1.3)

and similarly for o, Throughout, let N:={1,2,...} and Ny := {0, 1,2,...}.
Write (AX; := Xy — X¢—)¢>0, with AXy = 0, for the jump process of X, and
AXt(l) > AXt(Q) > ... for the jumps ordered by their magnitudes at time t >
0. Assume throughout that II{(0,00)} = o0, so there are infinitely many positive
jumps, a.s., in any right neighbourhood of 0. Thus the AXt(i)
all £ > 0 but limy o AXt(i) =0 for all i € N. Our objective is to study the “one-sided

trimmed process”, by which we mean X; minus its large positive jumps, at a given

are positive a.s. for

time t. Thus, the one-sided r-trimmed version of X; is

r
WXy =X, Y AX{), reN, t>0 (1.4)
i=1

(and we set (9 X, = X;). Detailed definitions and properties of this kind of ordering
and trimming are given in [Buchmann, Fan & Maller| (2016), where we identify the

positive AX; with the points of a Poisson point process on [0, 00).
Our main result, in Theorem is to show that ratios formed by dividing (") X,
possibly after centering, by its ordered positive jumps, converge to the corresponding

stable ratios when X is in the domain of attraction of a non-normal stable law.

2 Convergence of Lévy Ratios to Stable Limits

Throughout, X will be assumed to be in the domain of attraction of a non-normal

stable random variable at 0 (or at oo)E] By this we mean that there are nonstochastic

!The convergences in this section can be worked out as t | 0 or as t — co. For definiteness and
in keeping with modern trends in the area we supply the versions for ¢ | 0, but little modification

is needed for the case t — oo.



functions a; € R and b; > 0 such that (X; — a;)/b; N Y, for an a.s. finite random
variable Y, not degenerate at a constant, and not normally distributed, as ¢ | 0. The

Lévy tail IT(x) is then regularly varying of index —« at 0, and the balance conditions

+

I
im — (z) = a4, (2.1)
zl0 TI(x)
where a4 + a— = 1, are satisfied. If this is the case then the limit random variable

Y must be a stable random variable with index « in (0,2). We consider one-sided
(positive) trimming, so we always assume a4 > 0, and then also ﬁ+(;1:) is regularly
varying at 0 with index —«, a € (0,2).

Denote by RVy(a) (RVs(a)) the regularly varying functions of index o € R at
0 (or c0). When ﬁ+(-) € RVp(—a) with 0 < o < oo or, equivalently, the inverse
function ﬁ+’<_(-) € RVy(—1/a) (e.g. Bingham, Goldie and Teugels (1987, Sect. 7,
pp.28-29)), we have the easily verified convergence

O (uy V/oTI (1/1))
(I (1/1))

tﬁ+(uﬁ+’<_(y/t)) ~ —u “yast] 0, forall u,y > 0. (2.2)

For r» > 0 write
2" le Tdx

P(T, € dx) = YOI >0y

for the density of I, a Gamma(r, 1) random variable, which should not be confused
with the Gamma function, I'(r) = fooo 2" le7®dz. Denote the Beta random variable
on (0,1) with parameters a,b > 0 by B, ;, having density function

a+b) , 4

fe(z) = Wx (1—x)t= Ba.b) e t1—z)h o< <1

Denote by (St)¢>0 a stable process of index a € (0,2) having Lévy measure
A(dz) = Ag(dz) = —d(2™ )10y + (a—/ay)d(—2) “1zc0y, T €R, (2.3)
with characteristic exponent
Tg(f) = / (ewx 11— i@xl{mgl}) A(dz), (2.4)
R\{0}
and by (AS; := Sy — S;—)¢>0 the jump process of S. Let
Agt(l) > ASt(Q) >0 > ASIS”) > ...

be the ordered stable jumps at time ¢ > 0. These are uniquely defined a.s. (no
tied values a.s.) since the Lévy measure of S has no atoms. The positive and
negative tails of A are K+(1:) = A{(2,00)} = 2% and A (2) := A{(—o0, —1)} =



(a—/ay)x™, for z > 0. Since K+(O+) = 00, the ASt(i) are positive a.s., i = 1,2,.. .,
but tend to 0 a.s. ast | 0.
Define a centering function px(-) for X by

'y/ zll(dz), 0<w <1,
[-1,—w)U[w,1]
px(w) == (2.5)

v+ f[_w7_1)u(1,w) zIll(dz), w > 1,

and similarly for pg(w), but with « taken as 0 and A replacing IT in that case.
To state Theorem [2.1 we need some further notation. For each n = 2,3,... and
0 < u < 1, suppose random variables Jél_)l(u) > JT(LQ_)l(u) > > Jy(;i_ll)(u) are

distributed like the decreasing order statistics of n — 1 independent and identically

distributed (i.i.d.) random variables (J;(u))i1<i<n—1, each having the distribution

Adz)lcpctsu
P(Ji(u) € dz) = ( if;fl/ Loz >o. (2.6)
Also let LS_)I > L$z2—)1 > e 2> L1(1n_—11) be distributed like the decreasing order

statistics of n — 1 i.i.d. random variables (L;)1<i<n—1, each having the distribution
P(L1 S d.%') = A(d{L‘)l{x>1}. (2.7)

Define
¥(0) = /(Oo . (¢ 1~ 0101 ) Alda), 6 € R (2.8)

and choose 6y > 0 such that |1(0)| < 1 for |#| < 6y (as is possible since 1(0) = 0).
Also define ¢(0,u) = Ee?/1(W) 9 € R, with .J;(u) having the distribution in (2.6):

1/u
o(0,u) = (1 — uo‘)l/ e%A(dz), 0 <u < 1. (2.9)
1
Let W = (W, )y>0 be a Lévy process on R with triplet (0,0, A(dz)1(_ 1)), and T4y
a Gamma (r + n,1) random variable independent of W.
Whenn=2,3,...,2, >0, 1<k<n-—1,z,=1,and 0, € R, 1 <k <n, write
for shorthand

n _ _ n 0,
Tpg = Z«Tk and Opy =0Opy(21,...,20) := Z - (2.10)
k=1 k=1

and let fxT>1 denote integration over the region {x; > xg > -+ >z, > 1} C R7—L
Recall that O X = X.



Theorem 2.1. Assume II € RVy(—a) for some 0 < a < 2 and (2.1)).
(i) Then for each r € Ng, n € N, as t | 0, we have the joint convergence

(PR AT e

AXt(T‘i‘l) L AXt(T‘f‘n)
b, (DS —ps(ASIT) 51— pg(ASH) (2.11)
ASCTD feees AS) : '

(i) When r € N, n = 2,3,..., the random wvector on the RHS of (2.11)) has

characteristic function which can be represented, for 0, € R, 1 < k <mn, as

"G (08 — pS(As*Y*”))))
Eexp (i =

/ ei§"+xn+E(€i§n+WFT+")P(Jr(lk_)l(B}«/na) c dlEk, 1< k <n-— 1), (212)
xT>1 7

where By, is a Beta(r,n) random variable independent of the (J;(u)). Alternatively,
recalling (2.8), when maxi<g<p |0k| < 0o the RHS of (2.12) can be written as

/ T p (W) (BYo) € day1 < k< n—1) (2.13)
xt>1 (1 — ¢(9n+))r+n e T

When r =0, (2.12)) and (2.13)) remain true as stated if the rvs Jék_)l (B%La) are re-
placed respectively by L1(1k_)1; being the order statistics associated with the distribution

in (7).
(iii) When r € N, n € N we have

X0~ tpx(AX[™) b 08 — ps(AS™)
AXt(rJrn) ASYJrn)

, as t 0, (2.14)

where, recalling (2.9), the random variable on the RHS of (2.14) has characteristic
function

619

(1—(0) "

When r = 0, - remains true, as does (2.15)), if <;5(9,B71~7/na) in (2.15)) is replaced
by ¢(6,0) := [[“e %A (dx).

E(¢n—1(e,B;/,3)), 6 cR, |0 < bp. (2.15)

Setting n = 1 in (2.14), and (since WX, /AX" Y = 1 4 0D x, /AX")
replacing 7 + 1 by r gives

Corollary 2.1. For eachr € N, 0 € R, |0| < 6,

X, — th(AXt(T)) D, (g, — ps(ASY))
Ax" AS"

,ast |0, (2.16)



where

E(eig((r)sl_pS(ASY)))/ASY)) _ E(eiQWFT) I S (2.17)

(1—v(0)"
Further, ((T)Sl - pS(ASY)))/ASY) D Wr,., being a Gamma-subordinated Lévy pro-

cess, is infinitely divisible for each r € N.

The unwieldy centering functions px and pg in (2.11)—(2.17)) can be simplified in
many cases. Especially, when X is a subordinator with drift dx, px can be replaced

by dx, and without loss of generality we can assume dx = 0. The convergences in
f can then be written in terms of Laplace transforms. This case recovers
a result proved in Theorem 1.1 of Kevei & Mason! (2014): assume X is a driftless
subordinator in the domain of attraction (at 0) of a stable random wvariable with
index a € (0,1). Then forr € N

" X,

D, My, ast o0, (2.18)
Ax"

where (MY is an a.s. finite non-degenerate random variable. From Theorem [2.1] we
can identify (WY as having the distribution of (.S, / ASY), in our notation. Kevei
and Mason show, conversely, in this subordinator case, that when holds with
()Y a finite non-degenerate random variable, then X is in the domain of attraction
(at 0) of a stable random variable with index « € (0,1). They also give in their

Theorem 1.1 a formula for the Laplace transform of (VY. We can state an equivalent

version as: suppose ([2.18|) holds. Then ([2.17)) becomes

E(e"\(T)Sl/ASY)) _ E(@—AWFT) - (l—f—;J()\)Y’ r €N, (2.19)

where now W = (Wy)y>0 is a driftless subordinator with measure A(dx)1g ), and

= —e M z .
T(N) _/(0’1) (1 JA(dz), A>0

Remark 2.1 (Negative Binomial Point Process). The form of the Laplace trans-
form in suggests a connection with the negative binomial point process of
Gregoire| (1984). That connection is developed in detail in Ipsen & Maller| (2018)),
and also forms the basis for a general point measure treatment when 0 < a < oo
in Ipsen et al.| (2017), which contains a converse proof generalising that of Kevei &
Mason| (2014). Those results motivate further investigation of the “large trimming”
properties of general Lévy processes in the spirit of [Buchmann, Maller & Resnick
(2016).



Remark 2.2 (Modulus Trimming). Rather than removing large jumps from X
as we do in , we can remove jumps large in modulus and obtain analogous
formulae and results, with appropriate modifications. The centering function px in
should then be changed to v — f[—l,—w}u[w,l] xIl(dz) when 0 < w < 1, and to
7+f(—w,—1)u(1,w) 2II(dz) when w > 1, and similarly for pg. The norming in Theorem
m would then be by jumps large in modulus rather than by large (positive) jumps,
and the convergence would be to the analogous modulus trimmed stable process.
The identities in Section [3| required for the modified proofs can be obtained from

analogous formulae for modulus trimming in |[Buchmann, Fan & Maller| (2016).

Remark 2.3 (Connection with PDg)). When X is a driftless subordinator, we
obtain from (2.11)) with n € N that

AXITYAXITIN o rastt) Agtrt
nx, 70X, Ms, T8,

>, ast | 0. (2.20)

When n — oo, the n-vector on the RHS tends to a vector (Vl(r), Q(T), ...) on the
infinite simplex with the generalised Poisson-Dirichlet distribution PD(J) defined in
Ipsen & Maller| (2016). When r = 0, this reduces to the Poisson-Dirichlet distribu-
tion generated from the stable subordinator, denoted by PD(«,0) in Pitman & Yor
(1997), which was first noted by Kingman (1975]).

To complete this section we continue to consider the case when X is a driftless
subordinator. Our final result shows that ratios of the form ("7 X,/ AXt(r) as in
have strong stability properties. In the next theorem the interesting aspect
is the uniformity of convergence in neighbourhoods of 0; although AXt(T) 40 as. as
t | 0, the remainder after removing an increasing number of jumps, r +n, from X is

shown to be small order AXt(r), in probability as n — oo, uniformly on compacts.

Theorem 2.2. Suppose X is a driftless subordinator with II = o e RVy(—a) for
some 0 < a < 1. Then for each r € N

(r+n)
(X)t L 0, as n — oo, (2.21)
AX,"

uniformly in t € (0,to], for any to > 0.
Remark 2.4. By the uniform in probability convergence in Theorem 2.2] we mean

lim P("X, > eAX”) = 0, uniformly in 0 < t < to, foralle >0. (2.22)

n—o0

Since ("™ X, is monotone in n, this is equivalent to a kind of “uniform almost sure”

convergence, as follows. With “i.0.” standing for “infinitely often”, and ¢ > 0, £ > 0,

Pt X, > 8AXt(T) o, n—o0) = lim P("™Xx, > 6AXt(T) for some n > m)

m—r0o0

8



< lim P("MX, > eAX") =0,

m— 00

where the convergence is uniform in 0 < t < g, by (2.22).

3 Representations for Trimmed Lévy Processes

In the present section we revert to considering an arbitrary real valued Lévy process
(Xt)1>0, set up as in Section|[I] (see and (L.2))), and derive the identities required
for the proofs of the results in Section 2] Fundamental to these identities is a
general representation for the joint distribution of )X, and its large jumps, given
in Buchmann et al. (2016]), which allows for possible tied values in the jumpsﬂ Our
main theorem in this section, Theorem applies it to derive formulae for the
conditional distributions of the trimmed Lévy given some of its large jumps. We
expect these formulae will have useful applications in other areas too.

To state the Buchmann et al. (2016) representation, recall the definition of the
right-continuous inverse ﬁhe(w) of ' in (L.3), and for each v > 0 introduce a

Lévy process (X/)i>0 having the canonical triplet
(7%, 0%, I"(dx)) ==

— — 2 — . .
('y 1{H+, (0)<1} /H%%(UK%<1 zll(dx), o ,H(dx)l{x<n+, (v)}> (3.1)

Further, let Gy = ﬁ+’(_(v)Y},{(v) for v > 0, t > 0, with k(v) := ﬁ+(ﬁ+’<_(v)—) —v
and (Y;):>0 a homogeneous Poisson process with E(Y7) = 1, independent of (X}')¢>0.
Let r € N and recall that (I';) are Gamma(i, 1) random variables, i € N. Assume
that (X})e>0, (G})e>0 and (I';) are independent as random elements for each v > 0.
Then Theorem 2.1, p.2329, together with Lemma 1, p.2333, of [Buchmann et al.
(2016) give, for each t >0, r,m e N, 1 <m <,

(x;, ax™ o ax™) 2 (xT Gt T (), TR ). (32)

We need some further notions. For each y > 0 introduce another Lévy process

(Xt(y))tzo having the canonical triplet

Yy

and another process (Ggy’v)) defined such that Giy’v) = YYiu(y,w) for y,v,t > 0, where

zII(dz), o2, H(dx)l{z<y}>, (3.3)

<z<1

again (Y;)r>0 is a homogeneous Poisson process with E(Y;) = 1, now independent
of (Xt(y))tzo, and k(y,v) 1= ﬁ+(y—) — 0.

2A different but equivalent distributional representation when X is a subordinator is in Propo-
sition 1 of |[Kevei & Mason| (2013).



We need to distinguish situations when T is or is not continuous at a point.
Let Ay denote the points of discontinuity of o in (0,00). When y; € Ag, set

=+ =+
a; = ai(ys) =" (i) < bi =bi(ys) =11 (yi—). (3.4)
Note that ﬁ+’<_(v) takes the same value, namely, y;, for any v € [a;,b;). When
r,m € N with 1 <m <r and y, € Ay, define conditional expectations

eleGE’yr L /t)

Koo (0, yms ) = B( Tijt€faib),m<i<r),  (35)

for t >0, € R. When y, ¢ Ap, i.e., ﬁ+(y,,) = ﬁ+(yr—), we set Ggy”) =0 and in
this case we understand Ky, ,(0,t, Y, ...,yr) = 1. When y, € Ay but y; ¢ Ap for
one or more i, m < i < r, we understand the corresponding events {I';/t € [a;, b;)}
are omitted from the conditioning in .

With this notation in place we can now state Theorem [3.1] the main result of this

section, which provides in characteristic function form the conditional distribution
of M X, given AXt(T), or given AXt(m), e ,AXt(T).

Theorem 3.1. Take integers r,m € N with 1 < m < r, and real numbers vy, >
o>y >0,0 R, t >0. Then we have the identities

E(eiemxt \AXt(T) =yr) = E(eiext(m ) EKrr(6:t,yr) (3.6)

and

(yr)

E(eie(T)Xt ‘ AXt(z) =9y, m< 1< 7‘) = E(eigxt )me(@,t,ym, ceey yr)' (37)

Proof of Theorem We prove (3.6]), then show how it can be extended to (3.7]).
First suppose y, € Ap. From ([3.2]) we have

P(AX) =y,) =P (T/t) = y)
= P(T,/te [ (y,), 0 (yr—))) =PI/t € [ar, b)) > 0. (3.8)

(In the last equality, recall (3.4]).) Since the probability in (3.8) is positive, we can
compute, by elementary means, using (3.2)) again,

P("X; <, AXt(T) =yr)
P(AX" =)
P(Xfr/t +GIt < T, te [ar,br)>
P(T,/t € [ar b))

_ P(XtFT/t + Gt < gl te R(yr))7 (3.9)

P(X, <z|AX) =y,) =

10



where R(y,) := [ar,b;). Going over to characteristic functions, we find, since X/,

GY and I', are independent for each v > 0,
P (T, /t € dv)
(T'r/t € R(yy))

Whenever v € R(y,), then ﬁ+’<_(v) =y, and X} = Xt(yr) (recall (3.3))), while

E(ei0<T>Xt \AXt@ _ yr) _/ E(eiGXz’) E(eiOG%’) (3.10)
UGR(yr) P

k(v) = ﬁ+(yr—) —v = K(Yr,v) and GY = yrYie(y, 0) = Ggyr’v). Consequently the
RHS of (3.10) is
iy (ur) s0(rsTr/t) sy (ur
B0 V(" V0, 1t € R(y,)) = B(eX" (0,80,
as required for (3.6)).

The conditional probability in is in fact the Radon-Nikodym derivative of
the measure P((T)Xt <u, AXt(T) < ) with respect to the measure P(AXt(r) < ) on
(0, 00) when y, is an atom of II. Alternatively, suppose II is continuous at y,. Then
we write, from , fort >0, y. > 0,

P(Mx, <z, AX) <y,) = / P (X} +GY <z)P(T,/t € dv)
{v>0: 7 (v)<y,}
(3.11)
and
P(AX") <y,) = / P (T, /t € dv). (3.12)
{v>0:TT7 (v)<y, }

Since P (I';/t € -) is absolutely continuous with respect to Lebesgue measure we

can use the differentiation formula in Thm.2, p.156 of Zaanen| (1958)) to calculate

the Radon-Nikodym derivative. Thus we evaluate (3.11)) and (3.12)) over intervals
(yr — & ,yr + 1) and take the limit of the ratio as e+ | 0. This produces

P(X, <z|AX") =y,) = P(X) <), (3.13)

and since K, ,(0,t,y,) = 1 in this case, we get (3.6 again.
This completes the proof of (3.6). Next we extend it to (3.7). Assume y,, >
-+- >y, >0 are in Ayy. Then (3.8]) generalises straightforwardly to

PAXY =yim <i<r) =P/t € ai,bi), m<i<r)>0, (3.14)
and (3.9) becomes
P(VX, <z |AXY =y, m<i<r)
= P(Xtrr/t + G{T/t < |0/t € [ag, b)), m <i < r). (3.15)

Going over to characteristic functions and recalling Ky, (6, t, Ym, . .., yr) in (3.5)) we

get (3.7).
The cases when some or all of the y; are continuity points of II can be analysed
as for ([3.6)). Since we do not need these formulae for the proofs we omit details. [
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Remark 3.1. (i) When calculating conditional probabilities, we should check that
they have the requisite measurability and integrability properties. The expressions in
and are clearly measurable with respect to their variables, and that they
integrate to give the respective joint distributions of (") X; and the relevant AXlt(i)
is easily checked by decomposing integrals into discrete and absolutely continuous
components. Effectively, since all of our calculations ultimately involve integration
with respect to the absolutely continuous gamma distributions, the needed properties
follow automatically.

(ii) , and show that in general the Markov property for the ordered
large jumps does not hold, as Ki,(0,t,y1,...,yr) # K, ,(0,t,y,) in general. But
when y, is a continuity point of ﬁ+, then equality does hold here and we do have
the Markov property. This parallels the similar situation for order statistics of i.i.d.

random variables.

Using Theorem and (3.3)), conditional characteristic functions of " X; can
be written as in the next corollary. For (3.16) and (3.17), set m =1 < r in (3.7).
Corollary 3.1. ForreN,y1 >ys>--->y.>0,0 e R, t > 0,
E(eiamXﬁ } AXt(i) =9, 1 <i< T)
= exp (i@t’y(yr) - %t0'292 +1 (eiOx —1- 19x1{|x|§1})ﬂ(dx)>
XKL,«(H,t,yl,yQ,...,yr). (316)
Suppose X is a subordinator (so 0® = 0) with drift dx := v — [,_, ., #II(dz).
Then the RHS of (3.16]) can be replaced by

exp <i€tdx + t/ (eiem - 1)H(d:c)> X K10, t, 91,92, -, Yr)- (3.17)
(0,yr)

(7OO,yT)

The next corollary follows immediately from (3.7)). Recall the definition of px
in (2.5). For (3.18)), replace r by r + n and set m = r in ({3.7).

Corollary 3.2. Forre N, ne Ny, yp > - >4y >0, 0 € R, t >0,

(r+n) _ (r+n)
E( exp (ié’ Xi —tpx(AX, )) ‘AX(k) =y, r<k<r+n) = e to?0? /27
AXH ' ’

exXp (t/( 3 (eiew —1- 191‘1{|m|§1})1_[(y71+ndm)> X KT,T+n(0/yT+n7 t, Ypryooo ,yr+n).

(3.18)
Suppose X is a subordinator with drift dx. Then

rnx, — .
E(exp (i@%) ‘ AXt(z) =y, 1<i< r))
AX,

= exp (t/( ) (elax_l)H(yT‘dm)> XKl,’r(e/yTat7y17y27"'7y7")' (319)
0,1
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Proof of Corollaries and (3.16) follows from Theorem using (3.3).
Then (3.17)) follows from (3.16]) by rearranging the centering terms. (3.18)) follows
from (3.16]) and (2.5), and (3.19) follows from (3.18]). O

Another formula follows similarly from (3.17]):

Corollary 3.3. Suppose X is a subordinator with drift dx. Then for 6 € R, t > 0,
reN, neN,

(r+n) x, — ,
Ax™

= exp <t/( | (eiex/yr - 1)H(dm)) X Ky pin(0/Yrs t Yry o ooy Yrtn)- (3.20)
07y7‘+n

For the proofs in Section [4] we also need the following result.

Proposition 3.1. Suppose II(-) € RVy(—a) with o € (0,2), and keep r € N and
n=2,3,.... Takexp > 1 for 1 <k <n-—1. Then forxz >0

(r+k)
limP(AXt >ap, 1<k<n-—1 ’ AXTT = xH+’<_(1/t)>
10 AXt(TJrn)
_ p(J,g'?l (BY®) > a1 <k <n— 1), (3.21)
where Jéljl(u) > Jr(i)l(u) > e > Jg:l)(u) are the order statistics associated

with the distribution in (2.6), By, is a Beta(r,n) random variable independent of
(Ji(u))1<i<n—1, and the limit is taken ast | O through points x such that a:ﬁ+’<_(1/t)
. . =+
18 a point of decrease of I1" .
When r = 0, (3.21) remains true if the RHS is replaced by
PLW, >z 1<k<n-—1) (3.22)

n—1

where Lgi)l are the order statistics associated with the distribution in (2.7)).

Remark 3.2. (3.21) and (3.22) can be stated in a unified fashion if we make the
convention that By, = 0 a.s., put « = 0 in (2.6)), and identify (J;(0)) with a sequence
(L;) of independent and identically distributed random variables each having the
distribution in . Similarly for the corresponding statements in Theorem

Proof of Proposition This is a variant of the proof of Theorem Assume
II(-) € RVh(—a) with o € (0,2) and choose 7 € Ng, n = 2,3,..., 7, > 1. For brevity
write ¢ := ﬁ+’<_(1/t), t > 0. First suppose T is discontinuous at xq, > 0, so

P(AX™™ = 2¢;) = P(Trin € [ar(x), be(2)),
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where a;(z) := tﬁ+(a:qt) < bi(z) == tﬁ+(a:qt—), and consider the ratio

P(AXT™ > g AXTT 1<k <n—1, AXUT = 24))
P(AX{" = 2q,)
P(ﬁ+’<_(I‘r+k/t) > aprg, 1 <k <n—1, ay(z) <Trgp < bi(w))

N P(at<x) < Fr-i—n < bt(w)) . (3'23)

With f,1,(y) as the bounded, continuous, density of I, the denominator in ([3.23])

is, by the mean value theorem,

bt ()
[ e = @) e antd) (3.24)
at(x

for some & (x) € [at(x),b(x)). Let ci(zk, ) = tﬁJr(xkacqt). Recalling (3.2)), the
numerator in (3.23)) can be written as

P(Tpqp < tﬁ+(a:kxqt), 1<k<n-—1, a(z) <Trpp < be())
bt (z)
= / P(FrJrk < Ct(xkvx)a 1<k<n-1 ’Fr-i-n = y)fr—l—n(y)dy

()

be () T
_ / P( rik  GlTn®) g, 1> Fran(y)dy. (3.25)
at(x) Fr—i-n Y

In the last equation we used that (I'y 4% /T'y41n)1<k<n—1 is independent of I'; 1, (using
“beta-gamma algebra”; see, e.g., [Pitman| (2006, p.11)).
Again using the mean value theorem the last expression in (3.25) equals

(be(2) — ar()) an(nt(m))P(?*’“ <elmht) 4 g 1> (3.26)
r+n 77t($)

for some n:(z) € [ai(x),bi(x)). Recall and that ¢ := ﬁ+’<_(1/t) to see that

cach of a;(z), b(x), & () and 1 (x) tends to 2™, that frin(&(2)) and frin(n:(2))

both tend to frin(27%), and that ci(zy, z) tends to (zix)™%, all as t | 0. Take the

ratio of the numerator of in the form to the denominator in the form

(13.24), and let ¢ | 0 to get the limit of the ratio in (3.23) as

r
P( ”’“<x,;a,1§k§n—1). (3.27)
Fr+n

This gives an expression for the limits on the lefthand side of (3.21]) and ([3.22]).
To write them in the forms of the righthand sides of (3.21) and (3.22), first take
r € N, and use the fact that, conditionally on I', /Ty, = s > 0,

Ly Drnss) Do) (n1)
(Fr+n""’ - >_ (Unfl,...,Unfl ) (3.28)

14



where (U,(f_)l)lgz‘gn—l are the order statistics of a sample (s+ (1 —$)U;)1<i<n—1, with
(Ui)i<i<n—1 ii.d. uniform [0,1]. Thusfor 0 < s <1<z

- s T%—3s
P 1-— <z *)=P < = )
(S+( s)Ul_a: ) (Ul_ 1—8) 1—_s

This equals P(Ji(s'/%) < 2~%) as calculated from (2.6) so we get the required

representation in (3.21). When r = 0, (3.28) remains true with (ngl)lgign—l the

order statistics of (U;)1<i<n—1 i.i.d. uniform [0, 1], and since P(U; < z7%) =27 =

P(Ly > z), with Ly as in (2.7, we get (3.22)).
Next suppose " is continuous at xqy, © > 0, and xq; is a point of decrease of
IT". Hold ¢ > 0 fixed. The continuous case analogue of the ratio in (13.23) is

. P(AXt(Hk) > a:kAXt(Hn), 1<k<n—-1,zq¢—e< AXt(Hn) < xzq + 5)
im
1o P(zg —e < AX < 2, +¢)

(3.29)
Letting at(x,e) = tﬁ+(a:qt +e) < bi(z,e) = tﬁJr(acqt —¢) for € € (0,2q;), the

denominator in ([3.29) is

bt (z,€)
/ fr-i-n(y)dy = (bt(‘r’ 5) - at(x7 5))f7"+n(€t($’ 5))7 (330)

t(ZE,E)
for some &(z,e) € [ai(z,€),bi(x,e)). Note that the righthand side of ([3.30)) is
positive since zgq, is a point of decrease of I . Let ci(zg, z,€) = i (xg(zq — €)).
By a similar calculation as in (3.25) (but noting the inequalities in (3.29)) as opposed
to the equality in (3.23))), the numerator in (3.29) is not greater than

/’bt(xva) P <Fr+k < Ct(x]w .’L’, E)
a

Pr—i—n Y

,1<k<n— 1) fren(y)dy

t(x,a)

Ct(xka$75)

= (by(z,e) — at(a:,5))fr+n(77t(:z,5))P<Fr+k <

,1<k<n-1
| ni(w,€) )

where ny(x,€) € [ai(x,€),bi(x,€)). Letting £ | 0 we find an upper bound of the form

P<AXt(T+k) > :L’kAXt(H_n), 1<k<n-— 1‘AXt(T+n) = mqt>

=+
< P<Fr+k - tﬂi(ka%—)
| A tIl " (xqy)

,1§k§n—1>

at points t > 0, z > 0, such that zq; is a point of decrease of o Similarly we get a
lower bound with tﬁ+(a:kxqt) replacing 11" (xxxrg:—). Then as ¢ | 0, on account of
the regular variation of ﬁ+, both bounds approach the expression in , which
can be re-expressed in terms of the J; and L;, as shown. Having reached the same

limit in both cases, we have proved Proposition [3.1 U
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4 Proofs for Section 2

Throughout this section X will be a Lévy process in the domain of attraction at 0 of
a non-normal stable random variable. Thus the Lévy tail II is regularly varying of
index —a, a € (0,2), at 0, and the balance condition holds at 0. Since a; >0
in (2.1), also o e RVy(—a) at 0.

Proof of Theorem n: (i) Take r € Ny, n € N, and choose x1 > -+ > z,_1 > 1,
Tp, = 1, 0 € R, 1 < k < n, and v > 0. For shorthand, write Mt(Hn) for
pX(AXt(r+n)). We proceed by finding the limit as ¢ | 0 of the conditional char-

acteristic function

n nx, — (r+n) (r+k) (r+n)
E<exp (izek( X (%t ))‘Axh)_wk’lékm’ﬁ)&_Ul/a>
o AXY AX I 1/

O O (X, — M)
= E<exp (1 Z — " i
=1 Tk Ax
‘AX,S”*“ Axim _v_l/a)
)

— =23, 1 <k<n-—1, —
Axr T (1/t

(4.1)
Decompose (") X, as follows:
MX, L AXTH e,

23

+ )
AXTT Ax T Ax T

(4.2)

and recall the definitions of 2, and 6, in (2.10). Given the conditioning in (1)),
the first component on the RHS of (4.2) equals > ;_; zx = Zn4, S0 we can write the

RHS of (4.1) as

_ X, TN | AX R
619n+1‘n+ X E<eXp <19n+ : (T+n)t > ‘-‘,—,(—t = mkv_l/av 1 S k g n)
AX] I (1/t)

(4.3)
(recall z,, = 1). Then by (3.18) with 6 replaced by §n+, yr replaced by yr(t) :=
xkv_l/aﬁﬁF(l/t), and o2 = 0, the expression in ([4.3)) equals

B exp </ (eig'”x -1- i§n+x1{|x<1})tH(U_1/aH+&(1/t)dx))
(—00,1) -

XKT+1,r+n(5n+/yr+n<t)v t, yr+1(t), cee ayr+n<t)) (4.4)

(again, recall z,, = 1). By (2.2)), we have tﬁ+(v_1/o‘ﬁ+’%(1/t)) — v, and hence
tﬁ+(v*1/aﬁ+’<_(1/t)da;) — vA(dz), z > 0, vaguely, as t | 0. The limit of the second
factor in (4.4) can then be found straightforwardly using integration by parts and

applying (2.1)) and (2.2).
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The term containing K in (4.4) is negligible here, as follows. Note that I in
RVy(—a) implies Aﬁ+(:c) = ﬁ+(x—) —ﬁ+(m) = o(ﬁ+(x)) as z | 0. Recall K, ,4,, is
defined in (3.5), and x(y,v) = ﬁ+(y—) — v. Substituting y,4,(t) = v_l/o‘ﬁ+’<_(1/t)

for y gives

ta(yrin (), 0/t) = AT (0T (1/1)-) -
= I (o YOI (1/8) — v+ tA(TT (0oL (1/1)))
= (I (0™ YOI (1/8) — v+ o(tIT (v~ VoTT ™ (1/4)))
— v—v=0, ast ] 0. (4.5)

Furthermore, Ggy“r"(t)’r’"*”/ D /Yr+n(t) has the distribution of Y., . (), /+) and
hence tends to 0 in probability when ¢ | 0. So we can ignore the K term in (4.4]).
We conclude that the expression in (4.4]) tends as ¢ | 0 to

eifntans exp ( / (ei§"+x —-1- ign+a;1{|x<1})/\(dx)). (4.6)
(—o0,1) B

Thus, by (4.2)), to find the limit as ¢ | 0 of

< Qk((r)Xt _ tMt(T+")))

Eexp <1 Z )
r+k
o ax

we multiply (4.6) by the limit, as ¢ | 0 through points v such that v_l/aﬁ%e(l/t)

is a point of decrease of ﬁ+, of

(r+k) (r+n)
P<AXt € dzg, 1 gkgn—1)Afi 1/a>
AXx (/e
(r+n)
><P<M& c d(v‘l/a)),
(1/t)

and then integrate over v and the z P

From (3.21) when r € N and from (3.22)) when r = 0 we see that the limit of the

conditional probability depends only on the J, (k) (k )

while by ([2.2))

P(AXIT s o e (1)) = P T+n/t) v VT (1))
= P(Tpgn < I (0 VoI (1/1)))
P( r+n<v) astiO

Zyor L,”, and B, ,, and not on v,

_)

*We use the result: [ fi(w)Pi(dw) — [ f(w)P(dw) when P, — P are probability measures and
ft — f, f continuous, |f| < 1. In (4.1)), the f; are characteristic functions and the limit distribution
P in (4.7)) is continuous in all its variables.
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Putting the RHS of (3.21)) or (3.22) together with the expression in (4.6) we can
write the limiting characteristic function of the n-vector on the LHS of (2.11]) as

_ oo 1 = ~
/T olnt-nt / exp <U/ (619n+1' 11— ign+$1{x|<1})A(dx))P (Tyin € do)
xT>1 0

—0o0

x P(J™ (BY®) e dap, 1<k <n—1) (47)

when r € N, and with each JSC_)I (B%/na) replaced by Lglk_)l when r = 0. Recall that
fxTzl denotes integration over the region {x1 >z > -+ > 2,1 > 1}.

Note that, with A defined as in (2.3)), A(z) € RVp(—«) and A" and A~ satisfy
(2.1). So exactly the same calculat with ASY“) replacing AXt(k), forr +1 <
k < r+mn, and A replacing II (and no limit on ¢ is necessary), shows that the
characteristic function of the vector of stable ratios on the RHS of equals
when r € N or the corresponding version when r = 0.

(ii) To derive and the corresponding version when r = 0, observe that the
exponent inside the integral in is the characteristic function of a Lévy process
(Wy)v>0 having Lévy triplet (0,0, A(dx)1(_ 1)), that is, of a Stable(a) process with
jumps truncated below 1. So the integral with respect to v in is

/ E (e We)P (T, 1, € dv) = B+ Wrran),
v>0

and thus we obtain when r € N and the corresponding version when r = 0
with the J; replaced by Lj;.

When r € Nand n = 2,3, ..., the alternative representation in is obtained
by evaluating the dv integral in , resulting in (recall ¥(-) defined in ):

0k (M X, — tpx (AXTTM))

; AX )
"L 0x (S — PS(ASYM)))

; AS™ >

/ G vT+n—16—v(1—¢(§n+))
= et "+/ dv
xT>1 v>0 L(r+mn)

x P(J™ (BYY) € day, 1 <k <n—1), (4.8)

n—

Eexp (i

— Eexp <i

equal to the expression in (2.13). When r € Ny, n = 1, similar working shows that
(4.7) can be replaced by

i (et (B Ax()
10

4This easy correspondence is the reason for adopting the nonstandard centering in (2.4).
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= ¢l x / exp (v/ (€ —1- i9w1{|x<1})A(dx))P (Typ1 € dv)
v>0 (—o00,1) B

= x E(?"Tri1), 9 € R. (4.9)
(iii) Finally, to prove (2.15) when r € N, set §; = --- = 60,1 = 0, 6,, = 6 (so

§n+ = 6 and, recall, z,+ = x1 +---+x,—1 + 1) in (4.8) to get the characteristic
function of the RHS of (2.14]) equal to

10z,
/ —+T+HP(J(’“) (BL®) € day, 1 <k <n—1)
xt>1 (1 —1(0))

i0

i0
/ (Eewh(u))"—lp(g,{/na € du)
O<u<1

e

T 1= g0)
ew
= WE(gb”_l(G, Bqln,/na))a

where ¢(0,u) = Ee?/1(%) as in ([2.9), with [¢(0)| < 1 when |d| < 6. Similarly, (4.9)
can alternatively be written as e times the expression in (2.17). The r = 0 case
follows as before. g

Proof of Theorem In this proof X is a driftless subordinator whose Lévy tail
measure is in RVp(—a), 0 < a < 1. From (3.2)) we obtain the Laplace transform

EeXp ( (T+n)X ) / / tf(o a) Mf/b)H(d$)—tf‘i(w/t)(l_efka/b)
y>0 w>y

x P(T, € dy,Tyyy, € dw), (4.10)

where A > 0 and for brevity
e —
a=a(w,t):=1 (w/t) <b=>b(y,t):=1T (y/t), t>0, w>y>0

(we can write II and TI" for O and T in (3.20)). We derive an upper bound
for the exponent in (4.10)) as follows. Keep 0 < t < ¢y for a fixed ¢ty > 0, throughout.
First, the integral in the exponent of (4.10)) is

t/ (1—e*AI/b)H(dw) < t(/\/b)/ e/’ (x)dz  (integrate by parts)
(0,a) 0
a/b .
) / e T (bx)dz. (4.11)
0

Now a(w,t) — II' (+00) = 0 as w — oo or ¢ | 0, and b(y,t) — I (+o00) = 0 as

y — oo or t | 0. To compare the magnitudes of a and b we use the Potter bounds
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(Bingham, Goldie and Teugels (1987, p.25)). Since IT € RVy(—a) with 0 < a < 1,
given n > 0 there are constants ¢ > 0 and zp = 29(n) > 0 such that

II(p2)

— <cpu "M forall pe (0,1), z € (0,20); (4.12)
1I(z)

and since TI' € RVio(—1/a) we also have

=

I (p2)
()

<ep Vot forall p>1, 2> 1/ (4.13)
(where ¢ and zp may be chosen the same in both cases, and n < 1/«). Thus for
0<z<a/b<1and0<b< z, using (4.12)),

T (bx) < cta™ "ML(b) = cta™* "L (y/t)) < cyz ",

and we have b < 29 if II” (y/t) < 2o, i.e., if y/t > T(z0). For w >y and y/t > 1/z,

using (L.13),

T /) T (w/y)y/t) | (w\ T e

T T (5) =@ u
Now keep y/t > 21 :=II(29) V (1/2) and 0 < < 1 — « (so also n < 1/a). Then by
(@17)

¢
b

a/b .
t/ (1- e_)‘x/b)ﬂ(dx) < t)\/ e MTI(ba)dx
(0,a) 0

a/b cAy a\1l-a-n
< —angy — — 29 (2
C)\y/o v dz 1—04—17(1))
y\b
<d\y (E) =: Ag1(w,y), (4.15)

where ¢/ ;== /(1 —a—-n)>0and B:= (1 —a—n)(1/a—n) > 0.
Alternatively, when y/t < z1, we have b = II' (y/t) > " (21), while t < ¢
implies a = I (w/t) <" (w/ty). Then

— e /b T xII(dx
t/(oﬂ) (1 J(de) < t()\/b)/ 1(der)

(0,0)
< oM (21)) 2I1(dz)
(0T (w/to))
= Ag2(w). (4.16)
For the term containing « in (4.10]), we have, for all = € (0, 2g),
All(z) = H(z—) — I(x) < T(z/2) — II(x) < 2°Tcll(x)
by (4.12). Thus for all ¢t > 0 and w > y > 0, using (4.5)),
tr(w/t) < AL (w/t)) < 20T (w/t)) < 20w,
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because we kept y/t > II(z), as a consequence of which TI' (w/t) < " (y/t) <
29. Then tr(w/t)(1 — e /%) < 2%FMwla/b. When w > y and y/t > 1/,
te(w/t)(1 — e /b) < 2092\ (y/w)/ 2 by (EI4). When y/t < 21, so b >
I (21), th(w/t)(1 — e /YY) < 20%1ewITT (w/t) /I (21). So an overall upper
bound for the term containing x in is

tr(w/t)(1 — e /)

< Ags(w,y) := 2% max (CQAw(y/w)l/a_", cw)\ﬁk(w/to)/ﬁ%(zl)). (4.17)

Combine (4.15)—(4.17) to get an upper bound for the negative of the exponent
in (4.10) of the form

Ag(w,y) := A(max(g1(w,y), g2(w)) + g3(w, y)).

So, for all 0 <t <tg,n €N,

(r+n) x
Eexp | —A ( )t > / / e toAg(wy)p (T, € dy, Ty € dw)
AXtT y>0 Jw>y

= E(e 0A9Trenln)) (4.18)

Now when w — oo, gi1(w,y) — 0 for each y > 0 (see ({£.15)) and g2(w) — 0 as
w — 00 because II' (w) — 0 as w — oo (see ([@.16))); while g3(w,y) — 0 for each
y > 0 because TI' € RVio(—1/a) and 0 < a < 1 (see [@.17)).

Finally, since 'y, 2 50 as n — oo for each r € N , we can let n — oo and use
Fatou’s lemma in to see that

(r+n) x
Eexp (—)\mt) — 1, as n — oo,
AX,

for each r € N, uniformly in A\ > 0 and ¢t € (0,t9]. We deduce convergence in
probability in (2.21)) uniformly in ¢t € (0, ¢] from this.
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