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Abstract In this paper the asymptotic behavior of the conditional least squares estimators of the offspring mean
matrix for a 2-type critical positively regular Galton—Watson branching process with immigration is described.
We also study this question for a natural estimator of the spectral radius of the offspring mean matrix, which
we call criticality parameter. We discuss the subcritical case as well.
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1 Introduction

Branching processes have a number of applications in biology, finance, economics, queueing theory etc., see e.g.
Haccou, Jagers and Vatutin [6]. Many aspects of applications in epidemiology, genetics and cell kinetics were
presented at the 2009 Badajoz Workshop on Branching Processes, see [18].

The estimation theory for single-type Galton—Watson branching processes with immigration has a long
history, see the survey paper of Winnicki [21]. The critical case is the most interesting and complicated one.
There are two multi-type critical Galton—Watson processes with immigration for which statistical inference is
available: the unstable integer-valued autoregressive models of order 2 (which can be considered as a special 2-
type Galton—Watson branching process with immigration), see Barczy et al. [3] and the 2-type doubly symmetric
process, see Ispdny et al. [9]. In the present paper the asymptotic behavior of the conditional least squares (CLS)
estimator of the offspring means and criticality parameter for the general 2-type critical positively regular
Galton-Watson process with immigration is described, see Theorem 3.1. It turns out that in a degenerate case
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this estimator is not even weakly consistent. We also study the asymptotic behavior of a natural estimator of
the spectral radius of the offspring mean matrix, which we call criticality parameter. We discuss the subcritical
case as well, but the supercritical case still remains open.

Let us recall the results for a single-type Galton-Watson branching process (Xj)rez, with immigration.
Assuming that the immigration mean m. is known, the CLS estimator of the offspring mean m¢ based on
the observations Xi,...,X,, has the form

() _ Doy X1 (X — me)
mg = - 5
' 2 m1 Xi—1
on the set >} ; X7 | >0, see Klimko ans Nelson [14]. Suppose that m. > 0, and the second moment of the
branching and immigration distributions are finite.

If the process is subcritical, i.e., m¢ < 1, then the probability of the existence of the estimator ﬁzén) tends
to1las n — oo, and the estimator T?Lén)

the third moments of the branching and immigration distributions are finite, then

is strongly consistent, i.e., ﬁzé") 25 me as n — oo. If, in addition,

Ve E(X3) + V. E(X?)
[E(X2)]*

a2 (@ —me) 2 /\/<0, > as n — oo, (1.1)

where Ve and V. denote the offspring and immigration variance, respectively, and the distribution of the
random variable X is the unique stationary distribution of the Markov chain (Xj)rez, . Klimko and Nelson
[14] contains a similar results for the CLS estimator of (mg,m.), and (1.1) can be derived by the method of
that paper, see also Theorem 3.4. Note that IE()N( 2) and E()N( 3) can be expressed by the first three moments
of the branching and immigration distributions.

If the process is critical, i.e., m¢ =1, then the probability of the existence of the estimator ﬁzé") tends to
las n— oo, and

1
~(n) 1) i) fO X d(Xt - mst)

n(m as n — 0o (1.2)
§ 1 )
Jo X2dt

where the process (X;)ier, is the unique strong solution of the stochastic differential equation (SDE)

dX; = m.dt + ‘/%X;r dW, t€R+,

with initial value Xy =0, where (W)ier, is a standard Wiener process, and x denotes the positive part
of x € R. Note that this so-called square-root process is also known as Feller diffusion, or Cox—Ingersoll-Ross
[4] model in financial mathematics. Wei and Winnicki [20] proved a similar results for the CLS estimator of
the offspring mean when the immigration mean is unknown, and (1.2) can be derived by the method of that
paper. Note that X Dy X as n— oo with Xt(") = n_lXLntJ for t e Ry, n €N, where |z]| denotes
the (lower) integer part of x € R, see Wei and Winnicki [19]. We call the reader’s attention that we use the

notation — for the weak convergenge in the Skorokhod space and also for the weak convergence in R. Based
on the context it should be clear which convergence do we think of. If, in addition, V; =0, then

v

2
€

n3/2(ﬁ1§") -1y N(O, ) as n — oo, (1.3)
see Ispany et al. [12].

If the process is supercritical, i.e., m¢ > 1, then the probability of the existence of the estimator i

(n)
3

~(n) a.s,

tends to 1 as n — oo, the estimator m is strongly consistent, i.e., Mg~ — Mg as n — 00, and

n 1/2 2
n 1
E Xk-1 (’fl\’Lé ) me) 2N (o, (277%74—) Ve as n — oo. (1.4)
Pt ) mg +me+1 7
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Wei and Winnicki [20] showed the same asymptotic behavior for the CLS estimator of the offspring mean when
the immigration mean is unknown, and (1.4) can be derived by the method of that paper.

In Section 2 we recall some preliminaries on 2-type Galton-Watson models with immigration. Section 3
contains our main results. Section 4 contains a useful decomposition of the process. Sections 5 contains the
proofs. In Appendix A we present estimates for the moments of the processes involved. Appendix B is devoted

to the CLS estimators. An extended version of this paper with more detailed proofs is available on arXiv, see
[15].

2 Preliminaries on 2-type Galton—Watson models with immigration

Let Z4, N, R and Ry denote the set of non-negative integers, positive integers, real numbers and non-negative
real numbers, respectively. Every random variable will be defined on a fixed probability space ({2, A4,P).

For each k,j € Z, and 4,/ € {1,2}, the number of individuals of type i in the k"™ generation will be
denoted by Xy ;, the number of type ¢ offsprings produced by the j* individual who is of type i belonging
to the (k— 1) generation will be denoted by &k ji¢, and the number of type i immigrants in the &
generation will be denoted by ¢y ;. Then we have

X
X1 " [&ri1a
X2 Ekj1,2
Here {Xo, Epiis ek kjeN ie{l, 2}} are supposed to be independent, where
X1 kgl €k 1
Xy = ) ék,j,i = - ’ €k = .
X2 Ekjri2 €k,2

Moreover, {& ., :k,j € N}, {§ ;2 :kj €N} and {er: k € N} are supposed to consist of identically
distributed random vectors.

Ek,1

+

Xk—1,2 [
&k,5,2,1
+

€k,j,2,2

] , keN. (2.1)

j=1 j=1 €k,2

We suppose E(|[€; 1 1]|?) < oo, E([|§;1?) < oo and E(|[e1]|?) < co. Introduce the notations
me, = E(SLM) S Ri, me = {mgl ng € Ri“, me := E(sl) S Ri,
Ve, == Var(&, ;) € R?*?, V.= Var(e) e RZ?, i€ {1,2}.

We call the parameters mg and m. the offspring mean matrix and the immigration mean vector respectively.
Note that many authors define the offspring mean matrix as mg For k€ Zy, let Fi:= U(XO, X4, ..., Xk).
By (2.1),

E(Xk |]'—k71) = Xk,171 mye, + Xk,LQ mye, + me = mg X1 +me. (2.2)

Consequently,
E(Xy) =meE(Xp1)+me, ke,

which implies

k=1

E(Xi) =mg B(Xo)+ Y mime, kel (2.3)

j=0
Hence, the asymptotic behavior of the sequence (E(Xj))rez, depends on the asymptotic behavior of the
powers (mlg)keN of the offspring mean matrix, which is related to the spectral radius r(mg) = o € Ry
of mg (see the Perron-Frobenius theorem, e.g., Horn and Johnson [7, Theorems 8.2.11 and 8.5.1]). A 2-
type Galton-Watson process (Xj)rez, with immigration is referred to respectively as subcritical, critical or
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supercritical if o<1, p=1 or o> 1 (see, e.g., Athreya and Ney [1, V.3] or Quine [17]). We will write the
offspring mean matrix of a 2-type Galton—Watson process with immigration in the form

_ |8
mye = |:y 5‘| . (2.4)

Then its spectral radius is

a+0+/(a—0)2+4By (2.5)
5 : .

We study only critical 2-type Galton—Watson processes with immigration, i.e., when p = 1, which is equivalent
to «o,0 €[0,1] and f,v € [0,00) with By = (1—«a)(1 —9). We will focus only on the case when the offpring
mean matrix is positively regular, i.e., when there is a positive integer k£ € N such that the entries of m’g are
positive (see Kesten and Stigum [13]), which is equivalent to 3,7 € (0,00), «a,d € Ry with a+d > 0. Then
the matrix mg¢ has eigenvalues 1 and

Ai=a+d6—1€(-1,1).
By the Perron—Frobenius theorem (see, e.g., Horn and Johnson [7, Theorems 8.2.11 and 8.5.1]),
mlg — urightugﬁ as k — oo,

where Uyigny is the unique right eigenvector of mg (called the right Perron vector of myg) corresponding to
the eigenvalue 1 such that the sum of its coordinates is 1, and wuiere is the unique left eigenvector of m
(called the left Perron vector of myg) corresponding to the eigenvalue 1 such that (uright, Ulert) = 1, hence

we have

1 B 1 |[v+1-96

Uyi = 51 - ) Uleft = T .
ght B11-al|1_qo left = T 5il-a
More precisely, using the so-called Putzer’s spectral formula (see, e.g., Putzer [16]) the powers of mg can be
written in the form
1 1-9 MNooll—a —
m = Pl , 5
1- v l-a] 1=A] -y 1-94 (2.6)
- urightul—gft + Akvright'vl—‘;%; k S Na

where wiiene and wviery are appropriate right and left eigenvectors of myg, respectively, belonging to the
eigenvalue )\, for instance,

1
Uright = 77—~

1-A

-1+«
B

Next we will recall a convergence result for positively regular and critical 2-type CBI processes. For each n € N,
consider the random step process

-1+«
y+1-94

1
B+1—a«

) Vieft =

Xgn) = nile_ntJ, teR,.

The following theorem is a special case of the main result in Ispany and Pap [11, Theorem 3.1].

2.1 Theorem. Let (Xy)rez, be a 2-type Galton—Watson process with immigration such that o,d € [0,1)
and B,v € (0,00) with a+06 >0 and Py = (1 —«a)(l —3) (hence it is critical and positively regular),
Xo=0, E([|&;1.1]*) < oo, E([|€1,1]%) <oco and E(|le1]]*) < co. Then

(Xz(ﬁn))tGR+ i) (Xt)t€R+ = (Zturight)t€R+ as m — oo (2.7)

in D(Ry,RY), where (Z)ier, is the pathwise unique strong solution of the SDE

dZ; = (Wietr, me) dt + \/<V§uleftauleft>zt+ dWy, t e Ry, 25 =0, (2.8)
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where Wy )ier, is a standard Brownian motion and

2

Ve i= ) (€i, trigni) Ve, =

=1

ﬂvél + (1 N Q)V.E2
4+1—a«

(2.9)
is a mized offspring variance matrix.

In fact, in Ispdny and Pap [11, Theorem 3.1], the above result has been prooved under the higher moment
assumptions E(||€; 1 ,[|*) < oo, E([|€;15]*) < oo and E(|le1]|*) < oo, which have been relaxed in Danka and
Pap [5, Theorem 3.1].

2.2 Remark. By Ikeda and Watanabe [8, Example 8.2, page 221], the SDE (2.8) has a unique strong solution
(yt“’))teR . for all initial values yé =y €R, and if y >0, then yt is nonnegative for all ¢ € Ry with
probability one, hence );” may be replaced by ); under the square root in (2.8), see, e.g., Barczy et al. [2,
Remark 3.3]. O

Clearly, Vg depends only on the branching distributions, i.e., on the distributions of & 11,1 and &; 5 5. Note
that Vg = Var(Y1|Y, = Unight), where (Yi)rez, is a 2-type Galton-Watson process without immigration
such that its branching distributions are the same as that of (X¢)recz,, since for each i € {1,2}, Vg, =
Var(Yl |Y0 = ei).

For the sake of simplicity, we consider a zero start Galton—Watson process with immigration, that is, we
suppose Xy = 0. The general case of nonzero initial value may be handled in a similar way, but we renounce
to consider it. In the sequel we always assume m. # 0, otherwise X; =0 for all k€ N.

3 Main results

For each n € N, any CLS estimator

Yn On

of the offspring mean matrix mg based on a sample X;,..., X, has the form
mg” = B, A, (3.1)
on the set
2, :={we 2:det(A,(w)) > 0}, (3.2)
where
A, = ZXk X =Y (Xp—me) X[, (3.3)
k=1

see Lemma B.1. The spectral radius ¢ given in (2.5) can be called criticality parameter, and its natural
estimator is

) an+5 —i—\/an— 0n)? +4[3n’yn
=1 (M) = : | .1
on the set on the set 2, N f)n with
2= {w € 2y (Gn(w) = 6,(w))? + 4B, (wW)Fn(w) = 0} (3.5)

By Lemma B.4, if <V§'Ulcft7v1cft> > 0 and the assumptions of Theorem 3.1 hold, then P(£2,, N !NZH) — 1 as
n — 0o.
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3.1 Theorem. Let (Xy)rez, be a 2-type Galton—Watson process with immigration such that o,d € [0,1)
and B,v € (0,00) with a+3d>0 and By=(1—a)(l—0) (hence it is critical and and positively regular),
Xo =0, ]E(H51,1,1||8) < 00, E(||§1,1,2H8) < 00, E(H51||8) < o0, and me # 0. Suppose <V£”1efta”1eft> > 0.

Then the probability of the existence of the estimators ﬁz\én), and 0, tendsto 1 as n — oo. Furthermore

—1/2 1 =
S I CUCH T
n1/2(m( ) —mg) — — = s B v (3.6)
(VeWiets, Viers) Jo Vedt
—t elt,
n(i)\n _ 1) D fO yt yt <U1 ft m€>)7 (37)

fo 2 dt

as n — 0o, where (Vy)ier, s the pathwise unique strong solution of the SDE (2.8), and (Wt)teR+ is a
2-dimenional standard Wiener processes independent of (W)icr, -

3.2 Remark. We note that in the critical positively regular case the limit distribution for the CLS estimator
of the offspring mean matrix mg is concentrated on the 2-dimensional subspace R?v, , C R?*2. Surprisingly,
the scaling factor of the CLS estimators of mg is /n, which is the same as in the subcritical case. The reason
of this strange phenomenon can be understood from the joint asymptotic behavior of det(A,) and D, A,
given in Theorem 4.1. One of the decisive tools in deriving the needed asymptotic behavior is a good bound for
the moments of the involved processes, see Corollary A.3. O

3.3 Remark. One of the assumptions of Theorem 3.1 is that (nglc&,vlc&> > (0. Since VE is a positive
semidefinite matrix the only time this condition can fail is when <V£v10ft,vlcft> = 0. In this case the scaling
factor of the CLS estimator of mg is 1 instead of /n, therefore this estimator is not consistent. This is due to
the fact that if <V£’U]eft, Vlert) = 0 then the limit in the second and fourth convergence of Theorem 4.1 is 0. The
extended paper on arXiv contains the explicit limit distribution along with the full proofs in this degenerate
case. O

It would be useful to know the asymptotics of these estimations not just in the critical case, but in the sub-
and supercritical cases as well. We include here the results for the subcritical case. The proof is based on the
martingale central limit theorem, and it can be found in the extended version of this paper on the arXiv. The
same problem in the supercritical case is still open.

3.4 Theorem. Let (Xy)rez, be a 2-type Galton-Watson process with immigration such that o,6 € [0,1)
and B,y € (0,00) with a+06>0 and By < (1 —a)(l—0) (hence it is subcritical and positively regular),
Xo=0, E(|&;1,]*) <oo, E([[€112]%) < oo, E(l|ler]]?) < oo, me # 0, and at least one of the matrices

Ve, Ve, Ve isinvertible. Then the probability of the existence of the estimators ﬁén) and 0, tends to 1

—(n) (n)
M

as n — oo, and the estimators and 0, are strongly consistent, i.e., 2% me and 0, 2% 0 as

n — 00.

If, in addition, E(€;,,]°) < 0o, E([€,,]° < oo and E(|e1]l®) < oo, then

n2(mg —me) 2 Z, (3.8)
n'2(5, — 0) = Tr(RZ) 2 N'(0, Tr[RE2 E(Z%?)]), (3.9)

as n — 0o, where Z s a 2x 2 random matrix having a normal distribution with zero mean and with

E(Z%?) = {Z]E 5171,1»—E(£1,1,i))®2}E[Xi(}?T)@Q]
+E[(e1 — E(e1))®?] E {(YT)W] } <[E(5{)ZT” ®2> R
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where the distribution of the 2-dimensional random wvector X s the unique stationary distribution of the
Markov chain (X)rez,, and

1 1 a—90 2
Ri= (Vr(me))| = 5To + 71
2 2\/(a—0)2+46vy | 2v §—«
4 Decomposition of the process
Applying (2.2), let us introduce the sequence
My, :ZXk—E(Xk|fk_1)ZXk—mng_l—me, kEN, (4.1)

of martingale differences with respect to the filtration (Fy)rez, . By (4.1), the process (X )rez, satisfies the
recursion

szmng_l +me + My, k e N. (4.2)

By (3.1), for each n € N, we have
ﬁ(") —mg = .Dn.A;1

on the set (2, given in (3.2), where A, is defined in (3.3), and

D, :=Y M;X, ,, neN
k=1

By (2.7) and the continous mapping theorem one can derive

1 n 1 1
AL == > XuX) 3>/ x.x] dt :/ V2 dt Wrignett gy, =2 A
[ 0 0

as n — oco. However, since det(.4) = 0, the continuous mapping theorem can not be used for determining the
weak limit of the sequence (n®A;"),cn. To avoid this, we can write

A" me=D,A'=_ ' p 2 N 4.3
mﬁ g n4in det(An) n4in, n e, ()

on the set §2,, where A,, denotes the adjugate of A, (also called the matrix of cofactors) given by

A, = zn: Xl?—l.,z =Xk 11Xk-1,2

) , n € N.
oo L Xe—1,1X k1,2 Xi-1a

In order to prove Theorem 3.1 we will find the asymptotic behavior of the sequence (det(A,,), Dnzn)neN.
First we derive a useful decomposition for X, k € N. Let us introduce the sequence

Y+1-0)Xp1+(B+1—a) X2

Uk = (Wiet, X i) = T keZ,.
One can observe that Uy > 0 for all k€ Z,, and
Up = Up—1 + (Wies, Me) + (Wiete, M), k€N, (4.4)

since  (Wiet, Me Xp—1) = ul—gftmng_l = ul—gfth_l = Uk_1, because wuf is a left eigenvector of the mean
matrix mg belonging to the eigenvalue 1. Hence (Uy)rez, is a nonnegative unstable AR(1) process with
positive drift (wjerr, me) and with heteroscedastic innovation ((wiets, M) )ren. Note that the solution of the

recursion (4.4) is
k

Up = Z(ulcft, M; +me), k €N, (4.5)

j=1
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and, by the continous mapping theorem

(0 Uty ks, = (wiere, X() v, = (ot Xo)ery = Vier,  as n— oo, (4.6)
where ();)ier, is the pathwise unique strong solution of the SDE (2.8). Moreover, let

—(1—=a)Xp1 + BXik2
b+1—a«

Vi i= (Vtett, X&) = ) keZ,.

Note that we have
Vie = AVi—1 + (Vtest, Me) + (Viest, M), k€N, (4.7)

since (Vieg, Mg Xp_1) = vl—gftmng_l = /\vl—gfth_l = AVi_1, because v is a left eigenvector of the mean
matrix mg belonging to the eigenvalue . Thus (Vi)ren is a stable AR(1) process with drift (viefs, me)
and with heteroscedastic innovation ({(vieft, M))ren. Note that the solution of the recursion (4.7) is

Vi = Z )\k_j <'U10ft, Mj + m€>, k € N. (4.8)

By (2.1) and (4.1), we obtain the decomposition

Xp—1,1 Xk_1,2
Mk = Z (Sk,j, Sk;L + Z £;€)]7 51@,] 2)) + (Sk - E(€k)), ke N. (49)
j=1 j=1

The recursion (4.2) has the solution
k .
Xp=)» mgl(me+M;), kel
Consequently, using (2.6),

k
X = + AP te) (Mme + M)
k= urlghtulcft 'Urlghtvlcft me J

k k
T T k—j
= Unignetpng, O (X = MeX ;1) + Vrigniton D AT (X — me X 1)
i=1 =1
k k
T T k—j k—j+1
= Unignt U Y (X — Xjo1) + Vaignevig, Y, (NI X; = MITIX ]
=1 =1

T T
= UrightWiep X k + Vright ViersX k = UkUright + ViUright,

hence
Uy

k

ke, (4.10)

X ;ik,l [ :|
k= = | UWri Ui
Xk7 ght ght

l—a
— 5+f aUk I8+ V
Ui + J—V

5+1 o

This decomposition yields

det(A <Z Uk> <§ V,f) - (nf Uka> , (4.11)
k=1 k=1
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since
det(A,,) = det <Z Xk1X2_1>
k=1
" \U U ' T
= det {uri ht Uri ht} e P |:'Ufri ht Uri ht}
¢ ¢ ; Vi1 ] | Vi1 ¢ ¢
" U U] 2
k-1 k—1
= det {det ([uri ht Uri htD] )
kz::l Vi1 ] | V-1 : :
where
det ([uright vright}) =L (412)

Theorem 3.1 will follow from the following statement by the continuous mapping theorem and by Slutsky’s

lemma.

4.1 Theorem. Suppose that the assumptions of Theorem 3.1 hold. If <V§'U]eft, Viert) > 0, then

n
_ P
Zn 5/2U;€_1Vk_1 — 0 as n — 00,

k=1
1
n_3U,§_1 fO y‘?dt
V e ) e 1

Xn: nE, D Wevpre o) (1) dt

9 — 1 as n — oQ.
k=1 | T MUy fO YV, dM,

—3/2 YVeor. . 1/2 —1/2 01 —~

MV Wevssona) 121y, W,

Proof of Theorem 3.1. In order to derive the statements, we can use the continuous mapping theorem and
Slutsky’s lemma.

Theorem 4.1 implies (3.6). Indeed, we can use the representation (4.3), where the adjugate A, can be

written in the form

. [0 1] & [0 -1
A, = g X XT_ s n € N.
__1 O‘| =1 e _1 0 ]

Ui
Vi1

Ui
Vi1

o T 1"
uright 01 uright Z
T ~10 T

T T
uright 0-1
v v vl 10|
right | /=1 right

L “right
T T
l“righcl lo _11 _ l_”lc&}
T T |
Vyiene | |1 O Uieft

T
urTight 01 urTight _ 01
vlght -10 vgght —10]|’

Theorem 4.1 implies asymptotic expansions

Here we have

4T
n U _
ST My | Y =02Doy + 02D,
P Vi—1 |
n U U 1"
Z - o= n*A, 1+ n5/2An,2 +n’Ans,
=1 Vo] [V
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where

n 1
Dn,l = 71_22.2\4-]@[]]@7161r i) / yt th 6? = Dl,
k=1 0

" V e e 1/2— ! S A
Doy =23 MV o] 2 el vien) gz [Ty gy o1 p,
0

— (1—A\2)1/2
Uz, 0l p [ 10
An 1:= TL_3 Z -1 — / yf dt =: Al,
~10 0 0 00
Aps =52 M A
= | Ue-1Vi-1 0
o= |00 D (Velets, Viett) /1 00
An.3 =n 2 e d s - =7 yt dt = Ag
ST o T L Y o

jointly as m — oo. Consequently, we obtain an asymptotic expansion

01 .

] (n®An 1 +n°?A, 5 +n*A,3) [ m]

O ’ El ’ uT
left

D, A, = (D, +n*?D, ) l

)

T+
—v

_ (n5cn)1 +TL9/2C”72 +7’L4Cn73 +n7/20n,4) [ Tlcft
Upet,

where

01 R 0 1] |10
Chi =Dy, [—10} An,l—n5ZZMkUmU?_1eI[ H ]—0

1 =1 —-10| (00

for all n € N, and

[0 1] 01 01
C,2:=Dy, Apo+ Do A, 2, D, A,

—10] ~10 ~10

[0 1] 01 01
C,3:=Dy; A,z3+ Do A, 2, D, As,

10 ~10 ~10

[0 1] 01
Cha:=Dy» A, 2, D, As

—10] ~10

as n — 0o. Using again Theorem 4.1 and (4.11), we conclude

(evermer) (1 y2 41 1), dt

n_5 det(An) D
— 01 _’U]—‘Eft as n — o0.
D, A0
=10 Ulett

n_9/2Dn:4n
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01 —v
D2 Al Vet
-10 wlg
<ng1cfc,v1cfc / —1/2 0 1| |10] [—vlg
= dtV d
T V; yt W, e 10 00| | ur,

V’Ue , Ve 1/2
_< 5( lft/\zllf;2 / V; dth/ ytth Viesi-

Here

Since m¢ # 0, by the SDE (2.8), we have P()}, =0 for all ¢ € [0,1]) =0, which implies that
]P(fol VZdt fol Vedt > 0) =1, hence the continuous mapping theorem implies (3.6).

The proof of (3.7) can be carried out similarly. For the details see the extended paper on arXiv. O

5 Proof of Theorem 4.1

The first convergence in Theorem 4.1 follows from Lemma B.2.

For the second convergence in Theorem 4.1, consider the sequence of stochastic processes

MY nt] n~t My n-!
zM = N =32 with 2V = | n MU | = | 0 | © My
P h=t n=32M Vi n=32V,

for t € Ry and k,n € N, where ® denotes Kronecker product of matrices. The second convergence in
Theorem 4.1 follows from Lemma B.3 and the following theorem (this will be explained after Theorem 5.1).

5.1 Theorem. Suppose that the assumptions of Theorem 4.1 hold. Then we have

zm Dz as n — oo, (5.1)

where the process (Z)icr, with values in (R?)* is the unique strong solution of the SDE

dW,

dZ, = (¢, Z)ldwl, t Ry, (5.2)

t

with initial value Z9 =0, where (W;)ier, and (Wt)tellh are independent 2-dimensional standard Wiener
processes, and v : Ry x (R?)? — (R2X2)3%2 s defined by

((Wegt, 1 + tme)+)1L/2 0
—1/2
Atw) = | (e +tma )72 « V'
0 SRR (ter, 1 + tme)

for te R, and x = (x1,x2,x3) € (R?)3.

Note that the statement of Theorem 5.1 holds even if <V£'U]Cft, Vlest) = 0, when the last 2-dimensional coordinate
process of the unique strong solution (Z;)cr, is O.
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The SDE (5.2) has the form

—1/2
M, (e M + tme) )12 22 aw,
dZ, = | N, | = (e, My + tme) T2 V2 aw, . teR,. (5.3)
7'”8':7’"8':1/2 T71/2 13
APy | | et = (o, My + tme) Ve dW,

One can prove that the first 2-dimensional equation of the SDE (5.3) has a pathwise unique strong solution
(MEyO))teﬂh with arbitrary initial value M(()yO) =y, € R?, see the proof of Ispdny and Pap [11, Theorem
3.1]. Thus the SDE (5.2) has a pathwise unique strong solution with initial value Zy =0, and we have

—1/2
My f(; <uleft7 M, + Sm€>1/2 ‘/ﬁ / AW,
z, - | N, | = fot (W, M + sme) d M ) teR,.
Pl | Tl [, M.+ ome) P aw,

By the method of the proof of X P, X in Theorem 3.1 in Barczy et al. [2] one can derive

xm X
[Z(”)] N [Z] as n — oo, (5.4)

where
X(n) =n 1X|_nt]7 X, = (Uest, My + tm€>uright, te Ry, n € N.

Next, similarly to the proof of (B.3), by the continous mapping theorem, convergence (5.4) with Uy_1 =
(Wieft, X k—1) and Lemma B.3 implies

1 ~
n73U13 fo <ulcft7 Xt>2 dt
-1 -
eft s Vle 1 Py
- n*QV,f_l D W fo <u1eftv Xt) dt
Z 9 E— 1 as n — oo.
k=t | MUk Jo VedM,
—3/2 _
" MV %ﬂ) ViVe / aw,

This limiting random vector can be written in the form as given in Theorem 4.1, since (wjeft, X +) =Y for all
teRy.

Proof of Theorem 5.1. In order to show convergence zm 2y Z, we apply a theorem concerning the
convergence of random step processes (see [10], Corollary 2.2) with the special choices U := Z, U(n) =Z, (n)
n,k € N, (.7-',5 ))k€Z+ = (Fr)kez, and the function ~ which is defined in Theorem 5.1. Note that the
discussion after Theorem 5.1 shows that the SDE (5.2) admits a unique strong solution (Z7)icr, for all initial
values Z§ = z € (R?)?. The conditional variance has the form

n=2 ’rLigkal n75/2Vk,1
Var(Z,(C") |]:k71) = ’rL_3Uk_1 n_4U]§_l n_7/2Uk—1Vk—1 & VMk
n= Ve nTTPUL Velr nTIVE

for neN, ke{l,...,n}, with Vs, := Var(My | Fp_1), and ~(s, Z")~(s, Z")T has the form

(e, M + smg) (wiese, M + sm)? 0
(Wt Mg") + sme)? (Uiese, Mg") + smg)3 0 ® Vg

0 0 w (trere, MY + sm)?
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for s € Ry, where we used that (west, Mg") + sme)T = (ulcft,Mg") + sme), s € Ry, n e N. Indeed, by
(4.1), we get

Lns]
(wiee, MV + sme) = I D (s, X — meX g1 — me) + (Wiesr, sT0e)

k=1
[ns]
1 5.5
:Ez<uleftuXk_Xk—l _me>+3<uleftame> ( )
k=1
1 ns — |ns 1 ns — |ns
= E<uleft7XLnsJ> + TLJ<uleftame> = EUWSJ + TLJ<uleftame> eRy
for s € Ry, n €N, since wulzme = ul; implies (wep,MeXp_1) = ulymeXp 1 = ul; Xp1 =

(e, X k—1)-

We need to prove that for each T > 0,

1 t —
sup || — Z Vi, — / (e, MUV + sme) Ve ds| — 0, (5.6)
telo, 7] 11" 1 — 0

Lnt] t o b

sup || — Z Uk—1Vr, — / (ties0, M + sme)? Ve ds|| — 0, (5.7)
telo, 7] 11" 1 0

Lnt] t o b

sup ||—; Z U1V, — / (tiese, M + sme)? Ve ds|| — 0, (5.8)
telo, 7] 1T 1 0
A 2 (VeViets, Vietr) [* (n) 9 P
sup || — Z ViV, — T (Wies, MY + sme)* Ve ds|| — 0, (5.9)
telo, T 1M 1 1- 0
L Lt )
sup ||—= Vi1V || — 0, 5.10
t€[0,7] n5/2 ; k ( )
Lt .
sup — U1 Vi1V —0 5.11
te[0,1] n7/2 ; k ( )
as m — oo.
First we show (5.6). By (5.5),
t " AR Py Int] + (nt — |nt])?
/0 (Wiese, MY + sme)ds = 2 ; Uy + TUL"” + o2 (Wiefs, ).

Using Lemma A.1, we have Vi, = Up—1Vg + Vi1 ‘N/E + Ve, thus, in order to show (5.6), it suffices to prove

[nT)
n=?2 Z [Vil 0, n=? sup Ul 0, (5.12)
=1 t€(0,7]
n~? sup [|nt]+ (nt— [nt])*] =0 (5.13)
t€[0,T]

as n — oo. Using (A.3) with (¢,7,7) = (2,0,1) and (A.4) with (¢,4,j) = (2,1,0), we have (5.12). Clearly,
(5.13) follows from |nt — [nt]| <1, n€N, t € Ry, thus we conclude (5.6).
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One can verify conditions (5.7) and (5.8) the same way. Checking conditions (5.8), (5.9) and (5.10) requires
some more work. We only prove (5.9) here, but the same idea of decomposition can be used for the latter
conditions as well. In order to prove (5.9) first we show that

|nt] |nt]

(Ve
=3 S[up] ZVk 1VMk_ £vleft7vleft ZUk 1V§ 2.0 (5.14)
t€l0,7] || 1.1

as n— oo forall T'> 0. Using Lemma A.1, we obtain

[nt] Int) [nt] [nt]

Z ViV, = Z Up-1Vii, Ve + Z VA Ve + Z Vi Ve (5.15)
k=1 k=1 k=1 k=1

Using (A.3) with (¢,i,5) = (6,0,3) and (¢,i,5) = (4,0,2), we have

[nT] [nT]
n=3 Z Vi |? 0, n3 Z V2 50 as n — oo,
k=1 k=1
hence (5.14) will follow from
2 Vv v P
n~3 sup Z Up_ V2 — 8l et/ le“’ left Z Ul |l—0 as n—oo (5.16)
tel0, 7] ||,

for all T'> 0. The aim of the following discussion is to decompose Ek 1J Up—1V2 | as a sum of a martingale
and some other terms. Using recursions (4.7), (4.4) and formulas (A.1) and (A.2), we obtain

2
E(Uk—1Vi_y | Fre2) = E((Uk—2 + (e, M1 + me)) (A\Vi—z + (Viete, M1 + me)) ‘-7:19—2)
= NUj—2Vi2 o + ol B(M g1 M1 | Fi—2) ot Uk—2
+ constant + linear combination of Ujp_oVj_o, Vk272, Uk_o and Vji_o
= /\QUk,QV,f_Q + (nglc&, Vleft ) U]?_2 + constant

+ linear combination of Uy_sVj_o, V,f_Q, Up_o and Vj_s.

Thus

|nt] |nt] | nt|
D UaViy =) (U V2 = EUsa Vi | Fima)] + D E(Un Vi2y | Fio)
k=2 k=2
|nt] |nt] o |nt]
= U aV2 B0k a V2 | Fre2)] + A2 Uk aVi2 g + (Veviess, vien) D U s
Lnt) nt) nt) Lnt)

+ O(n) + linear combination of Z Ur_oVi_a, Z Vk272, Z U,_2 and Z Vi—a.
k=2 k=2 k=2 k=2
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Consequently,
[nt] |nt)
Z Up-1Viiy = —_ 2 Z [kaﬂ/;f,l —E(Ur_1 V2, |}'k,2)}
k=2
nt] A2
Vévlcfc, Vleft)
" 1— A2 Z ULntJ 1VLntj 1 +0(n)
k=2
[nt] [nt] [nt] |nt]
+ linear combination of Z Up_oVi_o, Z Vk{z, Z Up_o and Z Vi_o.
k=2 k=2 k=2 k=2

Using (A.5) with (¢,i,7) = (8,1,2) we have
Lnt] N
n® sup Y [Upk iV, —E(Us 1V | Fe2)]| —0  as n— oo,
t€(0,T] | =2

Thus, in order to show (5.16), it suffices to prove

|nT ] |nT ]
n BN UV =0, T Y VRS0, (5.17)
k=1 k=1
|nT ] [nT|
nBY U0, Y il o, (5.18)
k=1 =
_ _ P
n=? sup ULntJVLntj —>0 n=3? sup Ulpty — 0 (5.19)
te[0,T] te[0,T]

as n— oo, Using (A.3) with (£,4,5) = (2.1,1); (£,4,5) = (4.0,2); (£,4,5) = (2.1,0), and (£, 5) = (2,0,1),
we have (5.17) and (5.18). By (A.4) with (4,4,5) = (4,1,2), and (¢,i,7) = (4,1,0), we have (5.19). Thus we
conclude (5.16), and hence (5.14). By Lemma A.1 and (A.3) with (¢,4,j) = (2,1,1) and (¢,4,j) = (2,1,0), we
get

[nt] [nt]

n=3 sup ZUk 1V, — ZU,ilVg 0 (5.20)
tefo,1] || s -

as n— oo forall T >0. As a last step, using (5.7), we obtain (5.9).

Finally, we check the conditional Lindeberg condition

[nT|
SE (||Z,§">|\2]1{|‘Zin)”>0} | Fi1) =0 forall >0 and T > 0. (5.21)
k=1

We have E (||Z,§"’|\2]1{Hzin)”>9} | Fie1) <O2E (|27 ||* | Frei) and

12711 <3 (07" 07Uy V) [ M|
Hence
[nT]
Z E (”Zl(cn)HQ]l{lIZEC")IIW}) -0 as n— oo forall 6 >0 and T >0,
k=1

since  E(||My[|*) = O(?), E(|My|*'U;_,) \/E IM[®)EUE_;) = O(*°®) and E(|M|*VL,) <
\/E(|\Mk||8) (VS ,) = O(k%) by Corollary A.3. This yields (5.21). O
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We call the attention to the fact that our eighth order moment conditions E([|€; ; 1[|¥) < oo, E(||&; 1 ]*) <
oo and E(||e1]|®) < oo are used for applying Corollary A.3.

Appendices

A Estimations of moments

In the proof of Theorem 3.1, good bounds for moments of the random vectors and variables (Mk)keZ+7 (Xk)kez+7 (Uk)kEzJr
and (Vk)keZJr are extensively used. First note that, for all k € N, E(My|Fr_1) = 0 and E(My) = 0, since M, =
X —E(Xg|Fr_1). We present these results without proofs as they can be proven the same way as in Appendix B of [9].

A.1 Lemma. Let (Xi)rez, be a 2-type Galton—Watson process with immigration and with Xo = 0. If E([[€1,1111?) < oo,
E([1€1,1,21%) < oo and E(|le1]?) < oo then

Var(My | Fr—1) = Xp—1,1 Ve, + Xp—12Ve, + Ve =Up_1 Ve + Vk,ﬂz + Ve (A.1)
for all k €N, where
2
~ BVe, —(1—=6)Vg
V::E €i, Vright) Ve, = — 2+ ——— -2,
(3 7;:1< i rnght> £, B+1-0

If ]E(||§1,1,1||3) < 00, I['E(||€1,1,2||3) < oo and E(|le1]]?) < oo then, for all k€N,
]E(M;?g [ Fr—1) = Xp—1,1E[(§1,11 — E(€1,1,1)®3]
(A.2)
+ Xi—1,2B[(€1,12 — E(€1,1,2)%%] + El(e1 — E(e1)®?].
A.2 Lemma. Let (Xk)lCEZJr be a 2-type Galton—Watson process with immigration such that «,6 € [0,1) and B,y € (0,00)

with a+06 >0 and By = (1—a)(1—0) (hence it is critical and and positively regular). Suppose Xo =0, and E(||§1}1y1||2) < 00,
]E(||§1y1’2||e) < oo, E(|le1]|f) < co with some £E€N. Then E(||X|¢) = OkY), i.e., SUPgen ECR(| X k)Y < oco.

A.3 Corollary. Let (Xk)kez+ be a critical, positively reqular 2-type Galton—Watson process. Suppose Xo =0, and
E(l€1,1,1119) < oo, E(ll€1,1,211°) < oo, E([ler]|’) < oo with some £€N. Then

E(|Xx]") = O(K'),  E(MJ') =0k, EU)=0(k),  EV)=O0(k)

for i, €Zy with i<l and 25 < /.

A.4 Corollary. Let (Xk)keZ+ be a critical, positively reqular 2-type Galton—Watson process. Suppose Xo =0, and
E(l€1,1,111) < oo, E(ll€1,1,201°) < oo, E([ler]|’) < oo with some £€N. Then

(i) for all i,j € Z+ with max{i,j} < [£/2], and for all k> i+ % +1, we have

n
n7”Z|U,inJ\ 0 as n — oo, (A.3)
k=1

(i) for all i,j € Z4 with max{i,j} <, for all T >0, and for all k> i+ % + i;j , we have

n_ " supT] \UfmJ VLjntJ| 0 as n — oo, (A.4)

(iii) for all 4,j € Z4 with max{i,j} < [£/4], for all T >0, and for all k> i+ % + %, we have

Lnt]
n~" sup Z[U,éVk] —E(UVY | Fr—1)] 0 as m — oo. (A.5)
te(0,T] | =

A.5 Remark. In some parts of this paper we need the above statements with a smaller x than it is provided by Corollary A.4.
Fortunately we can use a decomposition argument in those cases to sharpen the statements, for example see the proof of (5.9) and
Lemma B.2.
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B CLS estimators

(n)

For each n € N, a CLS estimator m of mg¢ based on a sample X1,...,X, can be obtained by minimizing the sum of
squares
n 9 n 9

Z (1 X5k —E(Xy | Fro1)]|” = Z | Xk — meXi_1 — mel|

k=1 k=1
with respect to mg over R2%2, In what follows, we use the notation @g := 0. For all n € N, we define the function
Qn : (R?)" x R2X2 5 R by

i 2
Qn(@1,. .., Tnymp) = Hmk — Mz —Me
k=1
for all m’ € R2%2 and xi,...,z, € R2. By definition, for all n € N, a CLS estimator of mg¢ is a measurable function
F,: (Rz)" — R2X2 guch that
Qn(@1,...,@p; Fo(@1,...,xn)) =  inf  Qu(®1,...,zn;my)
m’s ER2X2

for all @1,...,xn € R2. Next we give the solutions of this extremum problem.

B.1 Lemma. For each n €N, any CLS estimator of mg is a measurable function F : (R%)™ — R2X2  for which
F7L(9317 ceey 937L) = H7L(9317 sy wn)Gn(wly cee 715'”)71 (B-l)

on the set
{(z1,...,@n) € (RH™ : det(Gp (21, ..., 20)) > 0},

where
n

n
Gn(mh cee ,mn) = Z mkﬂ“’;,l, Hn(mlv cee ,mn) = Z(mk - ms)mgfl'
k=1 k=1

For the existence of these CLS estimators in case of a critical symmetric 2-type Galton—Watson process, i.e., when o =1, we
need the following approximations.

B.2 Lemma. Suppose that the assumptions of Theorem 3.1 hold. Then for each T > 0,

[nt]

Z Uk—1Vi-1

k=1

—5/2

P
n sup — 0 as n — oco.

t€[0,T]

Proof. The aim of the following discussion is to decompose ZIEEIJ Up_1Vi_1 as a sum of a martingale and some other terms.
Using the recursions (4.7), (4.4) and Lemma A.1, we obtain

E(Uk-1Vk—1|Fr—2) = E((Uk72 + (Wiege, M1 +me)) (AVi—2 + (Viegr, Mj—1 + me)) ‘fmz)
= ANUg—2Vi—2 + (Viete, Me)Uk—2 + Muiee, Me) Vi—2 + wpngmem vieg
+ul B(My_ i M | Fp_z)v
= AUk _2Vji_o + constant + linear combination of Uj_o and Vj_o.

Thus

[nt] | nt] [nt]
> Uk-1Vic1 =Y [Us-1Vie1 = EUk—1Vi1 | Fr—2)] + D E(Uk—1Vi—1 | Fr—2)
k=1

k=2 k=2
[nt] |nt]

= [Uk-1Vio1 —B(Ux-1Vio1 [ Fr-2)] + XD Uk 2Vi 2
k=2 k=2

[nt] | nt]
+ O(n) + linear combination of Z Up_o and Z Vi_o.
k=2 k=2
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Consequently

| nt] [nt]
Z Up—1Vi—1 = j > [Uk-aVi1r —E(Uk—1Vio1 | Fr2)]
k=2
A [ nt] [nt]
— ——Ulnt]—1V|nt]—1 + O(n) + linear combination of Z Ujp_o and Z Vi_o.

=2 k=2 k=2
Using (A.5) with (¢4,4,7) = (4,1,1) we have
[nt]
_ P
n=5/2 sup Z [Uk—lvk—l —E(Uk-1Vi—1 \J:k,g)] —0 as n — oo.
te[0,T] | —o
Thus, in order to show the statement, it suffices to prove
|nT| |nT|
23T U 50, 2N Vil =50, Y2 sup (U Vi | —= 0 (B.2)
k=1 k=1 t€[0,T]
as n — oco. Using (A.3) with (¢,4,7) = (2,1,0) and (¢,4,5) =(2,0,1), and (A.4) with (¢,4,5) = (3,1,1) we have (B.2), thus we
conclude the statement. |

Using the same ideas as above one can prove the following.

B.3 Lemma. Suppose that the assumptions of Theorem 3.1 hold. For each T >0, we have

o (Ve D1etts Vietr) o2 P
n=2 sup ZVkQ—%ZUk,l — 0 as n — oo.
tel0,T] |, - e

Now we can prove asymptotic existence and uniqueness of CLS estimators of the offspring mean matrix and of the criticality
parameter.

B.4 Proposition. Suppose that the assumptions of Theorem 3.1 hold, and <V€'Ulcft,vlcft> + (Velegs, Vieft) + (Viegr, me)? > 0.
Then limp—oo P(£2,) =1, where §2, s defined in (3.2), and hence the probability of the existence of a unique CLS estimator

—(n)

™y, converges to 1 as n— oo, and this CLS estimator has the form given in (3.1) on the set (2n. If <V£vlcft7 Viegy) > 0 then

limy— 0o ]P’(ﬁn) =1, where Qn s defined in (3.5), and hence the probability of the existence of the estimator on converges to
1 as n— oco.

Proof. Recall convergence (n=U| Jter, N (Vt)ter, from (4.6). Using Lemmas B.3, B.2, and a version of the continuous
mapping theorem (see [10], Lemma 3.1), one can show

1452
. n3U2_, Jo Y2 dt
Z =520 Vi | 2 0 as n — co.
k=1 —27,2
n=*Ve o, <”leifiv;ns> fol Yy dt

By (4.11) and continuous mapping theorem,

} Ve 7 1 1
n~ " det(An) ﬂ) %/0 yf dt/o Y dt as n — oo. (B.3)

Since me # 0, by the SDE (2.8), we have P(Y; =0 for all ¢ € [0,1]) = 0, which implies that ]P’(fo1 yf dt fol Yedt > 0) = 1.
Consequently, the distribution function of fol fdt fol Vi dt is continuous at 0.

If <v£vlcft7vlcft> >0 th0n7 by (B3)7
P(£2,) = P (det(An) > 0) = P (n™° det(An) > 0)

V elty €
—>]P’<< 51;1_&;2)1& / ytdt/ ytdt>0>—]P’(/ ytdt/ ytdt>0)

If <V£"’lcft,’01cft> > 0, then (3.6) yields ﬁén) 2, mg as n — oo, and hence ﬁé") LN me as n — oo, thus

as mn — OQ.

(@n = 60)% + 4BnAn - (= 6)2 +4By = (1 —A)? > 0, implying
P(2,) = P((@n — 6n)% 4 4BnAn > 0) — 1 as n — oo,

hence we obtain the satement. O
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