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Abstract

Precise asymptotics for Christoffel functions are established for
power type weights on unions of Jordan curves and arcs. The asymp-
totics involve the equilibrium measure of the support of the measure.
The result at the endpoints of arc components is obtained from the
corresponding asymptotics for internal points with respect to a differ-
ent power weight. On curve components the asymptotic formula is
proved via a sharp form of Hilbert’s lemniscate theorem while taking
polynomial inverse images. The situation is completely different on
the arc components, where the local asymptotics is obtained via a dis-
cretization of the equilibrium measure with respect to the zeros of an
associated Bessel function. The proofs are potential theoretical, and
fast decreasing polynomials play an essential role in them.
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1 Introduction

Christoffel functions have been the subject of many papers, see e.g. [12],
[13], [18], and the extended reference lists there. They are intimately con-
nected with orthogonal polynomials, reproducing kernels, spectral properties
of Jacobi matrices, convergence of orthogonal expansion and even to random
matrices, see [5], [13] and [18] for their various connections and applications.
The possible applications are growing, for example recently a new domain
recovery technique has been devised that use the asymptotic behavior of
Christoffel functions, see [6]; and in the last 4-5 years several important
methods for proving universality in random matrix theory were based on
them, see [1], [8], [9] and [10]. The aim of the present paper is to complete,
to a certain extent, the investigations concerning their asymptotic behavior
on Jordan curves and arcs.

Let p be a finite Borel measure on the plane such that its support is
compact and consists of infinitely many points. The Christoffel functions



associated with u are defined as

n(20)=1

N AL (1.1)

where the infimum is taken for all polynomials of degree at most n that take
the value 1 at z. If pg(2) = pr(w, z) denote the orthonormal polynomials
with respect to p, i.e.

/pandM = 5n,ma

then A, can be expressed as
n
At 2) = pk(2)]
k=0

In other words, A™!(u, 2) is the diagonal of the reproducing kernel

K, (z,w) = Zpk:(z)pk(w)
k=0

which makes it an essential tool in many problems. It is easy to see that,
with this reproducing kernel, the infimum in (1.1) is attained (only) for

Kn(Z, ZO)

Pn(z) = Kn(Z(),Z(]y

see e.g. [20, Theorem 3.1.3]).

The earliest asymptotics for Christoffel functions for measures on the
unit circle or on [—1,1] go back to Szegd, see [21, Th. I’, p. 461]. He gave
their behavior outside the support of the measure, and for some special
cases he also found their behavior at points of (—1,1). The first result for a
Jordan arc (a circular arc) was given in [4]. By now the asymptotic behavior
of Christoffel functions for measures defined on unions of Jordan curves and
arcs I' is well understood: under certain assumptions we have for points
z € I that are different from the endpoints of the arc components of I"

: w(z0)
lim nA,(u, zg) = ,
n—0o0 (/’L O) (,UF (2,’0)

(1.2)

where w is the density of p with respect to the arc measure spr on I'; and
wr is the density of the equilibrium measure (see below) with respect to sp.
For the most general results see [22] and [24].

What is left, is to decide the asymptotic behavior at the endpoints of
the arc components. It turns out that this problem is closely related to the
asymptotic behavior away from the endpoints, but for measures of the form
du(z) = |z — z9|*dsr(z), @ > —1, and the aim of this paper is to find these



asymptotic behaviors. When p is of the just specified form, then we shall
show (for the exact formulation see the next section),

1 a+1 a+3
: 14+ _ a+1
Jm ) = o ()P () a9

when z( is not the endpoint of an arc component of I'; while at an endpoint

, MNa+1)I'(a+2)
20+2 _
nhm n N (1, 20) = (T M (T, 7))2272 "

where M (T, zg) is the limit of \/|z — zo|wr(z) as z — 2 along T'.

This paper uses some basic notions and results from potential theory.
See [2], [3], [16] or [19] for all the concepts we use and for the basic theory.
In particular, v will denote the equilibrium measure of the compact set I'.

Since the asymptotics reflect the support of the measure, in all such
questions a global condition, stating that the measure is not too small on
any part of I', is needed (for example, if p is zero on any arc of I, then (1.3)
does not hold any more). This global condition is the regularity condition
from [19]: we say that u, with support I', belongs to the Reg class if

1/n
_Pnflr
sup —1
P, (HPTLHL?(;L))

as n — 0o, where the supremum is taken for all polynomials of degree at
most n, and where || P,||r denotes the supremum norm on I'. The condition
says that in the n-th root sense the L>°(u) and L?(u)-norms are almost the
same. The assumption p € Reg is a very weak condition — see [19] for
several reformulations as well as conditions on the measure p that implies
1 € Reg. For example, if I' consists of rectifiable Jordan curves and arcs
with arc measure sp, then any measure du(z) = w(z)dsp(z) with w(z) > 0
sp-almost everywhere is regular in this sense.

Actually, it is not even needed that the support I' of the measure u be
a system of Jordan curves or arcs, the main theorem below holds for any I'
that is a finite union of continua (connected compact sets). However, it is
needed that zg lies on a smooth arc J of the outer boundary of I': the outer
boundary of I' is the boundary of the unbounded connected component
of C\ T. Tt is known that the equilibrium measure vr lives on the outer
boundary, and if .J is a smooth (say C''-smooth) arc on the outer boundary,
then on J the equilibrium measure is absolutely continuous with respect
to the arc measure sy on J: dvr(z) = wr(z)dss(z). We call this wr the
equilibrium density of I'.

The following theorem describes the asymptotics of the Christoffel func-
tion at points that are different from the endpoints of the arc-components/parts
of I, see Figure 1 for illustration.
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Figure 1: A typical position where Theorem 1.1 can be applied

Theorem 1.1 Let the support I' of a measure u € Reg consist of finitely
many continua, and let zg lie on the outer boundary of I'. Assume that the
intersection of I' with a neighborhood of zy is a C?-smooth arc J which con-
tains zo in its (one-dimensional) interior. Assume also that in this neighbor-
hood du(z) = w(z)|z — z0|*dsj(z), where w is a strictly positive continuous
function and o« > —1. Then

. 1+a _ w(20) atipf(atl a+3
T Anps 20) = o ST r(5o)r(Yy7) 0w

The second main theorem of this work is about the behavior of the
Christoffel function at an endpoint, see Figure 2. If zy is an endpoint of a
smooth arc J on the outer boundary of I', then at zy the equilibrium density
has a 1/4/|z — zo| behavior (see the proof of Theorem 1.2), and we set

M, zp) == lm _+/|z — zo|wr(2). (1.5)
z—z0, z€l’
Theorem 1.2 Let I' and p be as in Theorem 1.1, but now assume that the
intersection of T' with a neighborhood of zy is a C?*-smooth Jordan arc J
with one endpoint at zy. Then

lim n2a+2>\n(M7ZO) — w(ZO)

m (=M (T ZO))M+2F(04+ DI+ 2). (1.6)

These results can be used, in particular, if the measure is supported on
a finite union of intervals on the real line, in which case the quantities wr(x)
and M (I',z) have a rather explicit form. Let I' = U;@:O[agj,agjﬂ] with
disjoint [ag;, agj+1]. Then the equilibrium density of I' is (see e.g. [23, (40),



Figure 2: A typical position where Theorem 1.2 can be applied

(41)] or [19, Lemma 4.4.1])
IT;%0" |z = Al
I e — g

where \; are the solutions of the system of equations

a2k+2 k;() 1(t — N\ )
/ dt =0, k=0,...ky— 1. (1.8)
SN T

wr(z) = , x € Int(T), (1.7)

It can be easily shown that these A;’s are uniquely determined and there is
one A; on every contiguous interval (a2j+1,a2j+2). Now if a is one of the
endpoints of the intervals of I', say a = a;,, then

152" la— Al
2k '
\/HJ 21, jtdo 1@~ a4

This whole work is dedicated to proving Theorem 1.1 and Theorem 1.2.
Actually, the latter will be a relatively easy consequence of the former one,
so the main emphasis will be to prove Theorem 1.1. The main line of
reasoning will be the following. We start from some known facts for simple
measures like |z|“dz on the real line, and get some elementary results for
a model case on the unit circle via a transformation. Then we prove from
these simple cases that Theorem 1.1 is true for lemniscate sets, i.e. level sets
of polynomials. This part will use the polynomial mapping in question to
transform the already known result to the given lemniscate. Then we prove

(1.9)




the theorem for finite unions of Jordan curves. Recall that a Jordan curve is
a homeomorhic image of a circle, while a Jordan arc is a homeomorhic image
of a segment. From the point of view of finding the asymptotics of Christoffel
functions there is a big difference between arcs and curves: Jordan curves
have interior and can be exhausted by lemniscates, so the polynomial inverse
image method of [23] is applicable for them, while for Jordan arcs that
method cannot be applied. Still, the pure Jordan curve case is used when
we go over to a I' which may have arc components, namely it is used in
the lower estimate. The upper estimate is the most difficult part of the
proof; there Bessel functions enter the picture, and a discretization technique
is developed where the discretization of the equilibrium measure of I' is
done using the zeros of appropriate Bessel functions combined with another
discretization based on uniform distribution. Once the case of Jordan curves
and arcs have been settled, the proof of Theorem 1.1 will easily follow by
approximating a general I' by a family of Jordan curves and arcs.

2 Tools

In what follows, || - ||k denotes the supremum norm on a set K, and sr the
arc measure on I' (when I' consists of smooth Jordan arcs or curves).

We shall rely on some basic notions and facts from logarithmic potential
theory. See the books [2], [3], [16] or [17] for detailed discussion.

We shall often use the trivial fact that if pu,v are two Borel measures,
then p < v implies A\, (p,z) < Ay(v,z) for all x. It is also trivial that
An(pt, 2) < p(C) (just use the identically 1 polynomial as a test function in
the definition of A\, (i, 2)).

Another frequently used fact is the following: if {ny} is a subsequence of
the natural numbers such that ngy1/nr — 1 as k — oo, then for any x > 0

liminf n" A\, (p, ) = iminf nfA,, (1, ), (2.1)
n—r00 k—ro0
and
lim sup n" Ay, (@, ) = lim sup nj A\, (1, ). (2.2)
n—00 k—o00

In fact, since A\, (p, ) is a monotone decreasing function of n, for ny < n <
np+1 we have

K

n ® n
— " )\n ) < HAn ) < - R)‘n 9 ’
() i) < 0000 < (22 ) ey (s2)

and both claims follow because n/ny and n/ngyq1 tend to 1 as n (or ng)
tends to infinity.



2.1 Fast decreasing polynomials

The following lemmas on the existence of fast decreasing polynomials will
be a constant tool in the proofs.

Proposition 2.1 Let K be a compact subset on C, Q the unbounded com-
plement of C\ K and let zog € 0. Suppose that there is a disk in Q0 that
contains zy on its boundary. Then, for every v > 1, there are constants
¢y, Oy, and for every n € N polynomials Sy, . k of degree at most n such
that Sp 2, k(20) =1, |Sn 2,k (2)] <1 for all z € K and

|Sn7zo7K(z)’ < C’ye—ncﬂz—zow, ze K. (2.3)

For details, see [22, Theorem 4.1]. This theorem will often be used in the
following form.

Corollary 2.2 With the assumptions of Proposition 2.1 for every 0 < 7 <
1, there exists constants c,Cr, 79 > 0 and for every n € N a polynomial
Sn,z0.k Of degree o(n) such that Sy ., k(20) = 1, |Spz.x(2)] < 1 for all
z € K, and

1m0 (2)] < Cre™ ™z — 29| >0 (2.4)

Proof. Let 0 < ¢ be sufficiently small and select v > 1 so that 1 —e —7v >
0. Lemma 2.1 tells us that there is a polynomial P, with deg(P,) < n'~¢
such that )
[Pa(2)] < Cye™™ ™ 2 — 9] 207,
and this proves the claim with S, ., k = Py.
|

There is a version of Lemma 2.1 where the decrease is not exponentially
small, but starts much earlier than in Lemma 2.1.

Proposition 2.3 Let K be as in Proposition 2.1. Then, for every 5 < 1,
there are constants cg, Cg > 0, and for every n = 1,2,... polynomials P, of
degree at most n such that P,(z9) =1, |P.(2)| <1 for z € K and
|Pn(2)| < C’ge_cﬂ(”|z_zo|)6, ze K. (2.5)

See [25, Lemma 4].

It will be convenient to use these results when n > 1 is not necessarily
integer (formally one has to take the integral part of n, but the estimates
will hold with possibly smaller constants in the exponents).



2.2 Polynomial inequalities

We shall also need some inequalities for polynomials that are used several
times in the rest of the paper.
We start with a Bernstein-type inequality.

Lemma 2.4 Let J be a C? closed Jordan arc and Jy a closed subarc of J
not having common endpoint with J. Then, for every D > 0, there is a
constant Cp, such that

Pu(2)| < Cpn||Pally,  dist(z, 1) < D/n,
holds for any polynomials P,, of degreen =1,2,....

See [22, Corollary 7.4].
Next, we continue with a Markov-type inequality.

Lemma 2.5 Let K be a continuum. If Q,, is a polynomial of degree at most
n=12 ..., then

/ € 2
1Qnllx < 2cap(K)" 1Qn |k (2.6)

where cap(K) denotes the logarithmic capacity of K.
In particular, if K has diameter 1, then

1Qullx < 2en(1Qullx- 2.7)

For (2.6) see [15, Theorem 1], and for the last statement note that if K has
diameter 1, then its capacity is at least 1/4 ([16, Theorem 5.3.2(a)]).
Next, we prove a Remez-type inequality.

Lemma 2.6 Let ' be a C' Jordan curve or arc, and assume that for every
n=12,..., Jy is a subarc of I', and J is a subset of J,, such that

st(Jn \ ) = o(n™?)sr(Jn),

where sy denotes the arc-length measure on I'.  Then, for any sequence
{Qn}of polynomials of degree at most n =1,2,..., we have

1Qnll7, = (1 +o(1)[|Qnll;- (2.8)

Proof. It is clear from the C! property that sp(J,) ~ diam(.J,,) uniformly
in J,, (meaning that the ratio of the two sides lies in between two positive
constants).

Make a linear transformation z — C'z such that, after this transfor-
mation, the arc jn that we obtain from J, has diameter 1. Under this
transformation .J goes into a subset .J* of .J,, for which

sj. (Jn\J3) = o(n™?)s; (Jn), (2.9)

9



and @),, changes into a polynomial Qn of degree at most n. (2.8) is clearly
equivalent to its -version. .
Let M = [|Qnl|7, - By Lemma 2.5, the absolute value of @, is bounded

on J, by 2en?M, hence if z,w € J,,, then
|Qn(2) = Qu(w)| < 2en*Ms; (zw), (2.10)

where zw is the arc of J,, lying in between z and w. By the assumption
(2.9) for every z € J,, there is a w € J; with

s7,(zw) = o(n™?)s; (Ju) = o(n™?)

because sjn(jn) ~ diam(J,,) = 1. Choose here z € .J, such that |Q,(z)| =
M. Since |Qn(w)| < ||Qn]

7., we get from (2.10)

M = 1Qu(2)] < [|@nl

j,,’; + 0(1)M7

and the claim follows.
[ |

We shall frequently use the following, so called Nikolskii-type inequalities
for power type weights. In it we write that a Jordan arc is C'*-smooth if
there is a # > 0 such that the arc in question is C'*t%-smooth.

Lemma 2.7 Let J be a C'*-smooth Jordan arc and let J* C J be a subarc
of J which has no common endpoint with J. Let zg € J be a fized point,
and for a > —1 define the measure v, on J by dvg(u) = |u — zo|%dsj(u).
Then there is a constant C depending only on «, J and J* such that for any

polynomials P, of degree at most n =1,2,... we have
[Pall g+ < CnT972) Pyl 1200, (2.11)
if « >0, and
”PTLHJ* < Cnl/QHPRHLQ(Va)? (212)
if —1<a<O.

The same is true if dva(u) = w(u)|u — z0|*dsj(u) with some strictly
positive and continuous w.

Proof. In view of [26, Lemmas 3.8 and Corollary 3.9] (use also that v, is
a doubling weight in the sense of [26]) uniformly in z € J* we have for large
n the relation

)\n(Vav Z) ~ Va(ll/n(z))v

10



where A ~ B means that the ratio lies in between two constants, and where
l1/n(2) is the arc of J consisting of those points of z that lie of distance
<1/n from z. If « > 0, then

Cc
Va(ll/n(’z)) > nlta’

while for -1 < a <0 .
vallin(2)) 2 2,

with some positive constant ¢ which depends only on «, J and J*. Therefore,
we have for all z € J* the inequality

An(Vas 2) > nl—ia (2.13)

if >0 and

A (Va,y 2) > (2.14)

Slo

when —1 < o < 0.
For example, (2.13) means that if « > 0 and |P,(z)| = 1 for some z € J*,

then necessarily
n1+o¢

/ |Pn‘2dya >1,
c JJ

which is equivalent to saying that for any P, and z € J*

nl—i—a

/ Pof2dv > |Pa(2)P.
c J

and this is (2.11). In a similar manner, (2.12) follows from (2.14).
It is clear that this proof does not change if v, is as in the last sentence
of the lemma.
|

Lemma 2.8 If a > —1, then there is a constant C, such that for any
polynomial Py, of degree at most n the inequality

1
1Pallf_11] < Can1H0/2 </

1/2
\Pn(x)|2|x|°‘dw> (2.15)
holds with o = max(1, a).

Proof. We follow the preceding proof, but now both J and J* agree with
[—1,1].

Let J=J"=[-1,1], 20 =0, Ap(2) = 1/n?if z € [-1,—-1+1/n?| or z €
[1—1/n%1], and set A, (2) = V1 — 22/nif z € [-14+1/n% 1 —1/n?]. If now
l1/n(2) is the interval [z — A, (2), 24+ A, (2)] intersected with [—1, 1], then [26,

11



Lemmas 3.8 and Corollary 3.9] state that for dv,(z) = |x — z0|%dz = |z|“dz
on [—1,1] we have

An(Va, 2) ~ Va(l1/(2))-
If & > 0, then

while for -1 < a <0
Va(l1/n(2)) >

with some positive constant c. Hence,

c
)\’I’L(V(X?Z) 2 ﬁ
if —1 < a <1, while

c
A (Vas 2) 2 nita
if @ > 1, from which (2.15) follows exactly as before.
|

The Nikolskii inequalties can be combined with the following estimate
to get an upper bound for the extremal polynomials that produce A, (u, z).
Lemma 2.9 With the assumptions of Theorem 1.1 we have
An(py 20) < Cn~(atD)

with some constant C' that is independent of n.

Proof. Just use the polynomials P, from Proposition 2.3 with f = 1/2
and K = I'. Let § > 0 be so small that in the d-neighborhood of zy we
have the du(z) = w(z)|z — z0|%dsr(z) representation for p. Outside this
d-neighborhood |S,, ,, r| is smaller than C exp(—cs(nd)'/?), so

/ [Sn.zo.r[*dpu < © / =282 plogt 4 Cem2s ) < opmal,

which proves the claim.
|

We close this section with the classical Bernstein-Walsh lemma, see [27,
p. 77].

Lemma 2.10 Let K C C be a compact subset of positive logarithmic capac-
ity, let © be the unbounded component of C\ K, and gq the Green’s function
of this unbounded component with pole at infinity. Then, for polynomials P,
of degree at most n = 1,2, ..., we have for any z € C

|Pa(2)] < €99 Py

12



3 The model cases

3.1 Measures on the real line

Our first goal is to establish asymptotics for the Christoffel function at 0
with respect to the measure du(x) = |z|*dz, v € [-1,1]. We do this by
transforming some previously known results.

In what follows, for simpler notations, if du(z) = w(x)dz, then we shall
write A\, (w(z), z) for A\, (u, 2).

Proposition 3.1 For a > —1 we have

e (T

,o> = D(a+1)I(a+2). (3.1)
0,1]

Proof. It follows from [10, (1.10)] or [9, Theorem 4.1] that

lim n?*T2\, ((1 — a;)a‘ ; 1) =22 (a + 1) (a + 2), (3.2)
-1,1

n—o0

from which the claim is an immediate consequence if we apply the linear
transformation z — (1 — z)/2.

|
Proposition 3.2 For a > —1 we have
lim n*ti\, <|:r:|°‘ ,0) = Lo, (3.3)
n—roo [—1,1]
where 41 43
Lo = 2a+1r<0‘2 )r<a2 ) (3.4)

Proof. Let us agree that in this proof, whenever we write P,, R,, etc. for
polynomials, then it is understood that the degree is at most n.
We use that (for continuous f)

1 1
| f@lalrde= [ fadlaperiaa. (3.5)
0 -1
Assume first that P, is extremal for Ao, <\x|°‘ ‘[ / 0), ie. Py,(0)=1
~1,1

1
/ |P2n(1:)|2]x|adx = Aoy, (:13|°‘ ,0> .
1 [—1,1]

Rop () = Py, () +2P2n(—a:).

and

Define

13



Then Ry, (0) = 1, and Ry, is a polynomial in 22, hence Ro,(z) = R:(2?)
with some polynomial R}, for which R} (0) = 1 and deg(R}) < n. Now we
have

1 1 1
/ | Ro(a) | dr = / R () Plefode = / IR ()2l 5 da
1 1 0

> A <|m]a51 ,o).
0,1

With the Cauchy-Schwarz inequality and with the symmetry of the measure
|x|*dx, we have

1
[ 1Ra@lelde < 5 [ (1Pl + 2P @R 1P -0)) e

1 1
<5 | 1Punla)Plalda
1

) . 1/2 . 1/2
+2( / rP2n<x>12\xradx> ( / \P2n<—x>|2\m|adx>
-1 -1

1
= / \Pgn(as)]2|x]ad:p = oy, <|x]a ,O> .
1 [—1,1]

Combining these two estimates, we obtain

An (m ,0) o (ma ,0) .
[0,1] (—1,1]

On the other hand, if now P, is extremal for A, (!x\a;
a—1 1 2 a—1
An (\:c|2 ,0) = / | P (2)|*|x| 2 dx
[0,1] 0 -1

Z >\2n <|‘T|a 70> )
[717 1]
therefore we actually have the equality

ot o
A (:E' "o 11’0> = <|‘T| o 1}’0> ’ (39)

from which the claim follows via Proposition 3.1 (see also (2.1) and (2.2)
Note also that this proves also that if P,(x) is the n-degree extremal

I
\
.

S
\_9
S
B

Q

IS8

5]

: a—1
polynomials for the measure |x| 2

)

; then P,(z?) is the 2n-degree ex-
1

tremal polynomial for the measure |z|* ‘[ |
~1,1

14



3.2 Measures on the unit circle

Let pr be the measure on the unit circle T defined by dut(e) = wr(e')dt,

where ) )
|621t + 1‘04 |621t o 1‘

2¢ 2 ’

wr(e) = t € [—m,m). (3.7)

We shall prove A
lim n®*t\, (ur, e™/?) = 20F1 L, (3.8)

n—o0
where L, is from (3.4), by transforming the measure pr into a measure
p[—1,1) supported on the interval [—1, 1] and comparing the Christoffel func-
tions for them. With the transformation e — cost, we have

™

. 1
f(cost)wqr(e”)dt = 2/1 f(a:)w[,l,l] (x)dz,

—Tr

where
Wiy (@) = |o]°.

Set dp_11)(7) = wi_y 1)(z)dx.
Let P, be the extremal polynomial for An(p(—1,1),0) and define

; [nm]
. 1 i(t—m/2) )
Sp(e™) = P,(cost) (%) e’m(t—ﬂ/Q)’

where 1 > 0 is arbitrary. This S,, is a polynomial of degree 2n + |nn| with
S, (ei™/?) = 1. For any fixed 0 < § < 1

nizes | w245 |
/ 1S, (€) Pwp(e)dt < / 1P (cos 1) 2w (i) dt

/2—6 m/2—6
1 (3.9)
</ P ()
= )‘n(ﬂ[—l,l]yo)'

To estimate the corresponding integral over the intervals [—m, /2 — ¢] and
[7/2 + 0, 7], notice that

[nm]

1 +€i(t—7r/2) n
T o (3.10)

2

max
te[—mm\[r/2—6,7/2+7]

for some ¢ < 1. From Lemma 2.8 we obtain
HP””[—LI] = Cn1+‘a|/2||PnHL2(H[—1,1]) = Cn1+\a|/2’

and so

</7r/25+/7r > 1S, (e)Pwr(e?)dt = O(n'H1/2¢7) = o(n=).

-7 /2+6
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Therefore, using this S, as a test polynomial for Ageg(s,,) (41, e"™/2) we con-
clude

Adeg(sn) (11, €™2) < Mn(py—1,17,0) + 0o(n 1),

and so

n—oo

lim sup (2n + LnnJ)a+l)\2n+ 1] (BT ™2y < lim_)sup (2+ [nn] /n)aﬂno‘ﬂ)\n(u[_l?l], 0)
= (2 + Tl)a+1La7

where we used Proposition 3.2 for the measure p_q q).
Since n > 0 was arbitrary,

lim sup n® I\, (pr, €/%) < 20F1 L, (3.11)

n—o0

follows (see also (2.2)).
Now to prove the matching lower estimate, let So, (') be the extremal
polynomial for Ao, (pr, €/?). Define

14 eilt=m/2)

2|mmn]
) e~ (ntlnn])i(t—7/2)
2

P;(e") = San(e") (

and P,(cost) = P’ (e') + P*(e™™). Note that P,(cost) is a polynomial in
cost of deg(P,) <n+ |nn] and P,(0) = 1. With it we have

1 1 T )
Adeg(Po) (11,11, 0) S/ | P (@) Pwp_y 1) (z)de = / | Pa(cost)Pwr(e™)dt.

1 2 -7
(3.12)
First, we claim that for every fixed 0 < § < 1

|Pa(cost)]? = [Py(e")? +O(¢"), te[r/2—6m/2+17],
|Pa(cost)]? = |Py(e™™)]? + O(q"), te[-n/2—06-m/2+0], (3.13)
|P,(cost)[* = O(¢") otherwise,

hold for some ¢ < 1. Indeed,
|Pa(cost)[? = [Py (e")+Py(e7™)[> < [Py ()P +2| Py ()| Py (e [+ Py (e ™)

If we apply Lemma 2.7 to two subarcs (say of length 57/4) of T that contain
the upper, resp. the lower half of the unit circle, then we obtain that

1P llr < [|Sanlle < CnHOD2|1 Sy || 12y < Cr(tHD/2,
Therefore (use (3.10))

‘P;:(elt)’ < ann(1+|a|)/2’ te [_ﬂ—? 7T] \ [7'('/2 - 57 7-[-/2 + 5]
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These imply (3.13).

Now we have

s ' /246 —7 /2448 )
/ 1P, (cos £)2wp(et)dt — ( / + / )]Pn(cost)\QwT(e’t)dt

-7 /2—6 —7/2—6

—7/2—08 w/2—5 T )
+ / —i—/ +/ |P,,(cost)|?wr(e™)dt.
-7 —7/246 w/2+0

(3.13) tells us that the last three terms are O(q™). For the other two terms
we have, again by (3.13),

7248 , m/2+6 . .
/ P, (cos £) (et )dt — / P2 () 2w (eit)dt + O(q™)
m/2—6 w/2—6

w246 ) )
< / 1y 1S s+ 0l
w/2—0

< Aza(pr, €%) + O(g")
and similarly,
—7/246 . .
/ | P, (cos t)[Pwr(e™)dt < Aan(pir, €™/%) + O(q").
—7/2—48
Combining these estimates with (3.12), we can conclude
Adeg(Pn)(/‘L[—l,l]a 0) < >\2n(,u']1‘a ei7r/2) + O(qn)a

therefore

lim inf deg(Fn)** Adeg(p,) (1,17, 0) < liminf(n + [97))** (Aan(pr, €™2) + O(¢"))

n—oo

< hH_l)il’lf(l + |nn] /n)o ! (2n)°F Xop (e, €7/2).

9a+1
From this, in view of Proposition 3.2 and (2.1), it follows that
(14 )~ @20+ L < liminf A, (ur, €7/?),
n—o0

and upon letting n — 0 we obtain

201, < liminf A, (prr, /2y, (3.14)
This and (3.11) verify (3.8).

Finally, let ' '
dp(e™) = |e™ —i|*dt.
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Let us write |¢ —4|% in the form
e — | = w(e®)wr(e™).

Then w is continuous in a neighborhood of €/™/2 and it has value 1 at e'™/2.

Let 7 > 0 be arbitrary, and choose 0 < § < 1 in such a way that

1
1+7

<w(e®) < (14 7), ten/2—46,m/2+ 4.

If we now carry out the preceding arguments with this § and with this ue
replacing everywhere pr, then we get that in (3.11) the limsup is at most
(14 7)29FLL,,, while in (3.14) the liminf is at least (1 +7)" 121 L,. Since
7 > 0 can be arbitrarily chosen, this shows that

lim 7\, (fta, €7/%) = 2071 L, (3.15)

n—oo

This result will serve as our model case in the proof of Theorem 1.1.

4 Lemniscates

In this section, we prove Theorem 1.1 for lemniscates.

Let 0 = {z € C: |Tn(z)| = 1} be the level line of a polynomial Ty, and
assume that o has no self-intersections. Let deg(Tn) = N.

The normal derivative of the Green’s function with pole at infinity of
the outer domain to o at a point z € o is (see [22, (2.2)]) [Ty (2)|/N, and
since this normal derivative is 27-times the equilibrium density of o (see
[14, I1.(4.1)] or [17, Theorem IV.2.3] and [17, (1.4.8)]), it follows that the
equilibrium density on ¢ has the form

T (2)]
= 4.1
wo(2) = 5oN (4-1)
If z € o, then there are n points z1, ..., z, € o with the property T (z) =

T,.(z1), and for them (see [22, (2.12)])

/(Zf zi) )ITN )dso (2 N/f )Ty (2)|dsy(2). (4.2)

Furthermore, if g : T — C is arbitrary, then (see [22, (2.14)])

2w
[Tty ldse@) = N [ ate) (43)
Let 29 € o be arbitrary, and define the measure

dis(z) = |z — 20|%dss(2), o> —1, (4.4)
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where s, denotes the arc measure on o. Without loss of generality we may
assume that T (z9) = €”™/2. Our plan is to compare the Christoffel functions
for the measure p, with that for the measure p, which is supported on the
unit circle and is defined via

dﬂa(eit) _ |6it - 6iﬂ/2|ad811‘(€it), (45)

and for which the asymptotics of the Christoffel function was calculated in
(3.15).
We shall prove that

L
. OL-‘r]. (0%
nhm n" A (o, 20) = —( ()" I

where L, is taken from (3.4).

4.1 The upper estimate

Let n > 0 be an arbitrary small number, and select a 6 > 0 such that for
every z with |z — 2| < J, we have

1 : ,
1 mITN(Zo)I <|Tn(2)] < (1 +0)|Tn(20)] )

m|TJ/V(ZU)HZ — 20| < |Tw(2) = Twv(20)] < (1+n)|Ty(20)[|z — 20|

(note that T (z0) # 0 because o has no self-intersections). Let @, be the
extremal polynomial for A, (ta, €™/?), where i is from (4.5). Define R,, as

R (2) = Qu(TN(2))Sn.z.L(2),

where S, ., 1 is the fast decreasing polynomial given by Corollary 2.2 for
the lemniscate set L enclosed by ¢ (and for any fixed 0 < 7 < 1 in Corollary
2.2). Note that R,, is a polynomial of degree nN + o(n) with R, (z9) = 1.
Since Sy, -1 is fast decreasing, we have

sup [Sn.z0.L(2)] = O(¢")
z€L\{t:|t—z0|<8}

for some ¢ < 1 and 79 > 0. The Nikolskii-type inequality in Lemma 2.7
when applied to two subarcs of T which contain the upper resp. lower part
of the unit circle, yields

1Qull < CRUHED/2)Qu 2.,y < CROFHD/2
Therefore,
n /2
sup [ Rn(2)] = O(¢"").

z€L\{t:[t—z0|<d}
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It follows that

/|Z—Zo|26 [Ra(2)P|z — 20l dse(2) = O(g™™"). (4.8)
Using (4.7), we have
/|zz0|<5 (B (2) |2 = 20| dso (2)

%12 — 20|%dsy (2
< [ TPl 2l (2

(1‘1‘77)‘0"“ 2 ar’
< B T PN G) = a1 ()2

N z—2z0|<

(1 4 p)lettt /% ot e
< . n 7 it _ im/2)o gy
< F Gyt [@n(e Pl = e

)\n(,U«a eiw/2)

=(1+ ‘Oé|+1l7’_

G o

This and (4.8) imply

An(Has em/Q) T0/2
Mdeg(R) (Ha, 20) < (14 )l 2o 4 O(g"™),
g(1n) ‘TN(GZW/Q)’oH—l

from which

lim sup deg(R,,)*™! Adeg(Rn) (Hos 20)

n—oo

. )\n(ﬂa eiﬂ/2)
< lims 4 atley 4 |a|+1/7’
< 1nm up(nN + o(n))* (1 +n) T () o+

_ (1 + 77)‘Oc|+1 2Q+1La7

[T (20)]+!

where we used (3.15). Since n > 0 is arbitrary, we obtain from (4.1) (use
also (2.2))

li a+1)\ ( ) < Nott a+1 La (4 9)
msup n ,20) K —————— = . .
noel e BT = A YT T (g (20))0

4.2 The lower estimate

Let P, be the extremal polynomial for \,(ts,20), and let S, ., 1 be the
fast decreasing polynomial given by Corollary 2.2 for the closed lemniscate
domain L enclosed by o (with some fixed 7 < 1). As before, we obtain from

Lemma 2.7
1 Pnle = O(n(Fled/2y, (4.10)
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Define R, (z) = P,,(2)Sn,2,1.(2). Ry is a polynomial of degree n + o(n) and
R, (z0) = 1. Similarly to the previous section, we have

sup |Ra(2)| = O(¢"™") (4.11)
z€L\{t:|[t—z0|<d}

for some ¢ < 1 and 79 > 0. Since the expression ch\;l R, (z), where
{z1,...,28} = Ty (T (2)), is symmetric in the variables z, it is a sum of
their elementary symmetrle polynomials. For more details on this idea, see
[23]. Therefore, there is a polynomial @,, of degree at most deg(R,)/N =
(n+o(n))/N such that

N
:ZRn(zk), z €o.

k=1

We claim that for every z € o, we have

1Qu (T (2 |2<Z|R a2+ 0", (4.12)
k=1

Indeed, since o has no self intersection, |z — z;| cannot be arbitrarily small
for distinct k& and [. As a consequence, for every z at most one z; belongs
to the set {z : |z — 29| < 0} if § is sufficiently small, and hence, in the sum

|Qn (TN (2 Z n(21) || Bn (20)],

every term with & # [ is O(q”m/g) (use (4.10) and (4.11)).

Now let & > 0 be so small that for every z with |z—zy| < J the inequalities
in (4.7) hold. Then (4.2) and (4.12) give (note that Tn(z) = Tn(zx) for all
k)

/ |Qu (T (2) PIT ()| T (2) = T (20)|*dso(2)

<o) / (Zm %) )|T;V<z>|rTN<z>—TN<zo>|°<dsa<z>

= 0(¢""") +/ (ZIRn(Zk)IQITN(Zk) TN(Z@!“) Ty (2)ldsq(2)

k=1
=0(¢""") + N / |Ra(2)[2| T (2) — T (20) || Ty (2) ] dso (2)
<O(g"™") + (1+ )l Ty (z0) T N i |Pa(2)?|2 — 20| %dsy
z—zp|<

< O(g"™") + (1 + )M Ty (20)|*F N A (12, 20)-
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Since Qn(Tn(20)) =14 o(1), we get from (4.3)
/|Qn(TN(z))|2|Tzlv(Z)\|TN(2) — Tn(20)["dso (2)

= [Tl@ue et e

> (1+ 0(1)) N Adeg(@n) (Has €7/2).
Hence, the inequality
(L4 0(1)Adcg @) (1 €™/%) < O(¢"™™") + (14 m) " [T}y (20)|** A (1 20)
holds. Using that deg(Q,) < (n+o(n))/N, we can conclude

lim inf deg(Qn)** Adeg(Qn) (Ha, €™/?)

n+ 0(n)>a+1)\

< |a|+1 at+1q:. . (
< (14 0) Ty (20)|*7 liminf ( —

n(,u07 ZO)

‘onrl

Ty (20 o
lalJrl‘N]E/u-?-lﬂgfnaJrl)\n(ﬂmzo)-

<(1+n)
Since 1 > 0 is arbitrary, we obtain again from (3.15) and (4.1)

Lo
————— < limi a+1
(oo (o))t = Hminf n™ A (1 20),

which, along with (4.9), proves (4.6).

5 Smooth Jordan curves

In this section, we verify Theorem 1.1 for a finite union I' of smooth Jordan
curves and for a measure

du(z) = w(z)|z — z0|%dsr(z), (5.1)

where sp is the arc measure on I'. Recall that a Jordan curve is a homeo-
morhic image of a circle, while a Jordan arc is a homeomorhic image of a
segment. From the point of view of our technique there is a big difference
between arcs and curves, and in the present section we shall only work with
Jordan curves.

Let I be a finite system of C? Jordan curves lying exterior to each other
and let p be a measure on I' given in (5.1), where w is a continuous and
strictly positive function. Our goal is to prove that

lim n®*1A, - wlw) g 2
nl_{Igon (M,Zo) (WWF(ZO))Q+1 (5 )
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T

o —

Figure 3: The I' and the leminscate o as in the second half of Proposition
5.1

with L, from (3.4). We shall deduce this from the result for lemniscates
proved in the preceding section.

We will approximate I' with lemniscates using the following theorem,
which was proven in [11].

Proposition 5.1 Let ' consist of finitely many Jordan curves lying exterior
to each other, let P € T, and assume that in a neighborhood of P the curve
I' is C?-smooth. Then, for every ¢ > 0, there is a lemniscate 0 = op
consisting of Jordan curves such that o touches I' at P, o contains 1" in its
interior except for the point P, every component of o contains in its interior
precisely one component of I', and

wr(P) < wy(P) +e. (5.3)

Also, for every € > 0, there exists another lemniscate ¢ = op consisting
of Jordan curves such that o touches I' at P, o lies strictly inside I' except
for the point P, o has exactly one component lying inside every component
of I', and

wo(P) <wr(P) +e. (5.4)

Of course, the phrase “I" lies inside ¢” means that the components of I' lie
inside (i.e. in the interior of) the corresponding components of o. See Figure
3.

Note that in (5.3) the inequality wy(P) < wr(P) is automatic since I'
lies inside 0. In a similar way, in (5.4) the inequality wr(P) < wq(P) holds.

Actually, in [11] the conditions (5.3) and (5.4) were formulated in terms
of the normal derivatives of the Green’s function of the outer domains to I
and o, but, in view of the fact that this latter is just 27-times the equilibrium
density (see [14, II1.(4.1)] or [17, Theorem IV.2.3] and [17, (1.4.8)]), the two
formulations are equivalent.
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5.1 The lower estimate

Let P, be the extremal polynomial for A\, (u,zp), and for some 7 > 0 let
Srn,z0,k be the fast decreasing polynomial given by Proposition 2.1 with
some 7 > 1 to be chosen below, where K is the set enclosed by I'. Let
0 = 0, be a lemniscate inside I' given by the second part of Proposition
5.1, and suppose that 0 = {z : |Tn(z)| = 1}, where T is a polynomial of
degree N and Tx(z9) = ¢i™/2. Define R,, = PySen z. k- Note that Ry, is a
polynomial of degree at most (1 + 7)n and R, (z9) = 1. These will be the
test polynomials in estimating the Christoffel function for the measure

Ay (2) == |z — z0|%dss(2)
on o, but first we need two nontrivial facts for these polynomials.

Lemma 5.2 Let% < B < 1 be fized. Forz € T such that |z—z| < 2n77, let
z* € o be the point such that sy ([z0,2*]) = sr([20, 2]) holds (actually, there
are two such points, we choose as z* the one the lies closer to z). Then the
mapping q(z) = z* is one to one, |q(z) — z| < C|z — 2|2, dsr(2) = dsy(z*),
|d'(20)| = 1, and with the notation I, == {z* € o : |2* — 29| < n P}, we have

/ |Rn(z*)]2|z—zo|0‘dsg(z*)—/ |Rn(Z)|2‘Z—Zo‘ad5p(z) = O(n_(1+a))‘
zxely,

z*el,

(5.5)

On the left-hand side z = ¢~ !(2*), so the integrand is a function of z*.

Proof. First of all we mention that |¢'(z9)] = 1, i.e. for every € > 0, if
|z — zp| is small enough, then

la(2) = 2|

1—¢e<
|z — 2]

< <1l+e,
which is clear since ¢(z) = z + O(|z — 2|?).

We proceed to prove (5.5).

/ Rz 0l o) - / Ru(2))2 — zo|*dsr(2)
z¥el,

z*el,

<

|Ri(2")” = [Rn(2)[? ) |2 — 20|“dsr(2)
[ )

< [ |IBu)P = Ru(P s — zofodsr(z) i= 4.
z*el,

24



Using the Holder and Minkowski inequalities we can continue as

1/2
A < (/*EI |R, (") — Rn(z)|2|z — ZoadSF(Z)> X (5.6)

1/2 1/2
{( / Ra()[2)2 ZoladSF(z)> + ( / Ro(2)2]z - Zo\adSF(Z)> }
z*el, z*ely,

We estimate these integrals term by term.
P, is extremal for A, (i1, z0) = O(n~(®*1) (see Lemma 2.9), therefore we
have (use also that |R,(z)| < |P.(z)|)

1/2
(/ ) an(z)yz\z—zo\adsF(z)> <Cn 7. (5.7)
Z*E n

This takes care of the third term in (5.6).
The estimates for the other two terms differ in the cases o > 0 and
a < 0.
Assume first that a > 0. From Lemma 2.7, we get for any closed subarc
JiCJ
”RTLHJl < Cn(a+1)/2HRn”L2(,u) < Ca

where we used Lemma 2.9 and |R,(z)| < |P,(z)|. Choose this J; so that it
contains zg in its interior. Next, note that if z* € I,,, then |2* — z| < Cn~25,
so dist(z*, z) < C'/n. Therefore, an application of Lemma 2.4 yields for such

’ Rug(2)) — Bu(2)]
T <Cnll Rl
and so
Rn(a(2)) — Ra(2)| < Cnlg(2) — 2| < Cni=%. (5.8)

Since s, (1,) < Cn~? is also true, we have (recall that z* = ¢(2))

1/2
1/2
/ IRn(2*) — Rn(2)|?]2 — 20|®dsr(2) < c(nfﬁn*wn*aﬁ)
z¥ely,
= C’nl_HTaﬁ.

This is the required estimate for the first term in (5.6).
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Finally, for the middle term in (5.6), we have

1/2
( / ar<z*>Prz—zo|“d8r<z>>
z*€el,

1/2
</*€I ‘|Rn(z*)|2 — ’Rn(2)|2 + ’Rn(2)|2‘|z _ ZOPdSr(Z))

< ( [ R - R
zrely

1/2
T ( / Ru(2) 22 — zo!“dSr(z)>
z¥Eely,

a+1

< AYV2 4 on 7,

1/2
|z — zo\ad5p(2)>

where A is the left-hand side in (5.6), and where we also used (5.7).
Combining these we get

1_ o 5+a

A< 6’711*5%7045(%11/2 + Cn*&TH) < CAVRI=%3%0 4 Opa= 550

54+« 1 [ 54+«

< Cmax{A?p! =58 pz—2—"270Y,

1 o

Therefore A < Cn2=0G+ta)8 or A < Cnz=5—%5%8, 1f B < 1 is sufficiently
close to 1, then both imply A = o(n=(**1).
Now assume that a < 0. From Lemma 2.7, we get for any closed subarc
JpcJ
IRally < [[Pallsy € CRM2(|Poll 2y < Cn=?,

and we may assume that here Jj is such that it contains a neighborhood of
z9. Therefore, in this case (5.8) takes the form

IR, (2*) — Rp(2)| < Cnt=o/2728,

Since
/ |z — 2z0|%dsp(z) < C’n_o‘ﬁ_ﬁ,
z*eln

we obtain

1/2
(/ |Rn(2*) — Ru(2) %2 — Z()’adSF(Z)> < Cnlfgf%’*@ﬁ’
z¥Eln

which is the required estimate for the first term in (5.6). Finally, for the
middle term in (5.6) we get, similarly as before,

a+1

1/2
(/ |Rn(2%)?]2 — ZO|ad5F(z)) <AV2yon.
z*el,
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As previously, we can conclude from these

_ o+l

A< C'Tzk%*zﬁ*&THB(Al/2 +n" 2 ),
which implies
A < Cmax{n20~48-(a+1)8 ,3-a-26-2514)

If B is sufficiently close to 1, then this yields again A = o(n—(@t1), as
needed.
|

In what follows we keep the notations from the preceding proof. In the
following lemma let As(z9) = {z : |z — 20| < } be the disk about zy of
radius 9.

Note that up to this point the v > 1 in Proposition 2.1 was arbitrary.
Now we specify how close it should be to 1.

Lemma 5.3 If0 < 8 <1 is fired and v > 1 is chosen so that By < 1, then

[Rallira, s, (20) = o(n ™), (5.9)

Recall that here K is the set enclosed by I'.

Proof. Let us fix a 6 > 0 such that the intersection I' N As(zp) lies in
the interior of the arc J from Theorem 1.1. By p € Reg and the trivial
estimate || P, [|z2(,) = O(1) we get that no matter how small ¢ > 0 is given,
for sufficiently large n we have ||P,|lr < (1 +¢)”. On the other hand, in
view of Proposition 2.1, we have for z ¢ As(zp), z € K,

_ 2
|z, (2)] < Che™ T,

1Rall\a4(20) = o(n™7%) (5.10)

certain holds.

Consider now K N As(2p). Its boundary consists of the arc I' N As(zp),
which is part of J, and of an arc on the boundary of As(zp), where we
already know the bound (5.10). On the other hand, on I' N As(zp) we have,
by Lemma 2.7,

|P(2)| < C”(H‘QD/ZHPnHL?(M) < op(ilah/2,

Therefore, by the maximum principle, we obtain the same bound (for large
n) on the whole set K M As(z). As a consequence, for z € K\ A, 5/,

[Bo(2)] < Ol 2gmermn(n = 27 _ (=10
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if we choose v > 1 in Proposition 2.1 so that 5y < 1. These prove (5.9).
|

After these preliminaries we return to the proof of Theorem 1.1, more
precisely to the lower estimate of A, (u, 20).
Let n > 0 be arbitrary, and let n be so large that

1
1+4+mn 1+n

hold for all z* € I,,, where I, is the set from Lemma 5.2. Then we obtain
from Lemma 5.2 (recall that z* = ¢(z))

/ R ()12 — 20/%ds (%)
z¥ely,

w(zo) < w(z) < (14n)w(zo), |z—20| < [q(2)—20| < (14+n)[2—20]

<1+ |Rn(2%)?|2 — 20/ *dsr(2)
z*el,
< (1+n) |Ru(2) ]2 — 20|*dsr(z) + o(n ™)
z*el,
(1 4 p)lel! / 2 —(a+1)
e — R, (2)|"w(2)|z — 20|%dsr(z) + o(n™\“
e [ IR u(z = 2dsr) + o)
(1 ‘1‘77)|04Jrl —(a+1)
’UJ(ZO) )‘?’L(/‘vaO) + O(TL )

On the other hand, if we notice that if, for some z € o, we have z* & I,
then necessarily |z — 29| > n~?/2, we obtain from Lemma 5.3

/ ’RH(Z*)|2|Z* — 20|%dsy(2") = O(?’L—(1+O‘))'
z*eo\In
Combining these, it follows that

/ R ()12 — 20/%dso (%)

zEeo

(1+n)|a\+1
w(2o)

Since deg(R,,) < (1 + 7)n, we can conclude from (4.6) (see also (2.1))

La . . a
oGzt~ minf deg(Rn) M Ndeg(Ra) (Hos 20)

IN

Adeg(Rn) (/‘Oa ZO)

An (11, 20) + o(n~= (@),

(L4t

Oé—‘rl)\
U)(Z()) n n(/,L,Z())-

< liminf(1 + 7)>*!
n—oo
But here 7,7 > 0 are arbitrary, so we get

lim inf n®+ A, (1, 20) = —— L.
it e (s 20) 2 o e
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As wy(20) < wr(zo) + € (see (5.4)), for e — 0 we finally arrive at the lower
estimate

3 3 a+1 >
hnrggéfn An (s 20) > Groor(20))7 L,. (5.11)

5.2 The upper estimate

Let now o be the lemniscate given by the first part of Proposition 5.1, and
let P, be the polynomial extremal for A\, (us, 20). Define, with some 7 > 0,

Ry (2) = Po(2)Srn,20,0(2),

where Sry, .1 is the fast decreasing polynomial given by Proposition 2.1
for the lemniscate set L enclosed by o (with some v > 1). Let n > 0 be
arbitrary, % < B < 1 as before, and suppose that n is so large such that

141r77w(zo) < w(z) < (1+n)w(zo)

1
—<|d < (1
sl

z—zol <lg(z) — 20l < (1+n)z— 2z
1+TI‘ ol <lq(2) ol <( )l ol

are true for all |z — 29| < n~#. Using Lemma 5.2 (more precisely its version
when o encloses I') we have (recall again that z* = ¢(z))

/*el |Rn(2)Pw(z)|2 — 20|%dsp(z)

< (14 n)w(zo) / |Ru(2) 2] — 20/dsr(2)

z*€lp

< muto) [ Rl = ol dsa(=) + o)

z*ely

< (1+ )l () / IRl = 20l () + o)
z*ely,
< (14 1) (20 A (110 20) + o(n~(@H1Y).

On the other hand, Lemma 5.3 (but now applied for the system of curves
o rather than for I') implies, as before,

I Ru(2) P12 — al*duz) = ofn=4))
F\An_5/2(z0)

Therefore,

Adeg(Rn) (15 20) < (1 + n)|a|+1w(20)/\n(ua720) + o(nf(oﬁl)),
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which, similarly to the lower estimate, upon using (4.6) and letting 7,7 tend
to zero, implies (see also (2.2))

lim sup n® A, (1, 2 <& )
n—)oop n(M O)_ (WWJ<ZO))0[+1 “

Here, in view of (5.3), wr(20) < ws(20) + €, hence for ¢ — 0 we conclude

lim sup n® A, (1, 29) < &L .
n—}oop TL(ILL 0) - (ﬂ_wr(zo))a+1 (6%

This and (5.11) prove (5.2).

6 Piecewise smooth Jordan curves

The proof in the preceding section can be carried out without any diffi-
culty if I' consists of piecewise C%-smooth Jordan curves, provided that in
a neighborhood of zy the I' is C%2-smooth. Indeed, in that case we can still
talk about wr which is continuous where I' is C2-smooth (see [24, Propo-
sition 2.2]), and in the above proof the C2-smoothness was used only in a
neighborhood of zy. Therefore, we have

Proposition 6.1 Let T consist of finitely many disjoint, piecewise C?-smooth
Jordan curves. Let zg € T', and in a neighborhood of zy € T let T be C?-
smooth. Then, for the measure p given in (5.1), we have (5.2).

7 Arc components

In this section, we prove Theorem 1.1 when I' is a union of C?-smooth
Jordan curves and arcs, and p is the measure (5.1) considered before. To be
more specific, our aim is to verify

Proposition 7.1 Let I' consist of finitely many disjoint C%-smooth Jordan
curves or arcs lying exterior to each other, and let zg € I'. Assume that in
a neighborhood of the point zg € I' the piece of I' lying in that neighborhood
is C?-smooth, and zy is not an endpoint of an arc component of I'. Then,
for the measure (5.1) where w is continuous and positive and o > —1, we
have (1.4).

We shall need some facts about Bessel functions, and a discretization
of the equilibrium measure vp that uses the zeros of an appropriate Bessel
function.
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7.1 Bessel functions and some local asymptotics

We shall need the Bessel function of the first kind of order 8 > 0:

& (/P
T5(2) _nZ:o nl(n+p+1)’

as well as the functions (c.f. [10])

| T AITE) — TNy ()
Jg(u,v) = 2(u —v) ’

" J5(2) ] Jp(u, v)
J,B(z) = B Jﬁ(uvv) = WBl2uBl2

These latter ones are analytic, and we have

1 i(-gn(ﬁ/z)?n( B 2n+ﬂ> J501 (V)
rB+1) T(B+1)

227y e il (n+ B +1) T+ 1)

J5(u,0) =

Let dvg(x) be the measure 2°dx with support [0,2], and KT(LO)(x,t) its
n-th reproducing kernel. It is known (see [9, (1.2)] or [20, (4.5.8), p. 72])
that

K(0,0) J5(0,0) 7

which holds uniformly for |z| < A with any fixed A. We have already men-
tioned (see e.g. [20, Theorem 3.1.3]) that the polynomial K (t, 0)/KT(LO) (0,0)
is the extremal polynomial of degree n for A, (10,0), so the preceding rela-
tion gives an asymptotic formula for this extremal polynomial on intervals
[0, A/n?]. If now dvi(z) = (2z)°dz but with support [0,1], and K s
the associated reproducing kernel, then KT(,,I)(t, 0)/ KS)(O, 0) is the extremal
polynomial of degree n for A, (v1,0), and it is clear that this is just a scaled
version of the extremal polynomial for vg:

0) [ a2 *
K (5.9) _ (1 1o P20

ED(0) K (2t,0)
KV0,00  K2(0,0)

Therefore,
B (E0) _ oy B0
— = (1+0(1) .
£:9(0,0) T5(0,0)

Then the same is true for the measure 2~ 2dv () = 28dx with support [0, 1]
(multiplying the measure by a constant does not change the extremal poly-
nomial for the Christoffel functions). Next, consider the measure dvs(x) =
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|x|*dx with support [—1, 1]. For this the extremal polynomial for Ag, (12, 0)
is obtained from the extremal polynomial for A, (v1,0) with 8 = (a—1)/2 by
the substitution ¢ — ¢? (see Section 3.1, in particular see the last paragraph
in that section), i.e.

Hence, for even integers n

K2 (t,0) )
m = (L+0(1)) T (), It| < -,

where

%(22,0) J’LTl (2)
jaTJrl (2) == = 0.0) = T ) (7.1)

2

Fix a positive number A. According to what we have just seen, for every
even n

A/n A/n K’/(IQ) t.0 2
Tos (t)2t|7dt < (1—1—0(1))/ % | dt
—A/n 2 -A/n \ Ky (0,0)

< (I+0(1))An(12,0),
and so for any (even) n
A A/n
| Fep@Platrar=n=t [ o (uePlefde < (LoD, (,0).
—A —A/n

Now if we let here n — oo and use the limit (3.3) for the right-hand side,
then we obtain

A
/ jLH(fE)QkE‘adx < Lq,
—_A 2

where L, is from (3.4). Finally, since here A is arbitrary, we can conclude
o0
/ Toor (2)2|2]0dz < Ly, (7.2)
—00 2

7.2 The upper estimate in Theorem 1.1 for one arc

The aim of this section is to construct polynomials that verify the upper
estimate for the Christoffel functions in Theorem 1.1 (which is the same as
in Proposition 7.1) when I' consists of a single C2-smooth arc, and zy € I is
not an endpoint of that arc. In the next subsection we shall indicate what
to do when I' has other components, as well.
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Let vp be the equilibrium measure of I' and sp the arc measure on I'.
Since T is assumed to be C%-smooth, we have dvr(t) = wr(t)dsp(t) with an
wr that is continuous and positive away from the endpoints of I (see [24,
Proposition 2.2]).

We may assume zy = 0 and that the real line is the tangent line to I'
at the origin. By assumption, the measure p we are dealing with, is, in a
neighborhood of the origin, of the form du(z) = w(z)|z|*dsr(z) with some
positive and continuous function w(z).

Since T' is assumed to be C2?-smooth, in a neighborhood of the origin
we have the parametrization v(t) = v1(t) + iv2(t), 71(t) = t, where 72 is a
twice continuously differentiable function such that v2(0) = 74(0) = 0. In
particular, as t — 0 we have v5(t) = O(t?), 74(t) = O(|t|). We shall also take
an orientation of I', and we shall denote z < w if z € I" precedes w € I' in
that orientation. We may assume that this orientation is such that around
the origin we have z < w < Rz < Rw.

It is known that, when dealing with |z|* weights on the real line, Bessel
functions of the first kind enter the picture, see [7], [9], [10]. For a given
large n we shall construct the necessary polynomials from two sources: from
points on I' that follow the pattern of the zeros of the Bessel function Ja+1,
and from points that are obtained from discretizing the equilibrium measflre
vr. The first type will be used close to the origin (of distance < 1/n” with
some appropriate 7), while the latter type will be on the rest of I'. So first
we shall discuss two different divisions of T'.

7.2.1 Division based on the zeros of Bessel functions

Let 6 = O‘TH — it is a positive number because o > —1. It is known that
Js, and hence also Jg from (7.1), has infinitely many positive zeros which
are all simple and tend to infinity, let them be jg; < jgo2 < .... We have
the asymptotic formula (see [28, 15.53])

Jom = (h+ g - %)w +o(l), k- oo (7.3)

The negative zeros of J3 are —jg 1, and we have the product formula (see

28, 15.41,(3)])
z B a 2'2

Therefore,

Ts(z) =11 (1 ~ Z) . (7.4)

Let ag = 0, and for £ > 0 let a; € I' be the unique point on I" such that
0 < ag, and

~— _ JBk
vr(Oag) = 7, (7.5)
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where Oay, denotes the arc of ' that lies in between 0 and ag. For negative
k let similarly aj be the unique number for which a; < 0 and

) _ I8kl

vr(ax0) (7.6)

N

The reader should be aware that these a; and the whole division depends
on n, so a more precise notation would be ay,, for ai, but we shall suppress
the additional parameter n.

This definition makes sense only for finitely many k, say for —kg < k <
k1, and in view of (7.3) we have ko + k1 = n+ O(1), i.e. there are about
n such ap on I'. The arcs apax,q are subarcs of I' that follow each other
according to <, for them

_ JBk — JBk—1

VF(a/kflak) - Tv k> 07
VF(ak—lak) = W7 k<0,

and their union is almost the entire I': there can be two additional arcs
around the two endpoints with equilibrium measure < (jgx, — J8.ko—1)/TN

resp. < (jgk — Jki—1)/TN.

7.2.2 Division based solely on the equilibrium measure

In this subdivision of I" we follow the procedure in [24, Section 2]. Let
boby C T' be the unique arc (at least for large n it is unique) with the
property that 0 € boby, vr(bob1) = 1/n, and if & is the center of mass of
vr on bgby, then B¢y = 0. For k > 1 let by € T' be the point on I' (if
there is one) with the property that 0 < by and vr(biby) = (k — 1)/n, and
similarly, for negative k let b, < 0 be the point on I' with the property
vr(bgbo) = |k|/n. This definition makes sense only for finitely many k, say
for —lp < k < l1. Thus, the arcs bibg11, —lg < k < I —1, continuously fill I'g
(in the orientation of I'g) and they all have equal, 1/n weight with respect
to the equilibrium measure vr. It may happen that, with this selection,
around the endpoints of I' there still remain two “little” arcs, say b_;,b_;,+1
and by, _1b;, of vp-measure < 1/n. We include also these two small arcs
into our subdivision of I', so in this case we divide I' into n + 1 arcs bybg1,
k=—lg,...,l1 — 1.
Let &, be the center of mass of the measure vr on the arc bybgy1:

& = 1/ w dvp(u). (7.7)

vr (bkbr+1) Jopbers

Since the length of bibg11 is at most C'/n (note that wr has a positive lower
bound), and T" is C?-smooth, it follows that & lies close to the arc byby1:

. —_— C
dist(&k, brbrt1) < ) (7.8)
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For the polynomials

Bu(2) = [[(= = &) (7.9)

k0

it was proven in [24, Propositions 2.4, 2.5] (see also [24, Section 2.2]) that
By, (2)/By(0) are uniformly bounded on I*:

«Bn(z)
B (0)

< Cy, zel. (7.10)

7.2.3 Construction of the polynomials C,

Choose a 0 < 7 < 1 close to 1 (we shall see later how close it has to be to
1), and for an n define N = N,, = [n3(1-7)]. We set

Cu(2) = fﬁ Q—Z> r[<r—;>. (7.11)

ag
k=—Ny, k#0 k>N,

Note that the precise range of k in the second factor is —ly < k < —N,, as
well as N,, < k <13 — 1. Since the number of all £ is n + 1, this polynomial
has degree n, and it takes the value 1 at the origin. This will be the main
factor in the test polynomial that will give the appropriate upper bound
for A, (u,0), the other factor will be the fast decreasing polynomial from
Corollary 2.2.

We estimate on I the two factors

and

T

separately. The estimates will be distinctly different for |z| < n™" and for

|z| >n~7.

7.2.4 Bounds for A, (z) for |z| <n™"

In what follows, we shall use N instead of N,, (= [n3(1=7)]).

Consider first
N
A =] (1 - <WF<°>$>2>

-2
k=1 JB K
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(recall that jg are the zeros of the Bessel function Jg with f = (a4 1)/2).
In view of (7.4) we can write for real |z| <n~"

Jp(nmwr(0)z) _ H - (nmwr(0)z)?
A (2) N 95
Taking into account (7.3), here

nmwr(O)z _ <nn_> |

JB.k

hence the product on the right is
nnT\ 2
k>N

Thus, our first estimate is

I

@
»
o}
/N
Q
7
3

—_ e
27
2
~
N~

A (x) = (1+ o(1)) Tp(nmwr(0)x), lz| <n7T7. (7.12)

T

Next, we go to a z € I with |z| < n~7. Let = be the real part of z.
Then, for |z| < n~7, we have (recall that T' is C?-smooth and the real line
is tangent to I')

z=x+0() =z +0(n?).

We shall need that the a;’s with |k| < N are close to jg i /nmwr(0). To
prove that, consider the parametrization v(t) = t 4 iv2(t) of I discussed in
the beginning of this section. Then ay = v(Rax) = Ray + O((Rax)?). By
the definition of the points a; we have for 1 < k < N

. Ray,
B o) = [ e Ol (7.13)

™

Now we use that around the origin wr is C''-smooth (see [24, Proposition
2.2]), hence on the right

wr(y(t)) = wr(0) + O(|7(#)]) = wr(0) + O(Jt]),

while
Y ()] = 1/1+ ()2 = /1+0(t2) = 1+ O(t?),

hence

. Ray
I8k :/O (wr(0) + O(t])) dt = wr(0)Ray, + O((Rax))?,
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which implies

js, .
Ray, = #:(0) +0 ((;B,k/n)Q) . (7.14)

Therefore, since here jg < Ck (see (7.3)),

ap — I (ay— Ray) + Ry — 0 (kym)?). (7.15)

nmwr(0) nrwr(0)
Let
p=(a+9)(1—71), (7.16)
and suppose that
oo dok |5 1 for all =N <k < N. (7.17)
nrwr(0)| = nite’ -
Then in the product
N N . ‘
An(z) 11 1—z/ax - 2j8.k/
An@) N o L mer0)2 sty Lo Jak — nrwr(0)z

all denominators are > ¢/n”. As for the numerators, we have (recall (7.15)
and |ag| > ck/n)
ljg.k/ar — nrwr(0)] = O(k),

and hence, because of z = z + O(z?),
|zjgr/ar — nrwr(0)z] = O(|z|k + na®) = O(Nn™" 4+ nn~27)
— O(n3747— 4 nlsz) — O(n3747).
Therefore, for the individual factors in A,,(2)/A%(z) we have

Jk — #ipk/ Ok

- =1+0n**nr ,
Jgk — nmwr(0)z ( )

from which we can conclude

j:é;; (1 + O(n3_47np))2N = exp (O(n3_47npN))
= exp (O(n6777+p)) = exp (O(n(lfﬂra)(lfﬂ')f‘r)) -1+ 0(1)
provided

(5+a)(1—7) <. (7.18)

Let T', be the set of those z € I' for which |z| < n™" and (7.17) is true
with z = Rz:

I'y={zel : |z <n™", (7.17)is true with x = Rz}. (7.19)
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So far we have proved (see (7.12) and the preceding estimates)
An(2) = (14 0(1))Ig(nmwr(0)z), z ey (7.20)

I, is a subset of the arc ' N A,,—-(0) of sp-measure at most O(Nn~1=°) =
O(n?>=37=P), so its relative measure compared to the sp-measure of I' N
A,--(0) is at most

O(n273‘rfp+‘r) _ O(n272‘r*p> _ O(N72)

because
2-21—p=—(a+T7)(1—7) < —6(1—1).

Since A, has degree 2N, from the Remez-type inequality in Lemma 2.6 we
can conclude that

sup{|An(z)| : z€ T NA,-7(0)} < (14 o0(1))sup{|An(2)| : z€ Ty}

But J5(t) is bounded on the whole real line (see [28, Section 7.21]), therefore
we get from here and from (7.20) that there is a constant C such that

|An(2)] < Cy (7.21)

forall ze T, |z <n77.

7.2.5 Bounds for B,(z) for |z| <n~ "

Consider now, for z € I, |z| < n™7, the expression

Bu(x) = [ &2

k|>N Sk

Recall that the smallest and largest indices here (they are k_;, and ki)
refer to a & that were selected for the two additional intervals around the
endpoints of I', hence for them we have

§k— 2
&k

The rest of the indices refer to points &, which were the center of mass on the
arcs bibr+1 which have vp-measure equal to 1/n. We are going to compare
log |z — &k| with the average of log |z —t| over the arc bybi1 with respect to
vr:

—14+0(z)=1+0(1), k=—lpls —1.

log |z — &| — n/ log |z — t|dvr(t) = —n/ log

brbrt1 brbyy1

Here . ;
z— :1+§k_ ’
z— &k z— &k
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and for ¢ € bybpy1, in the numerator &, —t| < C/n. Since |z| is small (at
most 7~ 7) and compared to that [&| is large (> N/n = n?1=7)-7), the
second term on the right is small in absolute value, hence

z—t §k—t> §p—t &—t|°
1 = R1 1+ =R + O .
ng—fk' Og( z — &k z — &k (Z—fk
Therefore,
- Ep —t

dVr (t)

n / log
bibrt1

z— &k

because the integral

[ i =n o [ (@ nan)
brbri b

z — &k z — &k kbkt1

vanishes by the choice of &.

Hence, if
H, = U brbk+1,
—lo<k<—N, N<k<l1—2
then
tog T[ 16— =1 ~n [ togle ~tlin() = o()+0( 3 &
IkI>N e k|>N

= o(1)+O(N1) =o(1).
If we set here z = 0, then we get
tog. [T Il ~n [ togltldir(t) = o).
k>N Ha
Therefore,

|z — ¢
2l

log | B, (2)| — n/ log dvr(t) = o(1). (7.22)

n

—1
/log |2 ’dl/F(t)
T ]

is the value of the logarithmic potential of the equilibrium measures v
in two points of I', and since this logarithmic potential is constant on I' by

As the whole integral
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Frostman’s theorem ([16, Theorem 3.3.4]), we obtain that this whole integral
is 0, and so (7.22) is equivalent to

log |B,,(2)| + n/r log 12 ; t|d1/p(t) = o(1). (7.23)

. 1

The set I' \ H,, consists of the two small additional arcs b_;,b_;,+1, b;,—1bi,
and of the "big” arc b_nbyy1. The integral, more precisely, n-times the
integral, on the left over the two small arcs is o(1) (recall that |z| is small,
while on those arcs |t| stays away from 0), and now we estimate the integral
over the ”big” arc, i.e. we consider

_ RON 41 _
n / log 2= gty = n / log 2=l )y )1t (7.24)
b_NbN+1 t] Rb_y v (t)]

By the definition of the points by we have by = (1/2 + o(1))/n,

RON 41
N o (v = / wr ()l (8)]dt
n Rb1

and the same reasoning as in between (7.13) and (7.14) yields from this that
N+ 3

2

Rbn11 =

We get similarly

Rb_y =
nwr
If z=~(¢) = +1iv2((), then in the integrand in (7.24) we have
wr(y(t) =wr(0) + O(lt), (6] =1+0(t?),

log [y(t)] = log([t| + O(¢*)) = log|t| + O([t]),
and (with v(¢) =t + iy2(t))

log [v(¢) = 7(t)] =log V(¢ — )2 + (12(¢) — 72(1))2,

where
72(¢) = 2(t) = 1%(C)(C =) + O((¢ — 1)*) = O(I¢[[¢ — t]) + O((¢ = 1)*).
Therefore, since [¢| < n~" and |¢ — | < CN/n, we have
log [7(¢) = (1) = log |¢ — t[ + O(n™*7) + O ((N/n)?).
By substituting all these into (7.24) we obtain that with

M, = (=N +1/2)/nwr(0), My = (N +1/2)/nwr(0),
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the expression in (7.24) is equal to

Mo

C;t‘ wr(0)dt = n/ log

Ma+O((N/n)?))
o),
My

log e o)

M1+O((N/n)?)
plus an error term which is at most
nO ((N/n)?) + nO (N/n)O(n"?") +nO ((N/n)?)
— O(nﬁ(lfT)fl) +O(n3(177)72‘r) +O(n9(177)72) — 0(1)

if (7.18) is satisfied.
From what we have done so far, it follows, say, for 0 < ( = Rz < n™ ",
that with M = N/nwr(0)

M
108 1B, ()] = o(1) = nr(0) [ (gl — |~ log ).

But

M M M
/ (bg\é—t\—logrtr)dt:/ og “FCau — / O<<>du
-M M—C¢ U M—¢ U

hence

log |By(2)] = O(n*(n/N)) +o(1) = O(n*>73177) 4 o(1)
= O(n ") +0(1) = o(1)

for all z € I, |z] < n~7, provided 7 satisfies (7.18). Thus, in this case (i.e.
when |z| <n™7)
|Bn(2)] =14 o(1). (7.25)
All the reasonings so far used the assumption (7.18), which can be sat-
isfied by choosing 7 < 1 sufficiently close to 1.

T

7.2.6 The square integral of C, for |z| <n~

Using (7.20), (7.21) and (7.25) we can now estimate the square integral of
|Cn(2)] against the measure p over the arc ' N A,,—-(0). Indeed, let RT';, be
the projection of I',, (see (7.19)) onto the real line. Then RT', is an interval
[—an, Bp] minus all the intervals

oo (_dsk 1 JB.k n 1
F nrwr(0)  nltP nrwp(0)  nlte )’

Here v, B, ~ n~7, and the |k| in these latter intervals is at most 2n'~" (see

(7.3)). Therefore (use also that
dp(z) = w(z) 2| dsr(2) = (1+ o(1))w(0)z]°dx
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and that [7/'(t)] =1+ o(1) for t = O(n™7)),

/ Cal)Pdu(x) = (1+0(1) [ Ts(nmwr(0)a)w(0)fe|ds
rnA, - (0) Ry

+ C |x|“dx.
U

In view of (7.2) the first integral is at most

(1+0(1))w(0)
(nrwr(0))att La

with the L, defined in (3.4). The second integral is at most

2,"/177' @
1 k —7)(a+1)—a—1— —a—
c > 5 () — O et —aslpy _ ;a1

n
k=1

because of (7.16).
Combining these we can see that

0)Lqa
limsupno‘H/ Cn(z 2du z) < 11)(7 7.26
o ORI < s (7.26)

n—00

7.2.7 The estimate of C,(z) for |z| >n~"

Now let z € T, |z] > n™7, say 0 < z. In view of (7.3) and of the definition
of the points a; and b,

vr(Oag) = % +0(n™Y), vr(0by) = % +0(m™Y, k>o.
A similar relation holds for negative k. These imply
ap — b = O(n™1h), (7.27)
and so there is an integer Ty (independent of n) such that
br—1, < ar < bryT, for k > T}

and similarly
b_p—1, < a—p < b_kim, for k > Tj.

Since I' is C?-smooth, this implies the existence of a § > 0 and a T' (actually,
T = Ty+1 will suffice) such that if |z| < ¢ (and z satisfying also the previous
condition that z € T, 0 < 2)

(i) then z < ak, T'< k < N imply

|z —ag| < |z = &yl lag| > [Er—7|
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(ii) then ax < z, T < k < N imply

|z —ag| <[z —&-rl,  lax| > &7l
(iii) then ax < z, —N <k < —T imply

|z —ap| <|z—&-1|.  lag| > [Etl-

For this particular z € I', 0 < 2, 0 > [2| > n~7 we shall compare the value
|Cn(z)| with the value of a modified polynomial |Cy(2)|, which we obtain as
follows. Remove all factors |1 — z/ay| from |C,(2)| with |k| < T, then

(i’) for z < ag, T' < k < N replace the factor |1 — z/ag| = |ax — 2|/|ak| in
Cn(2)] by |2 = &erl/|Sk-T]

(ii’) for ax < z, T < k < N replace the factor |ay — z|/|ag| in |Cp(2)| by
|2 = &1/ 1€kl

(iii’) for ax < z, —N < k < —T replace the factor |ay — z|/|ag| in |Cp(2)]
by [z = &k—rl/[€k+7]-

Removing a factor |1 — z/ag| from |C,(z)| decreases the absolute value
of the polynomial by at most a factor 1/Cyn with some Cy because each
ak, k # 0is > ¢/n in absolute value. On the other hand, the replacements
in (i”)—(iii’) increase the absolute value of the polynomial at z because of
(i)—(iii). Hence,

Ca(2)] < C3n*[Cu(2)].
But |C,(z)| has the form

)] = L8]
[T 1€k
where all |z — &, —lp < k < [, appear in [[* except at most 57" of them (at
most 27" around z, at most 27" around 0, and at most 7" around ay), and
where some |z — &| may appear twice, but at most 7' of them (all around
an). Therefore, if z also satisfy |z — &| > n~* for all —lp <k <l; —1, then

l1—1

[T-al<| [I I=-&l| (@amn) @),

k=—lo,k70

A similar reasoning gives that in [[*" all |£| appear except perhaps 27T
of them, and none of the & is repeated twice, therefore,

-1
. 1

H**|§k|2 H (34 (diam(1))2T"

k=—l0,k#0
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Therefore,

I1—1
Ca(2)] < Csn®[Ca(2) < Cn™T ]
k=—1o,k#0

|z — &l
1.

But the product on the right is | B,,(z)/By(0)| with B, from (7.9), for which
the bound (7.10) is true. Hence, we can conclude

Cn(2)] < C5n*T, (7.28)

under the condition that |z — &| > n~% is true for all k.

This reasoning was made for |z| < § and 0 < z. The case |z| <, 2 <0
is completely similar. On the other hand, if z € T", |z] > §, then we use for
all =N <k<N,k#0

|z —ap| =]z = &+ O(n™")| =]z = &1+ O(n™1))]

because all ay, & with |k| < N lie of distance < CN/n = O(n*(1-7)-1) =
o(1) from the origin. Thus, if we replace every |z — ag| in C,(2), |k| < N,
k # 0 by |z — &, then under this replacement, the value of the polynomial
can decrease by at most a factor (1 +O(n~1))" = O(1). We also want to
replace each |ax| by [€x|:

N
H lag| > H |ag| H &t = en™ T H ||
k=1

k=1 k=T+1

because |ax| > [§g—7| for kK > T and |ag| > ¢/n for all k # 0. A similar
estimate holds for negative values, by which we get

C C 2T ’ gk‘ < cC nQT
| =g =co

since the last product is just | B, (z)/B,(0)| for which we can use (7.10).

Therefore, for such values (i.e. for |z| > §) we can again claim the bound
(7.28).

All in all, we have proven (7.28) on I" with the exception of those z € T’
for which there is a & such that |z — &| < n~*. This exceptional set has
arc measure at most Cn-n~% = Cn™3, so an application of Lemma 2.6 gives
that the bound

1C(2)] < Csn?*T, (7.29)

holds throughout the whole T'.
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7.2.8 Completion of the upper estimate for a single arc

Let

Po(2) = Cn(2)Snor(2),
where Cp(z) is as in (7.11) and S, 0r(2) is the fast decreasing polynomial
from Corollary 2.2 for K = I' and for the point 0. This P, has degree
(14 o(1))n, its value is 1 at the origin, and |P,(z)| < |Cn(2)| on I'. On
I'nA,--(0) we just use |P,(2)| < |Cn(2)|, while for |z| > n™" we get from
(7.29) and (2.4) that

‘Pn(z)| < 2C5n22TCTe—c7—n"0 _ O(R_a_l).

As a consequence,

n—oo n—oo

limsupnaH/ |Po(2)2dpu(2) §limsupn°‘+1/ C(2) 2 dpu(2).
r A, - (0)

Since the integral on the left is an upper bound for Ageg(p,)(#,0), we obtain
from (7.26) (use also (2.2))

0)L
lim sup ne i, (u,0) < (O La 7.30
n—)oop (,U, )— (WWF(O))aJrl ( )
This proves one half of Proposition 7.1 for a single arc.

|

7.3 The upper estimate for several components

In this section, we sketch what to do with the preceding reasoning when
I’ may have several components which can be C? Jordan curves or arcs.
Let I'g,...,I'y, be the different components of I', and assume that zp = 0
belongs to I'g. Assume, that this I'g is a Jordan arc, actually this is the
only case we shall use below i.e. when zy belongs to an arc component of I,
and the other components are Jordan curves. On this Iy we introduce the
points a; as before, there is no need for them on the other components of I'
(they played a role above only in a small neighborhood of 0).

On the other hand, on the whole I' we introduce the analogue of the
points & by repeating the process in [24, Section 2]. The outline is as
follows. Let 6; = vp(I';), consider the integers n; = [0;n], and divide each
I';, 7 > 0, into n; arcs I,Z each having equal weight 6; /n; with respect to vp,
ie. yp(],f;) = 0;/nj. On I'y introduce the points by, as before, and the arcs
I,g = bpbp41. Let fi be the center of mass of the arc Ii; with respect to vp,
and consider the polynomial

Ru(z) = [[ (=~ &) (731)

j?k
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of degree at most n + O(1). Now the polynomial
Bn(2) = Ru(2)/(z — &) (7.32)

will have similar properties as the B,, before, namely (7.10) is true, see [24,
Section 2], in particular see [24, Propositions 2.4 and 2.5].

The rest of the argument in the preceding subsections does not change:
the components of I';, [ > 1 are far from zg = 0, the corresponding estimates
in the above proof on them is the same as the estimate in the preceding
subsections for |z| > 4.

|

7.4 The lower estimate in Theorem 1.1 on Jordan arcs

In this section, the assumption is the same as before, namely that I consists
of finitely many C?-smooth Jordan arcs and curves, zy belongs to an arc
component of I" and p is given by (5.1). Our aim is to prove the necessary
lower bound for A, (u, 20).

In this proof we shall closely follow the proof of [24, Theorem 3.1].

Let Q be the unbounded component of C \ I', and denote by go the
Green’s function of 2 with respect to the pole at infinity (see e.g. [16, Sec.
4.4]).

Assume to the contrary, that there are infinitely many n and for each n
a polynomial @,, of degree at most n such that Q,(z9) = 1 and

w(20) Lo,
(mwr (20))>

with some § > 0, where L, was defined in (3.4). The strategy will be to show
that this implies the following: there exists another system I'* of piecewise
C?-smooth Jordan curves and an extension of w to T'* such that T C T'*, in
a neighborhood Ay of zg we have I' N Ag = I'" N Ag, and for the measure

nlte / |Qn|?dp < (1 —6) (7.33)

du*(z) = w(z)|z — z0|*dsr+(2) (7.34)

with support T'*

L
liminano‘)\n(u*,zo) < w(z0) Lo

m in e Gl (7.35)

Since this contradicts Proposition 6.1, (7.33) cannot be true.

Let I'g, ..., I'y, be the connected components of I', I'g being the one that
contains zg. We shall only consider the case when I'y is a Jordan arc, when
Iy is a Jordan curve, the argument is similar, see [24, Section 3].

Let ny be the two normals to I'g at zp, and let Ay = dgq(z0)/Ony be
the corresponding normal derivatives of the Green’s function of €2 with pole
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Figure 4:

at infinity. Assume, for example, that A, > A_. Note that A_ > 0, see [24,
Section 3.

Let € > 0 be an arbitrarily small number. For each I'; that is a Jordan
arc, connect the two endpoints of I'; by another C?-smooth Jordan arc F}
that lies close to I'; so that we obtain a system I" of kg + 1 Jordan curves
with boundary (U;I';) J(U;T%). Assume also that Iy is selected so that n
is the outer normal to I at zp. This can be done in such a way that (with
Q) being the unbounded component of C \ ")

dg0r (20) S 1 9galzo)
3n+ 1 + € 8n+

(7.36)

see [24, Section 3.

Select a small disk Ay about zp for which IV N Ag = I' N Ap, and, as
in [24, Section 3], choose a lemniscate 0 = {z : |Ty(z)| = 1} (with some
polynomial Ty of degree equal to some integer N) such that I lies in the
interior of o (i.e. in the union of the bounded components of C \ o) except
for the point 29, where o and I"” touch each other, and (with Q, being the
unbounded component of C \ o)

399(,(20)> 1 9ga(zo)

3n+ 1 + € 3n+ (737)

For the Green’s function associated with the outer domain €, of o we have
(see [24, (3.6)])

990, (20) _ [Ty (20)]

on, N

For a small a let o, be the lemniscate o, := {z : |In(2)| = e }.

According to [24, Section 3], if A C Ay is a fixed small neighborhood of zy,

(7.38)
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then for sufficiently small a this o, contains IV \ A in its interior, while in
A the two curves 'y and o, intersect in two points U, V', see Figure 4. The
points U and V are connected by the arc UV, on Iy and also by the arc
UV,, on o, (there are actually two such arcs on o,, we take the one lying
in A). For each I'; which is a Jordan arc connect the two endpoints of I';
by a new C? Jordan arc I'; going inside I so that on I'; we have

go(z) < d?, z €T} (7.39)

In addition, I'jj can be selected so that in A it intersects o, in two points
U*,V*. Then U*V*,, is a subarc of UV ,,. Let now I'* be the union of T,
of the I'}’s with j > 0, of I'§ \ U*V*» and of U*V*,,. This I'* is the union
of kg + 1 piecewise smooth Jordan curves.
Now let
m=[(1+ 5)7A_n/NA+] (7.40)

and consider the polynomial
Primn(2) = Qn(2)Tn(2)™ (7.41)

on I'* with the @, from (7.33), and let the measure u* be the measure in
(7.34) on I'*. For the polynomials P, Ny, it was shown in [24, (3.18)-(3.20)]
that on I'* \ (UVp, UU*V*,,),

| Py (2)] < Cynlt/2ena®—ma, (7.42)
on TVr,
| Prmn (2)] < 1Qn(2)], (7.43)
and on U*V*,,
|Prymn(2)] < C1n'/? exp (n(1+e)'aA_/|Ty(20)| — ma), (7.44)

where C is a fixed constant. Here, by the choice of m in (7.40), and by
(7.37) and (7.38), the last exponent is at most

. ((1 +e)’ad_ (1+ e)GaA_> _ —an(l +e)’aA_

AN  NA, NA,

Fix a so small that we have a®> — aA_/NA, < 0. Then the inequality
|Tn(2)] <1 for z € T and the estimates (7.42)—(7.44) yield

AntmN (B 20) < /‘Pn—l—mN’Qd:U* < / ’Qn,Qdﬂ + O(n_a_z)'
Hence, by (7.33), for infinitely many n

n+ mN>O”L1 (1-5 w(z0)La

(n —+ mN)a+1)\n+mN(M*v ZO) < < W

+o(1).
(7.45)

n
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Since (see [24, (3.22)—(3.23)])

1 (0ga  Oga\ 1
wr(z0) = 21 (8n+ * 8n_> N 27T(AJr +4-) (7.46)
and 1 dgo-(20) _ 1 dgalz) 1
gao=\zo gl 2o
o(z0) = — 2 < = . ,
wr+(z0) 2r Ony T 27w Ong 27TA+’ (7.47)
we have
n+mN a+1 'UJ(ZO)LQ 7A7 a+1
orer _ _ T\ =
(F) -0 e s (1)

w(z0)La Ay ot
0= G Geo))ot <A+ ¥ A)

<(-2) -t

if € is sufficiently small. Therefore, (7.45) implies

o ) w(zp)L
1 ¢ N a+1)\n . * < (12| 2\UFa
imin (n+mN) +mnN (15 20) < < 2) (mwr=(20))2 1

which is impossible according to Proposition 6.1. This contradiction shows
that (7.33) is impossible, and so

Lo
lim inf nA, (i, 20) > w(zo)

n—o0 (WWF(Z[)))O‘+1 ’ (748)

follows.

(7.30) and (7.48) prove Proposition 7.1.

8 Proof of Theorem 1.1

Let I' be as in the theorem, and let I' = UZOZOFk be the connected components
of I". Let 2 be the unbounded connected component of C\I'. We may assume
that zg € I'g. By assumption, zg lies on a C?-smooth arc J of 9, and there
is an open set O such that J =T N O. Let As(z9) be a small disk about z
that lies in O together with its closure. Now there are two possibilities for
J:

Type I only one side of J belongs to €2,

Type II both sides of J belong to (2.
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Type I occurs when I'°\ As(zp) is connected, and Type II occurs when this
is not the case.

Let go(z) be the Green’s function for the domain Q with pole at infinity,
which we assume to be defined to be 0 outside §2. The proof of Theorem 1.1
is based on the following propositions.

Proposition 8.1 If J is of Type I, then there is a sequence {I';,} of sets
consisting of disjoint C%-smooth Jordan curves Fﬁl, k=20,1,... ko, such
that with some positive sequence {e,,} tending to 0 we have

(i) 20 €TY and T' N As(z0) = T N As(20),
(ii)

1
< <(1
1 +€mwr(zo) < wr,, (20) < (14 em)wr(2o),
(iii)
< < em.
max ga(z) < em, r;lggcggm(Z) <eém

(iv) The Hausdorff distance of the outer boundaries of I' and Ty, tends to
0 as m — oo.

Property (i) means that in the d-neighborhood of zy the sets I'y, and T’
coincide.

Proposition 8.2 If J is of Type II, then there is a sequence {I'y,} of sets
consisting of IO := J N As(z0) and of disjoint C? Jordan curves an, k=
1,...,ko +2, lying in the component of T such that (i)-(iv) above hold.

Pending the proofs of these propositions we now complete the proof of
Theorem 1.1. It follows from (i) and (iv) that there is a compact set K
that contains I' and all I, such that zy lies on the outer boundary of K,
and in a neighborhood of zg the outer boundary of K and I' are the same.
In particular, there is a circle in the unbounded component of C \ K that
contains zg on its boundary, so we can apply Proposition 2.1 to K and z.

Fix an m and consider the set I';, either from Proposition 8.1 if J is of
Type I or from Proposition 8.2 if J is of Type II. We define the measure

pm(2) = w(2)|z — 20| “dsr,, (2),

where w is a continuous and positive extension of the original w (that existed
on J) from J N As(z0) to I'y,. It follows from the Erdés-Turan criterion [19,
Theorem 4.1.1] that this yu,, is in the Reg class.

For positive integer n let P, be the extremal polynomial of degree n for
An(p,2). Consider the polynomial Sy, /c,62 2,k (2) from Proposition 2.1

with v = 2 (here ¢y is the constant from Proposition 2.1), and form the
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product Qn(z) = Pn(2)Sune,, jes? 2,k (2). This is a polynomial of degree at

most n(1 + 4e,,/c26%) which takes the value 1 at zp. On '), N As(z0) =
' As(z9) we have

/ Qul2)? < / o) < Aalio o). (8.1)
FmﬁAg(zo) I'nAs (Zo)

Since the L?(u)-norms of {P,} are bounded, it follows from u € Reg
that there is an n,, such that if n > n,,, then we have

[Pallr < e

Then, by the Bernstein-Walsh lemma (Lemma 2.10) and by property (iii),
we have for all z € I,

|Pa(2)] < ||Pallre™sa® < e2em,

Therefore, (2.3) and I';,, € K imply that for z € T'y, \ As(20)

1Qn(2)] < exp(2nen, — [4ne,/ca6?]cad?) < e em

if n is sufficiently large. As a consequence, the integral of @, over I';;,\ As(20)
is exponentially small in n, which, combined with (8.1), yields that

An(14en e262) (Hms 20) < A1, 20) + o(n= (1)),

Multiply here both sides by n(1 + 4e,,/c26?)'" and let n tend to infinity.
If we apply that Theorem 1.1 has already been proven for I',,, and for the
measure fi,, (see Proposition 7.1), we can conclude (use also (2.1))

. . 1 w(ZO)
1 f a+1)\ > L
1711210% n n(tt, 20) 2 1+ 45m/0252 (mwr,, (ZO))OH_l ’

(with the L, from (3.4)), and an application of property (ii) yields then

o 1 w(zo)
lim inf n®*1A, > Lq.
im inf n (1, 20) = (14 e)l (1 + 4e,y, /262) (mwr(20))o

If we reverse the roles of I and I';,, in this argument, then we can similarly
conclude

limsup n® A (1, 20) < (1+ ) (1 4 dey /0267) wizo)

. (o (z0))2

Finally, in these last two relations we can let m — oo, and as €, — 0, the
limit in Theorem 1.1 follows.
Thus, it is left to prove Propositions 8.1 and 8.2.
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Figure 5: The arc J and the selection of I'%,

8.1 Proof of Proposition 8.1

Both in this proof and in the next one we shall use that if Q; C Qy (say
both with a smooth boundary), and z € €, then gqo,(z) < ga,(z). As a
consequence, if z is a common point on their boundaries, then the normal
derivative of g, (the normal pointing inside ;) is not larger than the
same normal derivative of g, (because both Green’s functions vanish on the
common boundary). Since, modulo a factor 1/2m, the normal derivatives
yield the equilibrium densities (see formulae (8.2) and (8.4) below), it also
follows that if I'y C I'g, then on (an arc of) I'; the equilibrium density wr,
is at most as least as large as the equilibrium density wr, (see also [17,
Theorem IV.1.6(e)], according to which the equilibrium measure for I'; is
the balayage onto I'y of the equilibrium measure of T's).

Choose, for each m and 1 < k < ko, C%-smooth Jordan curves I'¥, so
that they lie in Q and are of distance < 1/m from I'*. For k = 0 the choice is
somewhat different: let I, be a C? Jordan curve that lies in €2, its distance
from TV is smaller than 1/m, J N As(z9) C T'%, and T9 \ J lies in €2, see
Figure 5. We can select these so that the outer domains €, of I',, are
increasing with m. From this construction it is clear that (i) and (iv) are
true. Now C\ Q,, (the so called polynomial convex hull of T';;,) is a shrinking
sequence of compact sets, the intersection of which is C\ Q. Therefore, if
cap denotes the logarithmic capacity, then we have (see [16, Theorem 5.1.3])
cap(C\ Q) — cap(C\ Q). Since {ga(2) — ga,,(2)} is a decreasing sequence
of positive harmonic functions (more precisely, this sequence starting from
the term g (2)—go,(2) is harmonic in §;) for which (see [16, Theorem 5.2.1])

1 B 1
cap(C\ Q) cap(C\ Q)

ga(c0) — ga,, (c0) = log -0,

we obtain from Harnack’s theorem ([16, Theorem 1.3.9]) that ga(z)—gq,, (z) —
0 locally uniformly on compact subsets of 2. This, and the fact that this
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sequence is defined in 2 N As(z9) and has boundary values identically 0 on
00 N As(z0), then implies (see e.g. [11, Lemma 7.1]) the following: if n
denotes the normal to zp in the direction of € then, as m — oo,

dg9,,(20) _ dga(zo)
on - on

But in the Type I situation we have (see [14, II.(4.1)] combined with [16,
Theorem 4.3.14] or [17, Theorem IV.2.3] and [17, (1.4.8)])

1 dga(z
wr(z0) = o 851 0),

(8.2)
and a similar formula is true for wr,, , hence
wr,, (20) = wr(20), m — 00.

This takes care of (ii).
Finally, we use the following statement from [22, Theorem 7.1]:

Lemma 8.3 Let S be a continuum. Then the Green’s function g@\s(z, 00)
is uniformly Hélder 1/2 continuous on S, i.e. if zo € 0, then

9e\s(20,00) < Cdist(z, 5)'/2. (8.3)
Furthermore, here C can be chosen to depend only on the diameter of S.

If we apply this with S = T*, k = 0, ..., ko and use that gq_ (2) < gor (2)
for each k (where, of course, Q¥ is the unbounded component of C\ T¥)),
then we can conclude the first inequality in (iii). In this case (i.e. when J is
of Type I), the second inequality in (iii) is trivial, since, by the construction,
99, is identically 0 on I'.

|

8.2 Proof of Proposition 8.2

For an m let Ji ,, resp. Jo,, be the two open subarcs of J of diameter 1/m

that lie outside Ags(zp), but which have one endpoint in As(zg) (see Figure
6) (for large m these exist).

Remove now Ji ,, and Ja,, from I'. Since we are in the Type II situation,
after this removal the unbounded component of the complement of T\
(Jim Udam) is QU Jim U Joy, and oy (Ji,m U Jan) splits into three
connected components, one of them being J N Ag(z). Let T%1, T%2 be the
other two components of T\ (Jy , U J2.m). As m — oo we have cap(C\ (QU
JimUJom)) = cap(C\ 2), and since now the domains U J1m U Jom, are
shrinking, we can conclude from Harnack’s theorem as before that go(z) —
99, (2) — 0 locally uniformly on compact subsets of 2. This implies again
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Figure 6: The arcs Ji ,, and Jo

that if ny are the two normals to I' at zp (note that now both point inside
Q), then
O9QUT1 mUT2m (20)  Oga(z0)
on+ On
as m — oo. Since now (see [14, I1.(4.1)] or [17, Theorem IV.2.3] and [17,

(1.4.8)]) .
_ galzo 9a (20
wr(z0) = 5 < on, + 5" ) , (8.4)
we can conclude again that
0< wF\(Jl,mUJz,m)(ZO) - WF(ZO) <éE&m (8.5)

with some g, > 0 that tends to 0 as m — oo. By selecting a somewhat
larger €, we may also assume

gQUlemUngm (Z) < Em, FAS Jl,m U JQ,m (86)

(apply Lemma 8.3 to S = I'N As(z0) and use that gaus, ,,us.,.(2) <

9e\(ras o) (2))-

For the continua T T%2 Ty Ty, ..., Ty, and for a small 0 < § <
1/m select C%-smooth Jordan curves 721, v%2 vy, 79, . .. , Yk that liein QU
J1,m U Ja,m, and are of distance < 0 from the corresponding continuum. Let

Iy be the union of J N As(zp) and of these last chosen Jordan curves.
Then I';, g consists (for small ) of ky + 2 Jordan curves and one Jordan

arc (namely J N Ag(20)), all of them C?-smooth. According to the proof of
Proposition 8.1 we have

W, 4(20) = WP\(J1 U ) (20)
as 6 — 0, therefore, for sufficiently small 6, we have (see (8.5))
—em < me’g(Zo) —wr(20) < €m.
Thus, if 6 is sufficiently small, we have properties (i), (ii) and (iv) in

the proposition for I'y, = I'j, 9. The first inequality in (iii) follows exactly
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as at the end of the proof of Proposition 8.1. Finally, the second inequality
in (iii) follows from (8.6) because

ng,Q (Z) S gQUJl,'mUJZ,m (2)7

(where Q¢ is the unbounded component of C\ ', 6) and gq,, ,(2) = 0 if
z €' unless z € J1 4, U Jo .
These show that for sufficiently small 6 we can select '}, in Proposition
8.2 as Iy, 6.
|

9 Proof of Theorem 1.2

Let I' be as in Theorem 1.2, and let I' = UZO:OFk be the connected compo-
nents of I', 'y being the one that contains zg. We may assume that zg = 0.
Set
I={z:2%el}, Tp={z: 2% el}}

Every '), is the union of two disjoint continua: Ty = I‘; U f‘;, where T P =
—f‘z. Set T+ = kaf. All the f,f are disjoint, except when k = 0: then 0
is a common point of I'T, but except for that point, far and fa are again
disjoint. In general, we shall use the notation H for the set of points z for
which z? belongs to H, and if H is a continuum, then represent H as the
union of two continua H+* U H~, where H~ = —H*, and H~ and HT are
disjoint except perhaps for the point 0 if 0 belongs to H.

Now fg U fa is connected, and if J is the C2-smooth arc of I" with
one endpoint at zg = 0, then a direct calculation shows that Jis a C%
smooth arc that lies on the outer boundary of T', and J contains 0 in its
(one-dimensional) interior. Thus, I' and zy = 0 satisfy the assumptions in
Theorem 1.1.

For a measure ;i defined on I' let i be the measure dfi(z) = $du(z?), i.e.
if, say, E C T'" is a Borel set and E? = {22 : z € E}, then

1

() = Sp(F?),

and a similar formula holds for £ C I'". So [ is an even measure, which
has the same total mass as u has.

Let vr be the equilibrium measure of I'. We claim that v = vr. Indeed,
for any z € T’ we have

/log|zt|d%(t) = / (log|z — t| + log|z + t|)dvr(t)
T+
1
= /10gz2—t2]d1/p(t2)
2Jr

1
=35 /log |22 — u|dvr(u) = const
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because the equilibrium potential of vp is constant on I by Frostman’s the-
orem (see [16, Theorem 3.3.4]), and 22 € T. Since the equilibrium measure
Vg is characterized (among all probability measures on T) by the fact that
its logarithmic potential is constant on the given set, we can conclude that
vr is, indeed, the equilibrium measure of T' (here we use that all the sets
which we are considering are the unions of finitely many continua, hence the
equilibrium potentials for them are continuous everywhere).

Let ~(t) be a parametrization of J* with 4(0) = 0. Then ~(t)? is a
parametrization of J, and the two corresponding arc measures are |/(t)|dt
and |((t)?)|dt = 2|v(t)||7'(t)|dt, resp. Therefore, since the vg-measure of
an arc {y(t) : t; <t <ty} is the same as half of the vp-measure of the arc
{7(t)? : t; <t <ty}, we have

| Ol =5 [T ool o,

t1 t1

from which .
wp(Y(1) = wr(v(O)H) (1),  te

follows (recall, that on both sides the w is the equilibrium density with
respect to the corresponding arc measure). A similar formula holds on
J~. But wi(2) is continuous and positive at 0 (see e.g. [24, Proposition
2.2]), therefore the preceding formula shows that wr(z) behaves around 0 as
wi(0)/+/]2], and we have (see (1.5) for the definition of M(T',0))

M(T,0) = lim /[efur(2) = wr(0). (9.1)

Now the same argument that was used in the proof of Proposition 3.2
(see in particular (3.6)) shows that

Nan(fi:0) = A1, 0). (9.2)

w was assumed to be of the form w(z)|z|“ds(z) on J, hence, as before,

ity =5 [ eG@Aherrh ol @l

and since here |/(t)|dt is the arc measure on J*, we can conclude that on
J* the measure fi has the form dji(z) = w(z?)|2|?*"1ds ;(2), and the same
representation holds on J~. Therefore, Theorem 1.1 can be applied to the
set T, to the measure i and to the point zg = 0, the only change is that now
a has to be replaced by 2o + 1 when dealing with the measure ji. Now we
obtain from (9.2)

lim (2n)?%"2 Xy, (j2,0) = lim (2n)22F2\, (1, 0),

n—oo n—oo
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and since, according to Theorem 1.1, the limit on the left is

226”'21“(2& + 2)F<2a +4) : w(0)

: 2/ G (027
we obtain
lim n2*2\, (1, 0) = F<a + I)F(a 4 2)&
n—00 A (Wwf(O))2a+27

which, in view of (9.1), is the same as (1.6) in Theorem 1.2.
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