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RESTRICTIONS OF HOLDER CONTINUOUS FUNCTIONS

OMER ANGEL, RICHARD BALKA, ANDRAS MATHE, AND YUVAL PERES

ABSTRACT. For 0 < a < 1 let V() denote the supremum of the numbers v
such that every a-Hoélder continuous function is of bounded variation on a set
of Hausdorff dimension v. Kahane and Katznelson (2009) proved the estimate
1/2 < V(a) < 1/(2—«) and asked whether the upper bound is sharp. We show
that in fact V(o) = max{1/2, a}. Let dimy and dim, denote the Hausdorff
and upper Minkowski dimension, respectively. The upper bound on V(«) is
a consequence of the following theorem. Let {B(t) : t € [0,1]} be a fractional
Brownian motion of Hurst index a. Then, almost surely, there exists no set
A C [0,1] such that dimapA > max{l — a,a} and B: A — R is of bounded
variation. Furthermore, almost surely, there exists no set A C [0, 1] such that
dimp(A >1—a and B: A — R is 8-Holder continuous for some 8 > a. The
zero set and the set of record times of B witness that the above theorems
give the optimal dimensions. We also prove similar restriction theorems for
deterministic self-affine functions and generic a-Holder continuous functions.

Finally, let {B(t) : t € [0,1]} be a two-dimensional Brownian motion.
We prove that, almost surely, there is a compact set D C [0, 1] such that
dimy D > 1/3 and B: D — R? is non-decreasing in each coordinate. Tt
remains open whether 1/3 is best possible.

1. INTRODUCTION

Let C* = C[0, 1] denote the set of a-Holder continuous functions f: [0,1] — R.
In 2009, Kahane and Katznelson [11] proved the following result and asked whether
it is sharp.

Theorem (Kahane-Katznelson). For every 0 < a < 1 there exists a function
Jo € C% such that if A C [0,1] and gu|a is of bounded variation, then the Hausdorff
dimension satisfies dimy A < 1/(2 — «).

Question (Kahane-Katznelson). Is the above result the best possible?
We answer this question negatively and determine the optimal bound. Let

V(a) = inf sup {dimy A: f|a is of bounded variation},
FeC* acio,1]

so that the above theorem states V() < 1/(2 — «), see Figure 1.
Theorem 1.1. For all 0 < a < 1 we have
V(a) = max{1/2,a}.
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FIGURE 1. The Kahane— Katznelson bound V(a) < 1/(2—a) com-
pared to the actual value V(«) = max{1/2, a}.

FIGURE 2. A self-affine function f,: [0,1] — [0,1] with Holder
exponent « = log2/log6. Its graph consists of 6 affine copies of
itself.

Kahane and Katznelson also asked about dimensions of sets A such that the
restriction to A is Holder continuous. (See the next section for related results.)
We present two constructions, one deterministic and one stochastic, of functions
that are not Holder on any set of high enough dimension. First we consider self-
affine functions. These are constructed in Definition 3.1 below, see Figure 2 for
illustration.

Theorem 1.2. There is a dense set A C (0,1) with the following property. For
each o € A there is a self-affine function fo, € C* such that for all A C [0, 1]

(1) if fala is B-Hélder continuous for some 3 > a, then dimpA <1 —o;

(2) if fola is of bounded variation, then dimpA < max{l — a, a}.

For a stochastically self-affine process, fractional Brownian motion (see Defini-
tion 3.2), we prove the following.

Theorem 1.3. Let 0 < o < 1 and let {B(t) : t € [0,1]} be a fractional Brownian
motion of Hurst index . Then, almost surely, for all A C [0,1]

(1) if Bla is B-Hélder continuous for some 8 > a, then dimyA <1 —q;

(2) if B|a is of bounded variation, then dimpA < max{l — «, a}.
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Corollary 1.4. Let 0 < a < 1 and let {B(t) : t € [0,1]} be a fractional Brownian
motion of Hurst index cc. Then

P(3A : dimpA > max{1l — a,a} and B|a is non-decreasing) = 0.

Let Z be the zero set of B and let R = {t € [0,1] : B(t) = max,¢jo4 B(s)} be
the set of record times of B. It is classical that, almost surely, dimy Z = 1 — «, see
[10, Chapter 18]. For the record, let us state the following, more subtle fact.

Proposition 1.5. Almost surely, dimy R = dimpyR = a.

We could not find a reference for this in the literature, and include a proof in
Section 6. Clearly Z and R witness that Theorem 1.3 and Corollary 1.4 are best
possible.

Simon [20] proved that a standard linear Brownian motion is not monotone
on any set of positive Lebesgue measure. Theorem 1.3 for o = 1/2 with Hausdorff
dimension in place of upper Minkowski dimension is due to Balka and Peres [4]. The
methods used there do not extend to Minkowski dimension or to general exponents
a. Related results in the discrete setting, concerning non-decreasing subsequences
of random walks, can be found in [2].

Now we consider higher dimensional Brownian motion.

Definition 1.6. Let d > 2 and f: [0,1] — R?. We say that f is non-decreasing on
a set A C [0, 1] if all the coordinate functions of f|4 are non-decreasing.

Theorem 1.7. Let {B(t) : t € [0,1]} be a standard two-dimensional Brownian
motion. Then, almost surely, there exists a compact set D C [0,1] such that B is
non-decreasing on D and dimz; D > 1/3.

Corollary 1.4 (or [4, Theorem 1.2]) implies that, almost surely, the d-dimensional
Brownian motion B cannot be non-decreasing on any set of Hausdorff dimension
larger than 1/2. The following problem remains open in all dimensions d > 2.

Question 1.8. Let d > 2 and let {B(t): 0 <t < 1} be a standard d-dimensional
Brownian motion. What is the supremum of the numbers v such that, almost surely,
B is non-decreasing on some set of Hausdorff dimension ~?¢

Finally, we prove restriction theorems for a generic a-Holder continuous function
(in the sense of Baire category), see the following section for the details.

2. RELATED WORK AND GENERAL STATEMENTS

Let C]0,1] denote the set of continuous functions f: [0,1] — R endowed with
the maximum norm. Elekes [6, Theorems 1.4, 1.5] proved the following restriction
theorem.

Theorem 2.1 (Elekes). Assume that0 < § < 1. For a generic continuous function
f € C[0,1] (in the sense of Baire category) for all A C [0,1]

(1) if f|la is B-Hélder continuous, then dimy A <1 — 3;
(2) if fla is of bounded variation, then dimy A < 1/2.

Kahane and Katznelson [11, Theorems 2.1, 3.1], and independently Mathé [16,
Theorems 1.4, 1.5] proved that the above result is sharp.

Theorem 2.2 (Kahane-Katznelson, Mathé). Let 0 < 8 < 1. For every f € C|0,1]
there are compact sets A,C C [0,1] such that
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(1) dimy A=1— 8 and f|a is f-Holder continuous;
(2) dimy C =1/2 and f|c is of bounded variation.

In other words there is always a set A with the given properties and dimension,
and for generic functions there is no A of larger dimension. Let us recall that the
B-variation of a function f: A — R is defined as

Vﬁ(f)zsup{zn:ﬁ(mi)—f(xi1)|ﬂ:wo< o < Ty, T € A, neN*}.
i=1

In the theorems above, bounded variation can be generalized to finite S-variation for
all 8 > 0 by similar methods. For the following result see M&thé [16, Theorem 5.2].

Theorem 2.3 (Mathé). Let 8 > 0 and f € C[0,1]. Then there is a compact set
A C [0,1] such that dimy A= /(8 + 1) and f|a has finite B-variation.

Our initial interest came from questions of Kahane and Katznelson [11] on re-
strictions of Holder continuous functions. First we need the following definition.

Definition 2.4. Let C*(A) be the set of a-Holder continuous functions f: A — R.
For all 0 < a < 1 and 8 > 0 define

H = inf dimy A : BA
(v, B) feég[o,lmsclf&]{ imy A fla € CP(A)},

V(e, ) = inf su dimy A : VP <o0f.
()=, inf, ) e {dimy A VE(fla) < o0}

Replacing Hausdorff dimension by upper Minkowski dimension yields

H(o,B) = inf dimy A : e CPAY,
R e A L

Vv = inf dimpA: VP .
(@002 jelf 250, WO VL) < o)

Remark 2.5. As the Hausdorff dimension is smaller than or equal to the upper
Minkowski dimension, H(«, 5) < H(a, ) and V(«, 8) < V(a, ). If 8 > 1/ then
VA(f) < oo for all f € C*[0,1], s0 V(a,B) =V(a,B) = 1.

For the following theorem see [11, Theorems 5.1, 5.2].

Theorem 2.6 (Kahane—Katznelson). For all 0 < oo < 3 < 1 we have

H(a,5)<1_5 and V(a,l)g%

“l—-a —a

Question 2.7 (Kahane—Katznelson). Are the above bounds optimal?

We answer this question negatively and find the sharp bounds, which generalizes
Theorem 1.1.

Theorem 2.8. For all 0 < o < 1 we have
H(o,8) = H(o, ) =1—f for all a < 3 <1,
V(a, B) = V(a, 8) = max{aB,B/(B+ 1)} forall0< B <1/a.

In Section 4 we prove restriction theorems for functions which satisfy certain
scaled local time estimates. This allows us to prove the following more general
version of Theorems 1.2 and 1.3, see Sections 5 and 6, respectively.
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Theorem 2.9. There is a dense set A C (0,1) with the following property. For
each o € A there is a self-affine function f, € C*[0,1] such that for all A C [0,1]
(1) if fola € CP(A) for some B > a, then dimpA <1 — a;
(2) if VP(fala) < oo for some 3> 0, then dimpA < max{l — a, aB}.

Theorem 2.10. Let 0 < o < 1 and let {B(t) : t € [0,1]} be a fractional Brownian
motion of Hurst index . Then, almost surely, for all A C [0,1]

(1) if Bla € CP(A) for some 3 > a, then dimpA <1 —«;

(2) if VA(B|a) < oo for some 8> 0, then dimpyA < max{1l — a, af3}.

The zero set of B and the following result (see [4, Theorem 4.3]) with Lemma 6.7
witness that Theorem 2.10 (2) is sharp for all § < 1/a.

Theorem 2.11. Let 0 < a <1 and 0 < 8 <1/« be fized. Then there is a compact
set A C [0,1] (which depends only on « and ) such that dimy A = of and if
f:10,1] = R is a function and ¢ € Rt such that for all z,y € [0,1] we have

|f(x) = f(y)| < clo —y|*log(1/]z — yl),
then fla has finite S-variation.

In Section 5 we prove Theorem 2.8 by using Theorem 2.9 to obtain the sharp
upper bounds for H(«, ) and V(a, 8). Theorem 2.10 may be used there instead of
Theorem 2.9. Finally, Theorems 2.2, 2.3 and 2.11 provide the optimal lower bounds
for H(«, B) and V(a, ).

In Section 7 we consider higher dimensional Brownian motion and prove The-
orem 1.7. In order to do so, we establish a general limit theorem for random
sequences with i.i.d. increments, which is of independent interest.

Finally, in Section 8 we study generic a-Hélder continuous functions in the sense
of Baire category.

Definition 2.12. For 0 < a < 1 let C{[0,1] be the set of functions f: [0,1] — R
such that for all z,y € [0, 1] we have

[f (@) = f(y)l < [z —y|*
Let us endow C{[0, 1] with the maximum metric, then it is a complete metric space
and hence we can use Baire category arguments.
We show that a generic f € C{[0,1] witnesses H(«w,8) =1 — 8 and V(a, ) =

max{af, /(8 + 1)} for all 8 simultaneously.
Theorem 2.13. Let 0 < a < 1. For a generic f € C¢[0,1] for all A C [0,1]

(1) if fla € CP(A) for some a < 3 <1, then dimy A <1 — j3;

(2) if VA(f|la) < oo for some > 0, then dimy A < max{a, 3/(8+1)}.

3. PRELIMINARIES

Let A C [0,1] be non-empty and o > 0. A function f: A — R is called
(uniformly) a-Hélder continuous if there exists a constant ¢ € (0,00) such that
If(z) — f(y)| < clx —y|* for all z,y € A. For the definitions of C[0,1], C¥[0, 1],
and C{[0,1] see Section 2. The diameter of A is denoted by diam A. For all s > 0
the s-Hausdorff content of A is

H3_(A) = inf {Z(diamAi)s Ac Al} .
i=1

=1
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The Hausdorff dimension of A is defined as
dimy A = inf{s > 0: H5_(A4) = 0}.

Let |F| denote the cardinality of the set F. Let M > 2 be an integer. For all n € N
and A C [0,1] define

Dy(M) = {[pM ™, (p+1)M ") : p € {0,..., M" =1} },
(3.1) Dy (A, M) = {T € Do(M) : I 0 A+ 0},
Nn(A, M) = |Dn(A, M)|.

The upper Minkowski dimension of A is defined as

— log N, (A, M
dimaA = lim sup u.
n—00 nlog M

It is easy to show that this definition is independent of the choice of M and we
have dimy A < dimagA for all A C [0, 1]. For more on these concepts see [8].

Definition 3.1. A compact set K C R? is called self-affine if for some M > 2
there are injective and contractive affine maps F1, ..., Fys: R? — R? such that

K:GEW)

A continuous function f € C[0,1] is self-affine if graph(f) C R? is a self-affine set.

Definition 3.2. Let 0 < a < 1. The process {B(t) : t > 0} is called a fractional
Brownian motion of Hurst index « if

e B is a Gaussian process with stationary increments;
e B(0) =0 and t~*B(t) has standard normal distribution for every ¢ > 0;
e almost surely, the function ¢ — B(t) is continuous.

The covariance function of B is E(B(t)B(s)) = (1/2)(Jt|** + |s[?® — |t — s|>¥).
It is well known that almost surely B is «-Holder continuous for all v < «, see
Lemma 6.7 below. For more information see [1, Chapter 8] and [10, Chapter 18].

Let X be a complete metric space. A set is somewhere dense if it is dense in a
non-empty open set, otherwise it is nowhere dense. We say that A C X is meager
if it is a countable union of nowhere dense sets, and a set is called co-meager if
its complement is meager. By Baire’s category theorem a set is co-meager iff it
contains a dense Gy set. We say that the generic element x € X has property P if
{z € X : x has property P} is co-meager.

Let (K[0, 1], d3) be the set of non-empty compact subsets of [0, 1] endowed with
the Hausdorff metric, that is, for each K1, Ko € K[0, 1] we have

dp (K1, Ke) =min{r : K1 C B(Ks,r) and Ky C B(K1,7)},

where B(A,r) = {x € R: Jy € A such that |z — y| < r}. Then (K[0,1],dp) is a
compact metric space, see [12] for more on this concept.

Let supp(u) stand for the support of the measure p. For z € R let |z| and [z]
denote the lower and upper integer part of x, respectively.
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4. FUNCTIONS SATISFYING A SCALED LOCAL TIME ESTIMATE

In this section we prove restriction theorems for functions satisfying a scaled
local time estimate. First we need some notation.

Definition 4.1. Let a € [0,1] and an integer M > 2 be fixed. Let n € N and
0<p< M™—1. A time interval of order n is of the form
Inp=[pM™", (p+1)M™").
Let ¢ € Z. A walue interval of order n is of the form
Ing = [aM ™", (q+1)M™").

For all 0 < m < n define

Lnmp={L €Dp(M):ICIp,},
where D,,(M) is the set of time intervals of order n. Clearly, |Z,, m p| = M" ™.

Definition 4.2. For a function f: [0,1] — R the scaled local time Ay, pq(f) is
the number of order n intervals in Z,, ,, , in which f takes at least one value in J, 4:

Anmpe ) =L €Lpmp: I el, f(x)€ g}l

It is easy to see that if f is a-Holder continuous then for every n,m,p, for some
g we have Ay pq(f) > cM (=) (n=m) "gince the function cannot visit too many
different value intervals in any given time interval. Finally, for each n € N define

Ap(a, M) ={f: Apmpq(f) < n2M A=) (=m) for all m < n,p< M", qe€Z}.

Thus the set A, (a, M) includes a-Hélder functions with scaled local times which
are not much larger than the minimal values possible given their continuity. We
shall see below that the self-affine functions we define, as well as fractional Brownian
motion belong (almost surely) to this class.

The main goal of this section is to prove Theorems 4.3 and 4.4.

4.1. Holder restrictions. For the notation A, (a, M) and N, (A, M) see Defini-
tion 4.2 and (3.1), respectively.

Theorem 4.3. Let M > 2 be an integer and let o € [0,1]. Let f: [0,1] — R be a
function such that f € A, (o, M) for all large enough n. Assume that B > a and
A C [0,1] such that f|a is B-Holder continuous. Then dimp A < 1— . Moreover,

(41) Nn (A7 M) < M(l—a)n+0(10g2 n).

Proof. Assume that A C [0,1] and a < v < 3 are fixed such that f|4 is f-Holder
continuous. Choose N € Nt such that f € A,(a, M) for all n > N. Clearly it is
enough to prove (4.1). By decomposing A into finitely many pieces of small enough
diameters, we may assume that f|4 is y-Holder continuous with Holder constant
1, that is, for all x,y € A we have

(4.2) If(x) = fy)] <z —y["
For all n € N let
dp = N, (A, M).
Let ¢ = v/a > 1. Assume that s,¢ € N such that s <t < |es] and t > N. Now we
will prove that

(4.3) dy < 2dt? M=) (E=s),
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Let us fix an arbitrary I, € Ds(A, M) for some p. As |Ds(A,M)| = ds, in order
to show (4.3) it is enough to prove that

(4.4) {I € Dy(A, M) : I CI,,} <262M1-)t=s),

Inequality (4.2) yields diam f(Is, N A) < M~ < M~ therefore f(I;,NA) C
Jt.qUJi gr1 for some g € Z. As f € Ay(a, M), we have Ay ¢ p g (f) < t2MOA—)(E=5)
for j € {0,1}, which yields (4.4). Hence (4.3) follows.

Fix an integer mo > max{N,c/(c — 1)} and let n be an arbitrary integer such
that n > mg. For all i € N* let m; = min{n, [cm;—1|}. Let k be the minimal
number such that my; = n. Note that ¢ > ¢ + 1 for every ¢ > my, thus such a k
exists. Then the recursion and mgy > ¢/(c — 1) yield that

k—1
n>mg > Fmy — Zci = ck(mo —1/(c—-1)) > ck,
i=0
therefore k < logn/loge. Applying (4.3) repeatedly and using that d,,, < M™0
and m;y1 < cm; we obtain that
k41
o < d, ] 22 b= 0m i)
i=1
< M(l—a)nMm0+k'+1m(2)02(1+m+(k+1))

< M(lfa)n%»O(k?) < 1\4(170¢)n+0(10g2 n)
Hence (4.1) follows, and the proof is complete. O

4.2. Restrictions of finite S-variation. The notation A, (o, M) and N, (A, M)
are given in Definition 4.2 and (3.1), respectively.

Theorem 4.4. Let M > 2 be an integer, o € [0,1] and 8 > 0. Let f: [0,1] — R be
a function such that f € A,(«a, M) for all large enough n. Assume that A C [0, 1]
is such that f|a has finite B-variation. Then dimpA < max{l — a,aB} =: 7.
Moreover,

(4.5) N, (A, M) < Mrm+Onlogn),

Proof. If the theorem holds for § = (1—a«)/a, then it holds for every 8 < (1—a)/a.
Thus we may assume that 5 > (1 — «)/a, so v = max{l — a, o} = af. Suppose
that A C [0,1] such that f|4 has finite S-variation. Choose N € N* such that
f € Au(a, M) for all n > N. Clearly it is enough to prove (4.5). By decomposing
A into finitely many pieces of small enough diameters, we may assume that the
B-variation of f|,4 is at most 1, that is,

(4.6) VA(fla) < 1.

Let s,t € N such that s < ¢ and ¢ > N. Assume that I = I, s € Ds(A, M) and I
contains r sub-intervals in D;(A, M). First we prove that
r

1) VE(flan) 2 (2t2M(1*a)(H) - 1) M,

Let {Q1,Q2,...,Qm} be the sub-intervals of I in D;(A, M) such that for every
1 <i < m there is an even ¢; € Z such that f(Q; N A)NJy 4 # 0. We may assume
that m > r/2, otherwise we switch to odd integers ¢; and repeat the same proof.
For all ¢ € {1,...,m} choose an z; € @Q; N A such that f(z;) € Jiq. We may
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assume that x; < z; whenever ¢ < j. Let j; =1, and if j, € {1,...,m} is defined
then let joy1 = min{u > jo : qu # g, } if the minimum exists. As f € Ay(a, M),
for all 4,5 € {1,...,m} we have

{i: f(wi) € Jog;} < Avspg, () < 2 M) lE=s),

soif jo < m—t2M(=)(t=5) then Jet1 is defined and jpqq < GeHt2 M- =s)  Thys
the length of the defined sequence j; < --- < j satisfies k > r(2t2 M (1= (t=s))=1,
By construction |f(z;j,,,) — f(zj,)| > M~ for all £ < k, which implies (4.7).

Index the elements Ds(A, M) = {Ii,...,In an)}, and assume that each I;
contains r; intervals of D;(A, M), so ZfV;fA’M) r; = Ny (A, M). Inequality (4.7)
yields that

Ns(A,M)
L2VP(fla) > >0 VP(flann)
i=1
N.(A,M) .
i —aft
- Z; (2t2M(1—a)(t—s) 1) M
= Nt(A’ M) —aft
_<2t2M(1a)(tS)_Ns(A’M) M )
Therefore
aft
(4.8) Nt(A;M) NS(A,M) - M

(2t)2M(1—a)t M O-a)s = pra-a)s’

Now assume that m, k € Nt are fixed such that and m > N, we prove that
(4.9) Nem (A, M) < MO (2m)?* (14 kMO

For all 0 < i <k let
Nim (A, M)

d; :
(2km)2zM(lfa)zm

Applying Inequality (4.8) for ¢t = im and s = (i — 1)m, and using that ¢ < km and
2km > 1 imply that for every 1 < i < k we have

n[aﬁim .
A {(17a)m A T(aﬁf(lfa))zm
Z\f(l—a)(i—l)m(2km)2i—2 = .

di —di—1 <

As aff > 1 — «, the above inequality implies that
k
(4.10) dy —doy = Z(di —d;i_) < kM A—e)m pr(ef—(1—a))km
i=1
Then dy =1, a8 > 1 — a and (4.10) imply (4.9).

Finally, let n be an arbitrary integer with n > N2. Let m = [v/nlogn] > N
and k = [y/n/logn], then km > n, so N, (A, M) < Nigm(A, M). Applying (4.9)
for k, m easily yields that

Ny (A, M) < N (A, M) < MefntOVnloen)

As v = af, inequality (4.5) follows. The proof is complete. O
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FIGURE 3. For £ = 3 and m = 5 the illustration shows how the
family {F;}12, maps [0, 1]? onto rectangles.

5. SELF-AFFINE FUNCTIONS AND THE PROOF OF THEOREM 2.8

The main goal of this section is to prove Theorems 2.8 and 2.9. First we define
a family of self-affine functions f ,,, which will be used in Section 8 as well.

Let k,m > 2 be fixed integers such that m is odd. For every i € {0,...,m — 1}
and j € {0,...,k — 1} define the one-to-one affine map Fjj;; : R? — R? as

r+ik+j Y+ 7 .

Fiptj(z,y) = ( - ,(—=1)° ’ + (i mod 2) |,
see Figure 3. As the Fj,i; are contractions, Hutchinson’s contraction mapping
theorem [9, Page 713 (1)] implies that there is a unique, non-empty compact set

K C R? such that
km—1
K= |J F(K)
=0

It is easy to see that K is a graph of a function fi »,: [0,1] — [0,1], and fi m
can be approximated as follows. Let D = {(z,z) : = € [0,1]} be the diagonal of
[0,1]% and define I': P(R?) — R as
km—1

r(A)= J Fu(A).
=0

o T, then I'/(D) is the graph of a piecewise

If I'? denotes the ' iterate I' o ---
linear function f; ,, which converges uniformly to fi ., as i — co. Clearly fm is

a self-affine function with fy ,,(0) = 0 and fx (1) = 1, and the definition yields
that fy ,, is Holder continuous with exponent log k/log(km). Figure 4 shows the
piecewise linear function f§’75, which approximates f3 5.

Define the set

log k
= o8 1 k,m > 2 are integers and m is odd p .
log(km)
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FIGURE 4. The third level approximation of the self-affine function f3 5.

Then A is a countable dense subset of (0,1), since every rational p/q € (0,1) is in
A by k=3P and m = 397P. For all a € A fix k,m such that o = logk/log(km),
and define f, = fx,m € C*[0,1].

Proof of Theorem 2.9. Fix oo = logk/log(km) € A such that f, = fim. We use
the scaled local times with M = km. By Theorems 4.3 and 4.4 it is enough to show
that f, € A,(a, M) for all n > 2. Let us fix n > 2. Clearly M1~ = m, and the
construction of f, yields that for every £ < n, p < M*, and 0 < ¢ < k™ we have

I E€Thep: Fxel, folz) € (gk" (g+ k") =m" "t = MU=,
Similarly,
I €Tnip: qk™™ € folD)| < 2mn~¢ = 20 (1) (=0),
The above and M~ = 1/k yield that for all ¢, p, ¢ we have
An,é,p,q(fa) < 3=,
Thus f, € A, (a, M), and the proof is complete. a

Remark 5.1. Note that the bound we get for A, ¢, (fa) does not use the n?
factor. It is possible to go through the proof Theorem 4.3 with such a stronger
assumption, which would slightly improve the bounds on N,,(A, M) with O(logn)
in place of O(log®n) error term.

Proof of Theorem 2.8. Let 0 < o < 1. By Theorems 2.2, 2.3 and 2.11 it is enough
to prove that

H(a,B) <1—p for every a < 8 < 1;

V(a, B) < max {aﬂ, Bﬂ—&-l} for all 5 > 0.

For the first inequality let v € A N (o, 5) be arbitrary, then f, € C%[0,1].
Suppose that f, is f-Hoélder continuous on some set A C [0,1]. Theorem 2.9 (1)

yields that dimapA < 1 — -+, thus H(a,8) < 1 —~. Since A is dense in (a, §), we
obtain that H(a, ) <1 — 8.
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For the second inequality define 6 = max{a,1/(f+1)} and let v € AN (J, 1) be
arbitrary. Then f, € C*[0,1]. Assume that f, has finite S-variation on some A.
Theorem 2.9 (2) and v > ¢ imply that dimyA < max{1—y,v8} =83, so V(a, B) <
vB. As A is dense in (,1), we have V(a, 8) < §8 = max{a,3/(8 + 1)}. O

6. RESTRICTIONS OF FRACTIONAL BROWNIAN MOTION

Let 0 < a < 1 be fixed and let B: [0,1] — R be a fractional Brownian motion of
Hurst index a. We think of B as a random function from [0, 1] to R.

The main goal of this section is to prove Theorem 2.10. By Theorems 4.3 and
4.4 it is enough to prove the following proposition. For the notation A, («,2) see
Definition 4.2.

Proposition 6.1. Let 0 < o < 1 and let B: [0,1] — R be a fractional Brownian
motion of Hurst index . Then, almost surely, B € A, («,2) for all n large enough.

First we define a discrete (truncated) scaled local time.
Definition 6.2. For all n € N let
E={i27":0<i<2" —1}.
For all 0 <m <nlet
Lomp=1ImpN&n.

Clearly, |Ly,,m,p| = 2"~ ™. For a function f: [0,1] — R the discrete scaled local time
Sh.m,p,q(f) is the number of points in £, , , which are mapped to J, 4 by f:

Sn,m,p,q(f) =|{z € Lnm,p f(z) € Jn,q}|-
For every n € Nt define

Sp(a) ={f: Snmpq(f) < (nlogn)Q(lf‘l)(”*m) Ym <mn, p<2” |g| <n2°"}.

First we need to prove some lemmas. To avoid technical difficulties we assume
that the domain of B is extended to [0, c0) when necessary.

Definition 6.3. Let (2, F,P) be the probability space on which our fractional
Brownian motion is defined, and let 7y = o(B(s) : 0 < s < t) be the natural
filtration. If 7: Q@ — [0, 00| is a stopping time then define the o-algebra

Fr={AecF:An{r <t} € F forallt > 0}.
For all stopping times 7 and integers 0 < m < n and q let
Xpml=|{ke{l,...,2" ™} : B(T+k27") € Jn g}

Lemma 6.4. There is a finite constant ¢ = c(«) depending only on a such that
for every bounded stopping time T and integers 0 < m < n and q we have, almost
surely,

E(Xm™4 | F,) < 2= n=m)

Proof. Pitt [19, Lemma 7.1] showed that the property of strong local nondetermin-
ism holds for fractional Brownian motion, that is, there is a constant ¢; = ¢1(a) > 0
such that for all £ > 0, almost surely,

(6.1) Var(B(7 + t) | Fr) > e1t?.
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Let us fix ¢ > 0. As B is Gaussian, almost surely the conditional distribution
B(t +t)| Fr is normal, and (6.1) implies that its density function is bounded by
1/(\/c1t®). Therefore, almost surely,

(¢+D27"

(62)  P(B(r+t) € Jug|F) < / dz = co(127)°,

g2—on Vet
where c; = 1/,/c1. Applying (6.2) for finitely many ¢ implies that
2’77/777'1
E(XP™9 | Fr) =Y PB(r+k27") € Jug | Fr)
k=1

gn—m gn—m

< Z k™ < 02/ 2% dz = (- =m)
k=1 0

where ¢ = ¢3/(1 — ). The proof is complete. O

Lemma 6.5. There is a finite constant C = C(«) depending only on « such that
for all m,n,p,q and £ € NT we have

P(Sn.mpq(B) > gcg(lw)(n—m)) <9t

Proof. Let ¢ be the constant in Lemma 6.4, clearly we may assume that ¢ > 1. We
will show that C' = 3c satisfies the lemma. We define stopping times 7g, ..., 7. Let
70 = 0. If 7% is defined for some 0 < k < ¢ then let 7441 be the first time such that
the contribution of B to Sy, 1 p,q(B) on (Tk, Tkt1] N Ly, m,p is at least 2¢2(1—a)(n—m)
if such a time exists, otherwise let 74,47 = 1. Then ¢ > 1 and the definition of
stopping times yield that

P(Sympg(B) > 302070y < (S, 0 (B) > £(2c207) (=) 41y

¢
<Pr<1)=[[Plr <1|m1 <1).
k=1

Note that we may assume that P(7, < 1) > 0 and hence the above conditional
probabilities are defined, otherwise we are done immediately. Therefore it is enough
to prove that P(7, < 1|73-1 < 1) <1/2for all 1 < k < {. The definition of X»™1,
Lemma 6.4, and the conditional Markov’s inequality imply that, almost surely,

P(r < 1| Frp_,) S P(XE™1 > 2e2070(mm) | 7 ) <1/2.
Therefore the tower property of conditional expectation yields that
Pl < 1|mp-1 <1) <1/2,
which completes the proof. (I
The following lemma is a discrete version of Proposition 6.1.
Lemma 6.6. Almost surely, B € S,,(«) for all large enough n.

Proof. We give an upper bound for P(B ¢ S,(a)) by applying Lemma 6.5 with
¢ =|(n/C)logn| to each of the relevant m,p,q. Since 0 <m <n,0<p< 2™ —1
and |g| < n2%™, there are at most (n+1)2"(2n2%" +1) possibilities to choose m, p, q.
Therefore Lemma 6.5 implies that

]P(B ¢ Sn(a)) < (TL+ 1)2n(2n2an + 1)27|_(n/C)lognJ _ 27(n/C) lognJrO(n).
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Therefore > > | P(B ¢ S,,(a)) < 00, so the Borel-Cantelli lemma implies that

P (B € lim inf Sn(a)) ~ 1 O

The following lemma is well known, see the more general [14, Corollary 7.2.3].

Lemma 6.7. Almost surely, we have

B(t+h)— B(t
limsup sup Bt +h) U] <
h—0+ 0<t<i—h +/2h?*log(1/h)

Now we are ready to prove Proposition 6.1.

Proof of Proposition 6.1. By Lemmas 6.6 and 6.7 we can choose a random N € NT
such that, almost surely, for every n > N we have the following properties:
(i) max;epoq) |B(t)| < N —1;

(ii) B € Sp(w);

(iii) diam B(l,, ) < 24/n27*" for all 0 <p < 2" —1;

(iv) (4v/n+ 3)(nlogn) < n?.
Fix a path of B for which the above properties hold. Let us fix an arbitrary n > N,
it is enough to prove that B € A, («,2). Let 0 <m <n,0<p<2™—landqe€Z
be given, we need to show that

(6.3) Apnpg(B) < n220-e)mn=m),

Property (i) yields that if ¢’ € Z with |¢’| > n2°" then S, 1, p o/ (B) = 0. Therefore
(ii) implies that for all ¢ € Z we have

(6.4) Snmpq (B) < (nlogn)2tt=)n=m),

Let I,, ,» be a time interval of order n such that I, ,» C Iy, , and B(I,, )N Ty, g # 0,
then (iii) yields that

(6.5) B(IL ) C U oo g
q':1¢'—q|<2¢/n+1

Finally, (6.5), (6.4) and (iv) imply that

An,m,p,q(B) < Z Sn,m,p,q’(B)
q':|¢’—q|<2v/n+1
< (4y/n + 3)(nlogn)2(t—)(n=m)
< n22(1—a)(n—m).

Hence (6.3) holds, and the proof of Proposition 6.1 is complete. O

6.1. Dimension of the record times. We include here a proof of Proposition 1.5,
which we could not find in the literature. Recall that {B(¢) : t € [0, 1]} is a fractional
Brownian motion of Hurst index a.. The lower bound is quite elementary, while the
upper bound relies on a first moment computation and on a result of Molchan. He
studied the distribution of the maximal value of fractional Brownian motion on [0, t]
and of the time Tyax(t) when it is achieved. Specifically, Molchan [17, Theorem 2]
proved the following.

Theorem 6.8. P(7.,(1) < x) = z' =20 g5 2 — 0.
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Proof of Proposition 1.5. With probability one B is «v-Hoélder continuous for every
v < a and maps R to the non-degenerate interval I = [0, max{B(¢) : t € [0, 1]}],
thus dimy R > adimy I = a.

Therefore it is enough to prove that dimaR < a almost surely. Using that
Tmax(t) and t7max(1) have the same distribution and {B(1 —¢) — B(1) : t € [0,1]}
is also a fractional Brownian motion, for all 0 < e <t < 1 we obtain

P(RN[t —¢e,t] # 0) = P(Tmax(t) >t — &) = P(Tmax(1) > 1 —¢/t)
= P(Tmax(l) < €/t) = (E/t)l—a+o(1)’

with the o(1) term tending to 0 as ¢/t — 0.

Let N(m) be the number of intervals [(¢ — 1)/m,i/m] which intersect R. Let
§ > 0 be arbitrary and fix s € N* such that P(R N[t —¢,t] # 0) < (g/t)}7>°
whenever €/t < 1/s. Using this above for ¢ > s and the trivial bound 1 for i < s,
for every large enough m we obtain

m
EN(m) <s+ Z (1/))17270 < s 4+ Cm+ < 20me™?,
1=s+1

where C' is a finite constant depending only on a 4+ d. By Markov’s inequality
P(N(m) > m®2°) < 20m™°

for any m large enough. Applying this for m = 2" yields that
[ee]
D> P(N(2") > 22y < oo,
n=1

Thus the Borel-Cantelli lemma implies that, almost surely, N (2m) < 2”(‘1;25) for all
large enough n. Therefore dimayR < a+ 2§. As § > 0 was arbitrary, dimyR < «
almost surely. O

7. HIGHER DIMENSIONAL BROWNIAN MOTION

The aim of this section is to prove Theorem 1.7. The idea is to find (in a greedy
manner) large sets along which a simple random walk in Z? is monotone. Since
the scaled simple random walk converges to Brownian motion, this gives sets along
which B is monotone. To control the dimension of the limit sets we estimate the
energy of the discrete sets and apply a version of Frostman’s lemma to bound the
dimension.

Given a simple random walk S: N — Z2, define the greedy increasing subset by

ap=0 and a;41 =min{a > a;: S(a) — S(a;) € Z3 }.

Our first task is to prove tightness for the number and structure of record times in
[0,n). Since our argument may apply in similar situations, we state some of our
arguments in the more general context of sums of i.i.d. variables with power law
tails.

Before focusing on the case of random walks, we prove Theorem 7.6, a limit
theorem, which will allow us to transfer estimates from the random walk setting to
Brownian motion. As Theorem 7.6 below is a quite general result about random
sequences with i.i.d. increments, we hope that it will find further applications.
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7.1. Energy of renewal processes. Fix 0 < a < 1. Let 7 € NT be some random
variable, and assume that there are c1,co € RT such that for all n € N we have

(7.1) an™® <P(1 >n) < con™“.

Let {7;};>1 be an i.i.d. sequence with the law of 7. Define

k
Tk = ZTZ‘ and T = {Tk 1k > 1}
i=1
The number of steps before reaching n is denoted by m,, = |7 N[0, n)|.
The following lemma is fairly standard.

Lemma 7.1. There are constants cs,cq such that for all t,n > 0 we have
(i) P(my < tn®) < cst.
(ii) P(m, > tn®) < et
(iii) Em, < cqn®, and more generally, for all integers i < j < k we have

E(IT N[ k)||i € T) < ealk — 5)*.

Proof. Claim (i) is given by [2, Lemma 4.2]. Inequality (7.1) and (1 —u) < e
imply that

P(m,, > tn®) < P(r; < n for all i < [tn®]) < (P(r < n))™"
< (1 o Clnfa)t"a < 67611‘/’

so (ii) holds. The first bound of (iii) follow easily from (ii). The general bound
holds since the first £ with Ty € [j, k) (if there is such £) is a stopping time. Applying
(ii) to the sequence starting at time ¢ completes the proof. O

Definition 7.2. Let u be a non-atomic mass distribution on a metric space (E, p),
(that is, a Borel measure on F with 0 < pu(FE) < c0). For v > 0, define the v-energy

of p by
_ dp(z) du(y)
Er(Bo) = //Ez pla,y)r

For the following theorem see [18, Theorem 4.27].

Theorem 7.3. Let i be a non-atomic mass distribution on a metric space E with
EV(E,p) < oo. Then dimy E > .

Consider the set S, = (7 4 [0,1)) N [0,n), endowed with Lebesgue measure .
We next estimate the y-energy of A.

Lemma 7.4. Let 0 < v < a. There is a finite constant c(), such that for all n
we have

EE,(Sn, A) < c(y)n?*7.

Proof. The argument is to consider the contribution to the energy from pairs z,y
with distance at various scales, and the largest scale will dominate the rest.

Up to a factor of 2 we may restrict the integral to z < y. We split the integral
on S, X S, into several parts. Note that S, is a disjoint union of unit intervals.
Let Py be the contribution to £,(S,, ) from pairs « € [i,i+ 1) and y € [§,j + 1)
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where 4,5 € T and 0 < j — 4 < 1. The number of such pairs {7, j} is at most m,,,
so Lemma 7.1 (iii) yields that

1 2
ERy < (Emn)/ / |z — y|Vdydz = O, (n®).
0 x

For k > 1 let Py be the contribution to &,(Sy,A) from pairs = € [i,i + 1) and
y € [j,j+1) wherei,j € T and i+2F"1 < j < i+2*. Let M} denote the number of
such pairs {4, j}. For such {i, j} the contribution from x € [i,i+1) and y € [j,j+1)

to P, is at most
i+l pjtl
/ / |z — y|Vdy daz < 2= k=17,
i J

where we used y — z > 2¥~1. Thus P, < 2-*~DYM;. Lemma 7.1 (iii) yields that
for every i, conditioned on i € T, the expected number of j in 7N (i+2*1 i4+2F]is
at most ¢,2(5~ D Lemma 7.1 (iii) also implies that the expected number of i < n
in T equals Em,, < c4n®. Therefore EMj < cﬁna2(’“—1)o‘ and we obtain that

EP, < cZnO‘Q(k*I)(a*“’).

This partition gives the identity £,(Sn,\) = 2> -, Ps. As P, = 0 whenever
21 > n, we have EE,(Sn, ) =2 ZQan EP;. With the bounds above, the largest
k dominates the sum and we arrive at the inequality EE, (S,, \) < c(y)n?*~7. O

We will wish to work with rescaled sets. For all n € N let

D, = (iT) n[0,1) and C, = %Sn = Dy +(0,1/n).

Define the measure pu, = n'~®)\c,, that is, n' =% times the Lebesgue measure
restricted to C,,.

Lemma 7.5. Let 0 < v < a and € > 0. Then there exist N, N, € NT depending
on € so that with probability at least 1 — e we have

N7 <p,([0,1) <N and  &,(Cn,pn) < N,

Proof. Let I = [0,1] and let N € NT be arbitrary. For all n € NT the following
three inequalities hold. Markov’s inequality and Eu, (I) = 1 yield that

Epn(I) _ 1
< ———= = —,
Lemma 7.1 (iii) and (i) yield that
C3Cyq

P(un(I) < N7Y) =P(m, < N"'Em,) < P(m, < N 'e;n®) < -~

Lemma 7.4 yields that EE,(Cy, pn) < (7). Indeed, &,(Cp,X) = n772E,(S,, \)
and since p,, = n'~®X on C,,, changing to u, gives a further factor of n?~2%. Now
Markov’s inequality implies that
P(E,(Co i) > Ny) < S,
.

N
The above three inequalities with large enough N, N, complete the proof. (Il
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7.2. A limit theorem. Theorem 7.6 is concerned with a sequence of sequences
of i.i.d. variables {Ti(")}izl satisfying (7.1). That is, for each fixed n the variables
{Ti(n)}i21 are i.i.d., but there could be arbitrary dependencies between variables

with different numbers n. The superscript n is also the parameter used for scaling
sums of the nth sequence. Thus we denote

k
7 =37 and 7O =T k> 1.
i=1

For all n € Nt define

D, = <7{LT(”)) N [O, 1) and C), =D, + [07 l/n)

Theorem 7.6. With the notations above, almost surely, {D,,}n>1 has an accumu-
lation point D in the Hausdorff metric such that dimy D > a.

Proof. Let p, be n'=® times the Lebesgue measure on C,,. Fix € > 0. For some
finite constants {N,}o<~<q for all n define the event

B, = {Ny"' < 1,([0,1]) < Ny and &,(C, 1) < N, for all 0 < y < a}.

Since the map v — &,(Cy, i) is non-decreasing, applying Lemma 7.5 for a sequence
of parameters 7, * o with €, = 27*¢ implies that there are constants N, such
that P(B,) > 1 — ¢ for all n. Let B = limsup,, B,,, then P(B) > 1 —¢. Since ¢ > 0
was arbitrary, it is enough to prove that the theorem is satisfied whenever B holds.
Assume that B holds, then there is a random subsequence {n;};>1 such that the
events B, hold for all i € N*. Since Ny ' < pu,,,([0,1]) < Ny for all i, by passing to
a subsequence we may assume that u,, — pu weakly, where p is a measure on [0, 1]
satisfying Ny ' < u([0,1]) < Np. Similarly, we may assume that D,,, — D in the
Hausdorff metric for some compact set D C [0,1]. As C,, = D,, +[0,1/n] is close
in the Hausdorff metric to D,,, we get supp(p) C D. For all 0 < v < a we obtain

57(Daﬂ) S hmlnfgﬁ’(MTM) S NV < o0,

for the first inequality see e.g. [15, Lemma 2.2]. Theorem 7.3 now implies that
dimy D > «a, and the proof is complete. O

7.3. Application to random walks. We now apply Theorem 7.6 to random walks
on Z? and thus prove Theorem 1.7.

For each n, let S(™) be a simple random walk on Z?2, and define the rescaled
random walks by W, (t) = v2n~1/25™)(|nt]). Tt is well known that it is possible
to construct the walks S and two-dimensional Brownian motion {B(t) : t € [0,1]}
on the same probability space so that W,, converges uniformly to B on the interval
[0,1], see e.g. [13, Theorem 3.5.1] or [18]. We henceforth assume such a coupling.

Recall that for each walk we construct the greedy increasing subset by

aén) =0 and a(i)l = min{a > al™ 5™ (a) — S(")(a(n)) €73}

For every n, this sequence has i.i.d. increments with the law of
7 =inf{k > 0:S(k) € Z% }.

We use the notation a,, ~ b, if a, /b, — 1 as n — co. We need the following known
estimate.
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Theorem 7.7. Let S: N — Z2 be a two-dimensional simple random walk. Let T be
the hitting time of the positive quadrant: T = inf{k > 0: S(k) € Z2}. Then there
is a c € RT so that

P(r >n) ~ en~ /3,

For the above theorem see the general result of Denisov and Wachtel [5, The-
orem 1], or a bit weaker one due to Varopoulos [21, (0.3.3) and (0.4.1)]. On exit
times of planar Brownian motion from cones see Evans [7, Corollary 5(i)] or the
somewhat weaker [18, Lemma 10.40]. In the Brownian case the exponent 1/3 can
be calculated by mapping the complement of Rf_ onto a half plane by the conformal
map z — 22/3 and using the conformal invariance of planar Brownian motion. The
continuous case can be transformed to the discrete one by coupling. For the history

of similar estimates and for further references see Denisov and Wachtel [5].

Proof of Theorem 1.7. Recall that S are two-dimensional simple random walks
so that the rescaled walks W,, converge uniformly to a Brownian motion B. Let 7 be
the hitting time of the positive quadrant by S, that is, 7 = inf{k > 0: S(k) € Z2 }.
For every n € N*, the greedy increasing subsequence of S has i.i.d. increments,
distributed as 7. By Theorem 7.7 we have

P(r >n) ~ cn~ /3

with some ¢ € R*. Thus we can apply Theorem 7.6 with a = 1/3. This yields
that, almost surely, there is an accumulation point D of {D,},,>1 in the Hausdorff
metric such that dimy; D > 1/3. As W,, — B uniformly, B is non-decreasing on D.
This completes the proof. O

Remark 7.8. For a higher dimensional simple random walk S: N — Z¢ define the
hitting time

7 =inf{k>0:S(k) € 2%}
Then P(1 > n) ~ en™® for some ¢, € (0,00), see [5, Theorem 1]. Our argument
proves an analogue of Theorem 1.7 in higher dimensions with this « instead of 1/3.

8. RESTRICTIONS OF GENERIC a-HOLDER CONTINUOUS FUNCTIONS

The goal of this section is to prove Theorem 2.13. First we need some prepara-
tion. The following lemma is probably well known. However, we could not find an
explicit reference for its second claim, so we outline the proof.

Lemma 8.1. Let 0 < a <1 and ¢ > 0. Assume that ACR and f: A —> R isa
function such that for all x,y € A we have

(8.1) |f(z) = f(y)] < clz—y[*.
Then f extends to F': R — R satisfying the above inequality for all z,y € R. If A
is closed then F' can be chosen to be linear on the components of R\ A.

Proof. As f admits a unique continuous extension to the closure of A which clearly
satisfies (8.1), we may assume that A is closed. Let I be any component of R\ A,
it is enough to prove that f extends to AU I such that (8.1) holds. If I = (—o0,a)
or I = (a,00) for some a € A then F|; = f(a) works. Now let I = (a,b) for
some a,b € A and let F' be the linear extension of f to I. The concavity of the
function z — x® implies that |F(x) — F(y)| < ¢la — y|* for all z,y € AU I, the
straightforward calculation is left to the reader. O
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Let || - || denote the maximum norm of C[0, 1].

Lemma 8.2. Let f € C¢[0,1] and € > 0 be arbitrary. Then there is a piecewise
linear function g with nonzero slopes and ¢ < 1 such that ||g — f|| < e and for all
z,y € [0,1] we have

l9(z) = g(y)| < clz —y|*

Proof. Let 0 = xg < x1 < --- < &y = 1 such that the oscillation of f on [z;_1, z;]
is at most €/3 for all i € {1,...,¢}. Let gy be the piecewise linear function passing
through the points (z;, f(x;)), then clearly ||go — f|| < ¢/3. Applying Lemma 8.1
{-times we obtain that g € C¢[0,1]. We can choose ¢y < 1 such that g; = ¢pgo
satisfies ||g1 — go|| < /3. Hence for all z,y € [0,1] we have

l91(2) = 91(y)| < colz —y[*.
Let ¢ € (¢g, 1), then it is easy to see that every horizontal line segment of the graph

of g1 (if there are any) can be replaced by two line segments of nonzero slopes such
that the resulting function g satisfies ||g —g1|| < ¢/3 and for all z,y € [0, 1] we have

l9(x) = g(y)| < clz —yl|*.
Clearly ||g — f|| < &, and the proof is complete. O

Now we are ready to prove the first part of Theorem 2.13. The concept of the
proof is similar to that of [6, Theorem 1.4], but the technical details are much more
difficult and in order to create appropriate Holder continuous functions some new
ideas are needed as well.

Proof of Theorem 2.13 (1). Let B € (a,1) be arbitrarily fixed, and define
Fp={f € C{[0,1] : dimy{f = g} < 1— B for all g € C7[0,1]},

where we use the notation {f = g} = {z € [0,1] : f(z) = g(x)}. First we show that
it is enough to prove that F3 is co-meager in C{[0, 1]. Indeed, since co-meager sets
are closed under countable intersection, this implies that for a countable dense set
I' C (a,1) the set F := [, p F, is co-meager in C7'[0, 1]. Now assume that f € F
and A C [0,1] such that f|4 is S-Holder for some 8 > «, we need to prove that
dimy A < 1 — 3. Choose a sequence ,, € I' such that 7, 3 and fix an n € N*.
As f|a is p-Holder, there is an € > 0 such that for all F C A with diam E < ¢
the function f|g is y,-Holder with Holder constant 1. Let A = Ule A; such that
diam A; < e for all i € {1,...,k}. Then f|a, are v,-Holder with Holder constant
1, so by Lemma 8.1 there are functions g; € C{"[0,1] such that A4; C {f = g;} for
all . Therefore f € F, implies that dimy A; < dimy{f = ¢;} <1 — 1, for all i,
thus the countable stability of Hausdorff dimension yields dimy A < 1 — ~,,. This
holds for all n € N*, so dimy A <1 — .
Now let 8 € (a,1) be fixed, and for all N, M € NT define

F(N, M) = {f € 00,1 : HLPHUN([f = g}) < 1/M for all g € 7|0, 1]} .

Clearly Fg = (=1 Nar—1 F(IN, M), thus it is enough to show that each F(N, M)
contains a dense open subset of C%[0,1]. Assume that M, N € N* 79 >0, ¢ < 1,
and a piecewise linear function fy € C¢[0,1] with nonzero slopes are given such
that for all z,y € [0, 1] we have

[fo(x) = fo(y)| < colz —yl|®.
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By Lemma 8.2 it is enough to find a function f € C¢[0,1] and r > 0 such that
(8.2) B(f,r) C B(fo,m0) N F(N, M),

where B(f,r) denotes the closed ball in C{[0,1] centered at f with radius r. Now
we define f. We can fix integers ko, mg > 2 such that mg is odd and

1 log(ko/2) log ko
max< o, — — p < <
{ N} log(komo) — log(komo)
Let v = log ko/log(komo) and let f1 = fiy.me € C7[0,1] be the self-affine function

defined in Section 5. We will approximate fy by re-scaled copies of fi. As fi is
~-Holder continuous, there exists ¢; € RT such that for all z,y € [0, 1] we have

(8.3) [f1(x) = A(y)] < erlz =yl

Assume that 0 = 1 < --- < 2411 = 1 such that f; is linear on each interval
[x;, 2;11] with nonzero slopes. Let y; = fo(x;) forall 1 <14 < 41, then y;41—y; #0
for all i < ¢. Let us define 6,£& > 0 and ng € NT such that

0= i . — .
lrgilgé(xwrl xz)a

£= max, [Yir1 — yil,

S e % 25 1/(1—c) 2661 1/(1=)
0= ro’ \ (1 — cq)0* "\ o ’

For all i € {1,...,£} and j € {0,...,no} let

J
Tij = x; + nfo(ﬂfm —;) and  y;; = fo(zi;)-

Now we are ready to define f. If for some ¢ € {1,...,¢}, j € {0,...,n9 — 1}, and
a € 10,1) we have

(8.4) T =T+ i(xi+1 —x;), then let
no
fi(a
f@) =yi; + 1 )(yi-H = Yi)-
1o

Note that the linearity of fy implies that if x satisfies (8.4), then
a
fo(@) = yij + —(Wit1 — vi)-
no
Now we prove that
(8.5) fecso,1] and f e B(fo,ro/2).

As the range of fj is [0, 1], the definition of f and ng imply that for all z € [0, 1]
we have

(56) 1) — o) < >

thus it is enough to prove for (8.5) that f € C{[0,1]. Assume that x,y € [0, 1] and
x <y, we need to prove that |f(z) — f(y)| < |x — y|*. We consider three cases.
First case: Suppose that y —x > 0/ng. Then (8.6), fo € C{[0, 1] and the definition
of ny imply that

@) — FW)] < 1fol@) — fow)] +i—§ < cola — 4| +

T
g;‘),

2 N
— <z —y|™
no
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Second case: Assume that z,y are adjacent points, that is, xz,y € [x; ;,%; j41] for
some 1 <7< fand 0 < j <ng—1. Then the definitions of f and &, inequality
(8.3), the definition of ng, and « < v yield that

i+1 — Yi T— T s
If(z) = f(y)] = Jyees = i f <n0”> - <noyw)’
o Tit1 — T Tit1 — Ty
€er (molz —yl\” , .
< —— | <lz—y]" <|z—y|*
no 0

Third case: Suppose that there exists z € (z,y) such that z, z and z, y are adjacent
points. The triangle inequality, the above inequality, the definition of ng, and a < v
imply that

7@~ )] < 1) — £+ 1) — S
() (57))
<29 (W) oy <ol

By the definition of @ for all x,y at least one of the above three cases holds, which
concludes the proof of (8.5).
Finally, we prove that (8.2) holds for some r > 0. Let us define 6 > 0 as

§ = min |y — uil.
@@'ym vil

Since v < 8, we have kg < (komg)”. Thus by 3 < 1 we can fix an n; € N* such
that for all i € Nt and n > n, we have

. B .
i+2 6
8.7 .
( ) ((komo)n) < 377,0]1561
Since log(ko/2)/log(komo) > 5 — 1/N, we can define
2m0
0= —1— < L.

(komo)lfﬁJrl/N
Let us fix an integer ny > ny such that
e
kot Meng”

r = min o 0
B 27 3nokl?

Then clearly B(f,r) C B(fo,70). Let us fix g € B(f,r), it is enough to show
that g € F(N,M). Fixi € {1,...,¢} and j € {0,...,no — 1} arbitrarily, and let
Iy = [z;;,2j41]. Let h € C?10,1], by the subadditivity of H_ it is enough to
show that
1

8.9 HIPTN({g=h}N1p) < :

(9) LN (g = h) 1) < g

Assume that n € N and I C Ij is a closed interval. We divide I into (kqmg)™
non-overlapping closed intervals of equal length, the resulting intervals are called
the elementary intervals of I of level n. Assume that n; < n < ns and let I; be
an elementary interval of I of level n — 1. Now we show that {g = h} intersects

(8.8) o™

Let us define » > 0 as




RESTRICTIONS OF HOLDER CONTINUOUS FUNCTIONS 23

at most 2mg many first level elementary intervals of I;. Let us decompose I; into
mg non-overlapping intervals of equal length, let I be one of them. Let Jy, Jo C I
be two nonconsecutive first level elementary intervals of Iy, it is enough to show
that {g = h} cannot intersect both J; and Jy. Assume to the contrary that there
are z1 € J; and 22 € Jy such that g(z1) = h(z1) and g(z2) = h(z2). If there are
i€{l,..., ko — 2} first level elementary intervals of I; between J; and J3, then

|Zl - 22| < (Z + 2) diam J; < (Z + 2)(k0m0)_”.
Therefore h € CL[0,1] yields that

he1) — hiz2)| < ((k:f’)f

On the other hand side, the definition of g, f and r imply that
)
—2r > .
nok{f - 3710]63
The above inequalities and (8.7) yield that |h(z1) — h(z2)| < |g(21) — g(22)|, which
is a contradiction.
Therefore {g = h} NIy intersects at most (kgmo)™* (2mg)™2~™ many elementary

intervals of I of level ny. Since the length of these intervals is less than (kgmg)~"2,
the definition of o and inequality (8.8) yield that

H TN ({g = B} 1 1) < (Komo)™ (2mo)"™ " (kgmo) ~">(=#1/%)

l9(21) —9(22)| = | f(21) = f(z2)| = 2r =i

1
< EMigne < )
=% 7= Ming
Hence (8.9) holds, and the proof is complete. O

In order to prove the second part of Theorem 2.13 we need a bridge between
the notions of a-Holder continuity and S-variation. The following lemma is [4,
Lemma 4.1], see also [3, Lemma 4.1].

Lemma 8.3. Let 8,7 > 0 and let A C [0,1]. If the function f: A — R has finite
B-variation, then there are sets A, C A such that

(1) fla, isy-Hélder continuous for all m € NT,
(2) dimg, (A\U,Zy An) <98

Proof of Theorem 2.13 (2). Clearly it is enough to prove the theorem for a count-
able dense set of parameters $. Since co-meager sets are closed under countable
intersection, it is enough to show the statement for an arbitrary fixed 8 > 0. For
all f € C{[0,1] let Af C [0,1] be given such that VP (f|a,) < co. Fix an arbitrary
0 > max{af,p/(8+1)} and let v = 6/ > max{«a,1/(8+1)}. It is enough to
prove that dimy Ay < ¢ for a generic f € C{[0,1]. Applying Lemma 8.3 we obtain
that for all f € C{[0, 1] there are sets Ay, C Ay such that

(1) fla,., is y-Hélder continuous for all n € N*,

(2) dimgg (A \UpZy Apn) <78 =0.
As v > aand f|a,, are y-Holder continuous, Theorem 2.13 (1) and the definition
of v imply that for a generic f € C[0,1] for all n € NT we have

1
(8.10) dimy App <1—y<1l——— =

B
B+1 ﬁ+1<&
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Inequalities (2), (8.10), and the countable stability of Hausdorfl dimension yield
that dimy Ay < 9§ for a generic f € C[0,1]. The proof is complete. O
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