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SUPERDIFFUSION IN THE PERIODIC LORENTZ GAS

JENS MARKLOF AND BALINT TOTH

ABSTRACT. We prove a superdiffusive central limit theorem for the displacement of a test
particle in the periodic Lorentz gas in the limit of large times ¢ and low scatterer densities
(Boltzmann-Grad limit). The normalization factor is /tlog¢, where t is measured in units
of the mean collision time. This result holds in any dimension and for a general class of
finite-range scattering potentials.

1. INTRODUCTION

The periodic Lorentz gas is one of the iconic models of “chaotic” diffusion in deterministic
systems. It describes the dynamics of a test-particle in an infinite periodic array of spherically
symmetric scatterers. The main results characterizing the diffusive nature of the periodic
Lorentz gas have to date been mainly restricted to the two-dimensional setting and hard-
sphere scatterers. The first seminal result on this subject was the proof of a central limit
theorem for the displacement of the test particle at large times ¢ for the finite-horizon Lorentz
gas by Bunimovich and Sinai [8]. For more general invariance principles see Melbourne and
Nicol [21] and references therein. In the case of the infinite-horizon Lorentz gas, Bleher [5]
pointed out that the mean-square displacement grows like tlogt when t — oo, as opposed to
a linear growth in the finite-horizon case. The superdiffusive central limit theorem suggested
in [5] was first proved by Szész and Varji [27] for the discrete-time billiard map. Dolgopyat
and Chernov [I4] provided an alternative proof, and established the central limit theorem
and invariance principle for the billiard flow. Analogous results hold for the stadium billiard
(Bélint and Gouézel [2]) and billiards with cusps (Balint, Chernov and Dolgopyat [1]). The
difficulty in extending the above findings to dimensions greater than two lies in the possibly
exponential growth of the complexity of singularities (Balint and Téth [3], 4], Chernov [12])
and, in the case of infinite horizon, the subtle geometry of channels (Dettmann [13], Nandori,
Szasz and Varju [22]).

In the present paper we prove an unconditional superdiffusive central limit theorem for
the periodic Lorentz gas in any dimension d > 2, valid in the limit of low scatterer density
(Boltzmann-Grad limit) and for a general class of finite-range scattering potentials. The
precise setting is as follows. Let £ C R? be a fixed Euclidean lattice of covolume one (such as
the cubic lattice £ = Zd), and define the scaled lattice £, := r(@=D/dL At each point in £, we
center a sphere of radius . We consider a test particle that moves along straight lines with unit
speed until it hits a sphere, where it is scattered elastically. The above scaling of scattering
radius vs. lattice spacing ensures that the mean free path length (i.e., the average distance
between consecutive collisions) has the limit £ = 1/vg_1 as 7 — 0, where vg_1 = T / F(%)
denotes the volume of the unit ball in R4~1,

In the case of the classic Lorentz gas the scattering mechanism is given by specular reflection,
but as in [19] we will here also allow more general spherically symmetric scattering maps. The
precise conditions will be stated in Section

Date: 24 March 2014.

2010 Mathematics Subject Classification. 37D50, 60F05, 82C40.

The research leading to these results has received funding from the European Research Council under the
European Union’s Seventh Framework Programme (FP/2007-2013) / ERC Grant Agreement n. 291147. J.M.
is furthermore supported by a Royal Society Wolfson Research Merit Award. The research of B.T. is partially
supported by the Hungarian National Science Foundation (OTKA) through grant K100473.

1



2 JENS MARKLOF AND BALINT TOTH

The position of our test particle at time ¢ is denoted by
(1.1) x; = x4(xo, vo) € K, := R\ (L, + rBY),

where xg and vy are position and velocity at time ¢ = 0, and Bf is the open unit ball in
R? centered at the origin. We use the convention that for any boundary point g € 9K, we
choose the outgoing velocity vy, i.e. the velocity after the scattering. The corresponding phase
space is denoted by T'(K,). For notational reasons it is convenient to extend the dynamics
to Tl(Rd) = R% x S‘li_1 by setting x; = xo for all initial conditions @y ¢ K.

We consider the time evolution of a test particle with random initial data (xg,vo) € T(R?),
distributed according to a given Borel probability measure A on T!(R?). The following su-
perdiffusive central limit theorem, valid for small scattering radii and large times, is the main
result of this paper.

Theorem 1.1. Let d > 2 and fir a Euclidean lattice £ C R? of covolume one. Assume (g, vo)
is distributed according to an absolutely continuous Borel probability measure A on T1(R?).
Then, for any bounded continuous f : R* — R,

L x—wo \ _ 1 —L)x)?
(12 i g8 (5 e ) = Gy [ e
with
2l=dy,
(1.3) n2 . V-1

4T R+ 1)C(d)

Here ¢(d) := Y%, n~? denotes the Riemann zeta function. Theorem will follow from
its descrete-time analogue, Theorem below. Let us denote by q,, = g,(qy,v0) € 0K,
(n=1,2,3,...) the location where the test particle with initial condition (g, vo) leaves the
nth scatterer. It is natural in this setting to assume g, € 0K,. By the translational invariance
of the lattice, we may in fact assume without loss of generality q, € rSfﬁl. For given exit
velocity vg, we write

(1.4) do = r(s0 +vo\/1 — [[s0[|?)

and stipulate in the following that the random variable sq is uniformly distributed in the unit
disc orthogonal to vg.

Theorem 1.2. Letd > 2 and L as above. Assume vq is distributed according to an absolutely
continuous Borel probability measure A on S‘li_l. Then, for any bounded continuous f : R* —

o 9, —qo \ _ 1 — L
(1.5) T}Ln;o}gI%)Ef(UdW> = )2 g (x)e 2I®"dg,
with
2 2'-d 72
1.6 P SE—— S 54
0 TS e

The starting point of our analysis is the paper [19], which proves that, for every fixed ¢ > 0,
the limit » — 0 in (resp. (L.5))) exists and is given by a continuous-time (resp. discrete-
time) Markov process. The main objective of the present study is therefore to prove a superdif-
fusive central limit theorem for each of these Markov processes. This is stated as Theorem
in Section [3| after a brief survey of the relevant results from [19]. The subsequent sections of
the paper are devoted to the proof of Theorem (3.2
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FIGURE 1. The scattering map.

2. THE SCATTERING MAP

We now specify the conditions on the scattering map that are assumed in Theorems
and These are the same as in [19], with the additional simplifying assumption that the
scattering map preserves angular momentum, cf. [I9, Remark 2.3]. We describe the scattering
map in units of r, i.e., the scatterer is represented as the open unit ball Bf. Set

(2.1) S:={(v,b) € ST x B |v-b=0},
and consider the scattering map
(2.2) 0:5§—-S8, (v_,b) — (vy,s).

The incoming data is denoted by (v_,b) € S, where v_ is the velocity of the particle before
the collision and b the impact parameter, i.e., the point of impact on S‘li_1 projected onto
the plane {b € R? | v_ - b = 0}. The outgoing data is analogously defined as (v, s) € S,
where v, is the velocity of the particle after the collision and s the exit parameter, cf. Figure
Since we assume the scattering map is spherically symmetric, it is sufficent to define ©
for (v_,b) = (e1,wez) for w € [0,1), where e; denotes the unit vector in the jth coordinate
direction. Any spherically symmetric scattering map which preserves angular momentum
is thus uniquely determined by

(2.3) O(e1, wez) = (e cosB(w) + ez sinB(w), —eqwsinf(w) + eqw cos H(w))

where 0(w) is called the scattering angle.

To satisfy the conditions of [19], we assume in the statements of Theorems and that
one of the following hypotheses is true (cf. Fig. :

(A) 0 € CY([0,1)) is strictly decreasing with 6(0) = 7 and 6(w) > 0;

(B) 6 € C'([0,1)) is strictly increasing with 6(0) = —7 and 6(w) < 0.

This assumption holds for a large class of scattering potentials, including muffin-tin Coulomb
potentials, cf. [I9]. In the case of hard-sphere scatterers we have 6(w) = m — 2 arcsin(w) and
hence Hypothesis (A) holds.

Note that for more general impact parameters of the form

(2.4) - ({j,) . weB T\ {o},

we have (by spherical symmetry)

2 o((0) () = (st (o) 51 (2))
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FIGURE 2. Illustration of a scattering map satisfying Hypothesis (A).

with the matrix

26) S(w) = B(B(w)).
where
ot
(2.7) w = ||wl| >0, W :=w lw e 8¢ E(x) :=exp <2 0 a:) € S0(d).
-1
More explicitly,
[ cosf(w) — ‘W sin O(w)
(2:8) S(w) = (@ Sin0(w) 1g 1 —@® (1 — cosO(w)))
We extend the definition of S(w) to w = 0 by setting S(0) := —I; € SO(d) for d even and

5(0) := (e ,) € 50(d) for d odd. This choice ensures that S(0)e; = —e.

For the case of general initial data (v_,b) € S, assume R(v_) € SO(d) and w € B4~ are
chosen so that

(2.9) v_ = R(v_) (é) . b=R() (3)) .

Then
(2.10) O(v_,b) = <R(v_)S(w) <(1]> R(v_)S(w) (0) )

w

We use an inductive argument to work out the velocity v, after the nth collision, as well
as the impact and exit parameters b,, and s,, of the nth collision.

Lemma 2.1. Fizx vy and Ry € SO(d) so that vo = Rpe1, and denote by (Vn)nen, (bn)nen,
(Sn)nen the sequence of velocities, impact and exit parameters of a given particle trajectory.
Then there is a unique sequence (Wy)neN N Bffl such that for alln € N

1 0 0
(2.11) v, =R, (0> , b, = Rp—1 (wn> ; sn = R, (wn> ;

where

(2.12) Rn = ROS(wl) st S(wn)
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Proof. We proceed by induction. We have vy - by = 0 and thus e; - Ralbl = 0. We define
d—1
w1 € Bl by

0 _
(2.13) (w1> = Ry 'b;.
Then the assumption (2.9) is satisfied and ([2.10)) yields
1 0
(2.14) (’Ul, 81) = @(’Uo,bl) = <R0S('w1) <0> ,R()S(wl) <w1> )

which proves the case n = 1. Let us therefore assume the statement is true for n = k — 1.
By the induction hypothesis, we have vy_1 = Rp_1e;. Note that vi_q1 - by = 0 implies
el -R];llbk = 0, and define wy, € Bffl by

(2.15) ( 0 > =R, ' by

Wy

Therefore (2.9) holds with v_ = vy_1, b = by, and we can apply (2.10):
(vk, 81) = O(vg—1,by)

1 0
(2,16 = (st (o) st ()
1 0
(o) ()
where Ry, := Ri_15(wy) = RoS(w1) - -- S(wg). This completes the proof. O

3. THE BOLTZMANN-GRAD LIMIT

We now recall the results of [I8, 19] that are relevant to our investigation. Define the
Markov chain

(3.1) n = (§n,My)
on the state space R~ % Bf‘l with transition probability
(32) P ((6m) €A Gioromnos) = [ Wl 1.m.2) dedz,

We will discuss the transition kernel ¥o(w, z, z) in detail in Section At this point, it sufficies
to note that it is independent of &,_1 and symmetric, i.e. Vo(w,z, z) = VYo(z,z,w). It is also
independent of the choice of 6, £ and A [1§]. (Note that ¥y is related to the kernel ®( studied
in [I8, 19, 20] by ¥o(w,z, z) = ®¢(x,w, —2).) Let

(3.3) Vo(z,2) = Udl—l /B‘fl Uy (w, z, z) dw,
(3.4) U(z, 2) = 2 /x  Wo(a ) di.

with the mean free path length € = 1/v4_;. Both Ug(z,2) and ¥(xz,z) define probability
densities on R~ x B‘f_l with respect to dz dz. The first fact follows from the symmetry of
the transition kernel, and the second from the relation

1
(3.5) / U(z,z)drdz = = 2V (z, z)dxdz = 1.
B¢t xRx B{™ xR0

Suppose in the following that the sequence of random variables

(3.6) (Ensmn))ory

is given by the Markov chain (3.1)), where (£1,7,) has density either ¥(z, z) (for the continuous
time setting) or Wo(z, z) (for the discrete time setting). The relation (3.4)) between the two
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reflects the fact that the continuous time Markov process is a suspension flow over the discrete
time process, where the particle moves with unit speed between consecutive collisions; see [19,
Sect. 6] for more details.

We assume in the following that R is a function S{~! — SO(d) which satisfies v = R(v)e;
and which is smooth when restricted to S{!\ {—e;}. An example is

for v eS¥\ {er, e},

(3.7) R(v) = E(Qarcsin‘(‘]l:j e1]/2) )

where v = (v2,...,v4) € R and R(e1) = I, R(—e1) = —1I.
For n € N, define the following random variables:

(3.8) Tn 1= Z &, 70:=0, (time to the nth collision);
j=1
(3.9) v i=max{n € Z>g : 7, < t} (number of collisions within time t);

(3.10)  V,:=R(vg)S(ny)---S(m,)e1, Vo := v, (velocity after the nth collision);

(3.11) Q, = Z &V (discrete time displacement);

j=1
(3.12) X =Q, +(t—1,)V, (continuous time displacement).
Theorem 3.1 ([19]). (i) Under the hypotheses of Theorem[1.d], for any t > 0,
(313) Ty — Ty = Xt

as r — 0, where the random variable (£1,m,) has density V(z, z).
(i) Under the hypotheses of Theorem for anyn € N,

(3.14) 4, — 40 = Q,

as v — 0, where the random variable (1,m;) has density Vo(z, z).

The main part of this paper is devoted to the proof of the following superdiffusive central
limit theorem for the processes X; and @,,, which in turn implies Theorems and We
will only assume that the random variable (£1,7;) is such that the marginal distribution of
7, is absolutely continuous on Bf_l with respect to Lebesgue measure; there is no further
assumption on the distribution of £;. This hypothesis is satisfied for (£1,m;) with density
Uy (z, z), since

(3.15) Wo(z) := /Oooxpo(x,z)dx: 1

Vg—1

/ Uo(z,z,w)drdw =
RsoxB¢~1 Vd—1

That is, the marginal distribution of 1 is uniform on B¢~'. We will later see that (£1,7;)
with density ¥(z,z) also complies with the above hypothesis (cf. Proposition . The
processes X and @Q,, are independent of =y and g, respectively, and we will in the following
fixvg € Sffl. Also, the required assumptions on the scattering angle 6 are significantly weaker
than in the previous theorems.

Theorem 3.2. Let d > 2, vy € S‘li_1 and assume that the marginal distribution of my is
absolutely continuous. Assume 0 :[0,1) — [—m, 71| is measurable, so that

(3.16) meas{w € [0,1) : §(w) ¢ Q} > 0.
Then (i)
(3.17) XL N0, 1),

Ygv/tlogt
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and (ii)

Q,
O-d\/m :N(Oald)a

where N'(0,1;) is a centered normal random variable in R with identity covariance matriz.

In view of Theorem Theorem implies Theorems and

(3.18)

It is interesting to compare the above results with the case of a random, rather than periodic,
scatterer configuration, where the scatterers are placed at the points of a fixed realisation of
a Poisson process in R%. In the case of fixed scattering radius there is, to the best of our
knowledge, no proof of a central limit theorem even in dimension d = 2. In the Boltzmann-
Grad limit, however, the work of Gallavotti [I5], Spohn [24] and Boldrighini, Bunimovich
and Sinai [6] shows that we have an analogue of Theorem where the limit random flight
process X is governed by the linear Boltzmann equation. In this setting, (3.6) is a sequence
of independent random variables, where &, has density Wo(z) = v4_1 exp(—v4_12) and n,, is
uniformly distributed in B{~!. Routine techniques [23] show that in this case the central limit
theorem holds for X; with a standard v/t normalisation, and for Q,, with a \/n normalisation.

4. OUTLINE OF THE PROOF OF THEOREM [3.2]

We will now outline the central arguments in the proof of Theorem (ii) for discrete
time by reducing the statement to four main lemmas, whose proof is given in Section [9} The
continuous-time case (i) follows from (ii) via technical estimates supplied in Section We
will assume from now on that (£1,7;) has density ¥o(z, z), and discuss the generalisation to
more general distributions in Section We note that for i, uniformly distributed in Bf_l,

(4.1) Vo(z,z) = E¥y(ng, x, 2),
and it is therefore equivalent to consider instead of (3.6 the Markov chain

(4.2) (Ensm)) ey

with the same transition probability (3.2)), n, uniformly distributed in Bf_l and & = 0. The
sequence

o0
(4.3) n= (M), _o
with 1, as defined above, is itself generated by a Markov chain on the state space Bf_l with
transition probability

(44) P (Tln cA ‘ nn—l) = /AKO(nn—hz) dz
where
(4.5) Ko(w, z) := / Uo(w, z, z)dr.

0

The objective is to prove a central limit theorem of sums of the random variables £,V ,,_1.
The first observation is that these are of course not independent. If we, however, condition on
the sequence 7, then the V,, are deterministic, and (£,)5; is a sequence of independent (but
not identically distributed) random variables,

\Il()(nn—la z, nn) dx
KO(nnflznn) '

The plan is now to apply the Lindeberg central limit theorem to the sum of independent
random variables, Q,, = Z?:l §;V j—1, conditioned on 7.

(4.6) P (& € (z,0+dr) | n) =
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To this end we first truncate Q,, by defining the random variable

(4.7) Q=) &V
j=1

with

(4.8) & =&l e2<itomi)

for some fixed v € (1,2). The following lemma tells us that it is sufficient to prove Theorem
(i) for @), instead of Q,,.
Lemma 4.1. We have
(4.9) sup [|Q,, — Q| < o0
neN
almost surely.

To prove the central limit theorem for Q;,, we center 55 by setting

(4.10) & =& —mj,
with the conditional expectation

Kir;(nj—1,m;)
(4.11) m; =E (¢ |n) =12 2

! ( ¢ }*) Ko(nj—lﬂlj)
where r; := /j(log j)7 and
(4.12) K,y (w,z) = / x¥o(w, z, z)dz.
0
Let
(1.13) 0, =3 6V,
j=1

The following lemma shows that Q/, and E)n are close relative to v/nlogn.
Lemma 4.2. The sequence of random variables
;=
(4.14) Qn—Qn
vnloglogn
is tight if d = 2, and

(4.15) M

NG

is tight if d > 3.

It is therefore sufficient to prove Theorem (ii) for Q,, in place of Q,. This will be
achieved by applying the Lindeberg central limit theorem to the conditional sum as aluded to
above. We begin by estimating the conditional variance. Set

Koyr;(mj—1,m;) 2

4.16 a? := Var §~ n) = ——————mj,
( ) 7 ( J ‘ f) KO(nj—lanj) J
with
(4.17) Ko (w,z) := / 2o (w, z, 2)dz.

0

Lemma 4.3. There is a constant o4 > 0 such that, for n — oo,

E(Q,®Q "L aiVi eV
(4.18) (Qn Q, ‘ ﬂ) _ ngl ¥V -1 Jj—1 L U§Id~
nlogn nlogn
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By taking the trace in (4.18)), we have in particular

A2 p
(4.19) losn 4 o
for
(4.20) A% =Y al =E(|Qu]* | n).
j=1

The next lemma verifies the Lindeberg conditions for random 7.
Lemma 4.4. For any fized ¢ > 0,

(4.21) ALY EB(G Ly 1) 0
J=1

as n — OQ.

Given these lemmas, let us now conclude the proof of the fact that

(4.22) Y, = — 9 Ao, 1),
ogv/nlogn
By Chebyshev’s inequality we have, for any K > 0,
1
(4.23) P(IYall > K [n) < 5 E(IY] [n),

and thus, for any x > 0,

2
P([Yull > K) < 45 + P (E(IY4]* [ 0) > #7)

(4.24) ,

K2
By , the second term on the right hand side of converges to 0 as n — oo, if
we choose k = d, say. So implies that the sequence of random variables Y, is tight.
By the Helly-Prokhorov theorem, there is an infinite subset S; C N so that Y, converges in
distribution along n € S; to some limit Y. Assume for a contradiction that Y is not distributed
according to N(0,I;). The Borel-Cantelli lemma implies that there is an infinite subset
Sy C 51, so that in the statements of Lemmas and we have almost-sure convergence
along n € Ss:

+P (A?I > %07 nlog n).

E(Q.2Qu|n) as

4.2 2l
(4.25) nlogn 7d d
AQ

4.2 " =% dog
(4.26) nlogn — 4%
and

) o) a.s.
(4.27) A, ZE(5j1{§JZ>52A%} |m) = 0.

j=1

The hypotheses of the Lindeberg central limit theorem are met, and we infer that Y, =
N(0,1;) for n € S;. (We use the Lindeberg theorem for triangular arrays of independent
random variables, since we have veriefied the Lindeberg conditions only along a subsequence.)
This, however, contradicts our assumption that Y is not normal, and hence N (0, I;) is indeed
the unique limit point of any converging subsequence. This in turn implies that every sequence
converges, and therefore completes the proof of . In view of Lemmas and this
implies Theorem (ii) (still under the assumption that (£1,m,) has density ¥o(z, 2)).

Let us briefly describe the further contents of this paper. In Section [5| we recall the basic
properties of the transition kernel ¥o(w, z, z) from [20]. Section [6|establishes key estimates for
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the moments K, ,(w, z), m; and a; introduced above. In Sections [7| and [8| we prove spectral
gap estimates and exponential mixing for the discrete time Markov process defined in .
The estimates from Sections are the main input in the proof of Lemmas which is
given in Section[d] In Section [10]we show that the discrete-time statement in Theorem (i)
holds for more general initial distributions than Wy(z, z). It holds in particular for ¥(zx, z),
which appears in the continuous-time variant. Section [11] explains how to pass from discrete
to continuous time, thus completing the proof of Theorem (i).

5. THE TRANSITION KERNEL

In dimension d = 2 we have the following explicit formula for the transition kernel. For
w,z € (—1,1),
(

IL{ogac<1+Lw} + ﬂ{l_‘_ﬁ<x<

xl—1—2
L}i
= 1+2 w—z

fo<w, —w<z<w,

rl—-1—-w

(51) \IIU(w7x> Z) = P )
T —14+2z .
1{0§x<ﬁ} + ﬂ{ﬁggKi}ﬁ ifw<0, w<z<-—w,
Tl —1+w |
H{OSw<1T12}+ﬂ{i§w<ﬁ ﬁ le<0, z<w< —2.

This formula has been derived, independently and with different methods, by Marklof and
Strombergsson [17], Caglioti and Golse [10, [11] and by Bykovskii and Ustinov [9].

In dimension d > 3 we have no such explicit formulas for the transition kernel. We recall
from [I8], 19, 20] the following properties. If d > 3, the function

(5.2) o : B x Rag x B — [0, 1]

is continuous. V¥o(w,z,z) depends only on z, w := [Jw]||, z := ||z| and the angle ¢ :=
o(w, z) € [0, 7] between the vectors w, z € Bf_l. Note that in dimension d = 2 the angle ¢
can only take the values 0 and 7. For statements that are specific to dimension d = 2, we will
often use w € (—1,1) instead of w, and |w| instead of w = ||lw]||. We recall once more that
Uo(w, x,z) = Pg(x,w, —2) in the notation of [18, 19, 20], and so in particular the angle ¢
between w, z becomes m — .

Our proofs will exploit the following estimates on the transition kernel |20} 26]. All bounds
are uniform in z > 0 and w, z € B‘ffl. We have by [20, Thm. 1.1],

1 -2y 1z 1
T < VYp(w,r,2) < @

Furthermore, by [20, Thm. 1.7], there exists a continuous and uniformly bounded function
F(),d Ry X Ryg X RZO — RZO such that

(5.3)

(5.4) o(w, @,2) = o2 4Ry (0 (1= 2),8 (1 = w), 2% (x = ¢)) + O(E),
where the error term is

x? if d=2,
(5.5) E = { 27 2log(2 + min(z, (1 — ¢)™ 1)) if d=3,

min (272, x_3+ﬁ(7r - cp)2_d+ﬁ) if d>4.

It is noted in [20] that Fp 4 is uniformly bounded from below for ti,ts, & near zero. That
is, there is a small constant ¢ > 0 which only depends on d such that

(5.6) max(tl,tQ, a) <c — Foyd(tg,tl, CY) > c.
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Furthermore, the support of Fp 4 is contained in (0, ¢] x (0,¢'] x Rx¢ for some ¢ > 0, and for
any fixed t1,t2 > 0, the function Fj 4(t1,t2,-) has compact support.

In dimension d > 3, the following upper bound will prove useful [26] Thm. 1.8]:

r? min{l, (:mpd_Q)_H% if ¢ €10,%]

(5.7) Vo(w, 1, 2) K 02 I . i
w2 min{1, (o(r — ) T} i g e (5,7

The notation f < g is here defined as f = O(g), i.e., there exists a constant C' > 0 such
that [f| < Clg].

The support of ¥o(w, x, z) is described by a continuous function xg : Bf_l X Bf‘l — Rsg.
We have Vo(w,x, z) > 0 holds if and only if < zo(w, z). Set

(5.8) t:=t(w, z) := max(1 —w,1 —2) € (0,1].
If d > 3, then [20, Prop. 1.9] tell us that
% ) if o € [0, Z]
max(t~ 2 ,t7 2 i ,z
(5.9) mow,z) = 40, T
min(t~2,t7 2 (1 —p)"") ifpe[F, ]

(If ¢ = 7 then the right hand side of (5.9)) should be interpreted as t_%.)

For the distribution of free path length between consecutive collitions,

1
(5.10) Uo(z) = / / Vo(w, z, z) dw dz,
V-1 B‘f‘l Bil—l
we have the following tail estimate (¥ is denoted ®¢ in [20]): For x — oo,
1 if d=2
(5.11) Uo(z) =042 3 +0(z73 1) x {logz if d=3
1 if d>4
with
22—d
0.12 Q4= ——.
(5:12) T d(d + 1)¢(d)

This asymptotic estimate sharpens earlier upper and lower bounds by Bourgain, Golse and
Wennberg [7, [16]. Note that the variances in Theorems and are related to the above
tail via

B4
5.13 »i= -2 o2 =
(513 =

O4
2d°
6. MOMENT ESTIMATES

We now provide key estimates of the random variables introduced in the previous section.
For p=0,1,2 and r > 0, set

(6.1) Ky, (w,z) ::/ 2Py (w, x, z)dx
0

and

(6.2) Ky(w, z) ::/ 2Py (w, z, z)dz.
0

We furthermore define the random variables (recall Section

Kiy.(mj_1,m;) Ki(n;_1,m;)

6.3 mj:=E (¢ | n) = 21—, pi=E (& | n) = —2L—"2
(6:3) J ( J |*) Ko(njfp"?j) ! ( ! |*) KO(njfl,"?j)
_ Kay(nj_1,my) Ka(n;_1,m; )

. B=E(G|n)°=

i b2 = / = -
(6.4) i =E( | m) Ko(nj_1,m;)’

Ko(nj_pnj)
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(6.5) af == Var (& |n) = b5 —mj, o] = Var (g |n) =5 —uj,
and
(6.6) AL = a3,

j=1

with r; = \/j(log j)7 for some fixed v € (1,2).
Lemma 6.1. Let d =2. Then, for w,z € (—1,1),

1 1
m="" fwtz>0
6 lw—2 1+z2
(6.7) Ko(w, 2) = —
Q 1 1—w )
n ifw+ 2z <0,
z—w 11—z
! ifw+2z>0
3 ) A+w)(d+2) T
(6.8) Ky (w,z) = = .
] <0
A w)d—2) if w+ 2z <0,
24+w+z .
>
B e A
(6.9) Ka(w,z) = —
" 2rwoz ifw+2<0
—wp—zp 707757
Proof. These follow from the explicit formula (5.1)) by direct computation. O
Lemma 6.2. Let d > 3. Then
1
6.10 inf Ko(w,z)>—— >0,
(6.10) w,zeB{ 1 ol ) 24v41¢(d)
(6.11) sup  Kop(w, z) < oo.
w,zEBiFl
Proof. We have
y
(6.12) Ko(w,z) > / Vo(w, z, z)dz
0

for any y > 0. Theorem 1.1 in [20] states that for z > 0 and w, z € BI~!,
1—2¢"1y, 1z
¢ 7

and the lower bound follows with the choice y = (29~ 1v4_1)~!. The upper bound follows from
(5.7) which tells us that

(6.14) Uo(w,x,z) = O(x_2+%),

where the implied constant is independent of x, w, z. O

(6.13) Yo(w,z,2) =

Lemma 6.3. Letd > 3. For w,z € Bf_l,
(6.15) Ki(w,z) > min(t™!, (7 — ¢)72),

and

1+logmax(t7%,t %lcp) if €10, 5],
2

(6.16) Kw,2) < { Ltta(m—)71)  ifpe(fm]

min (¢~
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Proof. As to the lower bound (6.15]), we note that by (5.4))

(6.17) Ki(w,2) > / {e Ry (211 - 2), 08 (1 = w), 23 (m — ) = 0(B)| }da,
>0
2
zdt(w,z)<c
1

zd(m—p)<c
which, in view of (5.5) and (/5.6]), implies

Kiwz)>e [ {oE =106 g2+ 2) s
>0
t(w,z)<c

(6.18) v

T

Q- Qi

(m—p)<c
> min (t(w, z)_1 (m — @)_2).
The upper bound ([6.16)) follows from (5.7) and (5.9): for ¢ € [0, Z],

zo(w,z) _ B
(6.19) Ki(w,z) <1 +/ e dr < 1+ logmax(t_%,t_%gp),
1
and for ¢ € [T, 7], we have
o(w,z)
(6.20) Ki(w, z) <</ o Madr < min(t 1, ¢~ 1+3 d(m— np)_%).
0
Lemma 6.4. Let d > 3. Then, for w,z € BI™1,
1
(6.21) Ko(w, ) > min(t~ %) (1 — o)~ (@)
and
d—2 d—1
max(t~2 ,t72 @) if p €0, 3],
6.22 Ky(w, 2) < ;
(6.22) 2(w, 2) {min(t(u‘é),tdélﬁ(ﬂ — o) D) ifp e[z,

Proof. The lower bound (/6.21)) follows from
(6.23) Ky(w,z) > / xZ{x—%%FO,d (x%a —2), 2 (1 — w), i (7 — @) - |O(E)|}dx,

) x>0
zdt(w,z)<c

1
2 d (r—p)<c

and (5.5) and (5.6). Hence
Kotwz)>c [ {oh~|0og(2+2)) }ds

) >0
(6.24) zdt(w,z)<c
1
zd(m—p)<c
> min (t(w z)” (1+5 ) ( —d2)y,
The upper bound (6.22)) follows from (5.7) and (5.9 . for pel0,5],
CEO(’U) Z) d—2 d—1
(6.25) Kr(w, z) < /0 dr < max(t™ 2 ,t 2 o),
and for ¢ € [5, 7], we have
o(w,z)
(6.26) Ky (w, z) < / wide < min(t~08) =5+ (r — )"0+,
0
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Proposition 6.5. Let d = 2. For u — oo,
1

6.27 P, ~— .

Proof. By the invariance of the integrand under (w, z) — —(w, z) and (w, z) — (2, w) we have

1
P('uj = u) - 2/ 112 ]l{Kl(w,Z)>uK0(w,z)}Ko(w,Z) dw dz
(6.28) (-1,1)
- 2/ Li K, (w,2)>uKo(w,2)} Ko(w, 2) dw dz.
|z]<w<1

In this range of integration, we have explicitely
6 1 1 14+w

6.29 K = —
( ) 0(71}72) 7T2w_ZH1+Z
and
K 1 1 1
(6.30) o(w:z) _y A¥w)dtz), 14w
Ki(w,z) w—z 1+2
Using the variable substitution
1
(6.31) r=w-— 2z, y = —i—z’
w—z

we have, with the shorthand f(y) = 2y(1 +y)In(1 +y~ 1),

_12 THy _
P(p; > u) / / Lizf(y)<u—1yIn(1+y Y dx dy

2 2
(6.32) / 1, = _Jm@+y Hd
12 [ 1 2
-/ 1 - In(1+y~ 1) dy.
T R = <uf(y) 1+2y> a4y dy

The first term equals

12 [ _
(6.33) 712/0 Ly m(i+y-1<u—1} (20 +OW")) In(1+y ) dy

dyIn(14+y H=u""! 3 1

2 (P Y+ 00?) (1+ o(1).

0, " 47?2 W2lnu
The second term is bounded above by
12 [ 2 2
e | — - In(1+y ') d
7T2/0 (W 1 2y <1+y 1+2y> n(l+y ) dy
(6.34) 2/ _,, -1
2 (P +y o) | 1
- n = 0 .
2 ¥ Y Y s) - u?lnu
Ity
This proves (6.27)). O

Proposition 6.6. Let d > 3. There are constants co > c¢1 > 0, such that for u > 1,
(6.35) cru~ 1) < P(p; >u) < cou~AT8),

Proof. The upper bounds in (6.16)) for K7, and the upper and lower bounds for K in Lemma
imply

(6.36) / Kydwdz < / dwdz + / dwdz.
Ki>uKo

d—2 d—1 141 _2
logmax(t~ 2 t= 2 ¢)>u min(t~1,t " T d (1—p) T d)>u
0<p<% FSpsT
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Using spherical coordinates, we see that the second term is, up to a multiplicative constant,
equal to
(6.37) / wd2dw 27 2dz (sin )3 dep.
0<z<w<l, F<p<r
141 _2
min((1—2)~1,(1—2) 17 d (r—p) " d)>u

We now substitute x =1 —w, y = 1—z, $ = 7 — ¢, and integrate = over (0,y), and then over
y. This yields (again up to a multiplicative constant)

w/2 d 2 9
/ min (ufl,u_ﬂgf)—ﬂ) (sin ¢)?3d¢
0
u~1/2 w/2
(6.38) =2 / (sin ¢)4—3dep + u~ T / / ¢~ a1 (sin ¢)43dg
0 u—1/2
< u~(+9),

The first term in (6.36)) can be dealt with similarly, and yields a lower order contribution.
This proves the upper bound

(6.39) Py >u) < u(178),
As to the lower bound in (6.35)), we use (6.15)) (and the same variable substitutions as above):
/ Kodwdz > / dwdz
Ki>uKo
min(t~1,(m—)"2)>u
5 <p<m
(6.40) iy
> u_z/ (sin @)@ 3dyp
0
>> U_(1+2)
U
Proposition 6.7.
O(u?(ogu) N ljy<ry (d=2
(6.41) P(m; > u) = { (u—(1(+()¢ig) W) busryy (@=2)
O D)iger)  (429)
Proof. This follows from Propositions and since m; < p; and m; <r;. O
Proposition 6.8.
(6.42) E(m;) =&+ O(r; ).
Proof. We have
1
E(m;) = / K1, (w, z)dwdz
Vd—1 JB¢~t Jpdt
7
(6.43) = / 2V (z) dx
0
25—/ x¥o(x) dz,
rj
and (6.42)) follows from the asymptotics (5.11]). O
Proposition 6.9.
loglogj) (d=2
o) (@2 3)
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Proof. This is a direct corollary of Proposition O
Proposition 6.10. Ford > 2 and j — oo,
]
(6.45) E(a?) = ?d log 7 + O(loglog j),
2 Gd . .
(6.46) E(bj) = > log j + O(loglog 7).
Proof. We have
1 Ti
2 _ _ 2
(6.47) E(b;) = o /Bd—l i Ko, (w,z) dwdz —/0 x*Vy(x) dz,
and hence :6.46) follows from the asymptotics (5.11]). Relation (6.45)) is a consequence of
Proposition O
Proposition 6.11. For d > 2,
(6.48) E(a]) < E(b)) = 0(r?).

Proof. We have

KZT] w, z)?
j = dwdz
R it Jpi-t Ko(w,2)

(6.49)
< 2/ 24 (z) dz,
0
and the claim follows from (5.11)). O
Proposition 6.12. Let d = 2. For u — 00,
Proof. We follow the same strategy as in the proof of Proposition For
6y*(1 + y)° 1
6.52 =" 1In(1

the variable substitution yields

P(B, > u) / / L2 f(y)<u-2) (1 + y~) dxdy

1+2y

2 2
(6.53) / 1 2 % Jm@+y Hd
w2y i 14y 142y n(l+y) dy

12 1 2
+ = 1 ~ — In(1+y~Y) dy.
2 /o {<ff§Z§2 <u 2<<ﬁ(3>)2 (uf(y) 1+ 2y> Aty dy

The leading order contribution comes from the first term, which evaluates to

059 25 [ 102 a2+ OG-+ 571) dy

142y
24y In(1+y~1)=u=—?
12 _ 1+2y 1
2 a4y + 00) — (14 o(1)).
04 U

This proves (6.51). To see that ((6.50) has the same asymptotics, recall that 82 — a2 = u2 and
6.27). 0
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Proposition 6.13. Let d > 3. There are constants ca > ¢1 > 0, such that for u > 1,

(6.55) cu? < Pla, >u) <P(B, >u) < cpu2.
Proof. We exploit the bounds in Lemma For the upper bound,
(6.56)
Kodwdz < / dwdz + / dwdz.
Kz>u?Ko _d—2 _d—1 qady _d¥l1 )
max(t™ 2 t7 2 @)>u? min(t~ () 172 T (r—p) "D )2
0<p<Z T<p<n

Set

4 4d 2d+4
657 = ==, ==,
(6.:57) =0y YT aarn-2z YT ddrn-2
and note that

a—f 2

6.58 =— )
( ) vy d+2

Using polar co-ordinates as before, the second term in (6.56)) evaluates to

™/
/ i min (u*a, u*'Bd)*V) 2 (sin )T 3dg
0

a—p

=y 2 /Ou ' (sin (b)dgdgb—i-uw/u

< 20,1257 I y—2B 2=t o 2

(6.59)

w/2
s ¢ (sin @) dg

5

A similar calculation shows that the first term in (6.56)) produces a lower order contribution.
This establishes the upper bound in (6.55). For the lower bound for P(3, > u),

/ Kydwdz > / dwdz
K2>u2KO 4
min(t_(1+§),(W—(p)*(d+2))>>u2
5<p<m

6.60) 2
(6. a2

> 02 / (sin @) 3d¢

0
> w2020 — 2,

The lower bound for P(ay, > u) follows by combining the lower bound for P(3, > u) with
6.35). 0

7. SPECTRAL GAPS

Let V be a finite-dimensional real vector space with inner product (-, - )y and norm ||z|| :=
(z,z)'/2. Denote by H = LQ(Bffl, V, v;_lld'w) the Hilbert space of square-integrable functions
BY! - V with inner product

1
() ()= [ (F(w)g(w)y dw.
Vd—1 Jpi-!
and norm || f|| := (f, f)*/2. We will also denote by || - || the corresponding operator norm on

H — H. In the following, (p, V) will denote a representation of SO(d) with group homomor-
phism p : SO(d) — O(V).
Define the following operators on H:

(7.2) Pf(w) := Ko(w, z)f(z)dz,

d—1
Bl
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1
(7.3) If(w) = /B OIS
(7.4) Uf(w) i= p(S(w)) f(w).
We have
(7.5) 1P = PII = II.

Denote by Hg := II'H the subspace of constant functions, and by H; = (I —II)H its orthogonal
complement. (This means that all components of f € H; have zero mean.) Note that for
f € Ho we have Pf = f, and for f € H; we have Pf € H;.

Proposition 7.1. The operator P has the spectral gap 1 — wqy with

1
(7.6) wo = |P-1II|| <1-— @)

Proof. This follows from the standard Doeblin argument. Note that, since Ky(w,z) is the
kernel of a stochastic transition operator with respect to dw on Bf_l, we have

(7.7) J = vg_1 inf Kp(w, z) < 1.
If J =1, we have P = II and thus wg = 0. Assume therefore 0 < J < 1. Then
(7.8) Q:=1-J)" (P —Jm)

is itself a stochastic transition operator, with the same stationary measure. Using (7.5)), we
can write

(7.9) P=T+(1-J)I-IMQU - 1),

and so

(7.10) IP—TI < (1= D)jQ| =1- .

The claim of the proposition now follows from . O
Lemma 7.2. Let 0 :]0,1) — R be measurable, so that

(7.11) meas{w € [0,1) : (w) ¢ Q} > 0,

and let (p, V') be a non-trivial irreducible representation of SO(d). Then

oL et <1

(7.12) 5, =

Vd—1
Proof. For any fixed e € S‘f_l, let Ae be the push-forward of Lebesgue measure on [0, 1) under
the map

(7.13) [0,1) — SO(d), w — S(we).

The group generated by the support of A is, by assumption , dense in the subgroup
(7.14) {E(ge) : ¢ € [0,2m)} ~ SO(2),

with E(x) as in (2.6). Next, let A be the push-forward of Lebesgue measure on B‘li_l under
the map

(7.15) B = S0(d),  ww— S(w).
The above observation, together with the fact that
(7.16) {E(z):z e BL!

generates SO(d), implies that the group generated by the support of A is dense in SO(d). The
claim now follows from well known arguments [25]. O
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Proposition 7.3. Let 0 and (p, V') be as in Lemma . Then the operator PU has spectral
radius

(7.17) wp = lim |(PUY™||*/™ < 1.

Proof. Tt is sufficient to prove ||[PUP|| < 1, that is

|PUPf|?

7.18 = J0
(749) I T

< 1.

We may restrict to functions of the form f = afy + fi, where a > 0 and fo € Ho, f1 € Ha
with || foll = ||f1]] = 1. Note that in this case ||f||> = o? + 1, and hence the supremum (7.18))
equals

(7.19) P 7 S |PUP(oufo + f1)]1%.
Now,

sup | PUP(afo + f1)lI” = sup | PU(afo + Pf1)|
(7.20) ! h

< Sup IPU (afo + wof1)|?
since
(7.21) {Pfr:fie M, 11l =1} S{fi € Ha, /1]l < wo}-
We have
(7.22) U(afo +wof1) = ayo + woyi + oo + woli,
where
(7.23) yo := MU fy € Ho, g0 := (I —IU fo € Hai,
(7.24) y1 := MU f1 € Ho, g1 := (I —IHU f1 € H1.
Therefore,
|1PU(afo +wof1)|?

(7.25) = Jlayo + woyr|* + | P(agio + wodn)||®

< |lewo + woyr I” + willadio + wodi |
2,9 2 2 2 2, 2 2 2
= a”(wj + (1 = wi)llwoll?) + 2awo (1 — wy) (Yo, y1) + wy(wy + (1 — wy)l[y1ll%)-

In the last equality we have used the relations

(726) <g07g1> = _<y07y1>7
which follows from (U fo, U f1) = (fo, f1) = 0, and
(7.27) IGoll> =1 llwoll®,  N15u)1* =1 [l

Since fy is a constant function with ||fo|| = 1, we have by Lemma vl < 9, < 1.
Furthermore ||y;|| < 1. This shows

PUPf|?
(7.28) Mgsup sup E(a),
rerrzo S]] >0 ||yo||<5,
yal<t
with
(720) B(a) = @0+ 0= wlipoll*) +20w0(1 = w§)(yo, 1) + wi(wg + (1~ wp)llyall®)

a?+1
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The final step in the proof of Proposition [7.3]is now to show that

(7.30) sup sup FE(a) <1.
a>0 lyol| <5,
lly1ll<1

To achieve this, first note that

(7.31) sup F(0) = sup wi(wg+ (1 —wd)|ml*) <wi <1
lvoll<dp lyall<1
lly (<1
and
(7.32) lim sup F(a)= sup wi+ (1 —wd)|wol?® < 1.
A7 |yol| <5 llyoll<d,
lyalI<1
To prove, ([7.30)), it is therfore sufficient that the quadratic equation
(7.33) E(a) =1

has no positive real solution for all ||yo|| < d,, ||y1]] < 1. This in turn holds, if the discriminant
of Eq. ([7.33) is strictly negative, i.e.
(7.34) S [ =401 = w)*{1 = llyoll* + wi [ = llyoll*) (X = lly2l*) — (wo. v1)*] }] < 0.
yoll<
lunli<T

Because 1 —wj >0 and 1 — [|yol|* > 1 — 62 > 0, it remains to be shown that

(7.35) (yo,y1)* < (1= [lwol) (1 = llyall).

To this end, apply eqgs. (7.26)), (7.27) and the Cauchy-Schwarz inequality,

(7.36) (o, yi)| = [(Fo, 1) < 1GollllFr ] = v/ (1 = llyolI>)v/ (1 = [lsal?),

which completes the proof. O

8. EXPONENTIAL MIXING

We will now apply the spectral estimates of the previous section to obtain exponential
mixing rates.

Denote by (p1, V1) = (id, R?) the natural representation of SO(d), and by (p2, V2) the adjoint
representation of SO(d) on the vector space V5 of real symmetric traceless d x d matrices defined
by
(8.1) p2(R) : M — RM'R.

The inner product on V; is the standard Euclidean inner product

(82) <.’L’1, $2>V1 =X - I,
and on Vs the Hilbert-Schmidt inner product
(83) (Ml, M2>V2 = tr(MlMg).

Proposition 8.1. Fiz any w € [wo,1) N (wp,,1) N (wp,,1), m € N and p = 0,1,2. Then
there is a constant C,, > 0 such that, for all n1,ne € N, vg,e € S‘lj_l and all measurable
frg: (BEH™ = R with

(84) E(f(/r’O""’nm)2) < o0, E(Q(n07---,77m)2) < o0,

we have
(8'5) ‘ Cov ((e : an)pf(nm, e ’nn1+m)v (e : Vnz)pg(nngv s 777n2+m))}
< Cm w\nl—n2|—m\/E (f(no, s 7nm)2) \/E (9(’707 s anm)z)‘
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Proof. Assume without loss of generality that ny < ny. We have

(8.6) Cov ((e Va2 My s Mnyom), (€ Vi, )Pg(myys - - - ,nn2+m))
=E [COV ((6 : Vﬂl )pf(nnla cee 7nn1+m)’ (e : VnQ)pg(nnga ce 7nn2+m) ‘ an)] .
It is therefore sufficient to prove (8.5)) conditioned on V,,, with a constant C,, independent

on V,,,, or equivalently, to show that form any n € Z>g, vo,e € Sil_l,

(87) ‘ Cov (f(n07 s 7nm)7 (6 : Vn)pg(nnv s 777n+m)) ‘
<Cp wn—m\/E (f("707 s 777m)2) \/E (9(770a ce 777m)2)'

The case n < m follows from the Cauchy-Schwarz inequality. We assume therefore in the
following that n > m.
Case A: p = 0. Define the functions Bil_l —R

(89) g(w) ::E(g(n07"'7nm) } nOZw)'
Then

Cov (f(7707 o 777m)7 g<nn’ T nn+m)) = Cov (f(nm)7§(nn))
(8.10) (- (P — )
= (I~ I)f.(P ~ 1" ™),
and so
(8.11) | Cov (f(10:- -+ Tn)s 9 (M - -3 ym)) | < HfHH(Pf )|
<wy "I gll

in view of Proposition Finally,
(8.12) 7P < E (f (0, - 1)),

since f is obtained from f via orthogonal projection, thus decreasing the L?-norm (likewise
for g). This proves (8.7) for p = 0.
Case B: p=1. Set & = R(vg) ‘e, and
Now
Cov (f(’?o, ce 777m)> (6 ’ Vn)g(’r]rw SRR 77n+m))
(814) = Cov (f(7707 cee 7nm)7 (é : 5(771) e S(nn)el)g<nn7 SR nn+m))

=E ([f(n(]v s 777m) - f](é : 5(’71) o 'S(nn)el)g(nna s ¢nn+m))‘

By using the vector-valued functions B‘f_l — R4

(8.15) fw) :=E([f(ng, - 1) — F1SM,) -+ 1S(m) | 1 = w) &,
(8.16) g(w) :=E (9(ng, ... M) | mo = w) e,
we find

Cov (f(7707 s 7nm)7 (6 ' Vn)g(nnv ce 777n+m))

= (f,(PU)"™g).
We conclude from Proposition applied to the natural representation (pi, V1):

(8.18) | Cov (f(Mos- -2 Mm)s (€ Vi)g(, - M) | < cw™ ™[I £ 141
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for some ¢ > 0. Finally, because orthogonal projection decreases the L2-norm,
171 < E(ILf (o, - - s mm) = F1'S(0y,) - -~ *S(ny)el?,)
(8.19) =E ([f(os- - mm) = [1?)
< E (f(7707 s 7nm)2)'

Case C: p =2. The vector & and the expectation f are defined as in Case B. We have
Cov (f(1g,- -+ 1), (€ Vi) 2g(1ns -+ M om))
(8.20) = Cov (f(1g, - M), (& S(my) - S(n,)e1)* g (M- M ym)
=E ([f(no, M) — (& S(my) -+ S(m,)en)*g(my, - - 777n+m))'

We write

(& 5(m)- S(n,)er)’ = -+ tx [ES(m) - S(n,) B (5(m) - S(m,)]

— é + <E,p(S(T]1) e 'S('r]n))E1>Vz’

where V5 is the vector space of symmetric traceless d x d matrices, and

(8.21)

1 ~ 1
(8.22) F = el®€1—aIdEV2, E::é®é—gIdEVQ.

The constant term 2 in (8:21)) contributes to (8.20) the term

(8'23) %‘ E ([f(TIo: cee 7?7m) - f]g(nm R T’n-‘rm))‘

< B (o m)?) B (g, )

This follows from our discussion in Case A (p = 0). The non-constant term in ({8.21)) is handled
in analogy with Case B. Define functions Bf_l — Vs

(8.24) fw) =B ([f(no,- - mn) = Flo(*S(n,) -+ S(m)) | My = w) E,

(8.25) g(w) ::E(g(nﬂv"‘vnm) ‘ T,O:w) E,
so that the non-constant contribution to becomes
E ([f(’r,07 s 7nm) - 7](é : 5(771) e S(nn)61)29(77m ERRR) nn+m))
(826) =E ([f(%a s 777m) - ?]<E~17 P(S(nl) e S(nn))E1>V2 g(rhu s 7nn+m))

= ({f,(PU)"™g).

We now apply Proposition [7.3| with the adjoint representation (pg, Vo). This yields the desired
bound. O

We will also require the following estimate.

Proposition 8.2. Fiz w and m as in Proposition . Then there is a constant C > 0 such
that, for allm € N, vy, e € S‘ffl and all measurable g : (B‘{l*l)mJr1 — R with

(827) E (g(n07 ce 777m)2) < o9,
we have
(828) ‘ E ((e : Vn)g(nnv s 777n+m)) ’ S éw”\/E (9(7707 s ’nm)Q)'

(829) B (e Vi) —d Ny )| < Cw™\VE (9(n0. .. 10)2).



SUPERDIFFUSION IN THE PERIODIC LORENTZ GAS 23

Proof. With g defined as in the previous proof, Case B, we have

(8.30) E ((e-Vn)g(mn, - Mnym)) = (L (PU)"g).
The bound (8.28]) now follows from Proposition Relation ({8.29)) follows similarly from
Case C of the previous proof. O

9. PROOF OF THE MAIN LEMMAS

We now turn to the proofs of the four main lemmas in Section

Proof of Lemma[{.1. We have

(9.1) 1@, — @I <> ¢
j=1
with
(9-2) G = &l jiog )1y
By (5.11)), we have
(9:3) P (¢ #0) = O(j " (log5) ™)
This is summable (since v > 1) and so, by the Borel-Cantelli lemma, (; # 0 only for finitely
many j. This proves Lemma [4.1 O

Proof of Lemma[{.3 Set ¢; := (e-V_1)m;j. We need to show that, for every e € Sfffl, the
sequence of random variables

DG
\/nljogllo;n (d = 2)
(9.4) '

is tight. Now choose in Proposition m =1 and g(w, z) = K1,,(w, z)/Ko(w, z), and use
Proposition to bound E(g(ng,m,)°) = E(mjg) = O(loglogj) for d = 2, and = O(1) for
d > 3. This proves E(¢;) = O(w’). Therefore

(9.5) Var((?) = E(Cjz) + O(w¥).
Proposition [6.9] yields
O(loglog j) (d=2)

9.6 E(¢?) < E(m?) =
( ) (Cj) — (m]) {0(1) (d Z 3)‘
Due to Proposition [8.1} we also have
(9.7) Cov (i, ¢j) < \VE(C?)/E(¢)wl .
Hence

SN O(nloglogn) (d=2)
9.8 E 7=
) (2,9 {O(m (> 3).

7=1

which establishes the tightness of (9.4) and thus Lemma O

Proof of Lemma[4.3 Let ¢; := (e- Vj,l)Qajz. It is sufficient to prove that for any unit vector
ecs{!

Z?:l Cj P 2
— 04-

nlogn

Using (8.29)) in Proposition and Proposition

G} , .
(9.10) E(() = 276; log j + O(loglog j),

(9.9)
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and, by Proposition [6.11
(9.11) E(aj) = O(j(log)).
Furthermore, due to Proposition (p = 2), we have

(9.12) Cov (G, ¢) < \/E(al)/E(ad) w7

Hence,
(9.13) E(zn:g') = %nlogn—i—O(nloglogn)
= 7 2d
and
(9.14) Var () ¢;) = O(n*(logn)?) = o((nlogn)?)
j=1
since v < 2. This proves Lemma 4.3 |

Proof of Lemma[{.7]. In view of the asymptotic relation for A4, in (4.19)) we have to prove that
for any € > 0

2?21 E(éjzl{éjz>€2nlogn} ‘ Q) P

(9.15) — 0.

nlogn

The lower tail éj < —ey/nlogn is estimated by

E((% - mj)2]l{§;.—mj<—6\/nlogn} } Q) < mjz']l{mj>s\/nlogn}

(9.16) 2
< mj]l{mj>6\/m}'
Proposition yields
— [O((iog D)) (d=2)
9.17 P(m; > ev/jlogj) =
( ) (m] 6\/@) {O((e%jlogj)(%ﬂf)) (d>3).

Since this is summable, we have, by the Borel-Cantelli lemma,

2?21 E(gjz]l{gj<—5\/nlogn} ‘ ﬂ) a.s.
—
nlogn

For the upper tail éj > gy/nlogn we have

(9.18) 0.

Cng = B((] =) i, ;e ymtogmy | 1)
(9.19) < E( g seynmgn) | 1)
= E(& 120108 n<ez <1087} | 1)-
On the other hand, in view of , we have for n — oo,

n(logn)y ~v-—1
2 E((, ) <1 ~ log log n,
(9.20) (C J) < log 2nlogn 5 loglogn

and therefore

E( Z?:l CnJ)

nlogn

(9.21) — 0.

From (9.18]) and (9.21)), the assertion of Lemma [4.4] follows. O
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10. GENERAL INITIAL DATA

Up to now we have assumed that (£1,1;) has density ¥o(x, z). We now extend the above
results to more general initial data (£1,m;), where the only assumption is that the marginal
distribution of n; is absolutely continuous with respect to Lebesgue measure on Bffl.

Proof of Theorem (ii) for general initial data. Since

&Vo P
10.1 — — 0
( ) vnlogn

it is sufficient to show that
> 2 & Vi
ogv/nlogn

where n; has (by assumption) an absolutely continuous distribution and &; = 0. By an obvious
re-labelling, this is equivalent to showing that

> =16V
oqv/nlogn

where 7 has an absolutely continuous distribution. In view of the remarks following Eq. ,
the only difference from the proof of Theorem [3.2]is now that n, is distributed according to an
absolutely continuous probability measure, rather than Lebesgue measure. Because tightness,
almost sure convergence and convergence in probability continue to hold when passing from a
measure to a measure which is absolutely continuous with respect to the first, the Lemmas
in Section [ remain valid also in the present setting. The proof of Theorem [3.2] for general
initial data therefore follows from these lemmas in the same way as for the density Vo(z, z),
as described at the end of Section [ 0

(10.2) = N(0,1q)

(10.3) = N(0,14)

The following proposition shows that, if ({1,1;) has density ¥(x, z) (which appears in the
continuous-time setting of the Boltzmann-Grad limit, Theorem (1)), then the marginal
distribution of n; is absolutely continuous. Let

(10.4) U(z) = /Ooo V(z, z)dx

Proposition 10.1.
(10.5) Ve LYB{, dz).

Proof. The function ¥(x, z) is continuous, and in view of Corollary 1.2 and Theorem 1.11 in
[20], uniformly bounded. The latter theorem produces a precise asymptotics of ¥(z, z), which
implies

(10.6) U(x,z) = Oz *Ta),
uniformly for all z > 0, z € Bf_l. Thus, for d > 3, ¥(z) is uniformly bounded, and hence
U e LYB{!, dz) as required.

In dimension d = 2, there is an explicit formula for ¥(z, ), cf. [I7, Eq. (30)], which yields
(see the last displayed equation of that paper) for x — oo and z € (—1,1),

N

(10.7) U(z,z) = %(1 — 0+ 0z
if u:==z(1—|z|) €0,1), and
(10.8) U(z.2) = 0

if z(1 —|z]) ¢ [0,1). The implied constant in ((10.7) is independent of = and u. The above
asymptotics (and the fact that ¥(x, z) is uniformly bounded) imply

(10.9) U(z):= /000 U(z,z)dr =log

1
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which holds uniformly for all z € (—1,1). We conclude that ¥ € L!((—1,1),dz). O

11. FROM DISCRETE TO CONTINUOUS TIME

The following proposition, together with Theorem (ii), immediately implies Theorem
(i). Let us denote by

=1
(11.1) ng =&t
the (integer part of the) expected number of collisions within time ¢.

Proposition 11.1. For any € > 0

Xt —Qll P

(11.2) el

ast — oo.

By the same argument as in the proof of Theorem (see Section , it is sufficient to
prove Proposition in the case when (&1,7m;) has density ¥o(z,z). We will assume this
from now on. Furthermore, note that the left hand side of is independent of the choice
of vg. We may therefore assume without loss of generality that vg is a random variable
uniformly distributed in Sjl_l (this will only be used in the justification of rel. below).
The proof of Proposition [11.1], which is given at the end of this section, exploits the following
three lemmas.

Lemma 11.2.

Ty — né
11.3 S N(0,1),
( ) ogv/dnlogn (0.1)
as n — oo.
Proof. This is a simple variant of the proof of Theorem [3.2] (ii). O

Lemma 11.3. For alln € N and u > 2,

1
(11.4) P(|Q,| > u) = o<”§§“>.
Proof. We begin by observing that
(11.5) P(|Qull > u) <P(| > &V > %) +P([ D mViall > %),
j=1 J=1

where §F = §; — p1; and p; is the conditional expectation of the (untruncated) §; defined in
(6.3). Recall also the definition of the corresponding conditional variance «; in (6.5)). Now,

(11.6)

tL, u N u N u
P(|>_&Vial > 5) <P &gVial<unl > 1) + P X_EVial@sul > )
j=1 j=1 j=1

16
< 2D EB(0]1{, <) + ) _P(a; > u)

J=1 Jj=1

nlogu n
-o(5) o)

where we have used Chebyshev’s inequality and, in the last bound, Propositions (d=2)
and (d > 3).
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The second term in ([11.5)) is bounded similarly: We have
(11.7)

& u & u - u
P> mVial > 5) <P D_mVialy<al > ) +PUD_mVialpsall > )
j=1 J=1 J=1

16 n n
< B mVimalpy<n ) + D P > v).
u =1 =1

To control the first term on the right hand side of (11.7)), it is sufficient to bound
~ 2
(11.8) E [(ZC]) ]a G = (e Vi—)pily,<uy,
j=1

for arbitrary e € S‘ll_l. We follow the same steps as in the proof of Lemma (4.2). Let us first
show that

O(wi+/loglogu d=2
(11.9) B(() = O\ Vieslogu)  (d=2)
O(w) (d>3).
To this end choose in Proposition m =1 and
Kl(w7 Z)
(11.10) g(w,z) = mﬂ{m<w,z>guf<o(w,z>}-
Propositions [6.5] and [6.6] yield
O(loglogu) (d=2)
11.11 E 2y = E(u21y,, =
and hence (|11.9)).
The above implies
O(w¥ loglogu) (d=2)
11.12 Var((?) = E(¢F .
112 ) - i) +{ 0 8 9
where
O(loglogu) (d=2)
11.13 E(?) <E(uily, <ny) = :

Due to Proposition [8.1], we also have

(11.14) Cov (G, ¢;) < \E(G)/E(Z)w .

We conclude

(11.15) E [(Zgj)Z] _ {gﬁz)loglogu) EZ = 2)
i=1

The second term on the right hand side of ([11.7)) is controlled by the tail estimates in Propo-

sitions [6.5] and [6.6l The overall result is
nloglogu n
o ———=— Ol —— d=2
< u? ) " <u2 logU> ( )

o(2)eoli) e

which completes the proof of the lemma. O

(11.16) P(| > mVil > 3) =
j=1
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Lemma 11.4. For anye > 0 and § > 0,

. . 1/24e) _
(11.17) thJEOP“”t ne| > 6t/°1°) =0,
: 1/24¢e\ _
(11.18) nh_r)gloP(lrgjagnf > on ) =0,
5/6+e) _
(11.19) nlgn P(lr<nax 1Q,,]| > dn ) =0.

Proof of (11.17)). Note that, for any N € Z>q, t > 0,

(11.20) >N < 1y<t,
and therefore, with N(t) := |n; + 6t2/%%¢],
(11.21) P (v, —ny > 0t*%) <P(y > N(t)) = P(rnp) < 1)
On the other hand, it follows from Lemma that
(11.22) Jim P (7ye) <t) =0.
Similarly, for M(t) := [n; — 6t'/%*], we have
(11.23) P (v —ny < —0t*F) = P(1pp00) > 1),
and Lemma [11.2] implies
(11.24) lim P(7ar¢) > t) =0.
O

Proof of (11.18)). We use the simplest union bound and Markov’s inequality:

E( 2 6)

1/2+ 1/2+ 1

(11.25) P( max & & > on'?TE) < nP (& > on'/Pte) < e () E=e)
This sequence converges to 0 for € < % O
Proof of (11.19)). Note first that
(11.26) s Qu < max @iyl max
Hence

5/64¢
(11.27) P( max [|Qu] > on"")

O 5/6+e O 1/2+e
= P(1§$2§2/3 19 oy > 2" )+ P(énn?g‘nfm = 5n ).

The second term on the right hand side of (11.27]) converges to zero, due to ([11.18). From
(11.4) it follows that

/3]
(11.28) P(1<rnrmlg7)§2/3 1Q sl > (5n5/6+5) < 52;:)5%126 Z mn!/? < (52 Z — 0.
This completes the proof of Lemma [11.4 O
Proof of Proposition [I1.1]. Since
(11.29) X = Qy Il < [1Qu, — Qn, I + &ui1,

we have
(11.30) P(||X¢— Q,, || > t7/124) < P(jyy — ny| > t1/249)

§t5/12+e)

0
+P( max  Gm > 57+ P max (@i — Qull > 5

|m|<tl/2+= |m|<t1/2+e
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and therefore, by stationarity of the Markov process (3.2)) (recall that here we may assume
without loss of generality that vg is uniformly distributed in S‘ffl),

(11.31) P(”Xt - Q> 5t5/12+€) < P(’Vt —ng| > t1/2+€)

0 o
P a s 245/124e) 4 p a s 245/12+¢)
* ( 1§m122t}1</2+5 Em 2 ) + ( 1§mH§12t}1{/2+€ HQmH 4 )

The three terms on the right hand side of (11.31)) are controlled by Lemma This com-
pletes the proof of Proposition [11.1 O
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