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Abstract

We strengthen the volume inequalities by zonoids of even isotropic measures and
for their duals, which are due to Ball, Barthe and Lutwak, ¢faBhang. Along the way,
we prove a stronger version of the Brascamp-Lieb inequéditya family of functions that
can approximate arbitrary well some Gaussians when egumdltls. The special cage=
oo yields a stability version of the reverse isoperimetricgugity for centrally symmetric
bodies.

1 Introduction

According to the classical isoperimetric inequality Edelan balls minimize the surface area
among convex bodies of given volume in Euclidean sg&teWe call a subset dR™ a convex
body if it is compact, convex and has non-empty interior. B&tbe the Euclidean unit ball
centred at the origin, and Iét(-) andV/(-) denote the surface area and the volume functional in
R", respectively. The isoperimetric inequality can be stateatie form

S(BM) _ S(K)"
V(BM T = V(K

where equality holds if and only ik is a Euclidean ball. Recently, N. Fusco, F. Maggi, A.
Pratelli [25] proved an essentially optimal stability viers of the isoperimetric inequality. It
states that if5 is a convex body with/(K) = V(B™) and if S(B") > (1 — ¢)S(K) holds for
some smalk > 0, thenK is close to some translat¢” + x, x € R, of the unit ball; namely,

V(KA(B" + 1)) < e/,

wherey > 0 depends only on, andA denotes the symmetric difference of sets.

*AMS 2010 subject classificatioRrimary 52A40; Secondary 52A38, 52B12, 26D15.
Key words and phraseS&urface area, volume, isoperimetric inequality, revesepérimetric inequality, John ellip-
soid, parallelotopel,,,-zonoid, Brascamp-Lieb inequality, mass transportastability result, isotropic measure.
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Stability estimates for the planar isoperimetric inedyajo back to the works of Minkowski
and Bonnesen. However, a systematic exploration is mucle mement. We refer to the sur-
vey articles of H. Groemer [2[7, 28] for an introduction to geadric stability results. The recent
monograph([46] by R. Schneider provides an up-to-datertreat of the topic including ap-
plications. Here we only note that the stability estimatlates to the isoperimetric inequality
obtained in[[25] was extended to a stability version of therBr-Minkowski inequality by A. Fi-
galli, F. Maggi, A. Pratellil[23, 24].

Aiming at a reverse isoperimetric inequality, F. Behren@] [duggested to consider equiva-
lence classes of convex bodies with respect to non-singjnkzar transformations. C.M. Petty
[45] proved (see also A. Giannopoulos, M. Papadimitraki3)[that there is an essentially unique
representative minimizing the isoperimetric ratio in eacjuivalence class. The unique mini-
mizer in an equivalence class is characterized by the piypgeat its suitably normalized area
measure is isotropic. We give a precise definition of isatropeasures later. This characteri-
zation yields that cubes minimize the isoperimetric ratithim the class of parallelotopes, and
regular simplices within the class of simplices.

The functional that assigns to each equivalence class thenumm of the isoperimetric ra-
tio within that class is affine invariant and upper semi-canus, therefore it attains its max-
imum on the affine equivalence classes of convex bodies. diktitlidean plane, the method
of F. Behrend[[1D0] yields that the maximum is attained by tfim& equivalence class of tri-
angles, and by the affine equivalence class of parallelogiithe convex body is assumed to
be centrally symmetric. The extension of these resultsdbdri dimensions proved to be quite
difficult. Decades after Behrend’s paper, K.M. Balllin [1/8hnaged to establish reverse forms
of the isoperimetric inequality in arbitrary dimensionsoid precisely, the largest isoperimetric
ratio is attained by simplices according to [3], and by datalopes among centrally symmetric
convex bodies according tol[1]. Since the reverse isopérici@equality and a stronger form
of it for general convex bodies are discussed in K.J. Btk@cD. Hug [13], in this paper we
concentrate on centrally symmetric convex bodies.

In order to state the result of K.M. Balll[1] about centraliynsmetric convex bodies, we set
W™ = [-1,1]", and note that (W™) = n2" = nV (W™).

Theorem A (K.M. Ball) For any centrally symmetric convex bodyin R", there exists some
¢ € GL(n) such that

(1)

The case of equality in Theorem A was settled by F. BartheH6]proved that if the left side
of (@) is minimized over alib € GL(n), then equality holds precisely whétiis a parallelotope.
Our first objective is to prove a stability version of the nesgisoperimetric inequality for
centrally symmetric convex bodies. Following [23+25], vedide an affine invariant distance of
origin symmetric convex bodie&” and M based on the volume difference. Let= V (K)~'/",
B =V (M)~"", and define

Svol (K, M) = min {V (®(aK)A(BM)) : ® € SL(n)}
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whereSL(n) is the group of linear transformations Bf' of determinant one. In fact,,(-,-)
induces a metric on the linear equivalence classes of osigimmetric convex bodies.

The John ellipsoid of a convex body in R™ is the unique maximum volume ellipsoid
contained inK. If K is origin symmetric, then its John ellipsoid is also origymsnetric. Note
that each convex body has an affine image whose John ellips@id. The John ellipsoid is
a frequently used tool in geometric analysis, and, in paldic it was used by K.M. Ball in
the proof of the reverse isoperimetric inequality. Sincewwk use the John ellipsoid in our
arguments, below we review its basic properties (ske (2)).aFnore detailed treatment of the
topic, we refer to K.M. Balll[4], P.M. Gruber [30] and R. Sclier [46].

Theorem 1.1 Let K be an origin symmetric convex bodyl¥, n > 3, whose John ellipsoid is
a Euclidean ball, and let € [0, 1). If §,o1 (K, W™) > ¢, then

S(K)"

< (1—763)%,

wherey = ="’ for some absolute constant> 0.

The stability order (the exponeftof ¢) in Theorem_ LIl is close to be optimal, but most
probably it is not optimal. Considering a convex badywhich is obtained froniV™ by cutting
off simplices of height at the vertices ofV"*, one can see that the exponent @hust be at least
1 in Theoreni 11.

Another common affine invariant distance between convexdsad the Banach-Mazur met-
ric opym (K, M), which we define here only for origin symmetric convex bodieand M. Let

dpm(K, M) =logmin{\ > 1: K C (M) C A\ K for somed € GL(n)}.
We note that,,; < 2n%dp\ (see, say/[13]). Furthermor&;y < v 6&01, where~y depends only
on the dimension (seel[12, Section 5]). The example of a ball from which a capi®ff shows
that in the latter inequality the exponehtannot be replaced by anything larger thﬁ@.

Theorem 1.2 Let K be an origin symmetric convex bodylt, n > 3, whose John ellipsoid is
a Euclidean ball, and let € [0, 1). If dpp (K, W™) > &, then

S

S(K)"

Wﬁ(l—%’?n)

wherey = n=="" for some absolute constant> 0.

The stability order (the exponentof ) in Theoreni LR is again close to be optimal, but very
likely it is not optimal. Considering a convex body which is obtained fromiV™ by cutting off
simplices of height at the vertices of/’", one can see that the exponentahust be at least
n — 1in Theoren 1P.

In the planar case, a modification of the argument of F. B&hf&@] leads to stability results
of optimal order.



Theorem 1.3 Let K be an origin symmetric convex body¥ which has a square as an in-
scribed parallelogram of maximum area. leeg [0, 1). If 6,0 (K, W?) > e or g (K, W?) > ¢,
then

Note that for an origin symmetric convex body in R? there always exists a linear trans-
form & € GL(2) such that a square is an inscribed parallelogram of maximmea af® K. In
particular, if we define {{K) = min{S(®K)?*/V(®K) : & € GL(2)}, for an origin symmetric
convex body inK in R?, and ife € [0, 1), then Theoreri 113 implies that

ir(K) < (1 - 5’5—4) ir (12)

provided thad (K, W?) > ¢ or dgm (K, W?) > e.

As mentioned before, the proof of the reverse isoperimatequality by K.M. Ball [1]3]
is based on a volume estimate for convex bodies whose Jdpaaadl is the unit ballB™. Let
Sm—1 denote the Euclidean unit sphere. According to a clasgiearem of F. John [33] (see also
K.M. Ball [4]), B™ is the ellipsoid of maximal volume in an origin symmetric ger bodyK if
and only if B* C K and there existu,, ..., +u, € S" ' NOK andcy, ..., ¢, > 0 such that

k
Z cit; @ u; = 1Id,, (2)

i=1

where® denotes the tensor product of vector®it, Id,, denotes thes x n identity matrix and
0K is the boundary ofs.

Following A. Giannopoulos, M. Papadimitrakis [26] and Etwak, D. Yang, G. Zhang [42],
we call an even Borel measureon the unit spheré™ ! isotropic if

/ u®udp(u) = 1d,.
Sn—1

In this case, equating traces of both sides we obtainytht ') = n.
Using the standard notatign, -) for the Euclidean scalar product afid || for the induced
norm inR", the support function ;- of a convex compact séf in R” atv € R" is defined as

hi(v) = max{(v,z) : = € K}.

For anyp > 1 and an even measureon S™~! not concentrated on any great subsphere, we
define theL,, zonoidZ, () associated with by

a0 = [ w0l dutw)

which is a zonoid in the classical sense i 1. In addition, let

Zoo(p) = lim Z,(1) = conv supp u,

p—00
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and forl < p < oo, let Z; (1) be the polar ofZ, (). In particular,

z0 = {eers [ Jwupat <1f orpe o),
Z%(n) = {zeR": (x,u) < 1foru € suppu},

and hencéZ, (i) = B™ for any even isotropic measure

It follows from D.R. Lewis [37] (see also E. Lutwak, D. Yangda@®. Zhang[[40, 41]) that any
n-dimensional subspace @f, is isometric to|| - |z, for some isotropic measugeon 5™,
where

oz = ([ ewPa),  sere

We call a measure on S”~! a cross measure if there is an orthonormal basis. . , u,, of
R"™ such that

suppv = {zuq,...,tu,},

andv({w;}) = v({—w;}) = 1/2fori = 1,...,n, and hence is even and isotropic. We fix a
cross measure, on S"~!. We note that ify € [1, oo, andT'(-) is Euler's Gamma function, then

r(14+2)r(1+%)

~ ifp>1,
V(Zyon)) = TOHITOTED
= if p=oc.
In addition, )
L+
Bl jfp > 1,
V(Zy() =4 T
2" if p=oc.

The crucial statement leading to the reverse isoperimieequality is the case of’_ (u).
Theorem B If 12 is an even isotropic measure ¢t~ andp € [1, o], then

V(Zp() = V(Zp(va)),
V(Z,(n) < V(Z,(w)).

Assuming # 2, equality holds if and only if. is a cross measure.

Theorem B is the work of K.M. Ball[3] and F. Barthe [6]/f is discrete, and their method
was extended to arbitrary even isotropic measurbyg E. Lutwak, D. Yang, and G. Zhang [40].
The measures ofi"~! which have an isotropic linear image are characterized By Boroczky,
E. Lutwak, D. Yang and G. Zhang [14], building on the works ocAECarlen, and D. Cordero-
Erausquin([17], J. Bennett, A. Carbery, M. Christ and T. Thb)| fand B. Klartagl[36]. We note
that isotropic measures @i play a central role in the KLS conjecture by R. Kannan, L. &sx”
and M. Simonovits[34]; see, for instance, F. Barthe and Dd€wm-Erausquin [8], O. Guedon
and E. Milman|[[32] and B. Klartag [35].



To state a stability version of Theorem B, a natural notiodisfance between two isotropic
measureg: and v is the Wasserstein distance (also called the Kantoroviongdé¢-Rubinstein
distance)w (1, v). To define it, we writeZ(v, w) to denote the angle between non-zero vec-
torsv andw; that is, the geodesic distance of the unit vectpris~'v and ||w||~'w on the unit
sphere. LeLip,(S™~ ') denote the family of Lipschitz functions with Lipschitz ctant at most
1; namely,f : S" ! — Risin Lip,(S" 1) if ||f(z) — f(y)|| < £L(=x,y) for z,y € S"'. Then
the Wasserstein distancefindv is given by

ow(p,v) = max{ fdu— fdv: f € Lipl(Snl)} .

Sn—1 Sn—1

What we actually need in this paper is the Wasserstein distahan isotropic measuyefrom
the closest cross measure. Therefore, in the case of twopsomeasuregs andv, we define

dwo (i, v) = min {ow (u, P.v) : ® € O(n)}
where®, v denotes the pushforward ofoy ¢ : S~ — S*1,

Theorem 1.4 Let i be an even isotropic measure 6ti~!, n > 2, lete € [0,1), and letp €
[1, 00] with p # 2. If dwo(p, ) > € > 0, then

V(Zy(1) > (1) V(Zy(vn)),
V(Zy(1) < (1= )V(Zy(w))
wherey = n="" min{|p — 2|, 1} for an absolute constarnt> 0.

To state another stability version of Theorem B, in the gase oo, we use the “spherical”
Hausdorff distancé (X, Y") of compact setX, Y C S"~! given by

dp(X,Y) = min {maxmin Z(x,y), max min A(x,y)} .

rzeX yeyY yeY zeX

In addition, let

We note that ifdyo(supp i, suppr,) < 1/(7n?) for an even isotropic measuge then
dwolit, V) < 2ndyo(supp p, supp v, ) according to Corollary 612. However, as we will see in
Sectior 9, Theorein 1.4 implies the following seemingly sgy&r statement in the cage= co.

Corollary 1.5 If  is an even isotropic measure &t ~!, and ;o (supp u, supp v,) > € > 0,
then

V(Zeo(it) = (1‘|“'753)V(ZOO(V71))7
V(Z5(w) < (1=1)V(Z5 ()

wherey = ="’ for an absolute constarnt> 0.
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We note that the order® of the error term in Corollari 115 can be improvedstd n = 2
according to Theorem 11.1.

The proof of Theorem B by is based on the rank one case of theejeic Brascamp-Lieb
inequality. An essential tool in our approach is the proavuted by F. Barthel [, 6], which
is based on mass transportation. Therefore, we review therant from[[5] in Sectionl2. At
the end of that section, we outline the arguments leadinghteoflem 1.1, Theorein 1.2 and
Theorenm 1.4 and we describe the structure of the paper. \Weiradgcate in Section]2 what
stability result can be expected concerning the Brascamp-inequality (see Conjecture 2.1).
Along the way of proving our main statements, we also esatdome properties of arbitrary
(not only even) isotropic measures in Secfibn 5 that mightdadul in other applications as well.

Let us point out that the corresponding question in the nanrsetric setting is wide open.
We call an isotropic measugeon S centred if

/S wdpu) = o

Here and in the following, we write for the origin (the zero vector). For a centred isotropic
measureg: on S™~!, and forp € [1, ), we define the non-symmetrig, zonoid Z, (1) by

baoo? = 2 [ max{0, o) dutu),

7z (1) {x eR": /Sn 1 max{0, (z,u) }’ du(u) < %} .

This notion (for any discrete measure 8!, not only isotropic ones), occurs in M. Webern-
dorfer [47] in connection with reverse versions of the BlseSantal6é inequality. The fac-
tor 2 is included to match the earlier definition for even isotopieasures. The difference
to the case of even isotropic measures is that# 2 andy is a non-even centered isotropic
measure, the, (i) is typically not a Euclidean ball but has constant squaredtiwinamely,
hz,()(V)? + hz, ) (—v)? is constant fow € "1,

Conjecture 1.6 If 1 is a centered isotropic measure 6fi—! andp € [1, c0), moreover is an
isotropic measure 08" ! such thatupp v consists of the vertices of a regular simplex, then

=
=
=
v
=
A
S

V(Zy(w) < V(Z,(v)).

If 1 is a centered isotropic measure 8t !, thenZ, (1) = conv supp p. In particular, if
p = oo, then [B) was proved by K.M. Ball in [3] for discrete (3) was proved by F. Barthe in
[6] again for discrete:, and the case of general centered isotrgpicas handled E. Lutwak, D.
Yang and G. Zhang [42].

An inequality related to the cage= 2 of Conjecturé_1J6 is proved by E. Lutwak, D. Yang,
G. Zhang[[43].



2 A Drief review of the Brascamp-Lieb and the reverse
Brascamp-Lieb inequality

The rank one geometric Brascamp-Lieb inequality (3), ifiedtby K.M. Ball [1] as an essential

case of the rank one Brascamp-Lieb inequality, due to Hds&mp, E.H. Lieb [15], and the

reverse form[(#), due to F. Barthe [5, 6], read as followsu,lf. . ., u;, € S™! are distinct unit
vectors and, . . ., ¢, > 0 satisfy

k
Z ciu; @ u; = Id,,
i=1

andfi, ..., fr are non-negative measurable functionsigrthen
k k

/anz‘(@,Uz‘))cidx < H(/Rfi)q, and 3)

i=1 i=1

[ o Tlneras = H(/ R @

" a=31 ) cifiui =1 i=1
In (), the supremum extends over &l ...,6, € R. Since the integrand need not be a mea-
surable function, we have to consider the outer integralk ¥ n, thenu,,...,u, form an

orthonormal basis and therefdig . . ., 6, are uniquely determined for a givenc R”.

According to F. Barthe 6], if equality holds inl(3) or ial(4hé none of the functiong;
is identically zero or a scaled version of a Gaussian, theretls an origin symmetric regular
crosspolytope ifR" such thatu,, . . ., u; lie among its vertices. Conversely, equality holdg in (3)
and [4) if eachf; is a scaled version of the same centered Gaussiankoeif andug, . .., u,
form an orthonormal basis.

A thorough discussion of the rank one Brascamp-Lieb inetyuedn be found in E. Carlen,
D. Cordero-Erausquin [17]. The higher rank case, due to Ei¢th [38], is reproved and further
explored by F. Barthe [6] (including a discussion of the difpiease), and is again carefully anal-
ysed by J. Bennett, T. Carbery, M. Christ, T. Taol[11]. In jgafar, see F. Barthe, D. Cordero-
Erausquin, M. Ledoux, B. Maurey![9] for an enlightening ewiof the relevant literature and an
approach via Markov semigroups in a quite general framework

F. Barthe[5, 6] provided concise proofs bf (3) ahd (4) basechass transportation (see also
K.M. Ball [4] for (B)). We sketch the main ideas of his apprbasince it will be the starting
point of subsequent refinements.

We assume that eaghis a positive continuous probability density both for (3pdd), and
let g(t) = e~ be the Gaussian density. For= 1,..., k, we consider the transportation map

T; : R — R satisfying
t Ti(t)
/ fi(s)ds = / g(s) ds.

It is easy to see théaf; is bijective, differentiable and
filt) = g(Ti(1)) - T{(1),  teR (5)

8



To these transportation maps, we associate the smootlidnaragion© : R™ — R™ given by

k
O(z) = > cTi((u,z)u;,  z€eR",

i=1

which satisfies
Z ¢ T ul, ul- X u;.

In this cased©(x) is positive definite an® : R — R” is injective (seel[5,/6]). We will need
the following two estimates due to K.M. Ballll[1] (see also {6i] a simpler proof of (i)).

(i) For anyty, ..., t;, > 0, we have
k k
det <Z ticiu; ® uz> > Htfz
i=1 =1
(i) If z=2F  ciu;foréy, ..., 0, € R, then
k
21> < > cif. (6)
=1

Therefore, using first (5), then (i) with = T} ({u;, z)), the definition of®© and (ii), and finally
the transformation formula, the following argument leawithie Brascamp-Lieb inequalityl(3).

/"Hfi«ui,x»%dx: / <Hg (i, ) (HT;«ui,x»%) dz (7)

1

k

< / (H e*ﬂ'CiTi(<uz x ) det <Z ¢ u“ ui X ul> dx (8)
R™ \i=1

< / e ™IO@I* det, (dO(2)) da
Rn

< / eI gy — 1.

The Brascamp-Lieb inequality](3) for arbitrary non-negatintegrable functiong; follows by
scaling and approximation.
For the reverse Brascamp-Lieb inequalitly (4), we consideirverseS; of T;, and hence

[ s@as= [ roas
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g(t) = fi(Si(1)) - Si(t),  teR. 9)

In addition,

E ciSi((us, ) ui ® u;

holds for the smooth transformatidn: R” — R given by

k

V() = aSi((u,z)u, xR

i=1

In particular,dV(z) is positive definite and’ : R™ — R™ is injective (seel[5,/6]). Therefore (i)
and [9) lead to

/* sup ﬁfl(H) dx

R™ 2=3"% | cibiu; j—1

> [ sw I 56 )det (A% (y)) dy

" (y) ZZ 1Cz Wi =1

i k
> /n Hfz(&((lt“?/»)cl) det (Z C¢S§(<Ui,y>)ui®ui> dy (10)
Z/Rn Hf@ il{uiy ) <H55(<ui,y>)ci> dy (11)

k

:/n Hg(<ui,y>)ci> dy:/"e—”'y“ dy = 1.

=1

Again, the reverse Brascamp-Lieb inequalitly (4) for agritrnon-negative integrable functions
f; follows by scaling and approximation.

We observe that (i) shows that the optimal constant in thengdac Brascamp-Lieb inequal-
ity is 1. The stability version of (i) (with; = /c;u;), Lemmé& 3.1, is an essential tool in proving
a stability version of the Brascamp-Lieb inequality leapio Theoreni 1]4.

Even if we do not use it in this paper, we point out that F. Bafffj proved “continuous”
versions of the Brascamp-Lieb and the reverse Brascanipibequalities that work for any
isotropic measurg: on S"~! (see [IR) and[(13) below). Here we only consider the case in
which all non-negative real functions involved coincidegwa “nice” probability density func-
tion, which is the common case in geometric applicationsleSg : R — [0, o) be such that
[ f = 1andsupp(f) = [a,b] for somea, b € [—o0, oc]. Further, we assume théitis positive
and continuous ofu, b]. According to [7], we have

/Rn exp (/Snl log f({z,u)) du(u)) dr < 1. (12)
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For the reverse inequality, lét: R — [0, co) be a measurable function which satisfies

o([ owdatn) z e ([ e o) auta))

for any continuous functiofi : supp 1 — R. Then, we have

/nth (13)

Let us briefly discuss how K.M. Ball [1] and F. Barthe [6] ushd Brascamp-Lieb inequality
and its reverse form to prove the discrete version of Thedsemn this section, we writg: to

denote the isotropic measure Sf~! whose support i$u, . .., u;} with u({u;}) = ¢;, and we
assume that is an even measure. Foe= 1, ..., k, we consider the probability densities Bn
(seel(19)) given by
1 P
fi(t) = —=—~ e 1" teR,
2I'(1 + ;)
if p € [1,00), andf; = 111 4 if p = oo, where

1 ifte[-1,1],
Loan(t) = {0 otherwise

We will frequently use the following observation due to K.IH3]. If K is an orgin symmetric
convex body irR™ with associated norm - || and ifp € [1, c0), then

1 P
VIK) = — ~ el 4
(K) P(1+§)/Rne "

where
|z||x = min{\ > 0: z € AK}, r € R".

In particular, ifp € [1,00), then

k
V(Z() = ﬁ / exp (—Zczux uz->|p> o

Q”F

= / H fill@,u;))o d (14)
2”F<1 1)"ﬁ</ )w s

On the other hand, i = oo, then usingf; = 11[,171}, we have

2

—2”/"1_[]2 z,u;)) Czdg;<2"H(/sz)Ci:2”.
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Equality in (15%) leads to equality in the Brascamp-Lieb @iy, and henceé: = 2n and
uq, . .., u; form the vertices of a regular crosspolytopeRin.

For the lower bound on the volume of tlig zonotopes ang € [1, o], let us choose* <
[1, 0] such that}? + pi = 1. If p € [1, 0), then an (auxiliary) origin symmetric convex body is

defined by
k k
M,(p) = {Z ciiu; Zci|9i|p < 1} )

i=1 i=1
We drop the reference 1g, if it does not cause any misunderstanding. In particular,

k ’
— 3 1. |P n
]| ar, = < inf ) il ) ., T eR™

T=) =y Ciliui
In addition, we define
k
My (p) = {Zcﬂiui 60;] < 1fori= 1,...,k} )
i=1
We claim that ifp € [1, o], then
My(1) € Zpe (1), (16)

Letz € M,(u), and hencer = S | c;0;u; with S2F ¢;[6:]P < 1if p € [1,00), and|f;] < 1
fori=1,....kif p=o0. If p € (1,00), then it follows from Holder’s inequality that, for any
v € R™, we have

<x,v>=Zcz-9i<ui,v>s(Zcz-wi\p) (Zcmui,vw*) < hz,.(v).

i=1 =1 i=1

If p =1, then

Now if p € [1,00), then we deduce froni (1L6) and the reverse Brascamp-Lieluaiityg (4)
that

V(Ze ) > VOLG) = g [ e (Slelly,) do



k

2"0(1+ Ly /
= T a6 de 17)
F(l + 5) Rn JC:Z;C:l cifiu; ];11:

2'0(1+ L) « oUT(14 Ly
> Ty H(/f) ST (18)

=1
Finally, if p = oo, thenf; = 11_; ;) and

* k

k ci
V(20 > VLG =2 [ s T[a@) dr> 2] ( / fl-) o
R™ J:szzl ciliu; j=1 i=1 R
Equality in (18) leads to equality in the reverse Brascangilinequality, and hende= 2n and
uq, . .., u; form the vertices of a regular crosspolytopeRin.

The main idea in deriving a stability version bf (15) ahd) (i58p establish a stronger version
of (8) and [11), respectively, based on the stronger veldsesnma 3.1l of (i). In order to apply
the estimate of Lemma 3.1, we need some basic bounds on thattles of the transportation
maps involved. These bounds are proved in Sedfion 4. ThaitathSections15 and 6 also
serve as a preparation for the proof of the core statemepbBition[ 7.2 providing the stabiliy
version of [8). The argument for the estimate strenghte(idy is similar, and is reviewed in
Sectior 8. This finally completes the proof of Theoiem 1.4e $tability versions of the reverse
isoperimetric inequality in the origin symmetric case (dfem[1.1 and Theoréml.2) and the
strengthening of Theorem 1.4 fpr= oo stated in Corollarj/ 115 are proved in Sectidn 9.

The methods of this paper are very specific for our partiachaice of the functiong;, and
no method is known to the authors that could lead to a staliétsion of the Brascamp-Lieb
inequality [3) or of its reverse forml(4) in general. Howevbe proof of Theorern 114 suggests
the following conjecture.

Conjecture 2.1 If f is an even probability density function dh with variancel, ¢(t) =
\/LQ_We—’Q/2 is the standard normal distribution, and is an even isotropic measure &1~

supported aty, . .., u € S"t with u({u;}) = ¢;, then

k
[ TL#e ) de < exp(=ymin{L,]1f = g} - bwo (. ).

* k

/ Sup I_If(ez)CZ dr > eXp (’Y min{lv ||f - ng}a ’ 5W0(:u7 VTZ)Q) )

k
=37 1 cifiug j=1

wherey > 0 depends om anda > 0 is an absolute constant.

3 Anauxiliary analytic stability result

To obtain a stability version of Theorem B, we need a stagbidrsion of the Brascamp-Lieb
inequality and its reverse form in the special cases we usg.thHts we need some analytic

13



inequalities such as estimates of the derivatives of theesponding transportation maps, which
will be provided in Sectiofll4. Moreover, we will use the follmg strengthened form of (i) and
a basic algebraic inequality, which were both establishdi3, Section 4].

Lemma3.l Letk >n+1,t;,...,t > 0,and letv,, ..., v, € R satisfy>>F | v; @ v; = Id,,.

Then
k k
det (Z tivi © vz) >0 Tt
=1 i=1

where

1 I L 2
0 = 1—1—5 Z det[v;,, ..., v;, ]2 (# — 1) ,

1<i1<...<in<k

1<iy <...<in <k
In order to estimaté* from below, we use the following observation from[13].

Lemma3.2 If a,b,xz > 0, then

_1\2 12 (a® = 0?)
(xa —1)* 4 (xb—1)* > TR
4 Thetransportation maps
We note that fop > 1, we have
/ e 1" qt = 2 /OO e*s7 1 ds = 2T (1 + 1), (19)
R P Jo b

Thus forp € [1, oo], we consider the density functions

e " if p e [1, 00),

1
or(1+1)
op(x) = pl _
51[_171] if p = oQ.

In particular, o, is the Gaussian density functierm /2%, In addition, we define the trans-
portation mapsp,, ¢, : R — Rforp € [1,00), oo : (—1,1) - Randy, : R — (—1,1)

by
/;gp<s>ds - /z(t)@(s)ds, (20)
/_i:(t)@p@)ds = /_;@2<s>ds. (21)
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Herey, andy, are odd and inverses of each other.

In the following, we use that
s—s><log(l+s)<s ifs> —%,
and the following properties of thie function.
(i) log I'(¢) is strictly convex fort > 0;
(i) (1) =I'(2) = 1;
(i) D(1+55) <D(1+3) = V7/2;

(iv) T has a unique minimum off), co) at ., = 1.4616. .. with I'(z,;,) = 0.885603. . ..
In particular,I'(t) > 0.8856 for ¢ > 0, I" is strictly decreasing of0, z,,;,] and strictly
increasing onl.5, co).

We deduce from (i)—(iv) that the density functions invohsadisfy

1 1
— < — for 1 and 0,1]. 22

We note that/0.8856 < 3.1, and hence
ep(s) €0,1) for s € [0, 55]. (23)

In fact, assuming that,(s5) > 1 = ¢,(t), t € (0, 55], we have

3 1—1 t 1 1
- ds = ds > —
3~ 0.8856 >/0 0p(s) ds /0 oo(s)ds 2 5,

a contradiction. Then[(22) and (5) yield that

1
37 < @ (s), 15 (s) < 3.1 forp € [1,00] ands € [0, 75].
The following simple estimate will play a crucial role in tipeoofs of Lemmd_4]2 and

Lemmd4.3.

(24)

Lemma4.l Forp € (1,3)\ {2} andv > 0, let f(¢) = vt — ptP~! for ¢ € [0, 1].
(@)Ifp e (1,2), f(r) < 0forsomer € (0,1] andt € (0,7/2], then

£(t) < _plp —214)(p2 —D) 1

(b)If p € (2,3), f(r) > 0 for somer € (0,1] andt € (0,7/2], then

ft) > P2= D02
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Remark Naturally, the bound could be linear frwith a factor depending om, but this way the
only influence ofv is on the value of. We only use Lemm@a 4.1 when5 < p < 2.3 andt > ¢
for a positive absolute constananyway.

Proof: Letp € (1,2). Sincef is convex on0,7], 7 < 1, f(0) < 0 and f(r) < 0, we have
f(2t) < 0fort € [0,7/2]. Taylor's formula yields that if € (0, 7/2], then there exist; € (0, t)
andr, € (t,2t) such that

1

0 2 G 00+ 70 = 5 (£ = P+ S e+ 10+ PO 5 )

1 /(n) + ["(7)
2 2

= [+ %,

where0 < 7, < 2t < 7. From f"(r;) = —p(p — 1)(p — 2)77% > p(p — 1)(2 — p)(2t)7~3,
1 = 1,2, we deduce the estimate

f(t) < —%p(p — (2= p)(2t)P 32 = _plp —214)_(3 —p) 1

If p € (2,3), thenf(t) = vt—ptP~1 is concave of0, 7], and a similar argument yields (b}

Lemma4.2 Letp € [1,00] \ {2} andt € (0, 3). Then

" 2 —D .
-2 .
AR pT i pe (2,3], (26)
en(t) > 0.2-t"7 if pe(3,00]. (27)

Proof: For brevity of notation, letp = ¢,. We havep(0) = 0 asy is odd. Sincep is strictly
increasing(t) > 0if ¢t > 0.
Letp € [1,00) \ {2}. Fort > 0, differentiating [2D) yields the formula

et _ e_“"(t)2<p’(t)
°(1+1) 201 +3)°

and by differentiating again, we obtain

—pl'(1 + %)

—tPyp—1 _ —p(t)? 171\2 —p(t)2 1
e Tt = —2e7% )Y (t)”+e t).
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In particular,

gOl(t) _ %esﬁj(t}?_w’ (28)
P"(t) = (2p(t)¢'(t) — pt~H)e' (1) (29)

In the following argument, we use the value

t,=(2/p)7= forpe [1,00)\ {2}.

The functionp — t, is continuously extended to= 2 by t, = ¢~'/2, and then this function is
increasing orl, co). In particulart, > 1/2for p € [1, c0).

Moreover, we apply the fact that

for givent € (0,1/¢), p — ptP~! is a decreasing function @f> 1. (30)

First, we show that fot < p < 2 ant;it € (0, 1/4.), We.havapf’(t) < '—2‘4;81’ -t, which proves[(215).

In this casey’(0) < 1 by (28), (i), (i) and (iv). Sincey’ is continuous, there exists a largest
sp € (0,00] such thaty/(t) < 1if 0 < t < s,. Thus, ift € (0,s,), theny(t) < ¢, and in turn
(29) yields that

@' (t) = (20(t)'(t) — ptP 1)/ (1) < (2t — ptP )¢/ ().

Forl < p < 2andt € [0,t,], we have2t —ptP~! < 0. In particular,/’(t) is monotone decreasing
on (0, min{s,, t,}), which in turn implies thas, > ¢,. We deduce fron(24) that

2t — ptP~1
! t < I
@' (1) 31

Now we distinguish two cases. 1f5 < p < 2, then we deduce from(81) and Lemmal4.1 (a)
that

fort € (0, %). (31)

3.1

, pp—1)2-p) .,  F2-p 2—p )
_ : — : s B f 1y, 2
©'(t) < 5121 < REE t< 54 t  forte(0,7) (32)
If 1 < p < 1.5, then when estimating the right-hand side[ofl (31) for a given(0, 1), we may
assume thap = 1.5 according to[(30). In other words, using Lemmal 4.1 (a), irdigu(32)
yields that ifl < p < 1.5andt € (0,1), then

2t — ptP~t 2t — 1.5¢0° 215 2—p
") < < <_ < 2Py
7 (1) 31— 31 - 24 VT

Second, i2 < p < 2.3 andt € (0, 1), then we show thap”(t) > 2 . 13,

In this casey’(0) > 1 by (28), (i), (iii) and (iv). Sincey’ is continuous, there exists a largest
s, € (0,00] such thaty’(t) > 1if 0 < ¢t < s,. Thusiift € (0, s,), theny(t) > ¢, and in turn[(2B)
yields that

@' (t) = (20(t)¢'(t) — ptP 1) (t) > (2t — ptP )¢/ (1)
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Forp > 2 andt € [0,t,], we have2t — pt*~* > 0. In particular,y’(¢) is monotone increasing on
(0,min{s,, t,}), which, in turn, implies that, > t,. We deduce that

'ty > 2t —pt' 1 ift € (0,3). (33)

We deduce fron(33) and Lemrhal4.1 (b) that

—1)(p—2 2(p—2 -2 .
o (t) > p(p 24>(f ) P > 7(7922 ) S . = (0,1).
If p>2.3andt € (0,3), theny”(t) > 0.2 - ¢**, which completes the proof df(P6).
In this casey’(0) > /7/2 by (28), (i)—(iv). Sincey’ is continuous, there exists largest
sp € (0,1] such thaty'(t) > /7 /2if 0 < t < s,. Thusift € (0, s,], thenp(t) > (\/7/2) - t.
From (30) we see that

t—pth Tt > —t—23t1% >0

— s
20(6)¢/(t) — p* > >7

o

for0 <t <s, <1/4. Hence[(ZD) yields that

¢"(t) = 2p(t)¢'(t) — pt?~ )/ (t) > (g t— 2.3t1'3> . g

for ¢ € (0, s,]. In particular, we conclude thaf = , and hence Lemnia 4.1 (b) yields that

2)-23-1.3-0.3
(ﬁ/ ) 21.7 . t1.3 > 0.2- t1.3

If p = oo andt > 0, theny”(t) > ¢, which completes the proof df (7). Differentiating (20)
we deduce fot € (—1,1) that

o' (t) > fort € (0, 3).

1 2 2
o'ty = T (1 + 5) e’V = g e? ", (34)

P'(t) = 20(t)¢' ()" (35)
As p(t) > 0for ¢t > 0, we havep”(t) > 0 by (38), and hence’(¢) is monotone increasing for
t > 0. Thereforey'(t) > ¢'(0) = \/m/2 by (34), which, in turn, again by (85) yields that
3
o"'(t) > 2 (?) t>t forte(0,1).

Thus we have proved all estimates of Lenima 4.24ar O

Lemma4.3 Letp € [1,00] \ {2}. Fort € (0, ;5), we have

) > 2P itpe), (36)
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Yi(t) < —1%2-751-3 if pe(2,3], (37)
Uy(t) < —1—11-151'3 if p € (3, 00]. (38)

Proof: To simplify notation, let) = ¢,,. We havey(0) = 0 ast is odd. Therefore)(t) > 0 if
t > 0. Turning toy"”, we only sketch the main steps. In this case, differentigfd) yields the
formulas

r(1+1 )
1//(75) _ ]:\Eliig;elﬂ(t)ﬂ_t’
() = (po@)PTH () — 209 (2). (39)

First, for1 < p < 2 andt € (0, 1) we show that)”(t) > 222 - ¢, which proves[(36).
If p € [1,2), theny’(0) > 1 by (i), (i) and (iv). Arguments similar to those in the proaiff
Lemmd4.2 yield

(1) = (Pt (1) — 200/ () > pt? ' =2t fort € (0, ). (40)
If 1.5 < p < 2, then we deduce froni (40) and Lemmal4.1 (a) that

" p<p_1)(2_p> -1 %(2—]?) 2_p 1
P'(t) > Sip P> 525 -t > S -t fort e (0,3).

If 1 < p < 1.5, then when estimating the right-hand side[ofl (40) for a given(0, ), we
may assume that = 1.5 according to[(30). In other words, (40) yields that i€ p < 1.5 and
t € (0,1), then

215
V() > ptPt — 2t > 1.5t°° — 2t > :

2_
p>2P

> ==t (41)

Next, for2 < p < 2.3 andt € (0, 1), we prove that)”(¢) < —E52 - ¢!,
If p € (2,2.3], theny’(0) < 1 by (i)—(iv), and arguments similar to the ones used in thepro
of Lemmd4.2 yield

2t — ptr1

U = (@) 200 (1) < —(2t—ptr (1) < =1

<0 forte(0,55).
We deduce from Lemnia4.1 (b) that

B(t) < _p(p -~ DHp-2) Ll 2(p—2) L3 p—2 3 fort e (0, %)

3.1-24-p 3.1-22 7

Letp > 2.3andt € (0, &). We now show that”(t) < —t'-3/11, which completes the proof
of (37).
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In this case;’(0) < 2/4/7 by (i)—(iv). There exists a maximal, € (0, 1] such that if
t € (0,s,), theny/'(t) < 2/y/m. Thus ift € (0,s,], theny(t) < (2/y/7) - t, and, in turn,[(39)
yields that

(E) = (ot () — 20)0(8) < ((%)pt - 2t) (). 42)

Givent € (0, 1],

d 2 \? 1 2t

— lo — tp_l}:—+lo — <0 forp e (2,00),

ap K\/Fr) S RV pe el
and hence (42) yields thatife (0, s,], then

W) = ()P (t) - 200 (1)

< ((%)232.3#-3 - 2t> W) = £(b) (%)23 0 (43)

where 9s
ft) =23t -2 (g) t.
Heref(:) < 0, thus withr = £, Lemmd&4.1L (b) yields that

2.3-1.3-0.3

We conclude from(24) and(#3) that

< =027 fort e (0,4).

(%)2.3 .0.27 - 13 413
() < - T < -0 forte (0,4

Finally, forp = oo andt € (0, 57), we showy”(t) < —

[39).
Differentiating [21) we deduce thatdf> 0, then

= - t, which completes the proof of

/ _ 1 —t2_i —t2
¢(t) - F(1+%)e _\/7—],6 )

() = —209(1).

We conclude from(24) that”(t) < —2% fort € (0, 35).
In summary, we have established all estimates of Lemma #:3"fo O
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5 Basic estimates on isotropic measures

The main result of this section is Lemrhal5.4. It states thatafty isotropic measurg on

Sn—1, there exist spherical cap$,, ..., X,, C S"! whoseu-measure is bounded from below
and which have the additional property that for any vectors X;, i € {1,...,n}, also the
determinant det[wy, . .., w,]| is bounded from below.
Fora € (0,%] andv € S™!, we consider the closed and open spherical caps
Qv,a) = {ueS" ' (u,v) >cosal,
Q) = {ue s (u,v) > cosal.

Claim 5.1 If 1 is an isotropic measure ofi" !, v € S"~!, anda € (0, §), then

i (ﬁ(v, a)) + i (@(—v, oz)) > 1 —ncos®a.

Proof: For givenv € S" ' anda € (0,%), let X = {u € "' : |(u,v)| < cosa}. Sincey is
isotropic, we have:(X) < n, and

U= )= [ et = [ )+ [ w0 dutw

X

< u (@(v,a) U @(—v,a)) +ncos?a. O

Observe that itos « > 1/4/n in the preceding claim, then the conclusion holds trivially
The next claim follows from a standard argument but we areanaire of any reference.

Claim 5.2 If ;1 is a Borel measure o8™ !, p € S"7 !, and0 < 3 < a < Z, then there exists a
pointv € Q(p, a) such that
sin" ! g

1 (Qp, @) NQ(v, B)) = p(Qp, @) - ;

2mn

if u(Q2(p,«)) > 0, thenv € Q(p, «) can be chosen such that the inequality is strict.

Proof: We define the Borel measugeon S™! by i(X) = u(X N Q(p,«)) for Borel sets
X C 8™ L Letv be the Haar probability measure 80(n). Hence, ifX C S"~! is a Borel set
andu € S"1, then

’Hnil(X)
anl(Snfl) ’
where?"~! denotes thén — 1)-dimensional Hausdorff measure (its restriction to Boutlsets
of S"~! equals spherical Lebesgue measure). We deduce that

CHTH QA B)) Mo (QUp, B))
(S Hpo1(Sm1)

v({g €SO(n): gue X} =

1 (Qp, ) = (s
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I
m\

g/’ Lo (gu) dir(g) di(u)
n—1 SO

Il
m\é

/ Log,s) (gu) dii(u) dv(g)
O(n) J Sn—1
= /S (Qg~"'p, B)) dv(g)

:(é 1(Q(p, @) N Q(g~"p, B)) dv(g).

Hence there exists somg € S™ ! such that
H* ' (Qp, )
Hn—l (Sn—l) :

To finish the proof, we can assume thdt2(p, «)) > 0. Finally, if v € Q(p, «) is the closest
point tovg, then

w1 (Qp, o) N Qwo, B)) = 1 (Qp, @) -

Q(p, @) N Q(wo, ) € Qp, a) NQ(v, B).

To conclude the proof, we use tHHE 1 (Q(p, B)) > K, _1sin" ' 3, H*1(S"!) = nk,, where

k; denotes the volume of thedimensional unit ball, and the basic inequaﬁfgﬁ1 > ﬁ

which follows from (i); seel[48, p. 564, |. 2]0

Claim5.3 If by,...,b, € S, ands,. .., s, € R satisfy||s;|| < |det[by, ..., b,]|/4n, then
| det[by + s1,..., b, + sp)| > |det]by, ..., by]]/2.
Proof: Let D = | det[by, ..., b,]|/4n. Since for any4, ..., r, € R™ we have
| detlry, ...l < flral - flrall,

we deduce from the linearity of the determinant ahek 1 + 2¢ for ¢ € [0, 1] that

[detfby + 1, bu+ 5]l > |detlbr, ., ba)[ — > (@)Di

- 2
=1

4nD — (1+D)" +1
anD — P +1

v

v

dnD —2nD > 2nD = |det[by, ..., b,]|/2. O

LemmdXb.4 can be considered as a measure theoretic verglmmbDioretzky-Rogers lemma
(see A. Dvoretzky, C. A. Rogers [21], S. Brazitikos, A. Giapoulos, P. Valettas, B.-H. Vritsiou
[16], and for a non-symmetric version, M. Naszadil[44]).
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Lemmab.4 Let3 = 2-(+p~(+1)/2 |f 1 is an isotropic measure 0f”~!, then there exist
v1,...,0, € S" 1 such thatu(Q(v;, 8)) > ", fori = 1,...,n, and such that ifv; € Q(v;, 8),
fori e {1,...,n}, then|det[wy,...,w,]| > 2np.

Proof: Let o, € (0, %) satisfycos o, = ﬁ First, we will constructw;, p; € S™~! by induction

oni € {1,...,n}in such a way that

n(vi, B) = B, (44)
p(pi, o)) = 3/8, 45)
v € Qpi,an), (46)

(pi,v;) = 0forl <j<i<n. (47)

For this, letp € S"~!. According to Claini 5.1, we can choogge {p, —p} such that

1—ncos’a,, 3

1(Qp1, an)) > 5 =3
Thus, sinced < 1 < «,, Claim[5.2 yields the existence of a pointe Q(p, «,,) satisfying [(44).
If ¢ > 2, andv;, p; are known forj = 1,...,7—1, then we choosg; € S"~! satisfying [47).
Again, Claim[5.1 providep; € {p}, —p.} satisfying [45). In addition, a point; € Q(p;, a,,)
satisfying [(44) is provided by Claim 5.2.
We deduce from(46) that if € {1,...,n}, then(p;,v;) > =1~. Combined with[(4T7), for

2v/n
i € {2,...,n} thisyields that
dist (s, aff { 1) >
1t (v;, afl {vq,...,0;_ > —.
1 1 2 /n
In particular,
| det[vy, ..., v,)| > 27D~ (=D/2 —ypp.
Next letw; € Q(v;, ) fori = 1,...,n, and hencdls;|| < g for s, = w; —v; andi = 1,... n.

Therefore Claini 5]3 implies the lemmal
The following Lemma5J5 uses the notation of Lenima 5.4.

Lemma5.5 For an isotropic measure: on S™ !, letvy,...,v, € S ! and 3 be as in
Lemmd5H4. Foreverye {1,...,n} andn € (0, 3),

(i) there existg; € Q(v;, #) such that
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(i) or there existl,, ¥y C Q(v;, B) such that

n

) > — forj=1,2
,M( ]) e 477, j )y <

Ha1 — CL2” > i for a, € Uy anda2 € W,.

NLD
The pointsy, ¢ and the setd/,, ¥, can be chosen independentlyof (0, 3).
Proof: Leti € {1,...,n} andn € (0, 3) be fixed.

If there existsy; € Q(v;, B) such thap({¢;}) > %, then (i) is satisfied. Therefore we assume
that

pl{a)) < - forallg € (v, 5). (48)

We choose an orthonormal basis, . . ., w,_; for v;-. It follows from (48) that there exist
—-1<s; <tj<1lforj=1,...,n—1suchthat

p({r € Qv B {wpx) <)) <0< € Qi) - (uy,2) < 5,))
p({r € QB < fwgm) > 1) < < p(fe € QwB): {uwyx) 2 1)),
We may assume that — s; > ... > t,.1 — s,_1, and we definel;, = {z € Q(v;,f) :
(w1, ) < s1pand¥y = {z € Qv;, B) : (wy,x) > t1}. In addition, letg; € Q(v;, 3) be such
that(g;, w;) = (s; +t;)/2forj=1,...,n—1, and let
U={zxeQu,p):s; <(wj,z)<t;, j=1,...,n—1}

If t; — s; > n/+/n, then¥; and¥, satisfy (ii). Finally, we assume that— s; < n//n, and
hencet; —s; < n/y/nforj=1,...,n— 1. Onthe one hand,

u() > p(Qvi, B)) = 2n- = > 2

On the other hand|z — (¢;|v;)|| < n/2for z € V|vit. Since(u,v;) > 1/2 for u € Q(v;, B), we
deduce tha C Q(g;,n). In turn, we conlude (i).0

6 Even isotropic measuresand the cross measure

As a consequence of Claim 5.1, we estimate the Wassersgtande.
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Lemma®6.1 Let u be an even isotropic measure, and lebe a cross measure off*~! with
suppv = {fwy, ..., Fw,}. If 6 € [0,F) andw € [0, 1) are such that

[ (snl\ U(Q(wi,é) U Q(—wi,é))> <w,

then

Sw i, v) < 2né + 2an’w.
Proof: We writew;,,, = —w; fori = 1,...,n. Sincef (wi, = — 6) is disjoint fromQ(wj, 6) for
1 # j, it follows from Claim[5.1 that for each= 1, ..., n, we have

w(Qw;, ) UQ(—w;, d)) > pw ((Z (wi,g — 5) uQ (—wi,g - 5)) —w
> 1—nsin®d —w>1-né* —w.

Sincey is even, we get

1 nd? + w
Qw;,8)) — = > — .
Sinceu(S™ ) = n, pis even, and < 7/4 we deduce foi = 1,..., n that

n > 2u(Qw;,0)) + Z p(Qw;,0) UQ(—w;,6)) +0
jiig{iitn}

> 20 (Qw;,6)) + (n— 1)(1 - nd® - w),

and hence 1 1 N
H(O(w8)) < 3 (1= (n = (1 - n8? —w)) < LT,
fori =1,...,2n. Thus, fori =1, ..., 2n we get
1 n?6% + nw
’N(Q(wz’75)) — —’ < -

2

For f € Lip, (5™ '), we may assume thg{(w;) = 0, sinceu(S"*) = v(S"!) = n, and hence
| f(u)] < mforu e S™1. Therefore

fdu— fdv
Sn—1 Sn—1

_ Z </Q<wi,5)<f<u> s+ [ s dntn - 150)

(wivé)
+ / £ () dulu)
Sn=1\ (U2, Q(w;,6))
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1 252 252
<2n(5~ +n ) +nw+ﬁ.n ;nw) o

< 2nd + 2mn’w,

which yields the assertion

We deduce the following estimate for the Wasserstein distan

Corollary 6.2 If 1 is an even isotropic measure, andis a cross measure o8™~!, and
dp (supp p,supp v) < w/4, then

ow (s v) < 2ndp(supp p, suppv).

Finally, we consider the stability of optimal symmetric eowgs of S™~! by 2n congruent
spherical caps, where a symmetric covering is an arrangememiant under the antipodal map.
It is a well-known conjecture that in an optimal covering®8f ! by 2n congruent spherical caps,
the spherical centers of the caps are vertices of a regulasgolytope (see, say, L. Fejes Toth
[22]). This conjecture has been verified by L. Fejes Totl [@2» < 3, and by L. Dalla, D. G
Larman, P. Mani-Levitska, C. ZonQ [18] far = 4. The case when th&n congruent spherical
caps are symmetric (see Lemmal6.3 (i)) should be known, butowtl not find any reference
for the cases > 5.

Lemma6.3 Letn > 2, lett € (0,(2-4"2/(n—1)!)71), and letuy, ..., u, € S*L.
(i) If there exist < j such thaf(u;, u;)| > sint, then there exists € S"~! such that

1

t
R

(i) If [(u;, u;)| <sintforall ¢ < j, then there exists a cross measursuch that

|{(ug, u)| < fori=1,...,n.

Sp(supp v, {£uy, ..., +u,}) <4"2/(n— 1) - ¢.

Proof: For the proof of (i) we may assume thgti;, us)| > sint. We construct sequences
as,...,a, > 0 andwi,...,w, € S" ! such thatw; € lin{u,...,u;}, and possibly after
exchanging some of the vectarsby —u;, we have

(wi,u;) =a; fori=1,... . nandj=1,... 4.

More precisely, letr; = uy, and ifi € {2,...,n} andw, ..., w;_; have already been deter-
mined, then we choose the direction«fin such a way thatu;, w;_1) < 0. This algorithm
determinesi,, ..., a, > 0 andwy, ..., w, € S" !, and subsequently we prove that

1 t
\/{ 42'3/2

<’IUZ',UJ'>:CLZ'§ fori:2,...,nandj:1,...,i. (49)
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To verify (49), we use the elementary fact that if a vertex of a triangle and if the two sides
meeting ab are of length: andb and enclose an angig then the distance affrom the line of

the third side is )
absin vy

= . 50
Va2 + b2 — 2abcos (50)
In addition, we use that if (a) = i fora e (0,s) ands > 0, then
1 1
! J—
)= a5ape > Grape .

We start with the casé = 2. Since(u;,u;) < 0, we haveZ(uy, uz) > 5+t andw, =
(w1 + u2)/|Jus + us||. Therefore[(5D) yields that

( )= ¢ ) < cost _ 1 1 _ 1 (1 sint) _ 1 t
wo, ) = (W, Up) < —oeoeoeoee < e < [ 1= —— — - .
> 272 V24 2sint V2 V1+sint V2 4 V2 82

Next assume tha? < i < n and [49) holds. We observe thatw; € aff{uy,...,u;} and
a;+1 1S the distance ob from aff{w,...,u;.1}, which is then at most the distance @from
aff{a;w;, u; 41}, thatis in turn the height of the triangle, a;w;, u; 1] corresponding te. Since
(uiy1,w;) <0, we deduce first froni(50), then from (51) with< s = % that

Vita J@) <J6) = Gara e = ir1 a0

Finally, (49) yields (i) withu = w,,.
For (ii), let vy, ..., v, be an orthonormal basis &" such thaty; € lin{u,,...,u;} and
(vj,uj) > 0forj=1,...,n,and hence; = u;. We verify that

i1 <

(v, u) <472 /(-1 -t fori=2,....n (52)

by inductiononi = 2, ..., n.
If i = 2, then readily/(vy, us) < t. If (62) holds for allj < i for somei € {2,...,n — 1},
then . . '
Z(uiﬂ,vj) — 5’ S ’Z(uiﬂ,uj) - 5‘ + A(UJ‘,UJ') <2 4172 (Z — 1)' -

forj =1,...,4. Inother words{u;,1,v;) < 2-4"2,/(i —1)!-tforj =1,...,4, whichin turn
yields that

i

sin Z (w11, Viv1) = Z(ui+1,vj>2 <2472/ — Wit =247/l . ¢,

J=1

Thus we conclude’ (1, viy1) < 47 il - t. O
Lemma6.8 yields the following statement with facter’/? - 472, /(n — 1)! < 4.
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Corollary 6.4 Letn > 2, lett € (0, -1+), and letuy, ..., u, € S L. If

7’ 4nn!

0 (warccos (7= 0) ) 1 ) 20

for anyu € S™1, then there exists a cross measursuch that

op(supp v, {tuy, ..., fu,}) <4"n!-t.

Remark The condition in Corollary 614 is equivalent to saying tﬁa(iui, arccos (ﬁ — t))

i=1,...,n,coverS™ 1

7 Thevolume of Z;;

In this section, we prove the stability result for the voluofieZ*, which is stated in Theorein 1.4.
The remaining part of this theorem is established in Se@ion

The main ingredient for the proof in this section is stated®espositiori 7.2. We start with
preparatory claim.

Claim 7.1 For u, ug € S™* with (u, ug) > 0, we haveV (Z,,.,,) > k,/240", where

- n 1 1 |lu — uo|
g = {y €0.1B": (y,u) > 30’ (y,ug) > 30’ (y,u — up) > 120 (- (53)

Proof: Lety be half of the angle of andu,, and hence € [0, ]. The set
S0 = {y e 01B": (yu) > —, (y,u0) > =
=0 =19Y . \y,u) = 307 Y,up) = 30

contains a ball of radius with center <=+ (u + uo) provided that

1
(0.1 =7)cosy > 55+
Sincecos y > 1/4/2, we may choose

0.1 (v2/30) -
G 60

Therefore=, ,,, contains a ball of radius/4 > 1/240. O

Proposition 7.2 If p € [1,00) \ {2}, 1 is an even discrete isotropic measuregh !, and
VI(Zy(1) =2 (1= e)V(Z,(vn))
for somes € (0, 1), then there exists a cross measuren S™~! such that
Sw (e, v) < n max{|p — 2|_%, 1}- e

for some absolute constant> 0.
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Proof: What we actually prove is that for afly< n < 5"/(2n), we have

V(Zy(w) < (1=n=" min{(p — 2)*, 1} - n*)V (Z;(vn)) (54)
or there exists a cross measursatisfying

ow(p,v) <nn
for some absolute constant> 0.

(55)
Let supp pu = {ay, ..

., ag}, and leté; = p({a;})

. Forcg = min{¢; : i = 1,...,k} and
i=1,...,k we definen; = min{m € Z : m > 1and¢;/m < ¢}, and letk

g = Zle m;. We
consider : {1,...,k} — {1,...,k} suchthat#¢'({i}) =m, fori=1,..., k, and define

Ui = Ug) @nd ¢ = Cega) /M)

fori = 1,..., k. The systemu,,

C Uk, C1, ..., () IS even (i.e. origin symmetric) in the fol-
lowing sense: Any, € S™~! occurs asi; exactly as many times asu, and ifu; = —u;, then
C; = Cj.

In particular,y"F_, ¢;u; ® u; = Id,, and>_" | ¢; = n, and for any BorelX C S, we have

wXx)=> e

u; €EX
The reason for the renormalization is that

Co/2<CZ‘§CO forizl,...,]{}

. (56)
In addition, lety = ¢, be defined as if(20), lgit) = e, and letf; = g,, fori=1,..., k.
We define the map : R” — R" by

O(y) = Z cip((y, ui)) us,

and hence the differential & is

k

dO(y) = Z i ((y, wi)) wi @ i,

i=1

wheredO(y) is positive definite, an® : R" — R" is injective. Applying first[(1#) and thefl(7),
we get

2" (1 + Ly»
vz <

B W/R" (Hg((p«ui’@))a) (H 90'(<uz-,:c>)a> dx

QnP(l i I_l))n - 2 . / Ci
- W/n exp <—W;C¢s@(<ui,x>) ) (gs@(@i,@) ) dx.  (57)
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For each fixedy € R™, we estimate the product of the two terms[inl(57) after thegrsl
sign. To estimate the first term ih_(57), we apaly (6) with= o ({y,u;)), i = 1,...,k, and
hence the definition dd yields

k
exp <_7TZCi90<<y,Ui>>2> < e—mlewl® (58)

i=1

To estimate the second term, we apply Lenima 3.1 with- |/c; - u; andt; = ¢’ ({y, us)),
at eachy € R, and writef*(y) andty(y) to denote the correspondidg > 1 andt, > 0. In
particular, if{iy,...,i,} € {1,...,k} andy € R", then we set

\/@’((y,um)"'90’(<y’“2‘">)_1 2. (59)
to(y)

N(it, ... 00 Y) = ¢y -+ - ¢, det[u;,, .. .,uin]Q (

Therefore, for .
) =145 > Nlin..oiniy) (60)

1<i1<...<in<k

Lemmd 3.1 yields that

[T () < 6%(y) ™ det (dO(y)). (61)

i=1

From (58) and[(61), we conclude that

VIZW) < e [ 00 den d0(y) dy 62
To provide a lower bound fat* (y), we usel(24) and(23), hence

1
31 < ¢'(s) < 3.1andg(s) < 1 forp € [1,00] ands € [0, 55). (63)

We consider the vectors, . .., v, € S"~! provided by Lemm&5]4 such that

M(Q(Uhﬁ)) > Bn fori:la"'an;
| det[wy,...,w,]| > 2nB forw; € Qv;, ) andi € {1,...,n}; (64)
g = 2 Hlp=(t1)/2

The remaining discussion is split into three cases, wheeefitht two correspond to the two
cases in Lemm@aB.5.

Casel There exist € {1,...,n} and ¥, U, C Q(v;, 5) such that

n

v) > — forj=1,2, and
,M( ]) e 477, j )y <
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||a1 — a2|| > l fora; € ¥, anday € V,.

N4D
In this case, we prove
n 1\n
2'T'(1+ ;)

T(1+2) (1= n="" min{(p - 2)*, 1} - ) (65)

V(Z, () <

for some absolute constant> 0.
We may assume that= n. Forj = 1,2, let

Possibly after interchanging the rolesf andW,, we may assume thatll; < #II,. Let
7 : II; — II, be an injective map

Givenu;, € Q(v;, 8) forj =1,...,n—1andy,;, € ¥, we have have,, € ¥,, and (56) and

(&4) yield

Ciy o Ciy o ci detug, .. ug, )P -
>4An B¢y i, - (¢ /2). (66)
Ciy *** Ciny * Criiny debwgy, oo, Uiy )]
Sincep < /4, we hav&(u;,, u,;,)) > 0if u;, € V;. Claim[Z.1 shows thdt (=, ,,) > k, /240"
for u,up € St with (u, u) > 0, wherez, ,, is defined in[(5B). In particular, if € B,y
then

7(in)’

<y> uin>> <yv uT(in)> <

<y7 uZn) - <y7 uT(ln)> =

Next, ¢” is continuous, and Lemnia 4.2 implies that i [, 0.1], then

307
b2l (L) > B2 it pe1,3]\ {2}
" 48 30 212 ) )
O R 67)
0.2 (35) > 2 if p> 3.

Therefore,

ba=n> dhotn ifpe1,3]\ {2},

212120,/n
|¢,(<y7uln>) - 90/(<?/>U7(m)>)| Z { 1 \F 1 f
o> el >3

It follows from Lemmd3.2 and < ¢'(t) < 3.1 forp € [1,00) \ {2} andt € (0,0.1] (cf. (€3))
that

VI ) P, ) ) )
to(y)
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. (W«y,uh» i) P ) 1)

to(y)
o Wy uin)) = ¢y, uran))?  min{l, (p—2)%} ,
— 2(¢ (Y, win)) + ' (Y ur(in))))? 245y, '

Combining this estimate witfi (59) and (66) implies that i€ [1,00) \ {2} andu;, € Q(v;, 3)
forj=1,....n—1,u, € ¥;andy € Z,, . then

7(in)?
N(i1, . in1, 005 y) + N1, .o i1, T(00); Y)

in{1 —2)?
Z 4,”26201‘1 ceecp (Czn/2) mln{ 7(p ) },',]2

245n
If u;, € ¥; andy € R", then we define
02 ) ify & Ein,T(in);
n(p—2 . —
oliniy) = { T n? ity € E, 06, andp € [1,3]\ {2}
B if y € =, ;) andp > 3.

In particular, ifu;; € Q(v;, 3) forj=1,...,n —1,u;, € ¥; andy € R, then

N(i1, sty i y) + N(iz, i1, T(00), ¥) 2> ¢y ciy0(in; Y)- (68)
Substituting[(6B) intd(60), and then using(64), we seeithat R", then
1
0*(y) =1+ 5 Z Ciy ** " Cip_y * Ciyy 0003 Y)
ui.GQ('L}j,B),]fl ,,,,, n—1
! “ine‘l’l
1 n—1
=1+ (H M(Q(vj,ﬁ))> > aoliny)
]:1 uzne\ljl
(n—1)
21+ 25 S ety
Uz, €V
Here 1) 1) )
Z CZnQO”ﬂ@/) S 2 M(qjl) 244 772 < 17
Usp, €V
and hence ify € R", then
. . Bn(n—l) .
0°(y) "t <1 % i, 0(in; ). (69)
Ui, €W
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We deduce froni(62) and (69) that

4

vizm < T2 [ (1—ﬁ . cz-ngun;y)) 190 et (4(y)) dy

=TT+

Ui, €V
2"T(1+ 1)
_ 2V T [ eI et (d d
NEE et (d0/(y)) dy
2'T(1+1)"
I1+2%)

Uiy, €V

Here, we use that
/ IO det (dO(y)) dy < / o=rlel® gy — 1

If y € 5, ~i,,), then [58),[(611) and (63) yield that

k k
e mOWIP > e <_chﬁ0((y,ui>)2> > exp (—WZQ) =e ™,
i=1

i=1
k

det (dO(y)) > ng’((y,ui))ciZH?).I_C":?).I_".

i=1

Therefore

V(Z,(n) <

Bn(n—l) » . 5
i C/ olin;y)e OV det (dO(y)) dy.

ST+ 4 (31em)n 244

SinceV (Z;, (i) = kn/240™ if u;, € ¥y, according to Claih 7]1, and

Y = p(l) > @,

4dn
Uiy, €V
we concludel(65).
Case 2 There existg; € Q(v;, 5), fori = 1,...,n, such that
1(Qgs, ) > 2 fori=1,...,n, and

1 (Ui (i, 2n) U Q(—qi,2m))) < n—1.

In this case, we prove

2"T(1+ 1)
V(Z,(n) = 3

< W(l — e min{(p — 2)27 1}~ 773)
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for some absolute constant- 0. The argument is very similar to the one in Case 1.
Let

U= 5"\ (U(Q(Qi, 2n) UQ(—g;, 277))) :

It follows from (€4) that anyr € R™ can be written in the form

r = Z Xi(T)g;.
i=1

Sinceu(¥) > n by (74), the triangle inequality ensures that there existses; € {1,...,n}

satisfying|\;(x)| > 1/n. Thus we may reindey, . . ., g, in such a way that
w0 >1 for¥={zeT: [\(x)>1/n). (76)
n

We deduce fron{(84) that if € ¥, then

|det[Q17 s 7QH*17:C” = ‘det[QD - '7Qn717qn”/n > 26

Next, foru;, € Q(q;,n) forj =1,...,n — 1, we apply Claini 5.8 witlh, = ¢, s; = u;, — ¢, for
l=1,...,n—1,b, =x € ¥, ands,, = 0, where

2 1
|si] <np < % = ﬁ < —n|det[q1,...,qn,1,x]\, i=1,...,n.
Hence, )
| det[u;y, ..., u;,_,,x]| > §| det[qi, ..., qu_1,2]| > B. (77)

We observe that = —W. Thus, for
I ={ie{l,....k} ru; € U},

there existdl’ C I, with #II' = %#HQ, and a bijectiorr : II' — II, \ IT" such that ifi € IT'
thenu;(i) = —U;.
Sincen < g™, (Z3) implies that

8n’
Thus we can find a minimal (with respect to inclusion) Het C {1,...,k} such thatu; €
Q(gn,n) fori € II; and
Yzl (78)
: 8n
i€lly
By minimality and [56) it follows that
Co n
— (#II; — 1) < —.
y #h-D =g



Moreover, by[(76) and again by (56), we have
n
colly > Z cj > o
j€ells
and hence c c
SH#I, > 2 (#IL — 1),
8 2
which yields#I1, > 4(#I1; — 1) if #I1; > 2. In any case, we deduce th@atl, > 2#I1;.
We conclude that there exists an injective mapll; — II, such that ifi € I1;, then

In addition, ifi € II,, thenu; € Q(g,,n) andu.) & Q(gn, 2n), and therefore
1
R . > -
i Ur(z)H =9

Givenu;, € Q(q;,n) for j =1,...,n —1andi, € II;, we have have(i,) € II,, and [56),

(©&4) and[(77) yield

2
Ciy+ Cip_y - Ciy detfug, .o uy,

} > B2 e,y - (€0, /2). (80)

2
Ciy ** Cip_y * Cr(in) A€ty oo U, UrG)]

We deduce froni(79) that Claim T.1 appliestg .
Kn/240", and ify € =, . then

7(in)’

In particular, we hav&’ (=, . ,.,) >

T(in) "

1
<y7uin>7 <y7u7(zn)> < ga
(Ys win) = Yy Ur(in)) = (Y Uiy — Ur(in)) l>—
o T o M= 240 728
It follows from (67) that
0" (Y win)) = €' (Y, urin)))| > % :

Since0 < ¢'(t) < 3.1fort € (0,0.1], if 4, € II;, then

(' ({y, ui,) — &' ((y, uri)))? _ min{(p —2)° 1} .
20" ((y, wi,)) + &' (Y, wri))))? — G :

Thus combining Lemma_3.2 and (80), we obtain that;if ¢ Q(v;,8) for j = 1,...,n — 1,
i, € Il andy € Z,,, then

U (in)?

/62CZ_1 RN . mm{(p — 2)2’ ]_} )
9 247 -

N(it, .oy in1,0n;y) + NGty ooy i1, T(00); y) >
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If 7,, € II; andy € R", then we define

olin:y) = { 02 in{(p—2)2.1 LU St
; % . 772 if Yy e Einff(i")'

In particular, ifu;, € Q(v;, ) forj=1,...,n - 1,4, € II; andy € R", then

N1, ..y in1,00;Y) + NGty i1, T(00), y) = iy - G 0(in; ).

Substituting[(811) into[(60) and then using|64), we obtainfe R" that

1
0*(y) =1+ 5 Z Ciy """ Cipy * Ci 0in3 Y)

— 14 % (1:[ M(Q(vj,ﬁ))> > cioliny)

Znenl

Similarly as before, we have

Brin=1) frn=1)

> cineliniy) < —5—u(¥) - T 0 < 1,
inenl
and hence
} . ﬁn(nfl) »
0'(y) "t <1 ; ¢, 0(in; y).
in 1

We deduce froni(62) and (B2) that

2"T(1+ 1)
VI(Z,(n) < A

R i CIOIE
< T X det (d6(y)) dy

2'T(1+4 )" gr-D)
r1+2) 4

ZnEHI

Now we use agairi(70) as well as the estimdtes (71)[and (72} iE;, ,,). Therefore

V(Z, () <

- T(1+2) 4 (3.1e7)n 218

in€ll1

SinceV (2, +i,)) = kn/240™ if i, € II; and by [78), we conclud&(l75).
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2"I(1+ ) <1 B Z . pn(n=1) V(Einr(in) A% min{(p — 2)?

(81)

(82)

> i / olin; y)e IOV det (dO(y)) dy.
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Case 3 There existg; € Q(v;, 5), fori = 1,...,n, such that
1 (U(Q(%, 20) U Q(—g;, 2n))> >n—n.
i=1

In this case, we prove that there exists a cross meassueh that

ow (v, 1) < n'n (83)

for some absolute constant> 0.
We observe thaf(1 — n(% —t)?) > nfort = 2n, sincen < 1/(2n). Thus Claini5.1 yields
thatQ(u, arccos(# — 2n)) intersects)?_, Q(+g;, 2n) for anyu € S"1. In turn, we deduce that

0 (u, arccos (% — 477)) N{Eq,...,xq}#0

foranyu € S"!, sincedn < 1/(4"n!). Therefore Corollari/ 614 implies that there exists a cross
measure- such that

op(suppy, {£q,. .., xq.}) < 4"nl-4n.

In particular, [(88) follows from Lemmag.1.
According to Lemma 515, Cases 1, 2 and 3 cover all possibla &atropic measurg.
Thus, we have proved (b4) in Cases 1 and 2, (55) in Case 3.

Proof of Theorem [L4in the case of Z(u): Letp € [1,00) \ {2}, and letu be a discrete
even isotropic measure &#f"~!. Assume thabwo (i, v,) > ¢ > 0 for somes € (0,1). Then
Proposition 7.R yields that

V(Zy(1) < (1 =7 )V(Zy (), (84)

wherey = n~" min{|p — 2|2,1} for an absolute constanat> 0. Since any even isotropic
measure can be weakly approximated by discrete even isomopasures (see, for instance,
F. Barthe [7]), we concludé (84), and in turn Theorleni 1.4 & ¢hse ofZ; (), for any even
isotropic measurg on S~ andp € [1,0) \ {2}.
Since for any isotropic measure we have
lim 7 () = Z5, (1),

p—o0

and the factory in (84) is independent gf € (2, c), we deduce the cage= oo as well. O
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8 Thecaseof the L, zonoidsin Theorem[L.4

The proof of Theorerin 114 fdr (Z,(u)) is analogous to the argument fa( 2> (1) ). In particular,
we may assume again thatis a discrete even isotropic measure, and (1,00) \ {2}. Let
p* € (1,00) be defined by + - = 1. We prove that if) € (0, 1), then

V(Zy () > (L =0~ min{(p — 2)*, 1} - )V (Z+ (va)) (85)
or there exists a cross measursatisfying
dw (p,v) < n'n (86)

for some absolute constant- 0. Since ifp € [2, 3], thenp* € [2,3] and[p —2|/2 < [p* — 2| <
2|p — 2|, (88) and[(8b) yield Theorem 1.4 fof(Z,(1)).

Again, letsupp pn = {u1, ..., a3}, and let; = p({@;}). Forcg = min{¢ : i = 1,...,k}
andi = 1,...,k, we definem, = min{m € Z : m > 1andé/m < ¢}, and letk = >_F_ m,.

We considet : {1,...,k} — {1,..., k} suchthat#¢~*({i}) = m, fori = 1,... k, and define
Ui = Ug) @nd ¢ = Cegay /M)

fori=1,... k.
In particular,>"% | c;u; ® u; = Id, andY_*_ | ¢; = n, and for any BorelX C S™~!, we have

uXx)=> e
u; €X
Again, we obtain
CO/2<Ci < ¢y fori = 1,...,k.
In addition, lety) = v, be defined as if(21), lgt(t) = =™, and letf; = g,, fori =1,... k.
We define the mag : R” — R" by

k

U(y) = Z ity ((y, ui)) .

i=1

Its differential .

dU(y) = et ((y, i) ui @ u;
=1
is positive definite, and’ : R™ — R" is injective.
It follows by first applying[(1¥), and thef (1L0), that

2"0(1+ 1) F |
V) 2 VORG0) = 5 [ e TLA0 s
P " =31 cifiui =1
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227:((17"/ <Hfl (uiy )det <Zczw i, y uz-@ul-) dy.

To estimate the second term, we apply Lenima 3.1 with ,/c; - u; andt; = ¢'((y, u;)) at
eachy € R, and writed*(y) andt,(y) to denote the correspondifig > 1 andt,. In particular,
if {i1,...,4,} C{1,...,k} andy € R", then we now set

o (W«y,um

N(it, ... 00 y) =iy - - ¢, det[ug,, ... uy,

Therefore, using again the notation

. 1 . .
H(y):1+§ Z N(lla"'azn;y)a

1<i1<..<in<k

Lemma3.1 and(9) lead to

2" T (1 + &)™ k
V(Zp (1) 2 %/R (H fi((uiy ) (HW((%ZMQ) dy
onP(1 + Ly
- "y Lo ([Taeor ) o

2" (1 + L)n
_ P e
e L we i ay

p

Now (88) and [(8b), and hence Theorém] 1.4 ¥&1Z,(11)), can be proved a$ (b4) and (55) in
Proposition 7.2 were proved following (61).

9 Stability of thereverseisoperimetricinequality in theorigin
symmetric case

In this section, we turn to the proofs of Corollary|1.5 and b&®rem$§ 111 arild 1.2.
We may assume that the facets of the cilbetouch B™ in the support of the reference cross
measure/,,, wheresupp v,, = {%ey, ..., te,}.

Lemma9.1 If x is an even measure of"~! such thatdy (supp i, suppr,) < «a for some
a € (0,5), thene "W C Zz (p) C W™,

Proof: First, we show that* (1) C e?"*W™. For this, letz € R™ \ e2"*W™. Clearly, we may
assume that; = max{|zy|,...,|z,|}. It follows that there is somee {1,...,n} such that

1 - _
x> || = [z, 65)| > 2 > <1 - 5042 —vn— 1a) > (cosa— v/n — 1sin ) 1, (87)
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where we used that € (0, 3%1) for the third inequality. Sincéy (supp p, suppv,,) < «, there is
somev € supp p such thatZ(e;, v) < «, hence

(e1,v) > cosa, Z |{e;,v)| < V/n — 1sina. (88)
i=2

From (87) we deduce that

n

(x,v) > x1(e1,v) —xlzKei,v}\ > 21 (cosa —v/n — Isina) > 1,

1=2

and hence: ¢ Z*_(u).

In order to show thate"*W" C Z* (u), we puto = (1 + /n — Isina)~!. Sinceg >
(1+na)™! > e, we havee W™ C W™, and it is sufficient to show thafivV™ C Z* (u).
For this, letz € pI¥V™, and letv € supp p be arbitrary. Then there is somes {1,...,n} such
that Z(e;,v) < a or Z(—e;, v) < . We may assume that= 1. Hence[(8B) is available again.
Thenz = x1e; + ... + z,e, With |z;] < p satisfies

(r,v) <p-14pvn—1lsina=1,

which shows that: € Z* (u). O

For the proof of Theorern 1.2 (the case of the Banach-Mazuamtig), we also need the
following statement.

Lemma9.2 If 7 € (0,1/4) and theo-symmetric convex bodids, Z C R" satisfyK C Z,
(1-mWrCZ (1-2n)W"¢Z KandV(Z) <V(W"),thenV(K) < (1 — Z)V(IW™).

Proof: Letey,...,e, be the orthonormal basis &" such that the facets df,, touch.S"~! at
{tes,...,Le,}. Possibly reindexingy, . .., e,, we may assume for some> 0 that we have

ty e € 0K, and
=1

ty me; € Kifn e{-1,1},i=1,...,n,and some) # 1.
i=1

Since(1 — 27)W" ¢ K, we havel < 1 — 27. It follows that
(int K) N (T[O, 1"+t Z el-) = 0,
i=1
7[0, 1]" +tZei C 1—-mwnrcCZz
i=1
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Therefore

n

V(K)<V(Z) -1 < (1 - ;—n) V(Wm). O

Proof of Corollary [L.LH We may assume that is not a cross measure. For an even isotropic
measureg: and a sufficiently smalt > 0, we assume that

V(25 (1) (1 =)V (Z5(v)) (89)
or V(Zoo(n) < (14)V(Zu(rn)), (90)

v

and prove that

Sro(supp p, supp v,) < e/

for some absolute constant> 0. How smalle should be is specified b (92).
According to Theorem 114, there exists an absolute congtant) such that if20"’1/3 < 1,
then [89) implies that
w (i, V) < neon’el/3, (91)

wheresupp v, = {=*ey,...,+e,} for an orthonormal basis,, ..., e, of R™. In particular,
Z¥ (vn) = W", and Z,(v,) is the cross polytop€” = [tey,...,+e,], Wwhere[zy,. .., z]
denotes the convex hull of points, . . ., z;, € R™.

In the following argument, we require that

3n%6"nin"’ /3 < /4. (92)
We claim that for any € {1, ..., n} there exists:; € supp x such that
L(ug, ;) < neoell?, (93)

We suppose that say fer, we have/(e;,u) > n®"’¢!/3 for anyu € supp pu, and seek a
contradiction. Naturally, alse/(—e;,u) > ne"’cl/3 for any u € supp u. We consider the
function f € Lip,(S"!) defined by

f(u) — max {0’ncon3€1/3 . é(u, 61),7’Lcon351/3 o é(u, —61)} foru € Snfl.
Then we have

fdv, =n®"’'? and fdu=0,
Sn—l Sn—l

contradicting [(911), and proving (P3). Writing, to denote any even measure SA~! with
support{+uy, ..., +u,}, we deduce fron(93) and Lemmal.1 that

Z2 (1) € Z2 (ko) C W™ for o = neon’el/3, (94)

Letw = Y7 | e, leto = min {6u(p, v,), T }, and letu € supp p be such that/(u, e;) > ¢
and Z(u,—e;) > ¢ fori = 1,...,n. In particular,p € (0,7] asp # v,. Possibly after
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changing the sign of some of the vecters. . ., ¢,, we may assume that € pos{ey,...,e,}.
Letu = (t1,...,t,), where we may assume that

0<t; <...<t, <cosp.

We prove that
(u,w) > 1+ g (95)

Our task is to minimizeu, w) = > | t; under the conditions that ea¢h € [0, cos¢] and
>r_, t2 = 1. Solving this problem leads to

n ‘ 2
<uaw>zzti2608w+singp: 1+sin2<p>1+8m3 <P’
i=1

proving (95).
First, we assume thdt (B9) holds. For the halfspdce= {z € R" : (x,u) > 1}, we claim
that

V(HY W) > 69" V(W) (96)
"n!
Fori = 1,...,n, lets; € [0,2] be maximal such that — s;e; € H™ N W™. Then we have

(w — s;e;,u) = 1 provideds; < 2, thus [95) yields

-1
§; = min Q,M > min 2,£ )
t; 3t;

where we use the conventign= oo for a > 0. We consider two cases. ff = 7, thent; < ¢,
and hence; > 1/3fori =1,...,n. We deduce that

S1°°°Sp 1 %)
V(H nW™) > > V(W™).
( )2 n! 7 3! — 6"n! w7)
If 0 < ¢ < 7,thent, = cosyp, thust; <sinp < pfori=1,...,n — 1. In particular,s,, > £,
ands; > : fori=1,...,n—1, and hence
Sl...sn SD 90
V(H nW™) > > = V(wm).
( )2 n! — 3*n!  6™n! (W)

We deduce fromn2a < 1 (cf. (@2)), (94) and[(96) that

9 2
V(Zi(W) < V(W) = S5 V(T < (1 M i) v

Comparing to[(89) yields that

3
© < 3n%6"nInon /3,

wheredy (i1, v,) = ¢ by (92).
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Finally we assumé _(90). We deduce frdml(94) and by duality tha
672na0n g Zoo(,“)

LetT, = [0,e 2%, ..., e 2"¢,] andT, = [u,e *"y,..., e ?"%¢,]. Since the height of the
simplexT, corresponding ta is n~/2({u, w) — e~2"*), and the height of, corresponding to
isn~1/2e~2 it follows from (93) that

% ¥ —2na Y
V(T, > =V(T,) = % .
(u)_3 (O) 3. 9n (e C)

Sinceu € supp i, we have

2 —2n2q n
> _
V(Zoo (1)) > (1+ 3_2n> e~y (O
Comparing to[(90) implies that

1+ 3.9 <P2n < 62"2‘1(1 +e) < 3 < 1 4 Gn2pcon’

We concludep < 18 - 2"n?n™", wheredy (i, v,) = ¢ by (@2). O

Proofs of Theorems[L.Iand[1.Z: Let K be an origin symmetric convex body such tlit is
the maximal volume ellipsoid contained K, and suppose that

S s

vy = vy o

for a sufficiently smalk > 0. If C'is a compact convex set with” C C', andS¢ is the surface
area measure df, then

viey= [ M asowz [ aset =2,

n Sn—1 n n

with equality if ho(u) = 1 for eachu € supp S¢. ThereforeV (W") = S(W™)/n andV (K) >
S(K)/n, and hence (97) implies

V(K) =z (1 =g)V(W™). (98)

Let ;. be a discrete even isotropic measure satisfying 1 C S"'NOK provided by John’s
Theorem. In particular,

K C Z(n) and V(Z3(n) = V(K) = (1 —e)V(W™). (99)

We deduce from Corollafy 1.5 that, possibly after a suitablation, we may assume that

3
cin
£

W=

S (supp p,supp vp,) < n
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for an absolute constant > 0. Applying now Lemma9]1, we have
e W C Z5 (1) C et W (100)

for w = n®"° and an absolute constant> 0 (assuming that is sufficiently small).

To verify the estimate of Theorem 1.1 oy, let us write gy, (C, M) = V(CAM) to
denote the distance of two compact convex sets accordingeteyimmetric difference metric.
For example[(100) yields

3

1 1
Sl Z2 ), ) < (et — el o et

for an absolute constamt > 0. We note thatV' (K) < V(Z%(ux)) < 2" by K.M. Ball's
Theorem B. Hence,

0 < 0oy (25 (1), K) = V(25 () = V(K) < V(Z (1)) = V(W") + 2" < 2.

Let A > 1 be such that (AK') = 2", and hencd’ (AK) — V(K < ¢ - 2" according to[(99). We
conlude that

5V01(K7 Wn)

IA

27" 0gym (MK, W)
27" (Osym (M, K) 4 dsym (K, Z25 (1)) + Osym (25 (1), W)

AN

3 1
can® 5
n“" es,

IA

for an absolute constant > 0, and this completes the proof of Theorem/ 1.1.
Let us turn to the estimate of Theorem|1.2dpy;. Letdpy (K, W™) > o for somen € (0, 1).
If
e EW" C Z,(4) C eFW, (101)

thendgy (K, W) > « implies thate=5 W™ ¢ K, and hencél — 29" ¢ K. On the other
hand,(1 — §)W" C Z7 (u), thus Lemma9]2 yields
V(K) < (1 - f‘—on) Vvm). (102)
Finally, we assume that (101) does not hold. Sifce (98) lead00), we havé/(K) <
(1 —¢)V(W™) provideds = wes. In other words,

o’

V(K) < (1 - m) V(W™ (103)

where 1 > n~<"’ for an absolute constant > 0. Combining [I0R) and(103) proves

Theorem 1.R.O
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10 Proof of Theorem[1.3

In this section, we prove Theordm 1.3, which is thdimensional (sharper) version of Theo-
remsL L.l and 1l2. The idea of our proof is essentially the avencgpy F. Behrend [10]. As
before, lefx,, ..., z;] denote the convex hull of the points, . . ., z;, € R?. For the origin sym-
metric convex body< C R? andu € R? \ {0}, we write H(K, u) to denote the supporting line
with exterior normak,, and H (K, u)~ to denote the corresponding halfplane containihg

Lete € [0, %). Let K be a planar origin symmetric convex body which has a squaesmas
inscribed parallelogram of maximum area. Suppose that

P (SO 200
Then we prove that

Sl (K, W?) < b54e and (105)

Spm(K, W?) < 18e. (106)
Letu,, up denote the standard basisRf. We may assume théit?> = [—1, 1] is a parallelogram

of largest area contained i, and hence; € 0K N H (K, p;) holds for the verticeg; = us+u,
andp, = uy — u; of W2, It also follows that

2
K C(H(K, +p)" = [£2u;, +2u,]. (107)
=1

Letg, € OK N H(K,u;) fori = 1,2. In particular, [107) yields
@ = (1-+ty,s1)wheret; € [0,1] and|s;| <1 — ¢y,
@2 = (s2,1+t9) Wherety € [0,1] and|sy| < 1 — ts.
Since K contains the parallelograi = [+¢;, +¢»|, we have
V(W?) > V(P)=2|det]q, q]| = 2[(1 +t1)(1 4+ t3) — 5159
> 2[(1+t1)(1+1t2) — (1 —t1)(1 —ta)] = 4(t1 + ta),

and hence
b1 + to

2
We approximatds by suitable polygons to obtain

N | —

t= <

W2CQCKCMC(1+t)W?, (108)

M = (ﬁ H(K, j:ui)_) ﬂ <ﬁ H(K, j:pi)_> with S(M) = (1+ (V2 — 1)t)S(W?),

i=1
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We deduce fronmi (104) and (108) that

SV2)? _ S(K) _ S(M) _ (14 (V2 — S’
VT S VE) T V@) Vv

(1—-¢)

Since}—jﬂf > 1 byt < 1, we have

I+ (V2=1t)2 (B-2V2)t(1-1) L B- 2v/2)t
1+t B 1+t - 3 18
Therefore combining (108) and (109) leads to

e>1-—

(109)

Spm (K, W?) <log(1+1t) <t <18,
and combining[(108) and (1D9) with an elementary argumeas¢o
Sl (K, W?) < (1+1)* — 1 < 3t < bde.

We conclude[(105) and (1D6), and in turn Theofem 1.3.

11 Even isotropic measureson S*
The goal of this section is to prove the following improvermeiCorollary[1.5 ifn = 2.

Theorem 11.1 If i is an even isotropic measure 61, € € (0,1), anddzo (supp u, supp v») >
g, then

V(Zoo()) > (140.256)V(Zu(1)),
V(ZLw) < (1=018)V(Z ().

We call a compact, symmetric s& C S* proper if for eachv € S* there is some, ¢ X
such that/(u,v) < w/4. A compact, symmetric set C S! is proper if and only if the angle
between consecutive points & on S! is at mostr /2. For a closed seX C S* we define

do(X) = min{dy (X, p{xe1, £es}) : p € SO2)},

wheree, e, is an orthonormal basis &Z. If X is proper, thenly(X) < /4.
Note that ifi is an even isotropic measure 6h, then Claini 5.1l shows that the supporf.of
IS a proper set.

Lemmal1l.2 If X C S'is proper,n € (0,7/4) anddy(X) > n, then there arei,v € X such
thaty < Z(u,v) <5 —n.
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Proof: Assume that for any pair, v € X eitherZ(u,v) <norZ(u,v) > 5 —n. Letu; € X be

arbitrary. Then there is no € X such that/(u,v) € [, 5 — n]. The same is true foru, € X.

Leti; € S'Nui. Then there is some, € X with /(uy,us) < 1. SinceX is closed and
symmetric, we conclude thdt(X) < n, a contradiction.O

We turn to the proof of Theoreim 11.1 and start with the secesdréion. Let the assumptions
be fulfilled. By an approximation argument (see Barthe [Wh,can assume thatis discrete. In
the following, we use property (P) which states that(fot 5 < o < 7/2 the function

F(t) := tan (%H) + tan (%) , t € [0,min{3, 5 — a}],

is strictly increasing. Applying (P) repeatedly to anglesvieen consecutive vectors of supp
Lemmd11.2 and symmetry, we obtain

«

V(Z () <2 (tan (5) +tan (§ = 5) +tan (F))

for somea € [¢, § — ¢]. Since
tan (%) + tan (Z — %) = 2(1 +sina + cosa)™!
and
sina+cosa > 14 0.5¢ foracle, 5 —¢] (110)
with e € (0,7/4), we obtain

1

1) <4(1-01
1+0_25€+) ( ),

vz o) <2 (
which proves the second assertion.
For the first assertion, we argue similarly. Here we use tbetfat for0 < g < o < /2
the functionG (t) = sin(a +t) +sin(8 —t), ¢t € [0, min{3, § — a}], is strictly decreasing. Thus
we obtain

V(Zoo (1)) > sin(a) + sin (g - oz) + sin (g) =sina+ cosa + 1

for somea € [¢, 5 — ¢]. Now the first assertion follows frora (110)J
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