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Abstract In this study a tyre model is developed for multibody dynamics soft-
ware. Vibrations of a towed wheel excited by the lateral deformation of the tyre are
analysed with the help of numerical simulations. In our calculations the time delay
in the tyre-ground contact as well as the partial side slip are considered making
it possible to capture the dynamic deformation of the contact patch centre-line
with relatively low number of parameters and computation time. As a result the
hysteresis effect in the stability of the rectilinear motion can be identified, which
would be undetectable by simpler, quasi steady-state tyre models. Thus, bistable
parameter regions appear in the stability charts where for the same set of system
parameters a stable equilibrium and a periodic orbit coexist. The simulations are
compared with measurements carried out on an experimental rig consisting of a
wheel and a caster running on a conveyor belt.
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1 Introduction

The contact between different bodies is often the most challenging task in designing
multibody dynamics software. Amongst many other applications these kind of
software are widely used by car manufacturers for simulating the behaviour of
the entire vehicle or certain parts of it in a hardware-in-the-loop environment. In
analyses focusing on vehicle handling it is essential to use a realistic model of the
contact forces developing as the tyres deform interacting with the road-surface
while the vehicle is moving and the tyres are rotating. The instantaneous shape
of the tyre is influenced by past and present states of the vehicle, which induces a
memory effect in the contact. Moreover due to the contact friction the phenomenon
of force-generation is highly non-smooth and nonlinear as well, therefore it often
requires complex algorithms to implement all the relevant effects into the tyre
model. On the other hand there is a demand to carry out these calculations as
quickly as possible which eventually leads to a compromise between accuracy and
computation time.

Several tyre models have been developed to capture the deformed shape of the
contact region and calculate the resulting tyre forces. The most commonly used
models are assuming quasi-steady state deformation in the contact region, making
it possible to introduce tyre force and aligning moment characteristics, which can
be well used for analysis at larger vehicle speeds [1, 2]. However, for low or medium
velocities these models tend to be inaccurate as the memory-effect associated to the
time-delay becomes more relevant in the contact [3, 4]. One solution to overcome
this issue is to use additional degrees of freedom addressed to certain dynamic
features of the tyre together with the tyre force characteristics [5]. For example
the models MF-SWIFT [6] and FTire [7] are both take into account the elasticity of
the tyre belt and carcass beside the contact forces, making them capable to capture
vibrations up until ∼80-150 Hz. These models can be effectively used in multibody
simulation algorithms; nevertheless, due to the higher number of parameters one
may find these less convenient for a qualitative analysis of tyre dynamics. Another
solution is to use continuum-based tyre models which are capable to describe
the travelling waves in the rolling tyre-ground contact. Unfortunately these lead
to partial differential equations, which can be solved only numerically, e.g. using
finite element algorithms [8, 9, 10], which can be computationally very costly.

We selected the stretched string tyre model [1] for our studies, which can be a
good compromise in this respect since for pure rolling the deformation is described
by a single PDE. This model also takes into account the tyre deformation outside
the contact-patch, which has a relevant effect in the low velocity-range [3]. For
the nonlinear PDE a travelling wave solution can be composed analytically by
introducing time delay distributed along the contact length. If the delayed tyre
model is implemented in simple vehicle-handling models such as the 3.5 degree-
of-freedom single track model of the car-trailer combination, then beside the well-
known unstable parameter domains at large velocity a rich structure of alternating
stable and unstable parameter regions at low speed is revealed. Such a structure of
parameter domains appears if a similar model of a standalone car is investigated
[4] and even the stability chart of the straight-line motion of a single towed wheel
shows similar features [3]. This motivated us to concentrate on the analysis and
development of the contact model by means of a simple vehicle model keeping in
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mind that in later studies the improved tyre model may be implemented in more
complex multibody system models.

In spite of its effectiveness in linear stability analysis the travelling wave so-
lution cannot capture the sliding effect caused by friction in the contact region.
Thus, to investigate the nonlinear dynamics it has to be enhanced by taking into
account the side slip, too.

Considering the memory effect and the contact friction simultaneously in the
tyre-road contact can result a complex structure of sticking and sliding regions, as
for the stretched-string model in particular, the deformation in the sliding parts
is described by differential equations [11]. It is worth to mention that in contact
mechanics several studies revealed a similar structure of sticking and sliding re-
gions in the frictional contact of elastic continua [12]. In our study we introduce
a case-selective algorithm to determine the boundaries and the deformation in
the different regions that can occur while the tyre makes lateral vibrations. Then
the non-smooth delayed tyre model is implemented in the numerical simulation
of a towed wheel. By obtaining the stable periodic solutions in the system we
demonstrate the hysteresis effect observed in practice regarding the stability of
the rectilinear motion.

2 The governing equations of a shimmying wheel
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Fig. 1 The in-plane model of a towed wheel with a rigid caster.

In this study we implement our tyre model into the in-plane model of a towed
wheel (see Fig. 1) attached to a rigid caster of length l, which is towed by a
constant velocity V along the X-direction. The whole system has a mass of m
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and a mass moment of inertia JA with respect to the joint A. One can use the
deflection angle ψ (t) as a generalised coordinate to describe the position of the
system in the (X,Y ) coordinate-plane. To the king pin A a torsional damper with
a damping coefficient of dt is attached.

Using Lagrange’s equation of the second kind, one can derive the equation of
motion of the yaw vibrations of the wheel as

JAψ̈ (t) + dtψ̇ (t) =M − Fl, (1)

where F andM are the lateral contact force and aligning torque generated by tyre
deformation, while dots refer to time-derivatives.

3 The non-smooth delayed model of the tyre-ground contact

3.1 The stretched-string tyre model

y

x

q(x,t)

p(x,t)

a-a a+σ-a-σ

k d,
P L

R

material flow direction

Fig. 2 The stretched string tyre model with the distributed lateral force p(x, t) in the contact
patch and relaxation (dashed curves) outside the contact region.

The tyre forces are calculated via the stretched-string tyre model [1, 13], by
means of which the elastic tread and carcass of the tyre is modelled as a stretched
string supported by linearly distributed spring and damper elements with stiffness
and damping parameters of k and d. It is assumed that tyre damping is large
enough not to allow deformation waves travelling around the wheel to have sig-
nificant interference between the deformations of the leading (x = a) and trailing
(x = −a) edges. Thus, an in-plane model with a stretched string of infinite length
shown in Fig. 2 is used. In the x ∈ [−a, a] contact patch a distributed force system
of p (x, t) is applied to the string resulting in the deformation of the tyre, whereas
outside the contact patch the tyre is assumed to be unloaded in the lateral direc-
tion. With the consideration above the lateral deformation of the string can be
described by the following PDE:

kσ2q′′ (x, t)− dq̇ (x, t)− kq (x, t) = p (x, t) , (2)

where q (x, t) is the lateral deformation of the string, σ is the tyre relaxation length
while primes refer to derivatives with respect to coordinate x.

Then, according to the classical stretched string model [1, 13] the resultant
tyre forces are calculated by integral formulae
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F = k

∞∫
−∞

q (x, t) dx+ d
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−∞

d

dt
q (x, t) dx (3)

and

M = k

∞∫
−∞

x q (x, t) dx+ d

∞∫
−∞

x
d

dt
q (x, t) dx . (4)

3.1.1 Deformation in the contact patch in case of pure rolling

In case of pure rolling (no side-slip considered) the tyre is assumed to stick to the
ground and the tyre centre-line to have zero relative velocity in the x ∈ [−a, a]
contact patch. This can be formulated as a kinematic constraint as

d

dt
RP = 0, (5)

where RP is the position vector of an arbitrary point P of the contact patch centre-
line in the ground-fixed frame of reference. Based on this, a nonlinear PDE can be
derived which describes the lateral deformation in the contact patch

q̇ (x, t) = V sinψ (t) + (l − x) ψ̇ (t)− q′ (x, t)
(
q (x, t) ψ̇ (t)− V cosψ (t)

)
. (6)

For this equation a so-called travelling wave solution can be composed, which
yields to a formula with a time delay of τ (x) distributed along the contact region

q (x (τ) , t) = V τ sinψ (t)− (a− l) sin (ψ (t)− ψ (t− τ))

+ q (a, t− τ) cos (ψ (t)− ψ (t− τ))
(7)

while the longitudinal distribution of the time delay τ (x) can also be expressed.
Thus, for the coordinate x we get

x (τ) = −V τ cosψ (t) l + (a− l) cos (ψ (t)− ψ (t− τ))

+ q (a, t− τ) sin (ψ (t)− ψ (t− τ)) .
(8)

Due to the rolling of the tyre it is reasonable to assume that no kink (discon-
tinuity in the first derivatives) in the deformed shape arises at the leading edge
(x = a), where the tyre particles first touch the ground. This can be formulated
in the following boundary condition

q′ (a, t) = −q (a, t)
σ

. (9)

Applying this we can compose an ODE for the lateral deformation at the leading
edge

q̇ (a, t) = V sinψ (t)− (a− l) ψ̇ (t) +
q (a, t)

σ

(
q (a, t) ψ̇ (t)− V cosψ (t)

)
. (10)

Note, that discontinuity in the first derivatives cannot show up at the trailing
edge R either as it would result a dirac-delta like peak in the distributed lateral
load. However as the PDE is first order in coordinate x exactly one boundary
condition can be attached to it. Hence, the ‘no kink’ condition at the trailing edge
is considered by handling sliding.
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3.1.2 Partial side-slip in the contact patch
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Fig. 3 The different contact regions assumed. The rolling region is white while the sliding
regions are shaded. The continuous line corresponds to tyre parts in contact with the ground
while the dashed lines to the tyre relaxation regions.

If the effect of dry friction in the tyre-ground contact is considered, the con-
dition of rolling holds only limitedly as side-slip will occur in those parts of the
contact region where the intensity of the distributed force system corresponding
to rolling is larger than the limits determined by friction. We assume a parabolic
normal force distribution along the contact length. Although one may experience
a shift in the vertical load towards the leading edge for large velocity, moreover,
a non-parabolic distribution is also very common for larger contact patches,this
is an acceptable simplification for the low and medium speed-ranges which are in
the focus of our analysis. By means of this assumption the lateral force limits are
also defined by parabolae [1] as

pr+ (x) =
3Fzµr

4a3

(
a2 − x2

)
,

pr− (x) = −3Fzµr

4a3

(
a2 − x2

)
,

(11)

and

ps+ (x) =
3Fzµs

4a3

(
a2 − x2

)
,

ps− (x) = −3Fzµs

4a3

(
a2 − x2

)
,

(12)

where prr+ and pr− are the distributed lateral force limits corresponding to rolling,
ps+ and ps− are the limits corresponding to sliding. Fz is the vertical load of
the tyre whereas µr and µs are the friction coefficients for rolling and sliding,
respectively. It follows from the above that for the rolling part of the contact
patch p (x) ∈ [pr− (x) , pr+ (x)] should hold.

The limits for sliding give the distributed force system for the sliding parts of
the contact patch in question. Therefore, we can substitute these into Eqn. (2)
to calculate the deformation in these zones. Unfortunately, this PDE is badly-
conditioned in terms of the required time-step for numerical simulation, which
would slow down our computation. Therefore, in the sliding regions we use the



Analysis of the tyre-road interaction with a non-smooth delayed contact model 7

steady-state solutions q(x, t) = qs(x, t), q̇(x, t) ≡ 0 of Eqn. (2) which can be
calculated from the following ODE

q′′s (x, t)− qs (x, t)

σ2
= ± 3Fzµs

4a3kσ2

(
x2 − a2

)
(13)

where the sign of the right-hand side depends on the sliding direction. For this
differential equation the analytical solution can be provided as

qs (x, t) = C1e
x
σ + C2e

− x
σ ± 3Fzµs

4a3k

(
a2 − x2 − 2σ2

)
, (14)

where the constants C1 and C2 can be calculated from the corresponding boundary
conditions, which are to be discussed later on.

3.1.3 Deformation outside the contact patch

The deformation qrel(x, t) outside the contact patch can be calculated in a similar
way as for the sliding parts assuming a quasi-stationary deformation as q(x, t) =
qrel(x, t), q̇(x, t) ≡ 0. Since we assume no lateral load in this region Eqn. (2) yields
to a homogeneous differential equation

q′′rel (x, t)−
qrel (x, t)

σ2
= 0 . (15)

Using the boundary conditions qrel(a, t) = qsL(a, t), limx→∞ qrel(x, t) = 0 and
qrel(−a, t) = qsR(−a, t), limx→−∞ qrel(x, t) = 0 the deformation can be expressed
as

qrel (x, t) = qsR(−a, t)e
a+x
σ for x ∈ (−∞,−a], (16)

and
qrel (x, t) = qsL(a, t)e

a−x
σ for x ∈ [a,∞). (17)

3.1.4 Boundary conditions at the sliding regions

For the case of simplicity in this study we only consider those cases, when sliding
regions occur both at the leading edge and at the rear end of the contact patch
and the whole contact patch slides only when the sliding regions merge. It can be
shown that this assumption can be used for the analysis of wheel-shimmy. Fig. 3
shows the assumed structure of the different types of regions in the contact. Thus,
in general we consider three different regions in the contact patch: a sliding region
at the leading edge (x ∈ [xL, a]), a rolling region in the middle (x ∈ [xR, xL]) and
a sliding region at the rear edge (x ∈ [−a, xR]). In the rolling part the deformation
is described by the travelling-wave solution (see Eqn. (7)), whereas in the sliding
parts the ODE (13) applies.

To provide a sufficiently smooth transition between the different regions of
the contact patch, on one hand, the conditions of continuity should hold for the
boundaries

qr (xL, t) = qsL (xL, t) . (18)

qsR (xR, t) = qr (xR, t) . (19)

Studying the PDE of Eqn. (2) it can be also shown that the first derivatives with
respect to the coordinate x should be continuous as well. This is due to the fact,
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that a discontinuity would involve a dirac-delta like ‘peak’ in the lateral force
distribution, which would be incompatible with the lateral distributed force limits
(11). Thus

q′r (xL, t) = q′sL (xL, t) , (20)

q′sR (xR, t) = q′r (xR, t) . (21)

Based on the same principle, another two boundary conditions can be formu-
lated for the leading and rear edges which are equivalent to the ‘no kink’ conditions
at the ends of the contact region

q′r (a, t) = −qsL (a, t)

σ
, (22)

q′sR (−a, t) = qr (−a, t)
σ

. (23)

These considerations however lead to an over-constrained problem for the slid-
ing regions since we formulated three boundary conditions for both the sliding
parts at the leading and rear edges, whereas the existence and uniqueness of the
solutions of the ODE (13) is assured by attaching two boundary conditions. There-
fore, we find the solution by varying the boundaries of the sliding regions xL and
xR, using the boundary conditions of Eqns. (19), (18), (23) and (22) in Eqn. (13),
whereas the continuity of the first derivatives (Eqns. (21), (20)) is used to find the
boundaries between the rolling and sliding regions.

3.2 Numerical calculation of the deformation

The presented numerical method is constructed such that it can be implemented
in a one-step explicit differential equation solver (in our study fourth order Runge-
Kutta is used). In each time-step the corresponding deformed shape is calculated
in two substeps. Firstly, based on the travelling wave solution we provide the tyre
deformation as if the condition of pure rolling would hold for the whole contact
patch. Unfortunately, due to the sliding region at the leading edge the travelling
wave solution cannot be used as it is given in Eqn. (7) since the tyre particles
do not stick at x = a in general. This problem could be handled if we would use
the past values of the position and the lateral deformation of the transition from
sliding to rolling at the leading edge. However, since the limit is varying in time
this should be performed for every single point of the contact region separately.
Instead, it is much more convenient to store the deformed shape of the contact
line from the last time-step as it already contains the ‘memory-effect’ in the tyre-
ground contact, and calculate the deformation in discrete points using the same
incremental time delay steps h in the formula as

q (xi, t) = V h sinψ (t)− (xi−1 − l) sin (ψ (t)− ψ (t− h))

+ q (xi−1, t− h) cos (ψ (t)− ψ (t− h)) ,
(24)

whereas for the longitudinal position of the tyre particles we obtain

xi = −V h cosψ (t) l + (xi−1 − l) cos (ψ (t)− ψ (t− h))

+ q (xi−1, t− h) sin (ψ (t)− ψ (t− h)) ,
(25)
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where i = 2, ..., N if the contact patch is discretised by N points as a = x1 >
x2 > ... > xN−1 > xN = −a. Meanwhile, the leading point deformation q (x1, t)
is obtained from the ODE (10).

Then, the lateral distributed force system required for the calculated deforma-
tion is obtained based on Eqn. (13) as

preq(xi, t) = −kσ2q′′(xi, t) + kq(xi, t) (26)

where the second derivative q′′(xi, t) is calculated by finite differences. The lateral
force is compared to the limiting parabolae which provides us an initial guess for
the two rolling/sliding transition boundaries. Using these we find the location of
the transition between rolling and sliding where the continuity of the first deriva-
tives holds. If more than one solutions are found, we use the one closest to the
initial guess.

This process is straightforward for the sliding region at the leading edge; how-
ever, at the rear end sliding can occur either in one or two directions simultane-
ously. This phenomenon can be originated in the fact that the continuity of the
first derivatives is not assured by the travelling wave solution at the rear end of the
contact patch, which would generate another ‘kink’ in the lateral force distribution
at x = −a. Since this is incompatible with the lateral force limits it induces sliding
at the end of the contact zone. If this sliding happens in the other direction as for
the other parts of the rear sliding region, i.e. sgn (preq(−a, t)) ̸= sgn (preq(x, t)) for
x ∈ (−a, xR) the sliding zone at the rear end is split into two regions with respect
to sliding direction. Therefore, for the rear end it should be decided first, whether
one or two sliding regions appear, then based on the initial guess the limits of the
sliding regions are determined. For sliding in one direction this can be performed
straightforwardly, if there are two sliding regions however, this yields to a two di-
mensional problem. Thus, we use an additional condition, that the side-change in
the resulting distributed lateral force system should be the closest to the position
determined based on the travelling wave solution.

4 RESULTS

Before numerical simulations of the nonlinear oscillations of the towed wheel, the
linear stability of the rectilinear motion was analysed. In the presented cases the
system parameters given in Table 1 were used. The stable and unstable regions
regarding the straight-line motion shown in Fig. 4 were determined by studying
the governing equations by semi-discretising the PDE in Eqn. (2) describing the
lateral deformation.

Running the system in the parameter range where the rectilinear motion is
unstable we captured the stable periodic orbits the system converged to. Looking
at the the deformed shape of the tyre corresponding to the vibrations of the wheel
(see Fig. 5 ) it can be observed that one and two-directional sliding zones alternate
at the rear end of the contact patch.

The amplitude of the yaw angle ψ corresponding to the stable limit cycles are
shown for the caster length of l = 0.3 m in Fig. 4 compared with the linear stability
chart. It was found that there exists a so-called bistable parameter range where
despite the fact that the straight-line motion is stable, for large enough perturba-
tion the system still can converge to a periodic orbit. From another point of view
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Fig. 4 Bifurcation diagram and linear stability chart of the rectilinear motion. In the upper
panel blue continuous lines correspond to stable, while red dashed lines to unstable solutions.
In the figure the amplitude ψmax of the deflection angle is shown for different longitudinal
velocities. In the lower stability chart, which was constructed in the plane of the towing velocity
V and the caster length l, the stable and unstable domains are separated by thick black lines.
The white domains are linearly stable, whereas the red shaded regions are linearly unstable.

Parameter Notation Value

Mass moment of inertia with respect to the joint A JA 3.61 kgm2

Tyre-ground contact patch half-length a 0.0395 m
Tyre relaxation length σ 0.13 m
Distributed tyre stiffness k 62600 N/m2

Distributed tyre damping d 19 Ns/m2

Torsional damping at J dt 0.61 Nms
Vertical tyre load Fz 180 N
Friction coefficient for rolling µr 1.5
Friction coefficient for sliding µs 1.0

Table 1 List of parameters used in simulation.

this property of the system can be seen as a hysteresis effect in the stability of the
equilibrium. Namely, if the system diverges from the straigth-line motion in the
linearly unstable velocity range due to small perturbations, it can be returned to
the straight-line motion by decreasing the velocity to a lower value than the linear
stability boundary. And similarly, if the perturbations are small by increasing the
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Fig. 5 The distributed lateral force system and the deformed shape of the tyre centre-line at
different time instants. In the top panel the deflection angle is shown while we also marked
the four time instants to which the presented tyre deformations and lateral forces correspond.
For each case in the upper panels the continuous and dashed red parabolae represent the
force limits for rolling and sliding respectively, while actual lateral load is shown by thick
green curves. In the lower panels white zones correspond to the rolling part, red zones to the
sliding part (different shades of red refer to two-direction sliding). The regions outside the
contact-patch are illustrated by dashed curves.

towing velocity again, the vibrations of the system decay to the stable equilibrium
as long as the velocity does not reach the boundary of linear stability.

This feature in dynamical systems can be associated with a subcritical Hopf bi-
furcation of the equilibrium corresponding to the straight-line motion. This means
that although they cannot be obtained by simulation, at the linear stability bound-
ary a branch of unstable limit cycles should emerge above the branch of stable
equilibria to separate the ranges of attractivity of the stable equilibrium and the
periodic orbit [14]. It is also visible that the branch of the stable limit cycles emerge
close to linearly in the plane of the towing velocity V and the amplitude of the
deflection angle ψmax, which is a typical property in piecewise-smooth differential
equations [15].
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5 MEASUREMENTS

Fig. 6 The experimental rig.

Measurements have been carried out on a towed tyre running on a conveyor
belt (see Fig. 6) in order to validate the non-smooth delayed tyre model. In the
experimental rig the tyre and the caster are mounted to the ground-fixed rack by
a rotational joint while underneath the rubber-made conveyor belt is running with
a given speed of V . With the Galilean transformation this setup can be converted
to be identical to the investigated mechanical model.

In the experiment, the wheel is placed into a fork that can be moved along the
caster to modify the caster length. The caster can rotate about the vertical axis of
the king pin where two preloaded ball bearings are installed in O-type arrangement
with oil lubrication. This installation of the bearings leads to a relatively rigid king
pin setup having small effect of the dry friction, low damping and no clearance. In
the experimental rig, the length of the contact patch can be set by the changing
of the vertical distance between the king pin and the conveyor belt. Of course,
this construction cannot guarantee constant vertical force acting on the wheel,
but none of the experimental results suggested that relevant variation is present
for the applied parameter setup.

To reduce the effect of the lateral elasticity of the conveyor belt, it was sup-
ported by a rigid frame. Moreover, the tyre inflation pressure and the contact patch
size were tuned to smaller values, where preliminary experiments showed that the
buckling of the conveyor belt can be avoided but the interesting parameter domain
of the stability chart and non-linear vibrations can be reached.

During the measurement, the motion of the towed wheel was captured via
the time signal of the deflection angle ψ(t), which was measured by a magnetic
rotation sensor located at the king pin. The conveyor belt speed was measured by
an optical sensor.
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5.1 Parameter identification

0 0.20.10.05 0.15
l [m]

0 0.20.10.05 0.15
l [m]

0

2

4

6

8

f 
 [

H
z
]

0

5

10

15

20

ζ 
 [

%
]

Fig. 7 The result of the modal test at zero towing speed.

The lateral tyre stiffness k, tyre damping d, the relaxation length σ and the tor-
sional damping dt were identified by measuring the natural frequency and damping
ratio of the caster-wheel system for different caster lengths at zero towing speed.
In Fig.8, the results of the modal test are shown by red crosses while blue lines
correspond to the fitted theoretical formulae. These can be expressed as

f =
1

2π

√
k
(
2
3a

3 + 2(aσ + l2)(a+ σ)
)

JA
, (27)

and

ζ =
π

f
·
dt + d

(
2
3a

3 + 2(aσ + l2)(a+ σ)
)

JA
. (28)

The parameters of the implemented Coulomb friction law are defined here by the
maximum of the transmittable lateral force for sticking and sliding respectively:
Frmax = µrFz and Fsmax = µsFz. These were set to match the measured and
simulated non-linear vibration amplitudes. The identified system parameters of
the experiments are listed in Table 2.

5.2 Steady state behaviour

The steady-state behaviour of the non-smooth delayed tyre model was also tested
and compared to experiments. For this purpose the lateral tyre force was measured
while the deflection angle ψ (equal to the side-slip angle in steady-state) was held
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constant. Thus, the steady state force characteristics was generated as shown in
Fig. 8. Using the measurement data the parameters BF , CF , DF and EF are
identified in the Magic Formula [1]:

F (α) = −DF sin (CF arctan (BFα− EF (BFα− arctan (BFα)))) . (29)

With the help of steady-state measurements the coefficients in the Magic Formula
were identified as BF = 3.9085, CF = 1.55, DF = 119.12 N, EF = 0.3924. In
Fig. 8, the Magic Formula is compared to numerical simulations using the non-
smooth delayed tyre model shown by thick black curves while the simulated self
aligning moment characteristics is also shown (although this was not measured).
It can be seen that the transition from partial sliding to full sliding is less smooth
than the measurement data show. This can be explained by the relative stiffness
of the stretched string model for sliding. This is presumably also the main reason
why the simulated forces corresponding to the same deflection angles are higher
than the measured ones, although in our measurement set-up the vertical load also
decreases in some extent for large tyre deformation which also results a smaller
maximum of the lateral force. In Fig. 8 the lateral forces are normalised by their
maximum values, so this effect cannot be observed there. Another difference is
that while the characteristics obtained using the stretched string model saturates
at its maximum value, the measured force shows a minimal backdrop for large
side slip angles which is usually explained by the difference between the friction
coefficients for rolling and sliding. Using the stretched string model this effect
practically never shows up in the non-smooth delayed tyre model as the sliding
regions spread rapidly from the end of the contact patch and no such rolling region
is encountered where the lateral load is higher than the sliding limit.

To calculate the linear stability boundaries and the periodic solutions with the
steady state tyre model we used the equation of motion given in Eqn. (1) with
the ODE (10) for the leading point deformation. Thus, the dynamics of the tyre-
ground contact was still considered in limited way while the lateral force F was
calculated from the Magic Formula (29). For the self-aligning moment a linear
characteristics was used as

M = −κaBFCFDFα, (30)

where the parameter κ is defined as κ = t∗a where t∗ = −CMα
/CFα

is the pneu-
matic trail, that is the ratio of the torsional and lateral stiffness of the tyre for
small deformation. In the meantime the side-slip angle α is calculated as

α = − arctan
q(a, t)

σ
. (31)

It is worth to mention that this assumption provides the quasi steady state straight-
tangent approximation of the stretched string model [1].

5.3 Identification of the bistable regions

To capture the bistable parameter regions experimentally beginning from a domain
where the straight-line motion is stable the speed of the conveyor belt was increased
by steps of (approximately) 0.5 km/h until the stability boundary was crossed and
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Fig. 8 Normalised tyre lateral force and self aligning torque characteristics. The light red
stars represent the measurement data, the thick black curves correspond to the non-smooth
delayed tyre model, while the thin grey curve corresponds to the Magic Formula.
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Fig. 9 Measured and theoretical stability boundaries predicted by the stretched string model
(thick black curve) and the Magic Formula (thin black curves). The shading refers to the
stable/unstable behaviour of the stretched string model.

the system converged to a large amplitude limit-cycle. Then, to discover the limits
of the bistable velocity-range, the conveyor belt speed was decreased until the
vibrations disappeared.

First, the measurement results were compared to the linear stability boundaries
obtained from the non-smooth delay and the Magic Formula tyre model as shown
in Fig. 9. Since the self aligning torque was not measured we present the stability
boundaries for various pneumatic trails varying the parameter κ from 1/3 to 5. It
can be seen that the stretched string model and the quasi steady state tyre model
have both have an error in the critical velocity compared to the measurements
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Fig. 10 Measured and theoretical vibration amplitudes (upper panel) and theoretical linear
stability chart of the rectilinear motion (lower panel). In the upper panel blue crosses cor-
respond to the amplitudes simulated with the stretched string tyre model, the red ones to
measured results, while the thin black curves show the amplitudes obtained with the Magic
Formula. In the lower stability chart in the plane of the towing velocity V and the caster
lenght l the thick black curve shows the stability boundary with the stretched string model.
The white (unstable) and the red (stable) domain refers to the results with the NSDTM. Sta-
bility boundaries predicted by the steady-state tyre model are shown by thin black curves.
The thick orange segments of the l = 0.075 m line shows the measured and simulated bistable
parameter regions.

Parameter Notation Value

Mass moment of inertia with respect to the joint A JA 0.179628 kgm2

Tyre-ground contact patch half-length a 0.054 m
Tyre relaxation length σ 0.12 m
Distributed tyre stiffness k 43766 N/m2

Distributed tyre damping d 23 Ns/m2

Torsional damping at J dt 1.3 Nms
Maximum lateral force for rolling Frmax 900 N
Maximum lateral force for sliding Fsmax 600 N

Table 2 List of parameters of the experiments.
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with the stretched string model providing an upper, whereas the Magic Formula
a lower estimation for the stability boundary. It is also visible though that for
smaller pneumatic trails the Magic Formula provides an upper critical speed above
which it predicts the rectilinear motion to be stable. Such behaviour was not
experienced during the measurements in the velocity range of V = 0 − 5 m/s.
The stability boundaries are more in accordance with the experimental results
for higher pneumatic trails. Nevertheless, a pneumatic trail around five times the
contact patch half length is physically unimaginable as the lever of the resultant
force would exceed even the contact patch and the relaxation length together.
Although this discrepancy could be overcome by choosing an even higher relaxation
length as well. This, however, would result the unstable domain spreading to higher
caster lengths as well where in the experiments the rectilinear motion was found
to be stable.

The results of the measurements are compared with numerical simulations as
well, where the same process was simulated using the non-smooth delayed tyre
model to cover the bistable parameter range. The measured and simulated vibra-
tion amplitudes are shown for the caster length of l = 0.075 m in Fig. 10. The
arrows above the measured and simulated data indicate the hysteresis loop re-
garding the stability of the rectilinear motion. As it can be observed, during the
experiment the rectilinear motion lost its stability at a lower velocity than is can
be predicted by numerical simulation. Comparing the width of the measured and
simulated bistable zones one can see that the measurement provided a narrower
unsafe domain. Amongst many other effects this can be explained by the fact that
the measurements were affected by the noise from the conveyor belt and the wheel
unbalance which, by providing large enough perturbation, could un-stabilise the
straight-line motion. Otherwise the shift of the stability boundary towards a lower
velocity level can be also explained by the yet unexplored velocity-dependence of
the tyre properties. Such a proprety is suggested by the much stronger velocity-
dependence of the vibration amplitudes than the simulation results show. Moreover
the behaviour of the rubber tyre is influenced by many non-modelled factors, such
as the already mentioned velocity dependence as well as material non-linearities
and the tyre and conveyor belt temperature. We also present the amplitudes of
the periodic solutions with the Magic Formula tyre model for different pneumatic
trails which were calculated by using the continuation software AUTO07p [18].
In this case larger discrepancies were found in the vibration amplitudes for larger
pneumatic trails, while we found better match for κ = 1/3, which can be explained
by the fact that for large deformations the pneumatic trail becomes indeed smaller.
It can be also seen though, that the Magic Formula tyre model in our mechanical
model does not result a bistable parameter domain.

6 CONCLUSIONS

In the paper we presented a non-smooth delayed tyre model to describe the lateral
deformation of the tyre in the tyre-road contact region. The model was imple-
mented in the in-plane mechanical model of a towed wheel and was used to study
the nonlinear dynamics of wheel-shimmy. With the help of numerical simulations
we demonstrated how the memory effect and the partial side-slip in the contact
patch cause a hysteresis effect regarding the stability of the straight-line motion.
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It is worth to mention that while the nonlinear dynamics of wheel-shimmy has
been analysed in many studies using quasi steady-state tyre model [16], or a sim-
plified version of the stretched-string model like Von Schlippe’s approximation in
[17], a subcritical Hopf bifurcation seems to occur only if both the delay and the
friction are taken into account in the contact. This is also verified by our anal-
ysis demonstrating that although the lateral force generated in steady-state by
the semi empirical Magic Formula tyre model was in better accordance with the
measurements it does not provide a bistable parameter domain beside the linearly
unstable region as experienced in measurements.

With the non-smooth delayed tyre model the simplifications of considering slid-
ing regions at the leading and rear edges only enabled us to compose a multi-scale
method which provides results with good accuracy within a manageable compu-
tation time. Therefore, the presented code may be worth to be optimised further
with respect to the computation time to achieve close to real-time computing.
Moreover, based on this idea, a similar method could be developed to calculate
the sliding zones for the longitudinal deformations of the tyre, which would enable
us to create more accurate algorithms which are capable of working together with
anti-lock braking systems.

The presented numerical simulation is capable to find the stable solutions in
the system (equilibria and periodic orbits). Thus, it enabled us to capture the hys-
teresis effect in the stability of the rectilinear motion which was also confirmed by
experiments with good qualitative agreement with the simulations. Nevertheless,
the measurements on the conveyor belt also revealed inaccuracies in our model
which could be addressed after further investigation of the presumably significant
effect of the velocity and the temperature on the tyre behaviour.

Although our current algorithm has some limitations identifying the unstable
solutions of the system, it may be used as a basis for the continuation of the
limit cycles. Shooting or control-based continuation algorithms in further research
would be capable to reveal the structure of the global bifurcation in the system in
more detail.

References

1. Pacejka, H.B., Tyre and Vehicle Dynamics, Elsevier Butterworth-Heinemann,
2002.

2. Rill, G., TMeasyThe handling tire model for all driving situations, in Proceed-
ings of the XV International Symposium on Dynamic Problems of Mechanics,
Buzios, RJ, Brazil, 2013.
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