Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 19 (2018), No. 2, pp. 1079-1094 DOI: 10.18514/MMN.2018.1222

SOME INTERESTING CONGRUENCES FOR BALLOT NUMBERS

NESE OMUR AND SIBEL KOPARAL

Received 30 April, 2014

n—1 n—1
Abstract. In this paper, we determine the sums (Zk,j' d) Jxk k(ZkIj' d) /x¥ and some
k= k=0

congruences can be obtained by using them. For example, for an odd prime p # 5,

(p—1)/2 d
kg 2k+dy _ (DY (5 3
k2=:0 D¥ k() =55 (P)(Fd+1—(%) (d+1)Ld+1—(%)) (mod p),
and for an odd prime p,
(p—1)/2
_k — (. md-1(2
kgo (_4)/\B(kd)— ( 2) (P)de+1—(%) (mod p)7

where d € {0,...,(p — 1) /2}, Fy is the nth Fibonacci number, Ly, is the nth Lucas number and
P, is the nth Pell number. (5) denotes the Legendre symbol.
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1. INTRODUCTION

The some elementary combinatorial properties of the Catalan and Ballot numbers
are given in [2], [4] and [3]. In [1], [7], E. Lucas and N.J. Fine gave how to compute
binomial coefficients modulo a prime. Lucas Theorem is given as follows:

If p is a prime, n, m, ng and m are non-negative integers, and ng, mgo are both

less than p, then
("p+"°) = (”) ("0) (mod p). (1.1)
mp +my m ] \mg

The Catalan numbers are given by

1 2 2 2
Cp = V=)= "), nenw.
n+1\n n n—+1

(© 2018 Miskolc University Press
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In [2], the Catalan numbers are special cases of the Ballot numbers

k 2n+k
Bn.ly = 2n—|—k< n )

In [13], Z.W. Sun and R. Tauraso obtained Z (szd)/m and Z (k+d)/kmk !
k=

mod p foralld =0, 1,..., p%, where m is any 1nteger not divisible by p. For example,
they showed that if p # 2,5, then

r—1 F )]
Z (—1)k (2:) =-5 p;(S) (mod p).
k=0

pi—1
In [8], Z.W. Sun determined " (k+d)/m mod p? for d = 0, 1; for example,
k=0

pi-1 2 2
2k k_ [(m~—4m m*=—4m 2
2. (k+d)/m :( 1% )+( pa! )up_(_m2;4m) (mod 7

k=0

where an odd prime p and a,m € Z witha > 0, p } m.
(p-1)/2
In[11],Z.W. Sun used Lucas quotients in order to obtain ~ Y_ (215 )/m* modulo

p? for any integer m#0 (mod p); especially, he determined the following congru-
ence:
(p=1)/2 2k
3
Z —(1’;) = (—) (mod p?).
k=0 P
In [9], Z.W. Sun gave the following congruence:

—3)/2
(p—3)/ (Zkk)

2 (2k + 1) 4k

k=0

= (-1)PTD24,2)  (mod p?),

where an odd prime p and ¢, (2) is a Fermat quotient.
n [6], S. Koparal and N. Omiir presented congruences involving central binomial
coefficients and harmonic numbers. For example, for an odd prime p,

(p—1)/2

Z (- ( )Hk_lE§(2FP+1—5(P—1>/2—1) (mod p),

where H,, is the nth harmonic number.
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In [5], K.H. Pilehrood et all gave that for a prime p # 2,5,
(p—3)/2 2k
(%) Fakr1 _ e+ fr - (%) 4 o2
Yo SR () 2250 (mod p?).
= Qk+1)16 D

k

n—1 n—1

In this paper, we determine the sums Y (Zk,jd)/xk, > k(Zkde)/xk and some
k=0 k=0

congruences can be obtained by using them.

Two sequences {u, (x)} and {v, (x)} of polynomials are defined by for n > 0

Un+1(X) = Xup (X) —up—1(x) and vp41(X) = X0y (X) —Vp—1(x),
where ug (x) =0, u;(x) =1 and vg (x) = 2, v; (x) = x, respectively. The char-

acteristic equation y2 — xy 4+ 1 = 0 of the sequences {1, (x)} and {v, (x)} has two

1To0ts
VA —JVvA
XS o =T

where A = x2 — 4. The Binet formulas of the sequences {u, (x)} and {v, (x)} are as
follows:

a(x) =

PR GGV . 163)
T a0 -8 )

respectively. Clearly, for any n € N,

and v, (x) = (¢ (x))" + (B (x))",

XUp (X) +Vn (X) = 2Up41 (), (1.2)
n ()4 200 () = 2 (01 ()0 (), (13)
Aup (x) = vp41 (X) —vp—1(x). (1.4)
It is seen that
(=1)" "y (=3) = Fap and (=1)" v, (—3) = Loy, (1.5)

(1" (-6) = 3 Pay and (~1) vy (=6) = Qn,

where F;,, and L, are the nth Fibonacci number and nth Lucas number, and P, and
Oy, are the nth Pell number and the nth Pell-Lucas number, respectively.

2. SOME CONGRUENCES RELATED TO BALLOT NUMBERS

In this section, we will investigate some congruences with the combinatorial iden-
tities. Now, we give the following lemmas for further use.
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Lemma 1. Let r,s € Z and D = r? — 4s. Suppose that p is an odd prime with
p tsD. Then

_ (=) (o p), @.1)

(r " ﬁ)”(?)

2

S

where r:|:2 are roots of the equation y> —ry +s =0 [10].

Lemma 2. Foranyn € N, we have

d
i (0=2)) = S (14 D (6 =2) =21 (x~2),

where A as before.

N

Proof. By differentiating both sides of & (x —2) = x—2—2i- , We write
x—24+VA _a(x—2)

d
I ex-2) = A Ja

Similarly, it is clearly seen that

—B(x—2) d (\/Z)=2a(x—2)_1=2/3(x—2)+1‘

d
—(Bx-2) = and ~—

VA dx VA VA
Thus
d
%(un(x—@):
_d (" (x=2)—p" (x=2)
- ()
(e w=2) B E—2)
_Z((n «/Z +n «/Z )\/Z
200 (x —2) oo 2B (x—2) no.
_(7—1)(1 (x 2)+(—¢Z +1)ﬁ (x 2))
=%(nan(X—2)+n,3n(X—z)—z(anH(X_Z)legn+l(x_2))

+a' (x=2)+ B" (x —2))
= %(nvn (x—=2)—2upy1(x=2)+ v, (x—=2))
- %((n—{—l)vn (x —=2) —2upt1(x—2)).

This concludes the proof. O
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Theorem 1. Foranyn, d € Z *. we have

n—1 n+d—1
2%k +d\ , . 2n+d
3] A RS Sl R AV 22)

k=0 k=0
—x" T2 ey g1 (X =2) Fupaya) (x—2)).
where £ = (1 — (—l)d) /2.

Proof. To prove (2.2), we shall apply induction method on #.
For n = 1, we must show that ford € Z 7,

d

d+2
Z( : )ud+1_k(x—2)= (2.3)
k=0

4 xla/2l+1(

eu|qj2)+1(X=2) +ujg) (x—2)).

We have
d
+2
Z( X )ud+1_k(x—2):
k=0
d+2 d+2
d+2 d+2
=1+Z( N )ud+1_k(x—2)=1+2( N )uk_1<x—2>
k=0 k=0

1 1 2 (a+2 .
=1+auaﬂum{a@mgi<k)w“”)

d+2 d
_ﬂ(xl—z) 2. ( :2) (ﬁ(x2))k}

k=0

1
=1+au—m—ﬂu—m{au—m

1 d+2
—ﬂ(x_z)(l+,8(x—2)) }
Using the identity o (x —2) 8 (x —2) =1, we get

< (d
Z ( :z)udﬂ—k (x=2)=

k=0

(1+a(x—2)9+2

- 1 — _yyd+2
_1+a(x—2)_/3(x_2){(:3(x 2))(1+a(x—2)

—(@(x=2) (14 B (x—2)" 2},
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Fromd = |d /2] 4 |d/2] + ¢, we rewrite

4 (d
Ei(ziyuH%u—a=

k=0

Y e y—

x{(B(x=2) (1 +a (x=2)° (1 +a (x =22 (1 .o (x —2)) /20!

—mufa»a+ﬁu—afa+ﬁu—mﬂW%“a+ﬁu—mﬂW““}
Using the identity (1 +a (x —2)) (1 + B (x —2)) = x, we get

4 (d
Z ( ]—:2)“d+1—k (x=2)=

k=0
1

T T Tey
x{(B(x=2)+) (1 +a(x =T (14 (x—2)4/2H!
—(@(x=2)+e)(1+p(x—2)k/2* 1 —i—,B(x—Z))Ld/ZJH}

xld/2+1

R TC )
te(a(x—2) 2 g (x_z))Ld/ZHl}

= 14 a2

{(@ =22 = (B (x =21/

Uld/2) (X —=2) +euja/a)+1 (X —2)).
So, (2.2) holds forn = 1.
We assume that the result is true for some integer n > 1.

We must show that for n 4+ 1, (2.2) holds. By the induction hypothesis, for any
d e Zt, we write

= (2
Z( ktd\ ok _
k

k=0

_ <2n + d) s (2k + d)xn—l—k
n k
k=0

m+d\ " (an+d
=< ; )+x Z X Untd—k (X —2)

k=0

_xntitld/2] (eulasa)+1 (x =2) +upasa) (x —2))
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2n+d ntd -l 2n+d
=< " )+x Z X Untd—k (X —2)

k=0
n+d—1 n+d—1
2n+d 2n+d
( )Mn+d—k(x—2)+2 E ( X )Mn+d—k(x—2)

-2

n+d—1 n+d—1

2n+d 2n+d

- E ( )Mn+d—1—k(x—2)+ E ( k )“n+d—1—k(x—2)
k=0

k=0 k
— xn a2+ (eupay2)+1(x —2) +uga/2) (x —2))

n+d n+d
d d
(-2 ) (2"+ )un+d_k (-2~ Y (2” N )un+d_1_k (x~2)

i\ K k=0
n+d—1 n+d—1
2n+d 2n+d
+2 Z ( X )un+d—k(x—2)+ Z ( r )un+d—1—k(x—2)
k=0 k=0

— xR (w040 (6 =2) + 1t a2) (x=2)).

Since (x —2)up (x —2) = up41 (x —2) +upu—1 (x —2), we have

> =

- <2k + d)xn—k _

io\ K
n+d ntd—1
2n+d 2n+d
=Z( i )un+d+1—k(x—2)+2 Z ( X )un+d—k(x—2)
k=0 k=—1
n+d—1 In+d
+ k_Z_z ( i )un+d—1—k (x—=2)

—xntld/2l+1 (8M|_d/2j+1 (x=2)+ujas) (x _2))

n+d n+d
2n+d 2n+d
= E ( i )un+d+l—k(x_2)+2§ (k—l )”n+d+1—k(x—2)

k=0

k=0
k—2

n+d+1
2n+d
+ Z ( )un+d+1—k (x—2)
k=0
— X2 (g gy (X =2) 1 gy2) (X —2)),
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and hence

i (2k;—d)xn_k _

k=0

ntd 2n—|—d 2n+d 2n+d
= Z +2 PR el P Untd+1—k (X —2)
—X"Hd/zHl (eu|dj2j+1 (x =2) +upg2) (x —2)).

By the binomial identity (2”+d) + 2(2"+d) + (2£:L2d) = (2”+kd+2), we get

k+d n+d d
Z (2 /j )xn_k = Z (2(n +k1)+ )un+d+l—k (x—2)

k=0 k=0
— xR (g 14 (0= 2) F gy (1 —2).
Hence the result is true for all integers n > 0. U
As aresult of Theorem 1, we may give the following congruence.

Corollary 1. Let p be an odd prime. Then

(p—1)/2
1 (2
P k+d) _  1d2-p-1/2 2.4)
o mk k

X {(1=&)u(p—1)j2+1d/2) (M —2) + (M =D& + Dit(py1)/2+(a/2) (m—2)}
m 2 G o) 41 (m—=2) +uajp) (m—2))  (mod p),
where ¢, A as before, d € {0,1,...,(p—1)/2} and m € Z with p } mA.
Proof. Substitutingn = (p+1)/2 and x = m in (2.2), we write

(p—1)/2 (p—1)/2+d
2k +d 1Y/ p+d+1
) ( . )m(p Dk = 3 ( L )u(p+1)/2+d—k (m—2)

k=0 k=0
mPTOHL] (e 41y 4y (m—2) +u g2y (m—2)).
By the congruence in (1.1), it is easily seen that
(p—1)/2 2k+d)

mP—1D/2 Z

d+1
d+1
—Z< K )u(p+1)/2+d k(m—2)
k=0

mld/21+(pr1)/2 (eua2j+1(m—2) +u|q/2) (m—2))
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d+1
d+1
= Z( X )u(p—l)/2+k (m—2)
k=0

—ml2I D2 () 1)y (m—2) + 1 g72) (m—2))

_ (@m=2)@ V2 a4
_a(m—2)—,8(m—2)k=0 k

(B (m—2))®=D/2 XL (714
_cx(m—Z)—ﬂ(m—Z)kzo k

_m(p+1)/2+Ld/2J(

) (@ (m—2)

) (B (m—2))k

gU|d/a)+1 (M —2) +uig/o) (m—2)) (mod p).
By Binomial theorem, we have
(p—1)/2 (2k+d)

(r—1)/2 k ) _
" > mk
k=0

_ @m=2)""V2 (A +a@m-2)"""  (Bom-2)"""2(1+pm-2)""
N a(m—2)—pB(m—2) a(m—2)—pB(m-2)
—m TV ey 1y (m=2) + 1t g72) (m—2))  (mod p).
Fromd = |d/2] + |d/2] + ¢, then
(p—1)/2 (2k+d)

Z k

3
k= M

= ! X
a(m—=2)—B(m—-2)

x { (@ (m —2))P~D/2 (1 4o (m —2))l4/214e+1 (| 4 g (m —2))L4/2]

— (B on =)V (14 p (m—2) 2 (14 p n—2)) 14721}

_m(p+1)/2+|_d/2J (EuLd/2J+1 (m—2) +”Ld/2J (m—2)) (mOd p)

Using the equalities of « (m —2) B (m—2)=1land (1+a(m—-2))(1+B(m—2)) =
m, we have the proof. g

For example, when d =0 and m € Z with p  m

IS Ee=

mk p

) (mod p) [12],

k=0
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and
(r—1)/2
k+d
% () = () gy e
=0

where d € {0,1,...,(p—1)/2}.

Theorem 2. Foranyn, d € Z*, we have

n—1 2% +d n+d—1 5 d
Zk( ;)xn_l_k: > (n,j )((n—l)un+d—k(x—2) (2.5)
k=0

k=0

~ 2 ((1+d + 1=k Vg (F=2) =214 (1 =2)))

+(1d/2] + D" T2 (eu g 41 (x=2) +u g/0) (x—2))
ntld/2)+1

t— (e ((Ld/2] +2)via/a)+1 (X —2) =2u|g/2) 42 (x —2))

+(ld/2] + D vayo) (x=2) = 2u|g/2)41 (x —2)).

where ¢, A as before.

Proof. To prove equality (2.5), we take the derivative of (2.2) with respect to x:
= (2k +d

> A )(n—1—k)x"—2—k =

k=0
n+d—1
2n+d\ 1
= Z ( k )Z((”+d+1—k)vn+d—k(X—2) _2un+d+1—k(x—2))
k=0

—(n+1d/2)) "2 (g o 41 (0= 2) Fu g (x—2))
xn+|_d/2]
———— (e((ld/2] + 2 viapaj1 (¥ =2) = 2uja 242 (¥ = 2))

+(1d/2] + D) vjaja) (x =2) =2u|g/2)+1 (x —2)),
and then

n—1
2k +d
Zk( ; )x"_z_kz 2.6)
k=0
—1
:n—1"2 2ke+d\ ik
x k

k=0

179 (o4 d
3 Z ( 1 )((n+d+1—k)vn+d—k (x—=2)=2upta+1-k (x —2))
k=0
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+(n+ [d/2]) X" (w1 (6= 2) F gy (x -2))
n+ld/2]
t— (e ((Ld/2] +2) vig/a)+1 (x —2) —2u|g/2]+2 (x —2))

(Ld/2] + D) vjgj2) (x —2) =2u|g/2)41 (x —2)).

Multiplying both sides of (2.6) with x and using Lemma 1, the proof is the complete.

O
Now, from Theorem 2, we have the following congruence:
Corollary 2. Let p be an odd prime. Then
(p—1)/2 (2k+d)
Yo o kE o= 2.7)
k= "
ld/2]+1-(p—1)/2
=_" x 2.8)

A
X ((d +2) (V(pt1)/241d/2) (M =2) + €V (pt1) /24 1d /2] +1 (M —2))

—2((A=8)u(pr1)/241d/2) (M =2)+ (M= e+ Dut(pi1y/24|d/2)+1 (M —2)))
mld/2]+et1
L — 2(Ld/2] + 1) (via2)+1(m—=2) + (1 =) v|g/2) (M —2))

—Q2—&)mu|gjz)41(m—=2))  (mod p),
where €, A as before, d € {0,1,....,(p—1)/2} and m € Z with p y mA.

Proof. Substituting n = (p +1)/2 and x = m in (2.5), we write

(p_l)/z <2k+d

2. KTy
k=0

(p—1)/2+d (

)m(p—l)/Z—k —

>

p+d+1\/(p-—1
i 5 Mp+1)/2+d—k (m—2)
k=0

m p+1
-3 ((T +d+1 —k) V(p+1)/24+d—k (M —2) = 2U(py1)/2+d +1—k (M _2)))

+([d/2) + 1)ymPTD2HLAI2] (g o (= 2) Fua)n) (m—2))
m(p+D/2+1d/2]+1
+ A (e ((Ld/2] +2)vig/2)41 (M —2) = 2u|g/2)42 (M —2))

+(ld/2] + D vgjz) (m—2) —2ug/2)+1 (M —2)).
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By the congruence in (1.1), it is easily seen that

(p— 1)/2 +d)

mP=1/2 Z
d+1
d+1 1
= Z( K )(——“(p+1)/2+d —k(m=2)

k=0

m 3
A ((5 +d —k) V(p+1)/2+d—k (M=2) =2U(pi1)/24d+1-k (M —2)))

+(ld/2] + 1)m(p+l)/2+|_d/2j (8uLd/2J+1 (m—=2) +U|d/2) (m —2))
m(PHD/2+1d/2]+1

+ A (e ((1d/2] +2)vias2)+1 (M —2) —2u|g/2)+2 (M —2))
+(1d/2] + D vaja) (m—2)=2ug/2)+1 (m—2))
d+1 d+1
d+1 2m d+1
Z__Z( k )”(P n/2+k (M =2)+ = Z( K )u(p+1)/2+k(m_2)
k=0 k=0
d+1
d+1 1
__Z< )(k+ )v(p 1)/2+k(m 2)
k=0
+([d/2] + 1ymPHO2HL2] (g o)y (m—2) + 1 g2 (m—2))
m(P+1)/2+|.d/2J+1
+ A (e ((Ld/2) +2) via2 41 (M —2) =2u|4/2]42 (M —2))

+(ld/2] + D) g/ (m—2) =2u|g/2)4+1 (m—2)) (mod p).

From the Binet formulae of the sequences {u, (m —2)} and {v, (m —2)} and Bino-
mial theorem, we have

(p— 1)/2 ( +d)

m@-D/2 Z

_ _lmtd/zJ (
2

(1= &) u(p—1)/2+1d/2) (M—=2) + ((m—=1) e+ D(ps1)/241d/2) (M —2))

2
+ Zde/ZJH (1= u(py1)/2+1d/2) (M=2)+ (M —1) e+ DU(py1)/2+|d/2)+1 (M —2))
mld/21+1

(d + 1) (vps1)/241d/2) (M —2) + €V(pt1)/241d/2)+1 (M —2))
mld/21+1

2A
+(Ld/2) + Dym@PTVHA2] (g 4oy (m—2) +upay2) (m —2))

(A=&)v(p=1)/2+41d/2) (M =2) + (M= 1) & + 1) v(ps1)/241d/2] (M —2))
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m(p+1)/2+Ld/2J+1
A (e ((Ld/2] +2) viayaj+1 (M —2) =2 4/2) 42 (m —2))

+(1d/2] + D) viajz) (m—2)=2u g2 41 (m—2))  (mod p).

From (1.2), (1.3) and (1.4), we obtained the desired result. ]
For example, for an odd prime p # 5

(p—1)/2
e (2k+d\
> (=D k( L )=

k=0

_1n¢
= ( 5) (%) (Fd+1—(f,)_(d+1)Ld+1—(;)) (mod p),

and for an odd prime p,

""i/z k (2k+d)=

i K
2 d+1

= (5) (Pane) =5 Quregzy) o)

where d € {0,1,...,(p—1)/2}.
From Corollary 1 and Corollary 2, clearly the congruences are given as follows:

Corollary 3. Let p be an odd prime and d € {0,1,2,....,(p—1)/2}. Form e Z
with p  mA, then

(p_l)/zB(k,d)

mk

k=0

= ml DRI Ny @ y/21-e (M= 2) =iy 2 (@121 (m—2)}

—m T2 g 41y 0y (M =2) —u | (a—1)/2) 426 (M —2)) =804 (mod p),

and
(p—/2 4
> —Bk.d)=
m
k=0
ml@+vrl
=——7 4 {m' ™ (vi@+1)/2)-e (M =2) = Vi@+1)/2041 (M —2))
=PI (1) 24 1@=1)/2) (1= 2) = V(pt1) 241 @+1)/2) 416 (1 —2))} (mod p).

where e, A as before and §;; is the Kronecker delta.
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Proof. Using the binomial identities (}) = %(z:}) and () = (" ;1) + (Z:}), we
get

(pi/zB(k’d)—(pi/zl 4 (2%k+d _(”_Xli/zld2k+d—1
mk mk2k+d\ k | mkk\ k-1 )

k=0 k=0 k=0

For k,d € Z7, it is known that
2k +d —1 _ 2k +d —1 +d 2k +d —1
k o\ k-1 k\ k-1 )
So, we have

mk

k=0

_(pi/zL dk+d—1\ (2k+d—1
B mk k k—1
k=0

_(”‘f/z 1 (2k+d—1 (”‘i/z 1 (2%k+d—1

B ! mk k = mk k—1

D2 (ka1 (”‘23%/2 1 (2k+d+1

- mk B mk+1
iz M k =, m k

_(1"21%/2 1 (2%k+d—1 1(”‘23)/2 1 (2%k+d+1 (d—l)

- mk “m mk I -
iz M k m. fom k 1
“"Z”/z 1 (2k+d—1\ 1%E? 1 (2k+d+1 5

= = - = —00,d
iz M k m. f—m k
+; p+d
m@+0/2\(p—-1)/2)

ince ((p—l)/2) =0 (mod p)ford €{0,1,2,...,(p—1)/2}, from (1.1), we get

k _Ezﬁ k

P2y okrd—1\ 1P2?% 1 (2k+d+1
= — —380,¢4 (mod p).
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So, taking d — 1 and d + 1 instead of d in (2.4), respectively, this concludes the

proof. n
For example, for an odd prime p # 5
(p—1)/2 5
Y. DFBk,d)= () (—) L, (s\—80a (mod p),
»)Ea(s)
and for an odd prime p,
(P—l)/2 k d 2
B(k,d)=—(-2)%"! (—) dpP (mod p),
,g (4 p) " ani=(3)

where d € {0,1,2,....(p—1)/2}.
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