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Abstract. We give refinement of few inequalities from [13], related of the left-hand side of
the Hermite—Hadamard type inequalities for the class of mappings whose second derivatives at
certain powers are s-convex in the second sense.
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1. PRELIMINARIES

It is a well known fact that convexity and its generalizations play an important role
in different parts of mathematics and science, mainly in optimization theory. Also,
modern analysis directly or indirectly involves the applications of convexity. Due to
its applications and significant importance, the concept of convexity has been exten-
ded and generalized in several directions. For example, this concept introduced the
classes of s-convex functions, Godunova-Levin functions, P-functions, all included
in class of A-convex functions (for more details see [6, | 7] and literature therein).

These are reasons of the topmost motivations for examining the properties of gen-
eralized convex functions. In this note we will deal with the concepts of s-convexity,
which were introduced by [1].

Definition 1. Let s be a real number, s € (0, 1]. A function f : [0,00) — R is said
to be s-convex (in the second sense), if

fOx+(1A=1)y) =2 f)+(1=1)"f(»)

for all x,y € [0,00) and A € [0, 1].
If — f is s-convex, then f is s-concave.
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It can be easily seen that convexity means just s-convexity when s = 1, so this
concept is a generalization of convexity. It is an interesting fact that the set of nonneg-
ative s-convex functions strictly flares as s strictly decreases. In addition, s-convex
functions have a good relationship with algebraic operations just like the convex ones.
For example, the sum of two s-convex functions is s-convex and by multiplying an
s-convex function with a non-negative scalar we get an s-convex function again (see
[7] and [3]). Also, there is a nice correspondence between convex and s-convex func-
tions. Namely, the class of s-convex functions belongs to the class of locally s-Holder
functions (see [2] and [12]), the class of 1-Holder functions coincides with the class
of locally Lipschitz functions and it is a known fact that a convex function is a locally
Lipschitz one if it is locally bounded from above at a point of an open domain (see
LLOD).

Many interesting inequalities are proved for convex functions in the literature.
For example, extensively studied result is Hermite-Hadamard’s inequality. Hermite
(1883) and Hadamard (1896) independently have shown that the convex functions are
related to an integral inequality, and this inequality is known as Hermite-Hadamard
inequality.

Let £ : I € R — R be a convex mapping defined on the interval / of real numbers
and a,b € I with a < b. The following double inequality is Hermite-Hadamard
inequality:

a—i—b fla)+ f(b)
(7)< /f(x)d < HOET0)

Both inequalities hold in the reversed direction if f is concave. The classical Hermite-
Hadamard inequality provides estimates of the mean value of a continuous convex
function f :[a,b] — R. For further generalizations and new inequalities related to
Hermite-Hadamard inequality interested readers are referred to [4,5,8,9, 11,15, 16].

The main aim of this paper is to establish new inequalities of Hermite-Hadamard
type for the class of functions whose second derivatives at certain powers are s-
convex functions in the second sense. For this class of functions, Sarikaya and Kiris

got estimates of the expression |ﬁfab f(x)dx — f(%)} (see [13]). Our results
represent improvement of the results given in [13].

2. MAIN RESULTS

In this section we will present some estimates of the expression on the left—-hand
side of Hermite—Hadamard inequality.

Theorem 1. Let f : 1 C R — R be twice differentiable function on 1°, a,b € I
with a < b. If | f"|? is s-convex in second sense on [a,b], for some fixed s € (0,1]
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and q > 1, then the following inequality holds:

Lot atby|_ _(b=aP 2 \E (@B
'E/ feoix =15 )"8(2p+1)5'(”1) ( 2 ) |

1,1 _
where;—l—a—l.

2.1)

1

o ay L 1
Proof. If o < B and A, B > 0, we have (%)“ < (AB';BB)ﬂ (power means

1 1
A9 +Ba\d _ A+B
T25)" < 432 (the

inequality). Specially, for 4,B > 0 and ¢ > 1, we have ( <
case AB = 0 is trivial). For A = | f”(a)|? + 2T = 1)| f”(b)|9 and B = (25F! —
D|f"(a)|9+|f"(b)|4, according to Theorem 4 in [13], we have

‘ﬁfabf(mdx—f(a;b)‘

(b—aP [ 2 \b [(1f @+ = DI BN
= 2S+a4 '(2p2+1) [( - +2s+1 : )
+((2”1—1)|f”(a)|"+|f”(b)lq)c‘1}

s+1
_ (b-ap? ,(2‘3)5.1.
sp+1r St 2
@ DL @I+ 1B ]

b= 27\ (L, .
T 8Q2p+1)7 (1) {2 (" @17+ @+ =Dl ®)1)

(7@l + @+ =Dl w10

q

(@ =) @) + If”(b)l")]}

b—a)? - é " " g
O () 2 Ui e |

—_

T 8Qpt 1) s+
_ (b-ap ( 2 )é,(If”(a)l‘1+|f”(b)|q);.
82p+ 17 SF1 2

O

Remark 1. If we take s = 1 in Theorem 1, then inequality (2.1) becomes inequality
obtained in Theorem 4 in [14].

Theorem 2. Let f : 1 C R — R be twice differentiable function on 1°, a,b € I
with a < b. If | f"|? is s-convex in second sense on [a,b], for some fixed s € (0,1]
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and q > 1, then the following inequality holds:

e [ o=ty ) e 2

1,1 _
where;—l—a—l.

Proof. Let g(x) = (1+x)?—x9—1for x >0and ¢ > 1. Since g’(x) = q[(1 +
x)471 —x971]> 0 and g(0) = 0, it follows that g is nondecreasing on [0, c0), so we
have A1+ B < (A+ B)? for A, B > 0 (the case AB = 0 is trivial). By Theorem 1
it follows

Lo a+b
b—al. f(x)dx—f( > )
(b—a)Z ( 2 ); ' (|f//(a)|q + |f//(b)|q)f}
82p+1)r S+ >
(b—a)2 1 é " q " 1
e 1 . . + b a\s
82p+1)r (s+1) (lf (@)] WA )|)
(b—a)2 1 é " "
=< = ) n a
82p+1)7» (S+1) (/" @I +1/"®))

g

Remark 2. Note that the expression occurring on the right-hand side of the in-
equality proven in Theorem 4 in [13] is equal to the product of 27 and the expression
(2.2), so the inequality from Theorem 2 is refinement of that inequality. Also, if
we take s = 1 in Theorem 2, then the right-hand side of inequality (2.2) becomes

bh— 2
= % (1”@ + 1 f"(b)]) and the right-hand side of inequality
243 2p+1)7
(b—a)?
20 T20p +1)7
so we get refinement of this result, too.

N|=

from Corollary 1 in [13] is

(/" @I+ 1f"®)]) =27 -R = R,

3. APPLICATIONS TO SPECIAL MEANS

Of course, since the results of Section 2 improve the results from Section 2 in
[13], results from Section 3 in [13] which are consequences of those results also can
be improved. We will present some of them and we will present few new applications
to special means.

Let g: 1 — I € [0,00) be a convex function on /. Then g* is s-convex on /,
0 < s < 1. We will use this in proofs of our propositions, that will be presented in
further text.
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For arbitrary positive real numbers a, b, we consider the applications of our theor-
ems to the following special means:
a+b

B
(b) The geometric mean: G = G(a,b) := Vab;

(a) The arithmetic mean: A = A(a,b) :=

2ab
(¢) The harmonic mean: H = H(a,b) := ¢ ;
a+b
a ifa=»>
(d) The logarithmic mean: L = L(a,b) := { b . ;
lnb—ﬁul’ ifa 75 b
a, ifa=>
(e) The p—logarithmic mean: L, = L,(a,b) := { +1_gp+1qL ,
T (Grot-al” ifa#b
p € R\{-1,0};
(f) The identric mean:
I = Ia.b) a, ifa=>b
= a, = b . .
L) itak

It is well known that L, is monotonic nondecreasing over p € R with L_; := L
and Lo := I. In particular, we have the following inequalities

H<G=<L<I<A.
The following propositions hold:

Proposition 1. Let 0 <a < b, s € (0,1] and p > 1. Then we have

2
41 11 s(b—a) s+1 1 1
L3t @b) -4 @by < = -(2p+1) @,
Proof. The proof is immediate from Theorem 2 applied for function f : [a,b] — R,
f(x)=x5T1, 5 €(0,1]. a

Remark 3. Note that the left—hand side of the inequality in previous proposition
does not depend on p, so we can conclude that

1 2
|Ls+l(a b) AS+1(a b)| < 1nf( S+1 )p.s(b—a)

i -A(as_l,bs_l)

>1\2p+1 4

s+1\p _ 1, s+l
forany s € (0,1], p>1,a <b. If g(p) = (2P+1)1’ = ln2p+1 for p>1 and
s € (0,1], then we have g’(p) = —#(ln 2;:_11 p+1) If h(p) = 2s;+11 + 557 2p+1

for p > 1 and s € (0, 1], then we have h/(p) =
s+1

W’ so h(p) decreases. Since

lim h(p) = —ocand lim h(p) = —i— we have:
p—>00 p—>1+

@if0<s < 3¢73 — 1 ~ 0.54, then h(p) < 0 for p € [1,00), so g'(p) =
1
—Lh(p) =0 for p €[1,00). It follows that inf ( s+l )7 = stL g0, if
p p>1

2p+1 3
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p>1,s€ (0,36_% — 1] we have
s(s+1)
12
(b) if 3e=3 —1 < s < 1, then h(p) > 0 for p € [1, po(s)) and h(p) < O for p €
(po(s),00), where po(s) is an unique solution of equation In 2sp++11 + Z;ﬁ =
0. It follows that g(p) = —#h(p) decreases on (1, po(s)) and increases on

|L3t 1 (a.b)— AT (a,b)| < “(b=a)? - A@@*L,p57Y);

(po(s),00),sofor p>1lands € (3e_% —1,1] we have
s(b—a)? s+1

4 '(2p0(s)+1
Proposition 2. Let 0 <a < b, s € (0,1] and p > 1. Then we have

stb—a)®> /s+1\» _ il
‘Lii}(a,b)_As—‘rl(a’b)} < 7 ,(4p+2)P _[A(aq(s D pats 1))],,,

|L5* 1 (a,b) — A5 ()| <

)7701(5) ~A(as_1 bs_l).

1 1 _
where;—i—a—l.

Proof. The proof is immediate from Theorem 1 applied for function f : [a,b] — R,
f(x)=x5T1, 5 €(0,1]. a

Remark 4. Under conditions of Proposition 2, for s = 1 we derive

bh— 2 1 1
L3(a.b) - A%(a.b)| < L= ( )’
4 2p+1
which is refinement of the inequality derived in part 1(b) of Section 3 in [13] (note
that there is a misprint on this place in [13], the right-hand side of inequality ob-

1
tained there should be &= a) (2 p4+1)” ). Also, the left-hand side of the inequal-

ity in derived inequality does not depend on p, so we have }Lz(a b) — A%(a, b)‘ <

b— 2 1 1
( 4a) 1nf(2p+l) . If g(p) =ln(2p1_i_l)17 = llnzp_i_1 for p > 1, then we have

p>
g'(p) = (ln 1 T 2p+1)' Since it holds Inx < x — 1 for x > 1, it follows
that 1n2p+1 + ZZil < 2p+1 — 14 == 2p+1 =0, so we have g’(p) >0 for p > 1. It
follows that g(p) increases on [1, 00). Therefore 1nf e8(P) = 8() = 3 so we have

p>
‘L%(a,b) — Az(a,b)‘ <& 1;’) . This is the result derived in part 1(a) of Section 3 in
[13], and since L%(a,b) —A%(a,b) = w — (#)2 = (afé’)z fora # b, we
can conclude that inequality derived in Proposition 2 is sharp.

Proposition 3. Let 0 <a < b and p > 1. Then we have
’bzlnb—azlna (b—a)?

JA(a™9, b4 5’
b~ 204p+2)7 [46e 2

—A@b)[1+104%@.b)]| <
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1,1
where =+ = = 1.
P + q

Proof. The proof is immediate from Proposition 2, after multiplying both side of
the inequality with % and passing to the limit s — 0+. g

Proposition 4. Let 0 <a < b, s € (0,1] and p > 1. Then we have
s(b—a)z_( s+ 1
4 2p+1
Proof. The proof is immediate from Theorem 2 applied for function f : [a,b] — R,
f(x)=)%,s€((),1]. O

Proposition 5. Let 0 <a < b, s € (0,1] and p > 1. Then we have

I(a.b)| _ (b—a)? ( 2 )é.[A(azq,bzq)];
A(a,b) _8(2p+1)% s+1 a?b? '

1

)” A(@S72,h7572),

|L=5(a.b)— A5 (a,b)| <

|ln

1,1 _
where;+5—1.

Proof. The proof is immediate from Theorem 1 applied for function f : [a,b] — R,
f(x) =Inx. O

For instance, if s = 1 then we have

@by (b—ay .[A(a“,bzq)]é
A(Cl,b) - 8(2p+1)% a2b?

Proposition 6. Let 0 <a < b, s € (0,1] and p > 1. Then we have
I(a,b) - (b—a)? ( 1 )é'A(az,bz)
A(a,b)! — 4(2P+1)% s+1 a2?b?
Ia.b)| _ (b—a)? ( 1 )3,. 1
A(a,b)| ~ 4(2p+1)% s+1 H(a?,b2%)’

ie. In

1 1 _
where;—i—a—l.

Proof. The proof is immediate from Theorem 2 applied for function f : [a,b] — R,
f(x) =Inx. d

Proposition 7. Let 0 <o < 8, s € (0,1] and p > 1. Then we have

(s—i—l)-lnzg <s+1
4 2p+1

Proof. The proof is immediate from Theorem 2 applied for function f : [a,b] — R,
f(x) =e6TDx s (0,1]and o = €%, B = eb. -

|L§(Ol,ﬂ)—Gs+l(O[,,B)| < );-A(Ols—i_l,ﬁs—i_l).
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For instance, if s = 1 then we have

In2 8
|L1(O!,,3)—G2(Ol,,3)‘ = l—al'A(az’:BZL
2¢(2p+1)r
1,1 _
where > + 7= 1.
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