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Abstract. In this paper, it is proved that fractional Hermite-Hadamard inequality and fractional
Hermite-Hadamard-Fejér inequality are just results of Hermite-Hadamard-Fejér inequality. After
this, a new fractional Hermite-Hadamard inequality which is not a result of Hermite-Hadamard-
Fejér inequality and better than given in [9] by Sarikaya et al. is obtained. Also, a new equality
is proved and some new fractional midpoint type inequalities are given. Our results generalizes
the results given in [5] by Kirmaci.
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1. INTRODUCTION

Let f : I € R — R be a convex function defined on the interval / of real numbers
and a,b € I with a < b. The inequality

b
f(“”’) SL/ f(odx < LOTT) (1.1
2 b—alJ, 2

is well known in the literature as Hermite-Hadamard’s inequality [2, 3].

The most well-known inequalities related to the integral mean of a convex func-
tion f are the Hermite Hadamard inequality or its weighted versions, the so-called
Hermite-Hadamard-Fejér inequality.

In [1], Fejér established the following Fejér inequality which is the weighted gen-
eralization of Hermite-Hadamard inequality (1.1):

Theorem 1. Let f : [a,b]— R be convex function. Then, the inequality

b b b b b
7(550) [ ewx = [ reogeoar < HOTTO [Cenar a2

holds, where g : [a,b]— R is nonnegative, integrable and symmetric to “erb (ie.

gx)=g(a+b—x)forall x €la,b]).
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In [5], Kirmaci used the following equality to obtain midpoint type inequalities
and some applications:

Lemma 1. Let a,b € I witha < b and f : I° — R is a differentiable mapping
(I1° the interior of I). If f' € L|a,b), then we have

1 b a+b
mf f(u)du—f( ! )

1/2 1
=(b—a)/ tf/(ta+(1—t)b)dt+/ (t—1) f'(ta+(1—1)b)dt.
0 1/2

(1.3)

Following definitions of the left and right side Riemann-Liouville fractional integ-
rals are well known in the literature.

Definition 1. Leta,b € R witha <b and f € L [a,b]. The left and right Riemann-
Liouville fractional integrals Rg 4 f and RZ_ f of order 6 > 0 are defined by

RO f(x)= %/ﬂx (x—0) f(t)dt, x> a
and

9 1ot -1
Rb_f(x):TG)/x t—x)""" f(t)dt, x <b

o0
respectively, where I"(6) is the Gamma function defined by I'(9) = [ e~ ¢9~1d:
0
(see [0, page 69] and [ 10, page 4]).

In [9], Sarikaya et al. proved the following fractional Hermite-Hadamard type
inequality:

Theorem 2. Let f : [a,b] — R be a positive function with 0 <a < b and f €
Lla,b]. If f is a convex function on [a,b), then the following inequalities for frac-
tional integrals holds:

atb) _ IO+ f@ -+ f(b)
1(“57) 25 g [ s+ R s@] s KSR

with 6 > 0.

Remark 1. In Theorem 2, it is not necessary supposing that f be a positive func-
tion and a, b are positive real numbers. From the Definition 1, it is clear that a,b are
any real numbers such as a < b.

In [4], Iscan proved the following fractional Hermite-Hadamard-Fejér type in-
equality:
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Theorem 3. Let f :[a,b] — R be a convex function with a < b and f € L|a,b].
If g : |a,b] — R is nonnegative, integrable and symmetric to “erb, then the following
inequality for fractional integrals holds:

b
f (“ ! ) (RO 2+ RY_g(@] = [RI, (o) () + R]_(fo) @)]

2
_ @+ 1)
- 2

(1.5)
(RS 20)+ R _g()]

with 0 > 0.

In [7], Kunt et al. proved the following left Riemann-Liouville fractional Hermite-
Hadamard type inequality and next equality:

Theorem 4. Let a,b € R witha < b and f : [a,b] — R be a convex function. If
f € Lla,b), then the following inequality for the left Riemann-Liouville fractional
integral holds:

f(9a+b)<F(9+1)RZ+f(b)§w (1.6)

0+1 )7 (b-a) 0+1
with 6 > 0.

Lemma 2. Leta,b € Rwitha <b and f :[a,b] — R be a differentiable function
on (a,b). If f' € Lla,b], then the following equality for the left Riemann-Liouville
fractional integrals holds:

r@+1) 4 B (0a+b)
o) Rar SOY=f\ 57
— () JPT 0 (a+ (1= 1) by di (1.7)
+f91%(f9—1>f/(la+(l—t)b)dt
with 6 > 0.

In [8], Kunt et al. proved the following right Riemann-Liouville fractional Hermite-
Hadamard type inequality and next equality:

Theorem 5. Let a,b € R witha < b and f :[a,b] — R be a convex function. If
f € La,b), then the following inequality for the right Riemann-Liouville fractional
integral holds:
fla)+0f()

Rg_f(a) = T or1 (1.8)

f(a+9b) - F(G—i—é)
0+1 (b—a)

with 0 > 0.
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Lemma 3. Leta,b € Rwitha <b and f :[a,b] — R be a differentiable function
on (a,b). If f’ € Lla,b), then the following equality for the right Riemann-Liouville
fractional integrals holds:

r@+1) 4+ 6b
G- (T
= (b—a) oe%_fof'(lb-i-(l—t)a)dt (1.9)
- 4:ﬂ§j(l—ie)f”0b4—af—na)dz
with 6 > 0.

In our studies we noticed that fractional Hermite-Hadamard type inequality given
in Theorem 2 and fractional Hermite-Hadamard-Fejér type inequality given in The-
orem 3 are just result of Hermite-Hadamard-Fejér inequality (given in Theorem 1),
with a special selection of the weighted function. This show how strong the Hermite-
Hadamard-Fejér inequality is. However, we will prove new fractional Hermite-Ha-
damard type inequality which is not a result of Theorem 1. Also, we will have new
fractional midpoint type inequalities.

2. RESULTS OF HERMITE-HADAMARD-FEJER INEQUALITY

Proposition 1. Theorem 2 is a result of Theorem 1.

Proof. In Theorem 1, let we choose g (x) = (x —a)e_1 + (b —x)e_1 for 6 > 0,
a,b eRand g :[a,b] — R (Itis clear g (x) nonnegative, integrable and symmetric to

“erb ). Computing the following integrals, we have

2(b—a)?

i 2.1)

b b
[ s = [ emaf =t (-t =
b b
/ f(x)g(x)dx :/ I:(X—Cl)g_l +(b_x)9—1]f(x)dx 2.2)

b b
- / (r—a)? fx)dx + / (b—x)P1 f(x)dx

= (O)[ R, fB) + R)_f(@)].
Combining (1.2), (2.1) and (2.2) we have (1.4). This completes the proof. O

Proposition 2. Theorem 3 is a result of Theorem 1.

Proof. In Theorem 1, let we choose w (x) = [(x —a)e_1 + (b —x)e_l] g (x) for
0 >0,a,beR, g:la,b] = R and g (x) nonnegative, integrable and symmetric to
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“'ZH’ (Tt is clear w (x) nonnegative, integrable and symmetric to #). Computing

the following integrals, we have

/bw(x)dx — /b [(x—a)"—1 +(b—x)9_1]g(x)dx 2.3)

b b
- / (r =)' g (x) dx + / (b—0"" g (x)dx
= (ORI e(b) + R_g(@)].

b b
f F)w(x)dx = f [(x—a)9—1+(b—x)9—1] f(x)g (x)dx (2.4)

b b
- / (x—a)?1 f(x)g () dx + / b -0 f(0)g (x)dx

=T O)[Ri (9 ®)+RI_(f) @)].
Combining (1.2), (2.3) and (2.4) we have (1.5). This completes the proof. O

Remark 2. Theorem 4 and Theorem 5 are not results of Theorem 1.

3. IMPROVEMENT OF FRACTIONAL HERMITE-HADAMARD TYPE INEQUALITY

We will use Theorem 4 and Theorem 5 to have new fractional Hermite-Hadamard
type inequality better than (1.4).

Theorem 6. Let a,b € R witha <b and f : [a,b] — R be a convex function. If
f € L|a,b), then the following inequality for fractional integral holds:

fa-+b at6b
L) ot )

fl@)+ k)
2

3.1)
with 0 > 0.

Proof. If (1.6) and (1.8) gather side by side and dividing into 2, it is hold the
desired result. O

Remark 3. Since, f is a convex function on [a,b], it is clear f (anrb) <
f(@ézjlb)_i_f(ae-:ﬂb)
2

(1) Theorem 6 is better than Theorem 2,
(2) In Theorem 6 if one takes 8 = 1, one has (1.1),
(3) Theorem 6 is not a result of Theorem 1.

for 6 > 0. It means that
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4. NEW FRACTIONAL MIDPOINT TYPE INEQUALITIES
We will now prove an equality to have new fractional midpoint type inequalities.

Lemmad4. Leta,b € Rwitha <b and f :[a,b] — R be a differentiable function
on (a,b). If f' € Lla,b), then the following equality for the fractional integrals

holds:
fa+b a4-0b
% [R2+f(b) + RZ_f(a)] - f< g2 ) erf( 71 )

T 19 f' (ta+(1—1)b)dt
b—a| +/, ( —l)f (ta+(1—1)b)dt
2 j% 9 ' (th+(1—1)a)dt

+/l ( ) ' (th+ (1~ 1)a)dr

Proof. 1f (1.7) and (1.9) gather side by side and dividing into 2, it is hold the
desired result. O

“4.1)

Corollary 1. In Lemma 4, if one takes 0 = 1, one has Lemma 1.

Theorem 7. Leta,b € Rwitha <b and f :[a,b] — R be a differentiable function
on (a,b). If | f'| is convex on [a,b], then the following fractional midpoint type
inequality holds:

fa+b a+0b
F@+0)r . 6 7 () +r ()
T oy [Rar [+ R T@)] - . (42)
99+
=t-0 ol @+ el

0+
with 6 > 0.

Proof. Using Lemma 4 and the convexity of | f/|, we have

Oa+b
% (R, 1)+ R f@)] - /(%2 )Zf(

)

f ) f (ta+ (1—1)b)|dt
boa| +/k (1—z9)|f (ta+(1—1)b)|dt

9

T
2 + [T f b+ (1—1)a) | di
+/la (1—:9) |/ (th+ (1 —1)a)| dt

L o+1
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el f @)+ A=) | £ (B dt
—t(’)[tlf @[+ A=0)f" (b)ldt
Ll f )+ A=) f (@)dt
—le)[tlf )+ A =0)|f"(@)lldt

—I—fli
f

>
|
Q

IA

[\

»—' \ /—\ +‘q>/-\

0/ @)+ 11 b)llde
% 1—19)[|f’(a)|+|f’(b)|]dt

_ ; UO“‘ 9dr+/(l—t(”)dl}Hf/(a)\ﬂf/(b)”

+

po+1

=b-a) 6+ 1)0+2 [

| @]+ f ®B)]].

This completes the proof.

Corollary 2. In Theorem 7, if one takes 0 = 1, one has [5, Theorem 2.2].
Theorem 8. Leta,b € Rwitha <b and f : [a,b] — R be a differentiable function

on (a,b). If | f'|? is convex on [a,b] for ¢ > 1, then the following fractional midpoint
type inequality holds:

e (RS, /&) + R_f(@)]- 7 () e s ()

2(b—a)’ 2 )
) . i
(%11 @I+ g5 1 &)1
_b-a_ 6% +(%—;ﬁi§“|f’(a)|q+%|{/(b)ﬁ);
2 e+t (O gl @r)
|+ (SRS O+ e @)

with 6 > 0.

Proof. Using Lemma 4, power mean inequality and the convexity of | f’|%, we

have
a+b a+0b
%[Rngf(b)ikRg_f(a)]_ f( 0+1 );—f( 0+1 )
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G 9|f (ta+(1—1)b)|dt
_b=a +f;%g )| (ta+(~0)b)|di
2 + 7T 9|f (th+(1—1)a)|dt
+f91i1( )|f (th+(1—-1)a)|dt

Q=

1
' (fj% (1—19)\f/(ta+(1—t)b)|th)

IA

I
+
—
Om
s
-
S
QU
-~

+
N
—
-
‘q;
—~
—_
|
-~
>
~—
I
~
—_
|
Q=
TN
~
-~
‘%
—~
—_
|
-
\/
~
~~
(=
ol
+
—
—
|
-
N
Q
~
Q
I
~
——
Q=

Jg e [r|f’(a>|q+(1—r>¢f’(b>|‘f]dz)‘5

b—a(e“l)l_‘]’ (1, (=) [l @l + -] @) ]dt)q
+( v e @+ 1= @] ]dt)

I +(fi (1=0) e 7 @)+ =0)| £ @] ]dr)

0+1

(3% |/ @|"+ g% |/ @)

O+D? 4200+ | o S1g | 409—0+1D° | ;140 1a
poa o0n |+ (CHEEE S @l + S )

QU

<

=T g \0+2 L
@+1) +(90ﬁ|f/(b)|q+92?’f/(a)|q)q
1
O+ 4200+ | ., g | 469—0+D% | o g )7
I +(WV O+ S |/ @) ]
This completes the proof. U

Corollary 3. In Theorem 8, if one takes 6 = 1, one has the following midpoint

type inequality,
1
b — l q ., 2| ¢ q\a
%/ f(u)du—f(a;b) Sbga (@l +3lrer) |
—a Jg (%’f (a)‘q 3‘f/(b)‘q>q
4.4)

Theorem 9. Leta,b € Rwitha <b and f : [a,b] — R be a differentiable function
on (a,b). If | f'|? is convex on |a,b] for ¢ > 1, then the following fractional midpoint
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type inequality holds:

FO+DTpo oo gt r (%) + 1 (542) is

m[ at+ f(b)+ b_f(a)]— 7 4.5)

|-

0 2 L
( 0" t"Pdr) (G | @I + 2225 )
1 1
1 _0\P 7 (_20+1 4 a\9
+ (g (=) )" (S5 11 @1 + s L 0O
+ Hiﬁ-llﬁpdt r ( | F () + 624260 V& (a)lq)a
0 2(6+1)2 2((9+1)2

1 1
([, (1= ) (L1 O + e @)
with%+$=land9>0.

Sy
|
Q

IA

[\

Proof. Using Lemma 4, Holder inequality and the convexity of | /|, we have

% [R2+f(b) + Rg_f(a)] B f (09(1:11,) ;—f (aetelb)

{ |f (ta+ (1 —1)b)|dt

+ /o (1=t®)1f a+(1=0)b)| dt
? +fi 91 f b+ (1=1)a)| dt
+ /oo (1=

)£ (tb+ (1 —1)a)|dt
(foe'Htepdt) (fogil|f’(ta+(l—t)b)|th)q
(e, (=007 d0)” (1o, 17" Gat A =nb)[7de)*

+ f(,"e“xepdz) (f T f (tb+(1—t)a)|qdz)q
1 p P é
| (Ll (1= de)” ([l 1f @b+ (1=n@)|dr)" |

>
|
Q

IA

x|

~

By

S
|
2

IA

N

N

1

(Oeil,epdt)”(f T @1+ A=) | f B)f] dt)

P NP (1 a

Ly (1-1%)"dr) (fi [t1f @+ =) f )] dtl)
2 0 i
+(/‘09+1 fepdf) ( el @+ A=l f @ dt)

1 p R , , 7
(Lo, (=1 dr)” ([lo [0 O + A =0) | £ (@)|]dr)

+1

S~
|
Q
+
—~~
~
o

IA

N =
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I 74T L0p P g Lo 02428 1 e )\ |
ST ) (G | @+ 2 | £ (b))

1 1

_b—a| T(f1e, (=10)"dt)" (1S @I+ ks 1))
-2 0 » 2 2 z
+ (fo”‘ t"”dr) (st 11 O + 2225 1 @)

1 1

+(Sla, =) ar)” (L 1 )+ s 1 @)

This completes the proof. O

Corollary 4. In Theorem 9, if one takes 0 = 1, one has [5, Theorem 2.3].
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