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Abstract. For the linear boundary value problem

X ()= p()(0) +4q), I(x)=co
on the closed interval I C R, where p : C(I, R") — L(I, R") is a strongly bounded linear oper-
ator, [ : C(I, R™) — R" is the bounded linear functional, ¢ € L(I, R") and ¢o € R", we describe
a method of construction of its solution using successive approximations by the sequence of the
solutions of simple boundary value problems. We prove the conditions which guarantee the con-
vergence of the above mentioned sequences in general and special cases, we prove the stability of
the convergence in some sense. Also, for illustration, we solve some typical problems in MAPLE.
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1. STATEMENT OF THE MAIN RESULTS
1.1. Introduction

Consider the system of linear functional differential equations on interval I =

[a.b]

xX'(t) = p(x)() +4q(1), (1.1)
with the linear boundary value conditions
[(x) = co, (1.2)

where p : C (I;R") — L (I;R") is a linear strongly bounded operator (i.e., p is
a linear operator and there is Lebesgue integrable function n : I — R4 such that
lpx)@)| <n@)||x||c for almostallt € I, x e C(I;R")),l:C(I;R") - R"is a
linear bounded functional (i.e., [ is linear functional and there is the constant & € R+
such that ||/(x)| < «|x| forall x € C (I; R")),q € L (I;R") and co € R".
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The a solution of the problem (1.1), (1.2) is understood to be an absolutely con-
tinuous vector valued function x : I — R" which satisfies the system (1.1) almost
everywhere on /, and satisfies the conditions (1.2).

Papers dealing with boundary value problems contain numerous interesting and, in
a sense, optimal conditions ensuring the unique solvability and correctness of various
boundary value problems for linear functional differential equations and systems,
both in regular and singular cases (see, e.g., [1-14,21,22] and references therein).
However, unlike systems of ordinary differential equations, in the case of boundary
value problems for more general systems of functional differential equations, there
are still almost no methods for approximate construction of their solutions. We can
mention in this relation the parametrization methods (see, e.g., [18, 24]) using the
ideas close to [17,19,20,23] in the ordinary case.

This lack is dealt with in the present paper, which gives a construction that can
be considered as a generalization of a number of previously published. A special
attention should be paid to work [12], to which this paper is a follow-up. The work
[11], using the Fredholm problem (1.1), (1.2), provide general sufficient and, in the
cases where p is a Volterra type operator, also necessary and sufficient (in a sense,
unimprovable) conditions for the unique solvability of the boundary value problems
(1.1), (1.2). A number of consequences for specific kinds of systems (1.1) and special
cases of boundary conditions (1.2) are given. The works mentioned also contain
statements on the continuous dependence of solutions of problems in question on
small changes in right-hand side terms of systems (1.1) and boundary conditions
(1.2) (the so-called correctness of problems (1.1), (1.2)).

1.2. Notation and definitions

The following notations are used throughout the paper:
R =] —00,400[, R4+ =[0,00[; yx, is a characteristic function of interval /, i.e.,

1 fortel,

1) =
HOZ90 torrgr:

R™ is the space of n-dimensional column vectors x = (x;)’_, with elements x; € R

(i =1,...,n), and norm
n

REDINEIE
i=1
R™ ™ is the space of n x n-matrices X = (x;)", _, with elements x;x € R (i,k =

1,...,n,) and norm
n

IX0=>" |xil:

i,k=1

Ry ={(x))/_, €R": x; =0 =1,....n)};
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R = {(xik)?,k=1 € R xjp > 0(i,k = 1,...,n)};
ifx,y€ R" and X, Y € R™", then
x<y&y—xeRL, X<Y&Y—-XeR"
ifx=(x;)'_, € R"and X = (x,-k):.”kzl € R™" then

x| = (Ixi D=y 1X T = (xik D7 =

det(X) is the determinant of matrix X;

X1 is the inverse matrix to X;

r(X) is the spectral radius of matrix X;

E is the unit matrix;

® is the zero matrix;

C(I;R") is the space of continuous vector functions' x : I — R” with norm

Ixlle = max{[lx(®)]| : 7 € I}:
if x = (x;)7_, € C(I; R"), then
IXle = (xille )iy
C(I;R") is the space of absolutely continuous vector functions x : [ — R" with
norm
Ixlle = lxlle +11xN .
C(I; R™™) is the space of continuous matrix functions X — R™*";

L(I;R") is the space of vector valued functions x : I — R" with the Lebesgue
integrable elements, with norm

b
Il = / ()] dr:
a
if x = (x;)7_, € L(I;R"), then

Ixl, = lxill i<y
L(I; R™") is the space of Lebesgue integrable matrix functions X : I — R™*";
If g:C(I;R") — L(I;R") is a linear operator, then |g|: C({; R") — L(I; R")
denotes a non-negative operator such that

lg(x)| < lg|(lx]) forallx € C(/;R").

If Z € C(I; R™*™") is amatrix function with columns z1,...,Z,,and g : C(I; R") —
L(I;R") is a linear operator, respectively g : C(/; R") — R" is a linear functional,
then g(Z) denote a matrix function, respectively the constant matrix with columns
g(z1).....8(zn).

LA vector (matrix) function is said to be continuous, integrable, etc., if such are its elements.
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Let us say that p : C(I; R") — L(I;R") is the Volterra operator with respect to
to€l,if forany ¢t € I and x € C(I, R") where x(s) = 0 for s € I, the equality
p(x)(s) = 0 holds for almost all s € I, ;, where

[to. 2] if 19 <1

I; ;= .
fo-t [t, to] if t <tg

Special cases of system frequently occurring in practice (1.1) are: a linear system
of ordinary differential equations

X' (t) = P()x(t) +q(1), (1.3)

a linear system of ordinary differential equations with a deviated argument
X' (t) = P()x((1) +q(1), (1.4)

respectively with multiple argument deviations
5
X () =) Pi(0)x (1 (1) +q(). (1.5)
i=1

where P, P; € L(I, R"*™"), 7,7; : I — R are measurable functions (i = 1,...,5) and if

t(t) <t, 7 (t) <t foralmostall f € I, then 7 and t;, are so-called delayed arguments,
andq € L(I,R").

Systems (1.3), (1.4) and (1.5) are special cases of linear systems (1.1) with a Vol-
terra operator.

For example special cases of conditions (1.2) are: the initial condition

x(l‘()) = Cop, (1.6)

the multi-point boundary condition

N
> Ajx(t)) = co. (1.7)
ji=1
the Cauchy type condition
x(t9) = lo(x) + co, (1.8)
and the periodic boundary condition
x(b)—x(a) =0, (1.9)

where 7o,t; € I(j = 1,...,5), lo : C(I,R") — R" is a linear bounded functional,
Aj e R (j=1,...,5) and ¢ € R".

For the construction of solution of the problem (1.1), (1.2) and description of its
properties we use the method and notifications from work [13]:

Letx € C(I;R"), k,m € N and ty € I, then we use following notations:

PO = PO () = x (1), PF)(1) = / p(PF () (5)ds.

to
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koo .
ae=1{ 3B | a0 = [ qas

i=1
and if Ay is regular, then

m

P @) = p" ) (1) ~ [Z pl’*(E)(z)] A (P ).

i=1

and

k k m
D™ @G.co)t)=| D pTHE) ) AEI|:Co—l(2pi_l(51))+Zpi_l(6?)(t)}-

1.3. Main results

The following fundamental propositions about the solvability of a general linear
boundary value problem (1.1), (1.2) is proved in [ 13, Theorem 1.1.1]:

Proposition 1. The boundary value problem (1.1), (1.2) is uniquely solvable if the
corresponding homogeneous problem

x'(t) = p(x)(0),
I(x) =0

has only the trivial solution.
Proposition 2. Let k,m € N, mg € N U{0} and A € R"" be such that
r(4) <1, (1.10)

Ay is regular, and for all the solutions of homogeneous boundary value problem
corresponding to the nonhomogeneous problem (1.1), (1.2), the inequality

1P (x)e < AP (x)le (1.11)
holds. Then problem (1.1), (1.2) is uniquely solvable.

It is clear that the solution of system (1.1) is also the solution of the systems

t t

p()(s)ds + / d)ds = ..

o

x(1) =x(zo>+/

to
k k
= RO+ Y P THE)) [x@) + | Y P THOO)

i=1 i=1



1068 VERONIKA NOVOTNA AND BEDRICH PUZA

for any k € N and arbitrary value x(fg). If for our k € N the matrix Ay is regular,
then from the boundary condition (1.2) it follows that

k k
co=1(p*@)+1| X p7HE) |20+ [ 3P @

i=1 i=1
and then
k .
x(t0) = Ag" [eo—1 (P 0) =1 | X @ ] |- (1.12)
i=1
Therefore, the solution of the problem (1.1), (1.2) is also the solution of equation
x(t) = p*"™ () (1) + D*™ (G, c) (1). (1.13)

and vice versa.
Let now xg € C(I, R™), and for arbitrary v € N the vector-function x,, be defined
by equality

xXp(t) = PP (xy—1) (1) + DF (G co) (). (1.14)
Then the next theorem is true.

Theorem 1. Let k,m € N,mg € N U{0}, and A € R'*" be such that the matrix
Ay is regular,

r(4) <1, r(Al|pom(E)|c) < 1, (1.15)
and for arbitrary x € C(I, R") the inequality
P50l < AP ()l (1.16)
holds. Then the problem (1.1), (1.2) has unique solution x, and
X = uli)nolo Xy uniformly on I
where functions x, are defined by the equality (1.14) and xo € C(I; R") is arbitrary.

Proof. From the conditions of our theorem and Proposition 2 it follows that there
is a unique solution x of problem (1.1), (1.2). Now, let us assume that x,, (v € N)
are vector functions defined by the equation (1.14) for arbitrary xo € C(I; R™). Then
from (1.13), (1.14), (1.16), and the positivity of the operator | pK"0|, we obtain:
| —xvle = [P (e —x0-p)le
< A[pF"0 (x = x-1)le < AllpHI(E) e lx —xu-ilc
< (AP (E)|e)?|x —xvalc < ...

< (A||pFm0(E)|c)¥ |x — xolc.
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From conditions (1.15) it follows that

(alp*m1E) ) = o.

and from the last inequality, it is obvious that x,, — x uniformly on 7/, which prove
our theorem. O

lim
vV—>00

Letus p:C(I,R") — L(I, R") the Volterra operator. Then, as it is proved in [ 1 3],
the equality p¥0(x) = x holds, and the conditions of Proposition 2 are sufficient
and necessary for the unique solvability of problem (1.1), (1.2).

Theorem 2. Let p be the Volterra operator with respect to to € 1. Then the bound-
ary value problem (1.1), (1.2) is uniquely solvable if and only if there are k,m € N
and A € R" such that the matrix Ay, is regular,

r(4) <1, (1.17)
and for all x € C(I, R") the inequality
1P (x)|e < Alxle (1.18)

holds. Moreover, for the solution x of the boundary value problem (1.1), (1.2), the
representation x = limy,_,o Xy, holds, where functions x, (v € N) are defined by
equality (1.14), and xo € C(I; R™) is arbitrary.

Proof. The first part of our theorem, the necessity and sufficiency of its conditions
for unique solvability of problem (1.1), (1.2), when p is the Volterra operator, follows
from the theorems proved in [13].

On the other hand, from our assumptions it is clear that pk M0 (x) = x and then
| plemo |(E) = E. Therefore, the assertion of the second part of our theorem concern-
ing the construction of the solution follows from the second part of Theorem 1. [

Remark 1. As problems (1.1), (1.2), and (1.13) are equivalent for such k € N that
matrix Ay is regular, problem (1.1), (1.2) is also equivalent to problem (1.1), (1.12).

The functional on the right-hand side of equality (1.12) is composed from con-
tinuous functionals and operators and it is continuous with respect to x. Therefore, in
view of the unique solvability of problem (1.1), (1.2), we can construct the sequence
{xy )52 of successive approximations for the solution of problem (1.1), (1.2) using
the method of iterations, where

X, (1) = plrv—1) (1) +q(t) (1.19)
and

k
xy(t0) = At | co—1(pF (oot =1 D P @) | | (1.20)

i=1

if xo € C(I, R") is arbitrary.
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Remark 2. The above-mentioned method of successive approximations is in a cer-
tain sense stable. Let x be the solution of problem (1.1), (1.2), and X,, be defined by
equalities:

%(t) = PP (Fo—1) () + DF(G 4 Gu, co + E0)(1),
where g, € L(I,R"), ¢, € R" and

b
lim ( / |qv<r>|dz+|c-v|) o,
vV—>00 a

Ix —Fulc < [pF™(x =) |c + | DF™ Gy, E0)le

< A%|x —xolc + |D*™ (G, Ev)lc-

then

From the last inequality, given our assumptions about g, and ¢,, and the facts
that limy_, oo D% (c?v,c_v) = 0 (uniformly on 7), and A¥ — ® if v — o0, it follows
that the sequence X, converges to function x uniformly on /. As the problems under
consideration are equivalent, problem (1.19), (1.20) is also stable in this sense.

Remark 3. If we introduce notation T'(x) = p%™(x,_1)(t) + D*™(§,co), then
T:C(,R") — C(I,R") is alinear operator, and from inequality

IT(x)=T)lc =p"(x—y)lc <
< A||pFm)(E)|clx —ylc.

where r (A| | pk’m0 [(E )|C) < 1, it follows that operator 7 is a contraction.

It is clear that unique solvability of problem (1.1),(1.2), and possibility of con-
struction of this solution by the method of successive approximations, follows from
the Banach’s fixed-point theorem.

The theorems stated above imply the following corollaries. First, if we assume that
l(x) = x(t9), where tg € I is arbitrary, we obtain the conditions of unique solvabil-
ity and construction of the solution of the initial problem for a of linear functional-
differential equations.

Corollary 1. Let p be the Volterra operator. Then problem (1.1), (1.6) is uniquely
solvable if there are m € N, and A € R’j_x, such that r(A) < 1, and for arbitrary
x € C(I, R"™) inequality

| p™(x) lc =Alx]c
holds. Moreover, for solution x of problem (1.1), (1.6) representation x = lim,;,— o0 Xy
holds, where x,, (v € N ) are the solutions of problem (1.19),

xv(l‘o) = Cy (1.21)
and xo € C(I, R"™) is arbitrary.
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If we assume that p(x)(¢) = P(¢)x(z(¢)), and /(x) = ijl Ajx(tj), where T :
I — R is a measurable function, t(¢) <t fort € I, A; e R"" and t; € I if j =
1,...,s we obtain the conditions of unique solvability and construction of the solution
of a multi-point problem for the system of linear differential equations with deviated
argument.

Corollary 2. Let t : I — R be a measurable function, t(t) <t for almostallt € I,
U :]—o00,a] = R" be a continuous bounded function, det Ay # 0, x(t) = u(t) for

t <a,and
b _ s i _
r(/ P(t)ds+Z|A1Aj|/ P(t)dt)<1,
a 1 a

where A1 = Zj'=1 Aj, and P(t) = x1(z(t))|P(t)|. Then problem (1.4), (1.7) is
uniquely solvable.

Moreover, for solution x of problem (1.4), (1.7) the representation x = lim,,— o0 Xy,
holds (uniformly on I ), where x,, (v € N ) are solutions of the problem

xp (1) = xr (@) P()x (zo (1)) + (1 = x1 () P()u(z(1)) +¢(t).

s tj
000) = 47" 0= Ay [ L) PO 0 =g ar |
j=1 o

where
t(t) ift(?) = a,
a ift(t) <a,

T0(f) = {

and xg € C(I, R") is arbitrary.

Remark 4. An analogous proposition can be obtained also for the system with
deviating arguments (1.5).

Remark 5. From Corollary 2, a criterion of unique solvability and description of
successive approximations for the initial problem for system (1.4) with delay (see
also Corollary 1) also follows. On the other hand Corollary 2 does not include a
criterion of unique solvability and description of successive approximations for the
periodic problem, because if /(x) = x(b) —x(a), then A; = E — E = 0 and therefore
detA; =0.

We will obtain a criterion of unique solvability and description of successive ap-

proximations for the periodic problem for the systems of linear differential equations
with deviated arguments (1.4) and (1.5) assuming that /(x) = x(b) —x(a) and k = 2.

Corollary 3. Leti = 1,...,5, the measurable functions t; : I — R be such that
1i(t) <t for almostallt € I,

(1) if n(t)=a

T0i (1) = if () <a.



1072 VERONIKA NOVOTNA AND BEDRICH PUZA

u :]—o0,a] — R" be a continuous bounded function, and P; € L(I, R"*"). Then if

detAy #0

b _ b _
r(/ P(z)dz+|A;1|/ P(t)dt)<1,

b S 5
Ay = / S x(@ () Pt P()=) xr@w@) | Pi(0)],

i=1 i=1
system (1.5) has unique solution x under the periodic condition
x(b)—x(a) =co, x()=u(t) for te R\I,

and the representation x = lim,,_ 0 X, holds, where x,, (v € N ) are solutions of the

and

where

X\ (t) = Z)(I (i (1)) Pi (t)xy—1(70i () +

i=1

+ > (= 1 (i (1) Pi(Du(t) +q().

i=1

b/ S
xu(b) = A3 {Co—f (ZXI(Ti(f))Pi(f)xv—1(f)—61(1)) dl}

i=1
for arbitrary xo € C(I, R™).

If we assume that [ (x) = x(¢9) —lo(x), we will obtain conditions of unique solvab-
ility and construction of the solution of Cauchy-Nicoletti type problems (1.1), (1.8)
for arbitrary systems with the Volterra operator, with deviated arguments (1.4) and
(1.5).

In the general case, we have

k
Av=E=Y (' " (E)), (1.22)
i=1

and then from (1.12) we obtain

k
x(to) = A" [ co+lo(PF )+ D Lo(p' @) |- (1.23)
i=1
Corollary 4. Letk,m € N, mg € N U{0}, A € R'" be such that the matrix Ay

from (1.22) be regular, and condition (1.17) holds, u :]—o0,a] — R™ be a continuous
bounded function, and for arbitrary x € C(I, R") inequality (1.18) holds.
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Then problem (1.1), (1.8) has unique solution x and the representation x = lim,,_ 0 Xy
holds, where x,, (v € N ) are solutions of the problem (1.19),

k
x(t0) = A" | co+lo(p* (xu-1) + D lo(p' (@)
i=1
for arbitrary xo € C(I, R™).

In this corollary if we assume that /o =0, ortg = a, lop(x) = x(b) ortg = b, lp(x) =
x(a), we will obtain a criterion of unique solvability and construction of successive
approximations for the periodic problems for the mentioned above systems.

Now, if we assume that [o(x) =0, i,e., x(f9) = co, then Ay = E (k € N), lo(x) =
x(b), to = a, i.e., x(a) = x(b), and therefore

A1 =0,

b
Ay = — / p(EY)dL,

kb _
A = —Z/ p(p'HE)t)dt for k>3,
i=179
and

b k b . b
x(ro)=A,:1[co+ | pe = wwdi Y [ 2anar+ [ q(s)ds].
a i—pJa a

Also, if lo(x) = x(a), tg = b, i.e., x(b) = x(a), then
A1 =0,

b
As = / p(E)(t)dt,

kb
Ae=Y_[| p(P'TUENW®Er for k=3,

i=1v4

and

b kb . b
x<b>=A,:1[co— [ retwwd-Y [T panwar- [ q(s)ds].
a l=2 a a

2. EXAMPLES

For the illustration of calculations of (converging to solution) approximations of
solutions of a given problem, only such approximations are used, the graphs of which
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are differentiable under given conditions. On Figures 1 and 2 shown below, the func-
tion of “history” u is marked by a dotted line ---, the “starting function” x¢ of the

iterative process is marked by a dashed line — — —, approximations of solutions are
marked by a dot-and-dash line — - —-, and the last calculated approximation of solu-
tion X, is marked by a solid line . Analogous problems are solved by MAPLE
in the works [3, 15, 16].

2.1.

Let us solve the problem
x'(t) = Ax(t) + ux(—1), x(0) =1, 2.1)

on interval / = [0, 10], where u(¢) = —t + 1 for ¢t € [—1,0]. The problem is solved
by local methods in [2].

By choosing A = —3.,5, u =4, xo(¢#) = 1 and v = 9 we obtain the 9th approxim-
ation of the solution of the problem, see Figure 1a.

By choosing A = 0,5, u = —1, xo(¢) = 1 and v = 10 we obtain the 10th approx-
imation of the solution to the problem, see Figure 1b.

47 . . 21
7 .
LN
R4 N
L
./ ’\
~ .
3 P N s
s . N,
<’ N ~ I\
SN N \
< N So—o /
.2 ~ N, S
. ~ /N, N~ TTrTrTmes
. -~ . ~.
Sy N N
BRI N S
Al P
— .
0 2 4 6 8 10 0 2 4 6 8 10
X X
(a) (b)

FIGURE 1. Solution of problem (2.1)

2.2.
Let us solve the problem
x'(t)=—x@t-1),
x(0) =1,
on interval I = [0, 3], where x(¢) = 1 for ¢t € [—1,0]. The problem is solved by the
local methods in [2].

2.2)
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By choosing x¢(¢) = 1, we obtain the 3rd approximation of solution of the prob-
lem, see Figure 2a.

By choosing x¢(#) = 0, we obtain the 3th approximation of solution to the prob-
lem, see Figure 2b, variant 2.

12 12
........ P ————— —— —— T |
\ \
081 '\ 087 '\
> \ > \
061\ 064 Y\
\ \
0.4+ ‘\ 0.4 '\
\ \
02 \ 021 \
\ \
. A
1 0| N 2 A 1 0 N, 2 3
\ X /. \ X .
0.2 N L 0.2 \ ’
5 k7 . ,°
N a N, a
04 N " 0.4 N, e
SooLet Szl -
-0.64 0.6
(a) (b)

FIGURE 2. Solution of problem (2.2)

The next example is a generalization of the problem studied by Jan Tinbergen, a
Dutch physicist and economist.

2.3.

Let us solve the problem
f/([) = _a(t)f(t _8([))’ re [Ov T] ’ (23)
f@)=h(), t€[An.0], (2.4)

where functions a and § are (for the sake of simplification) continuous on interval
[0,T], 8(t) > 0 for t € [0,T], Ap, = minse[o,77(t —6(¢)), and & is a continuous
function on interval [A,,,0]. If §(t) = A > 0 (i.e., is a constant), equation (2.3) will
be an equation with a constant delay and A,, = —A. Moreover, if a(¢) =a > 0O i.e.,
(2.3) is a linear differential equation with constant coefficients and constant delay,
studied by Jan Tinbergen. In this case we construct 6th (v = 6) approximation.

In order to demonstrate possibilities of a new approach to solution of the original
problem, assume that the “historical development” prior to time ¢ = 0 can be simu-
lated by the function f = 2sint 4 1 and that the length of delay will vary. For that
reason, the paper [25] considered a situation in which the delay A(¢) is not constant,
but it is a function of time . For illustration, we worked on the assumption that the
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FIGURE 3. Solution to Tinbergen’s model for a fluctuating delay

delay can be expressed by the function A(¢) = 2,5+ 0,5sin(5¢). The parameter a

was

chosen in accordance with Tinbergen’s findings.
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