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Abstract. We consider nonlinear second order difference equations with deviating argument of
the form

A(rnAxn) = an f (Xn+06—1,Xn+0—25-- - Xn+o—m) + bn.
We present sufficient conditions for the existence of solutions with prescribed asymptotic be-
havior. Moreover, we study the asymptotic behavior of solutions. We use o(n®), for a given
nonpositive real s, as a measure of approximation.
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1. INTRODUCTION

In this paper we consider the nonlinear second order difference equation with de-
viating argument of the form

A(rn Axn) =dn f(xn+0—1,xn+o—21 .- -’xn—i-a—m) + by (E)

Fn,an,by €R, rp, >0, o€Z, meN, f:R" >R

Here N, Z, R denote the set of positive integers, the set of all integers, and the set
of real numbers, respectively. By a solution of (E) we mean a sequence x : N — R
satisfying (E) for large n.

An important issue in the asymptotic theory of ordinary and delay differential
equations is constructing sufficient conditions which ensure the existence of solutions
with prescribed asymptotic behavior. From this point of view many authors studied
second order differential equations with deviating argument of the form

(rx') (1) = a(t) f(x (00 (1)) (1.1
or
X'(t) = f(t,x(01(0)),...,x(Om(1))) (1.2)

© 2018 Miskolc University Press
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where r : R — (0,400), 0i(t) > ocoast - oofori =0,...,m,seee.g. [1], [2], [3],
[11], and the references therein. Since difference equations can be treated as discret-
ization of differential equations, the existence of solutions with prescribed asymptotic
behavior of difference equations was studied in literature too, see for example, in [4],
[12], [13] and the references therein.

In papers [4-9], the first author presented a new theory of the study of asymptotic
properties of solutions of difference equations of the form

Azxn =dan f(xa(n)) + by

in which o(n®), for s <0, is used a measure of approximation. In the paper [10], we
extend some of results on difference equations of Sturm-Liouville type of the form

A(rpAxy) = anf(xa(n)) +by.

This paper is a continuation of these investigations. Our main goal is to present
sufficient conditions for the existence of a solution x of equation (E) such that

xp=cryt 1) +d +o@d), (1.3)

where ¢,d € R and s € (—o0,0]. We give also sufficient conditions for a given solu-
tion x of equation (E) to have an asymptotic property (1.3).

The paper is organized as follows. In Section 2, we introduce notation and present
some preliminary lemmas. Next, Section 3 is devoted to our first main result Theorem
1, some consequences of it and the example which proves that one of assumptions in
main theorem is essential. In Section 4 we prove our second main result and some
corollaries from it. Moreover, this section includes the example which proves that
one of assumptions of main theorem is not “too” strong.

2. PRELIMINARIES

The space of all sequences x : N — R we denote by RN. If x, y in RN, then xy
and | x| denotes the sequences defined by (xy), = X, yn and | x|, = |xn|, respectively.
Moreover,

X[l = sup{|xn|:n € N}
For any sequence x € RN we define a sequence x* : N — R” by
. 0,0,...,0) forn<m—o+1

" (Xn40—1:Xn40-2+-+ s Xn+o—m) formn>m—o+1.
We use the symbol dy, to denote the max-metric on R” defined by
dm(u,v) = max{|uy —vi|,...,|Um —vml}.

Moreover, B(u, ) denotes the closed ball of radius o centered at a point u € R™. We
say that a function g : R™ — R is bounded at infinity if there exists a real number A
such that g is bounded on the set

[A,00) x -+ X [A,00) = [A,00)™.
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In the same way, the boundedness at minus infinity can be defined.

Lemma 1. If y € RN and A(rp, Ay,) = 0, then there exist real constants ¢, d such
that

yn=czl.+d (2.1)

foranyn. Ifc,d € Rand y € RN is defined by (2.1), then A(rp Ayy,) = 0.
Proof. We leave an easy proof of this lemma to the reader. O

Lemma 2 ([10, Lemma 3]). Assume s € (—00,0], t € [s,00), 1,1 = O(n’), a €
RN, and

oo

o0 1 o0
E n' TS a,| < oo,  then E —E laj| < oo.
nsry “ '
n=1 j=n

n=1

Lemma 3. Assume s € (—00,0], t € [s,00), ;! = O(n’), a € RN, and at least
one of the following conditions is satisfied

|an|

an+1]

(@) liminfn( lan] 1) >241—s,  (b) liminfnlog >2+1—s.
n—00 |

n—>00 =\ |an+1]

Then

00 1 00
D iy Do lal <00
n=1

n
J=n

Proof. Using [7, Lemma 6.3] in case (a), or [7, Lemma 6.4] in case (b) we obtain

o0
Z n' T8 a,| < co.
n=1

By Lemma 2 we get the result. O

Lemma 4. Assume L € R, r;;! = O(n?), a € RN, and at least one of the following
conditions is satisfied

(@ timsup U 21 () Timsup V] < 1.

n—o00 |an| n—o00

Then

o0 1 o0
> eyl <o
nsry “

n=1 j=n

for any s € (—00,0].
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Proof. Let s € (—00,0]. Choose a real number ¢ such that £ > max(s,A). Then
Iy 1 = O(n') and, using the ratio test in case (a), or the root test in case (b) we get

o0
an+l_s|an| < 00.
n=1

Hence the assertion is a consequence of Lemma 2. O
Lemma 5 ([10, Lemma 5]). If
o0 1 o0
> LYl <o
k=1"ki=k

then
0o k 00 k 1
ri

[e.e] o0
Z|uk|zrli<oo and Z%Z'“i' <> el Y
k=n i=k

k=1 i=1 k=n i=1
foranyn € N.

Lemma 6 ([4, Lemma 4.7]). Assume y,p: N — R, and lim p, = 0. In the set
n—>oo
X ={x e RN : |x —y| < |p|} we define a metric by the formula
d(x,z) = [lx—z]|. (2.2)

Then any continuous map H : X — X has a fixed point.

3. SOLUTIONS WITH PRESCRIBED ASYMPTOTIC BEHAVIOR

In this section we establish various conditions under which for a given solution y
of the equation A(r, Ay,) = 0 and a given nonpositive real s there exists a solution
x of (E) such that x,, = y, + o(n®).

Theorem 1. Assume s € (—00,0], y is a solution of the equation A(r, Ay,) =0,

o0 1 [e.°] o0
> e > (lajl+1bj]) <o, geN, ae(0.00). U=]|JB@s.a.

and f is continuous and bounded on U. Then there exists a solution x of (E) such
that x, = yn +0(n%).
Proof. Forn € N and x € RN et
F(x)(n) = an f(xy) + bn. 3.1

There exists L > 0, such that
| fw)| <L (3.2)
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for any u € U. Since s < 0 we have

oo 1 [e.e]
Y — D (Llaj|+bj]) < oe.
Tk

k=1 % j=k
Let

(o .¢] o0
1
Y ={xeR":|x—y|<a}, peRY, pn=§;a§j(L|aj|+|bj|).
k=n j=k

If x € Y, then x,; € U for large n. Hence the sequence (f(x,)) is bounded for any
x € Y. Define sequences w, g by

o0 l o0
wj = Llaj|+1bjl,  gn= 35—y wy
k=n" K j=k
Then
S —S — . —
RUETED SED SR SRS S SRS SUTETACE:
k=n j=k k=n j=k k=n j=k

Using the assumption

o0 1 o0
> . > laj] + 1bj]) < 00
j=k

k=1
we get g, = o(1). Hence, by (3.3),
pn =n’gn =n’o(l) = o(n’).
Therefore there exists an index p such that
pn<a and n+o—m=>q for n=>p.

Let
X={xe|RN:|x—y|§pandxn=yn forn < p},

Yn forn<p
Yt YR, A YR F(0)() forn = p.
Note that X C Y. If x € X, then for n > p we have

H:Y >RYN,  Hx®n) =

|H@X) ) =ynl =Y — Y F@G)| <Y — D IFX)G)] < pa
=n"* 2k =n* 2k

Therefore HX C X. Let x € X, and ¢ > 0. By Lemma 5, we have

00 k 1
Zlak|zr—i < 00.
k=1

i=1
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Choose an index ¢ > p and a positive constant y such that

LZ|ak|Z—<8 and yZ|ak|Z—<e

i=1 i i=1 i
Let
q —
Cc=JBOy..
=1

Since C is a compact subset of R™, f is uniformly continuous on C. Choose a
positive § such that if u1,u, € C and dy, (u1,u2) < 8, then

| f(u1) — fu2)] <.

Choose z € X such that ||x —z]|| < 8. Then

IHx—Hz| = sup Z Z(F(x)(n F(2)(j))

nEP = n j=k
: Z%Z FeG) = FRGI = ZiZIajllf(x}k)—f(zj)L
k=p "J=k k=p * j=k

By Lemma 5

> ri Z laj |1 f(x)) = fZ)] < Z lal|f(xf) — f(zk)lz—
k=p j=k

k=p i=1
Hence
|H x — Hz||<yZ|ak|Z +2LZ|ak|Z—<38
i=1 Fi i=1 Fi

Therefore the map H : X — X is continuous with respect to the metric defined by
(2.2). By Lemma 6 there exists a point x € X such that x = H x. Then for n > p we

have
(o,@] 1 o0
Y =ynt Y — Y F)().
k=n'k ik

Hence

o0

A(raAxn) = AlraAyn) + Al raA| D % Z F(x)())

k=n j=k
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for n > p. Define a sequence G by

o0
Gn=)_
k=n

‘l'_‘

k

D F@)().
j=k
Then

1 & ,
ImAGy =1y _r_ZF(x)(]) >
n

J=n

for large n. Therefore x is a solution of (E). Since x € X and p, = o(n®), we have
Xn = yn +o(n). O

Corollary 1. Assume f is continuous, s € (—00,0], and

o l o0
Z K1 Z(|aj| +bj|) < oo.
k=1 j=k

Then for any bounded solution y of the equation A(rp Ayy) = 0 there exists a solution
x of (E) such that x, = yn +o(n®).

Proof. Assume y is a bounded solution of the equation A(r, Ay, ) = 0. Then the
set

o0
U=|JBu;.1
n=1

is bounded. Hence f is continuous and bounded on U. By Theorem 1 there exists a
solution x of (E) such that x,, = y, + o(n®). O

Corollary 2. Assume f is continuous, s € (—00,0], and

o0 1 o0
Y e 2 a1+ by < oo
k=1 j=k

Then for any real constant d there exists a solution x of (E) such that x, = d +o(n®).

Proof. Any constant sequence is a bounded solution of the equation A(r, Ay,) =
0. Hence the assertion is a consequence of Corollary 1. O

Corollary 3. Assume f is continuous, s € (—o00,0],

o0

1 Eadg P
Y — <o, and kzlksrk z]:c(laj|+|bj|)<oo.
= Jj=

p
k=1'k
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Then for any c,d € R there exists a solution x of (E) such that

n—1

1
Xn —ch—j—l-d—l-o(ns)
j=1
Proof. Define a sequence y by
n—1 1
Yp=cC Z E +d

Jj=1

By Lemma 1, y is a solution of the equation A(r, Ay,) = 0. By assumption, the
sequence y is bounded. Using Corollary 1 we get the result. U

Corollary 4. Assume [ is continuous and bounded, s € (—o0,0], and
o0 1 o0

> o > laj+1bj]) < oo.

k=1 j=k

Then for any solution y of the equation A(rpAyy) = 0 there exists a solution x of
(E) such that x,, = yp +o(n®).

Proof. This corollary is an immediate consequence of Theorem 1. U

Corollary 5. Assume f is continuous, s € (—00,0], t € [s,00), r; 1 = O(n'), and

o
> 05 (lay |+ [bal) < 0.

n=1
Then for any bounded solution y of the equation A(rp Ayy) = 0 there exists a solution
x of (E) such that x, = y, + o(n®).

Proof. This corollary is a consequence of Lemma 2 and Corollary 1. O

Corollary 6. Assume f is continuous, s € (—00,0], t € [s,00), r;; 1 = O(n?), and

( lan| + bl

liminfn | ———
lan+1| + |bn+1]

n—-oo

—1) >24+1—s.

Then for any bounded solution y of the equation A(rp Ayy) = 0 there exists a solution
x of (E) such that x, = y, 4+ o(n®).

Proof. This corollary is a consequence of Lemma 3 and Corollary 5. O

Corollary 7. Assume f is continuous and bounded at infinity, A € R,

1 . a +|b
— =0m*) and llmsupM
I'n n—00 |an| + |bn|
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Then for any positive ¢, any real d and any s € (—00,0] there exists a solution x of
(E) such that

Proof. Letc € (0,00),d € R, s € (—00,0]. Define a sequence y by

1
ynzcjzr—j—l-d.

By Lemma 1, y is a solution of the equation A(r, Ay,) = 0. By Lemma 4,

o0 1 o0
> X, > (lajl+1bj]) < oo.
k=1 j=k

If the series
21
> — (3.4)
n=1 "'n

is convergent then the sequence y is bounded and, using Corollary 1 we get the result.
Assume the series (3.4) is divergent. Since ¢ > 0, we have y, — oco. There exists a
real number « such that f is bounded on [o, 00)™. There exists an index ¢ such that
Vnt+o—m > o+ 1 forany n > q. Let

o0
U=JB05.D.
n=q
Then U C [, 00)™. Hence f is continuous and bounded on U. Now, using Theorem

1 we obtain the result. ]

Now we present an example that proves the assumption that the function f is
bounded on some “neighborhood” of (y,;) such that (y,) solves A (r,Ay,) =0 in
Theorem 1, is essential.

Example 1. Assume m = 2,
rm=n"Y, a,=2"" b,=0, 0=0, s=0, f(x,y)=x>+exp2y).
Then equation (E) takes the form

A~ Axy) = 27" (x7_1 +exp(2xn—2)). (3.5)
Let
n—1 n—1
1 nn—1
Tk 2
k=1 k=1
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w —

Then f is continuous and not bounded on | J B(y, ,«) for any ¢ € N and o > 0.
n=q

Moreover,

Assume Xx is a solution of (3.5) such that

Z(|aj|+|bj|>—2 22— 2" S <oo.
j=k k=1

k=1 j=k

Xn =yn +Zna

for large n and z,, = o(n®) = o(1). Since A(%Ayn) = 0 for large n, we have
AR Azp) = AR Axp) =277 (x;_; +exp(2xp—2)) > 0

for large n. Therefore, the sequence %Azn is eventually increasing, and there exists
the limit

A= lim 1Az, > —occ.
n—oo

If A < oo, then the sequence %Az n 1s convergent in R. Hence the series

oo o0
Y AGAxg) =) AtAzy)
n=1 n=1
is convergent. On the other hand for large n

A(%Axn) =27" (x,?_l + exp(2xp—2)) = 27" exp(2xp—2).

Since

for large n, we get that
A(%Azn) > 27" exp((n —2)(n —3)).

Hence A = oco. Therefore %Azn > 1 for large n and we get

00 00
ZAanZn:
n=1 n=1

On the other hand, since z,, — 0, the series Z;’il Az is convergent. [
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4. ASYMPTOTIC BEHAVIOR OF SOLUTIONS

In this section we present sufficient conditions for a given solution x of equation
(E) to have an asymptotic property x, = y, 4+ o(n®), where y is a solution of the
equation A(r,Ay,) =0 and s € (—o0,0].

Theorem 2. Assume x is a solution of (E) such that the sequence (f(x))) is
bounded,

s € (—00,0], and Z Z(|ajl+|b ) < o0.

ks
Then there exists a solution y of the equation A(rn Ayy) = 0 such that
Xn = yn +o0(n%).
Proof. Define a sequence u by
Up = A(rpAxn) = an f(x,;) + bp.

Since the sequence (f(x,;)) is bounded, we have

o0 1 o0
,;1 ksrkjg,%'ujl < 00.

Define sequences w,y,z by

00 00
Wp = E § Uj, Yn=Xn— Wp, = } E

k= n j=k
Then

nFwy| <0~ Z Duﬂ—an Z|uj|<2ks Z|uj|=o(1).
kn =k

Hence w, = o(n®). Moreover

o0
A(rpAwy) = Al r, A Z Zul =—Alr, %Zul = Uy
n .
j=n

kn =

and we obtain
A(rnAyn) = A(rn Axy) — A(rpAwp) = up—uy =0, Xp = yp+wy, =y, +o(n®).
[l

Corollary 8. Assume f is locally bounded, s € (—o0,0], and

o0 l o0
Z kS Z(laj| +1bj]) < oo.
k=1 j=k
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Then for any bounded solution x of (E) there exists a solution y of the equation
A(rnAyn) =0
such that x, = yn + o(n®).

Proof. Assume x is a bounded solution of (E). Then the sequence x* is also
bounded. Since f is locally bounded, the sequence ( f(x,;)) is bounded. Hence the
result follows from Theorem 2. O

Corollary 9. Assume f is bounded, s € (—00,0], and
o0 1 o0

> Kor > (laj] + 1bj]) < oo.

k=1 j=k

Then for any solution x of (E) there exists a solution y of the equation

A(rnAyn) =0

such that x, = yn + o(n®).
Proof. The assertion is an immediate consequence of Theorem 2. g

Corollary 10. Assume f is bounded and

o0

1
)3 (—+ ag |+ |bk|) <o,
Ik

k=1
Then any solution x of (E) is convergent.
Proof. Lets =0 and let x be a solution of (E). By assumption the series Y pey 1/r%

is convergent and the sequence u defined by u; = Zjoi x(laj| +1bj]) is convergent
to zero. Hence

o0 1 o0

— i bi|) < oo. 4.1

272 (ajl+1bjl) < oo (4.1)
k=1 j=k

Therefore, by Corollary 9 and Lemma 1, there exist real constants ¢, d such that

Since s =0and Y po; 1/rk <00, we get limy oo Xn =€ Y gy 1/ 1% +d. O

Corollary 11. Assume f is locally bounded and

o0

1
3 (—+ ag |+ |bk|) <o,
Tk

k=1
Then any bounded solution x of (E) is convergent.
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Proof. Let s = 0 and let x be a bounded solution of (E). As in the proof of Corol-
lary 10 we obtain (4.1). Using Corollary 8 and Lemma 1 we get the result. O

Corollary 12. Assume f is locally bounded, s € (—00,0], t € [s,00), 1, = O(n'),
and

o0
> 0" (lag |+ [bal) < oo.

n=1
Then for any bounded solution x of (E) there exists a solution y of the equation
A(rn Ayy) = 0 such that x,, = y, + o(n®).

Proof. The assertion is a consequence of Lemma 2 and Corollary 8. U

Corollary 13. Assume f is locally bounded, s € (—00,0], t € [s,00), r;; 1 = O(n?),
o0 1 o0
— =00, and Zn1+’_s(|an|+|bn|)<oo.

n=1 "n n=1

Then for any bounded solution x of (E) there exists a real constant d such that
xXp =d +o(n®).

Proof. Assume x be a bounded solution of (E). By Lemma 2 and Corollary 8,
there exist ¢,d € R such that

n—1

1
= —+d 5).
Xn cjgzlrj—l- +o(n?)

Since x is bounded and Y o> ; 1/r, = 0o, we have ¢ = 0. 0

Corollary 14. Assume f is locally bounded,

1 o0
—=0(1), and > n(lan| + |ba]) < oo.
n n=1

Then any bounded solution of (E) is convergent.

Proof. Lett = s = 0 and let x be a bounded solution of (E). By Corollary 12
there exists a solution y of the equation A(r, Ay,) = 0 such that x, = y, + o(1).
Then y is a bounded sequence. By Lemma 1 any bounded solution y of the equation
A(rn Ayn) = 01is convergent. Hence x is convergent. O

Corollary 15. Assume f is bounded at infinity, s € (—00,0], t € [s,00), r,; ! =
O(n?),
liminfn log M
n—>00 |lan+1]+ [bn41]
and x is a solution of (E) such that limy,_, X, = 00. Then there exists a solution y
of the equation A(rpAyy) = 0 such that x, = y, + o(n®).

>24t—3s,
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Proof. Since f is bounded at infinity and lim, o X, = 00, the sequence (f(x,;))
is bounded. Using Lemma 3 and Theorem 2 we get the result. n

Corollary 16. Assume f is locally bounded, A € R, r,; L= 0@mh),

li lan+1|+ [bn+1]
imsup———
n—o00 |an| + |bn|

’

and x is a bounded solution of (E). Then for any s € (—00,0] there exists a solution
v of the equation A(ry Ayyn) = 0 such that x, = y, +o(n®).

Proof. This assertion is a consequence of Lemma 4 and Corollary 8. ([l

Now we present an example that proves the assumption

o0 1 o0
str Z|aj|<oo.
k=1 "k ik

is not enough in Theorem 2.
Example 2. Assumem =2,5s =0,0 =0,

1 2 X y+3

2
- ’ - ’ b _2 1 ’ ’ - .
rn=n an n n-+ ) f(x,y) ] 1+ 12

Then equation (E) takes the form

1( Xn—1 Xp—2+3

2
A% Ax,) = — 2n+1-——. 4.2
(n Xn) |xn—1|+1 |xn—2|+2) tant n2 ( )

n2

Notice that f is bounded and
st”k Zlaj|: Zk—22]—2<oo
k=1 j=k k=1 j=k

Moreover, the sequence x;, = n, is a solution of (4.2). On the other hand, any solution
of the equation A(n?Ay,) = 0 is of the form

n—1 n—1
Yn—CZ—+d=CZk2+d
k=1 k=1

for some ¢, d € R. Hence any solution of A(n?Ay,) = 0 is convergent, which means
that x cannot be approximated by any solution of the equation A(n2Ay,) = 0.
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