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ISENTROPES AND LYAPUNOV EXPONENTS
ZOLTAN BUCZOLICH* AND GABRIELLA KESZTHELYT**

ABSTRACT. We consider skew tent maps T, g(x) such that (o, 8) € [0,1]? is the
turning point of Ty, g, that is, Ty, g = gx for 0 <z < aand T, a(z) = %(1—30)
for « < & < 1. We denote by M = K(a, 8) the kneading sequence of Ty, g, by
h(ca, B) its topological entropy and A = A, s denotes its Lyapunov exponent.
For a given kneading squence M we consider isentropes (or equi-topological
entropy, or equi-kneading curves), (o, ¥ys(a)) such that K(o, ¥p(a)) = M.
On these curves the topological entropy h(o, ¥ () is constant.

We show that \If'M (o) exists and the Lyapunov exponent A, g can be expressed
by using the slope of the tangent to the isentrope. Since this latter can be
computed by considering partial derivatives of an auxiliary function ©yy, a series
depending on the kneading sequence which converges at an exponential rate, this
provides an efficient new method of finding the value of the Lyapunov exponent
of these maps.

1. INTRODUCTION

Consider a point (o, 3) in the unit square [0,1]2. Denote by T, s(x) the skew
tent map.

Log(x) = Gz if 0<x<a,
(1) Top(z) = { Ro5(r) = %(1 —z) if a<z<1.

To avoid trivial dynamics we suppose that 0.5 < f§ < 1 and a € (1 — 3,0).
We denote by U the region of [0,1]* consisting of these [o, 3]. We denote by
M = K(a, ) the kneading sequence of T, 3, by h(a, ) its topological entropy
and by A = A, s denotes its Lyapunov exponent. The set of all possible kneading
sequences is denoted by MM = {K(«, 8) : (o, B) € U}. For a given kneading squence
M we consider isentropes (or equi-topological entropy, or equi-kneading curves)
(o, Ups(er)) € U such that K(a, ¥y (a)) = M. On these curves the topological
entropy h(a, U (a)) is constant. On Figure [ on the left half T'5 g is considered.
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On the bottom part of the figure one can see the first few entries of the kneading
sequence. To visualize the isentrope the computer plotted in black some pixels
which correspond to parameter values with similar initial segment of kneading
sequence. To obtain a not too thick region the length of this initial segment
depends on the parameter region. For example on the left half of Figure 2l there is
a thicker region, which can be made thinner by considering longer initial segments.
However if the initial segment is too long, the computer is not finding enough
pixels from the given equi-kneading region, see for example the right half of Figure
[l where close to the upper left corner of the unit square the plot is too thin.
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Figure 1. Tangents to isentropes computed from + and from ©

We will see in this paper that the isentropes (o, V() are continuously dif-
ferentiable curves. What we found really interesting that the derivatives of these
curves can be used to compute the Lyapunov exponents of the skew tent maps
T p.

To study equi-topological entropy, or equi-kneading curves in the region U in
[4] we introduced the auxiliary functions ©,;,. Suppose that we have a given
kneading-sequence M and

2) M- =RL..LRL...LRL...LR....
—— Y=~ =

mi mo ms3

Here M = M~ if the turning point is not periodic, that is TO’fﬁ(a) # « for k € N.
In this case there is no C' € M. The set of such kneading sequences is denoted by
M. The cases when the truning point is periodic, that is when C' appears in M
will play a very important role in this paper. The set of these kneading sequences
is denoted by 9 _.,. These are the ones ending with C'. In this case M~ can
be defined in many ways. One such way was discussed in [4]. However, for our
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a | B |y \II’M—W \II’M—@
3| .8 |.20444 | -.36406 | -.36452
491 .56 | .30996 | -.40344 | -.4244

71.27034 | -.64303 | -.64064
8 1.26918 | -.73861 | -.73739
75| .35597 | -.76258 | -.76132
9 | 47736 | -.4599 | -.45991
Table 1. Tangents calculated from © and ~

o o | o

definition of suitable ©,; functions any of the following definitions can be used.
Concatenate M with itself infinitely many times. Then in the right infinite (right)
periodic sequence replace the C's in an arbitrary manner with Rs and Ls.

For example in our computer simulations each C' was replaced by an L. This
is due to the fact that if T} ;(a) = a then Ti;l(oz) = B = Lag(T} 3(r)) =
Ros(T} 5(cv)), that is both the left- and right- “half definitions” of T ; can be
used in this case.

We put my, = mq + mg + - - - + my, with m; defined in (2) and

) Ou(0,8) = 1 —5+§;<—1>k (lga)k (%)m

In [4] we showed that for («, 8) € U it follows from K(«, 5) = M that Oy («, 5) =
0. This means that the equi-topological entropy curve {(«, 8) € U : K(«, 3) = M}
is a subset of {(a, B) € U : ©p(a, 5) = 0}, the zero level set of ©,;. This means
that the isnetrope (o, ¥y (a)) satisfies the implicit equation © (o, Ups(cr)) = 0.
By implicit differentiation

;o 00u(e, Uy ()
(4) () = =000 Uy ()

provided that 050y (a, ¥ps(ar)) # 0. Since the series in ([B]) converges at an expo-
nential rate if we consider the partial derivatives we also obtain an exponential
convergence rate for the partial derivatives and hence it is very easy to com-
pute/approximate W, («) by using ). On Figures[I [2 and in Table [l the entries
Psi’-theta and W), — © were computed by using this implicit differentiation
method by taking into consideration the first 200 elements of the kneading se-
quence.

The other approach is to estimate ¥, («) via the Lyapunov exponents. For the
skew tent map T, 3, (a, ) € U there is a unique ergodic acim fi,5 = p, that
is a measure absolutely continuous with respect to the Lebesgue measure, \. Its
density f is an invariant function/fixed point of the Frobenius-Perron operator
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P, s, that is P, gf = f. By Birkhoft’s ergodic theorem the Lyapunov exponent

N-1
- . 1 N \/ . . 1 / n
(5) App = A}l_I)rCl)ONlogKTaﬁ) ()] = J}I—I}})oﬁ EO log |17, 5(Ty 5(x))| for p. a.e. .

In case of skew tent maps |17, 5(v)| = 8/a if z < a and [T}, 4(z)| = B/(1 — «a) if
x > « hence if we let

N-1
.1 n B
6) = ]\}I_I)T;O N ; Xjo.a) (T 5()) then Ag g = vlog o + (1 —7)log o
for p a.e. x.
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Figure 2. More tangents to isentropes computed from v and from ©

Hence to estimate the Lyapunov exponent we need to estimate . This is usually
done by using a computer program. For a sufficiently large N and a “randomly”
selected x one computes the sum in ([@). Actually we have done this as well in our
computer simulations. It has turned out that N = 200000 was sufficiently large to
have a reasonably good estimate for . In Table [l there is a column ~ containing
these estimates for the randomly selected parameter values. The main result of
this paper is the fact that v, and hence A, s can be expressed by using V', ().
We show in Proposition [I0 and in Theorem [13] that B

(7) 7=0a(l-a) \PMB(OZ) 75)7(1__&25).

Since W'y, (a) can be calculated by ) using (), (€) and (@) we can calculate
the Lyapunov exponent for any 7, 3 with («, 5) € U. To illustrate the connection
between W', (a) and A, g, or 7 in our computer simulations followed a reverse

+ o or, taking inverese ¥ (a) =
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approach. This means that the computer program calculated an estimate of v (and
hence of A) and this estimate was used for calculating the slope of an approximate
tangent to the isentrope. As the images show this method, based on ([7l) works,
that is the approximate tangents really seem to be tangent to the isentrope.

In Table [ there is a column labeled W,~© which contains the estimates we
obtained for ¥, (a) by using the estimate for v based on (@). As one can see that
the estimates we obtained for ¥, («) by using the ©,, function in (@) are quite close
to the ones obtained by using 7. On Figures I and B we plotted both approximate
tangents to the isentropes, the one calculated from v and the one calculated from
Opr. On the color pdf version of the paper the first approximate tangent is in
red and the second is in blue. In case only one, the red tangent is visible then
it means that the two approximate tangents are on top of each other. It is also
visible that they are indeed ”tangent” to the isentrope as well. On the right half of
Figure [2 the two approximate tangents are not exactly on top of each other. This
is due to the fact that for the parameter values o = 0.49 and 5 = 0.56 both o/
and (1 — «)/f are close to one and the convergence in the series giving the partial
derivatives of ©, is slower. To get a better estimate one needs to consider more
than the first 200 entries of the kneading sequence. On this figure the tiny black
region corresponding to the equi-kneading region is almost completely covered by
the blue and red approximate tangents. We would like to emphasize that our new
method based on ©,;, even if the number of iterates is increased from 200 to a
larger number requires still much less many iterates than the other method which
needed 1000 times more iterates for about the same accuracy.

Finally, there is one more illustration showing that indeed there is a link between
v and ¥/, (a). On Figure B the color of pixels in U was calculated based on the
first 10 entries of the kneading sequence. Hence equi-kneading regions containing
isentropes are of the same color (modulo screen/pixel resolution). We also plotted
three skew tent maps with three different colors and the approximate tangent line
computed by using 7 from (@) substituted into ().

As far as we know in the literature there were two ways to estimate/approximate
Lyapunov exponents of skew tent maps. One method is based on computer pro-
grams approximating -, or the acim, or its density as we also did in some calcula-
tions on our illustrations. In [2] for the Markov case a histogram of the distribution
of the location in the Markov partition of the first 50000 iterates of a ”generic”
point is used to approximate the piecewise constant invariant density function of
the acim. Here again a rather high number of iterates was used. In [7] a central
limit theorem is discussed for the convergence in (6l). The other method, discussed
in [2] is based on the fact that if K(a, ) € M-, that is when the turning point
is periodic for T, g then there is a Markov partition for 7, 3. Based on the Markov
partition one can obtain a system of linear equations and the solution of this sys-
tem gives us the invariant density function f, g of the acim p,pg of T, 3. Then
Y = pa,3([0, @]). (In [2] a different parametrization and notation was used, but we
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translated it to our notation.) The drawback of this calculation is that the number
of equations is the number of elements in the Markov partition. If K(«, 5) € M
then there is no Markov partition, but isentropes corresponding to skew tent maps
with Markov partition are dense in U. It was remarked in [2] that in this case
we can also approximate the invariant density by invariant densities of Markov
skew tent maps. In this case the number of elements in the Markov partition of
these appproximating maps tends to infinity, making it more and more difficult
to solve the system of linear equations. It also seems for us that Theorem 10.3.2
from [3] was used in an incorrect way in [2]. By this we mean, that the way these
Markov skew tent maps are approximating the non-Markov one is not satisfying
the exact assumptions of Theorem 10.3.2 in [3]. Since in our paper we also need
approximations of skew tent maps by other ones in Proposition [6] we clarify the
way these approximations work. For some specific Markov parameter values in
[10] a central limit behavior is discussed.

Properties of isentropes, especially connectedness in different families of dynam-
ical systems were also studied for example in [I], [9] and [12].

/

alpha: 4 beta: 86 alphar 2 heta 96 alpha 6 betar (&5

Figure 3. Isentropes and tangents computed from ~

This paper is organized the following way. In Section [2] we recall some defini-
tions and results concerning skew tent maps and invariant densities. In Section
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we continue to discuss some known results about absolutely continuous invariant
measures and prove Proposition [6] which will be the key lemma about approxima-
tions of skew tent maps by other ones. This section concludes with some remarks
about uniform Lipschitz properties of isentropes.

The most involved part of the paper is Section 4l in which we prove Proposition
[0, This is a special version of the main result of the paper about the relationship
between Lyapunov exponents and tangents to isentropes. In this proposition we
suppose that the isentrope is differentiable at the point considered and we also
suppose that we work with a Markov map. In later sections we aim towards
Theorem to use some approximation arguments to remove the assumptions
about differentiability and Markovness.

In Section Bl by using Proposition [I0 first we show that isentropes are continu-
ously differentiable for Markov skew-tent maps. In this argument we use Propo-
sition [6] and approximations of our skew tent map by other ones with the same
topological entropy. Then by using another approximation argument based on
Proposition [l and approximation of non-Markov maps by Markov maps we gener-
alize this result for arbitrary maps.

Finally, in Section [6] we prove Theorem [I3] which is the main result of our paper.
It is again an approximation argument of non-Markov maps by Markov maps.
This way we obtain the general version of Proposition

2. PRELIMINARIES

Kneading theory was introduced by J. Milnor and W. Thurston in [8]. For
symbolic itineraries and for the kneading sequences we follow the notation of [6].
Suppose T = T, 4 is fixed for an (a,5) € U and = € [0,1]. The extended
kneading sequence K (a,f) = M,,, = (my,my,...) € {L,R,C} is defined as
follows. If T7? s(a) < a then m,, = L, if T} (o) = a then m,, = C, and if T7 5(cx) >
a then m,, = R. If there is no C' in M, then the kneading sequence K(«, ) =

ext

M = M.,,,. If there are Cs in M, then the kneading squence K(«,5) = M is a
finite string which is obtained by stopping at the first C' and throwing away the
rest of the infinite string M.

Following notation of [II] we denote by 9 the class of kneading sequences
K(0.5,5), B € (0.5,1], which is identical to all possible kneading sequences of the
form K(«, ), (a,8) € U.

In [I1] a different parametrization of skew tent maps was used. The functions

1+ X if <0
F/\,u(x)_{l—;w if >0

were considered on R.
A simple calculation shows that if (o, 8) € U then (A(a, ), u(a, B)) = (2, £-)

a’l—a

belongs to the region D' = {(A\,p) : A > 1, > 1,5 + % > 1} this, apart from
a boundary segment, coincides with the parameter region D = {(A,pu) : A >
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Lp>11+ i > 1} considered in [11]. In [4] we gave the explicit formula for
the linear homeomorphism showing that T, 5 and F)(a,g) ., are topologically
conjugate. We use the notation IC(A, p1) for the kneading sequence of F) ,. In this
parametrization 91 corresponds to the kneading sequences of functions F),,, with
l<p<L2

We denote by < the parity lexicographical ordering of kneading sequences, sym-
bolic itineraries, for the details see [6].

Without discussing too much details of renormalization we need to say a few
words about it. The interested reader is refered to more details in [6] or [I1]. For
j = 0,1,... we denote by 9 the set of those kneading sequences M for which

there exists 8 € ((v/2)7*',v/2'] such that M = K(L, 3). The kneading sequences
in 9M° correspond to the non-renormalizable case. We denoute by U’ the set of
those (a, 3) € U for which K(a,) € 9. In [II], Dy denotes the region of
those (A, n) € D for which A > —#=. This is the non-renormalizable region in
the A — p-parametrization. In [2] and [I1] mainly the non-renormalizable region
is considered. In Section 5 of [I1] renormalization, and the way of extension the
result obtained for the non-renormalizable case is discussed. It turns out that
if C(\,p) € M with j > 1 then F}, can be restricted onto a suitable interval
mapped into itself by this map. This restriction is topologically conjugate to F2 y,
and K(u?, Ap) € MM7~L. In our parametrization if K (o, ) € 9’ with j > 1 then
TO%,B restricted onto a suitable interval is topologically conjugate to Ti_, g2/(1—a)
and K(1 —«,%/(1 —«)) € MM7~L. In this paper we only use that the density of
Markov maps in U!, shown in [2] implies via renormalization density of Markov
maps in U.

We recall a corollary of Theorem C of [11] adapted to our ov— -parametrization.

Theorem 1. For each M € M there exist two numbers a1 (M) < as(M) and a
continuous function Wy : (a1 (M), as(M)) — U such that for (o, ) € U we have
K(a, ) = M if and only if B = Vp(a). The graphs of the functions Wy fill up the
whole set U. Moreover, limg_q, a4+ Yam(e) =1 if M = RLR*®. If M < RLR*
then the curve (o, V() converges to a point on the line segment {(o,1 — ) :
0<a<i}asa— ay(M)+. If M = RL*® then oy(M) = 0, ax(M) = 1 and
Uy (a) =1 for all a € (0,1).

For the skew tent map T, g, (o, 5) € U we define the Frobenius-Perron operator
P,s: L'0,1] — L0, 1] by

Posf)= Y 4G

T ()]
iy TS

which in a more explicit form is

« ax 1l -« l—«o .
® P =51 (F)+ 50 (1-15%) <<
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and P, sf(z) =0if z > f.
We recall for example from Proposition 4.2.4 of [3] the contraction property of
Frobenius-Perron operator

(9) [Pasfll < [If]]x-

We also remind to the definition of the variation of a real function f : [a,b] — R.

Vf= V[a,b]f = s%p {Z | f(xr) — f(xkl)‘}
k=1

where sup is taken for all partitions P = {[x¢, 1], [x1, Z2], . . . [Tn_1, 2]} of [a,b].
If Viay)f < 400 then f is of bounded variation, BV on [a, b].

Definition 2. Suppose I = [a,b], T : I — I. A partition

P = {lag, a1], [a1, as], .. ., [an_1,a,]}
of [a,b] is Markov for T" if for any ¢ = 1,...,n the transformation T, , 4, is a
homeomorphism onto the interior of the connected union of some elements of P,
that is onto an interval (aj(i), ak(i)).

Observe that if T} 5(8) = «, that is C appears in K(a, ) € Mo then the parti-
tion determined by the points {0, o, 8, To (5), . - -, T;El(ﬁ), 1} provides a Markov
partition.

3. ABSOLUTELY CONTINUOUS INVARIANT MEASURES AND DENSITIES FOR
SKEW TENT MAPS

We recall some definitions and results from [3] p. 96. We denote by 7 (I) the
set of those transformations 7" : I — I which satisfy the next two properties:

{1
a >

[. T is piecewise expanding, that is there exists a partition P =
l[ai_1,a;],4 = 1,...,n} of I such that T|;, is C' and |T'(x)| >

for any ¢ and for all x € (a;_1, a;).
I g(z) = m is a function of bounded variation, where T"(x) is an appro-

priately calculated one-sided derivative at the endpoints of P.

—

For every n > 1 we define P ag
n—1
P =\ T75P) = {L,nT"(L;,)N---nT"(L;,_,) : I;; €P,j=0,....n—1}.
k=0

One can easily see that if 7" € T(I) then T™ is piecewise expanding on P,
Since [T}, 5(z)| = g on [0,a] and [T}, 5(z)| = % on [a, 1], for (o, ) € U we
obtain that T, s € 7([0,1]) with P = {[0, o, [, 1]}.
The next theorem is about the existence of absolutely continuous invariant mea-
sures, acims and it is Theorem 5.2.1. from [3].
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Theorem 3. If T € T(I) then it admits an absolutely continuous invariant mea-
sure, acim whose density is of bounded variation.

In case of skew tent maps this acim is unique. Theorem 8.2.1 of [3] gives an
upper bound on the number of distinct ergodic acims for a 7" € T(I).

Theorem 4. Let T € T(I) be defined on a partition P. Then the number of
distinct ergodic acims for T is at most #P — 1.

In our case when («,) € U and Iy = [0,1] then P = {[0,a], [«, 1]}. Since
#P = 2 we obtain that for T, 3 there is only one ergodic acim. Using this and
the results about the spectral decomposition of the Frobenius-Perron operator in
Chapter 7 of [3] one can see that invariant densities are linear combinations of
densities of ergodic acims. Hence in case of our skew tent maps the following
Lemma holds:

Lemma 5. For every (o, 8) € U there is a unique invariant density for T, 5, and
it is the density of the unique ergodic acim.

As Theorems 10.2.1 and 10.3.2 are proved in [3] we show the next proposition.

Proposition 6. Suppose (a,, 5,) € U forn=0,1,..., (an,Bs) — (o, o) and
P, = {0, an], [vn, 1]}. Suppose that

Vm > 1,30, >0 such that if
(10)

m—1
(m) _ —j )
P = ]\:/0 T, 5,(Pn) then 1?7;?”) AI) > 6, > 0.

Then:
(A) For any density f of bounded variation there exists a constant M such that
foranyn and k=1,2,...

VP! 5 f <M.
This implies that for any n there is an invariant density f, of 1., s, and the set
{f.} is a precompact set in L*([0, 1], \).
(B) Moreover, if f., — fo in L' then fy is an invariant density for Ty, s,-

In a similar situation in [2] there is a direct reference to Theorem 10.3.2 of [3] but
it seems that after a careful check, this reference is not applicable in the situation
of the Markov approximations in [2], neither in our case.

Next we discuss what the problem is with the direct application of Theorem
10.3.2 then by using the ideas of the proofs of Theorems 10.2.1 and 10.3.1 of [3]
we prove our Proposition
The main problem of the direct application in [2] of the theorems from [3] to the
case of approximations by skew tent maps is the following. In the assumptions of
these theorems given a piecewise expanding transformation 7' : I — I, a family
{7}, }n>1 of approximating Markov transformations associated with 7" is considered.
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Assume Q© denotes the endpoints of intervals belonging to P, where P© is a
partition such that 7" is C! and expanding on the partition intervals of P©).

If one checks in Section 10.3, p. 217 of [3] the definition of the approximating
Markov transformations associated with 7" one can see that there is a sequence of
partitions P™. It is supposed that the transformations 7}, are piecewise expanding
and Markov transformations with respect to P™.

Moreover, in assumption (a) on p. 217 of [3] it is stated that if J = [c,d] € P
and J N QO = ) then T,|s is a C! monotonic function such that

(11) Tw(e) =T(c), Tu(d)=T(d)

Assumption ([II) is clearly not satisfied if (o, 8,) — (a0, Bo)s (an, Brn) # (0, Bo),
Ty =Tu, 5., T = Tny 5, and P™ has subintervals [c, d] which do not contain 0, g
or 1. This means that contrary to what is claimed by the authors of [2] Theorem
10.3.2 of [3], cannot be applied directly to the case of Markov approximations they
want to use. Our Proposition[6lcan be used in their case as well. Moreover, it is also
an advantage of our Proposition [6] that we do not assume that the approximating
skew tent maps are Markov.

Proof of Proposition[@. First we check that assumptions of Theorem 10.2.1 in [3]
are satisfied by Ty, 5, and T,, 3, given in Proposition [6l First observe that by
(an, Bn) = (aw, fo) we can choose v > 1 such that [T, 5 ()| >~ for any z where
the derivative exists for any n, this implies condition (1) of Theorem 10.2.1 of [3].

Since ﬁ is constant on (0, cv,) and (o, 1), from (o, B,) — (g, Bo) it clearly
an,Bn
follows that there exists W > 0 such that V (%) < W for any n € N. This
an,Bn

shows that condition (2) of Theorem 10.2.1 of [3] is also satisfied. Observe that
by (am, Bn) — (a0, Bo) the partitions P, have the property that we can choose
d > 0 such that if I € P, then T, ,|r is one-to-one, T, 5,(I) is an interval and
minsep, A(I) > 6. This is condition (3) of Theorem 10.2.1 of [3].

Finally, (I0) is assumption (4) of Theorem 10.2.1. Therefore this theorem is
applicable to the sequence T, g,. This yields that conclusion (A) of our Proposi-
tion [6] holds true. The only thing which needs extra proof that in conclusion (B)
the function fy, which is the L' limit of the P0,,, p,, invariant densities frps 18
P,, s, invariant. Since f,, — fo in L' and ffnk = 1 for all k, it is clear that
| [ fo—= [ farl < [ 1fo— farl = 0 and hence [ fo = 1.

For the invariance of f; we need to show that P, s,f = fo a.e.. As on page 220
of [3] it is sufficient to show that || P, s,fo — folli = 0, which will be verified by
the following estimates:

[ Pag.g0.fo = follt < | Pag,0fo = Py 8, Jollt + [ Pony 80, fo = Pony g frlln

+||Pank7ﬁnkfnk - f%”l + ||fmc - f0||1 = Almk + AQ,M + A37nk + A47nk'
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By @), Ao, < 1P, |11 - Lfo = S llt < Mfo = S lly = 0.
Since f,, is an invariant density of T, Qg B, WE have Ajs,, = 0 for any k. It is also
clear that Ay,, — 0 as k — oo.

The only non-trivial part is the estimation of A; ,,. Suppose € > 0 is given and
choose an f. € C'[0,1] such that ||fo — f.||; <e. Put

(12) M. = max{|fe(z)| + | fi(z)] : 2 € [0,1]}.
We suppose that K is chosen in a way that

Qo Ony| _ € l—ay 1—ap, < £
(13) /80 677/16 M&’ /80 /Bnk ME’
dwkﬁ%%'<ﬁ€holdfork2l@.

We suppose that §,, > [y, the case 3,, < By is similar and is left to the reader.
For ease of notation we denote ny by k in the sequel. We have for k > K|

A1k = || Pag,ofo — PargiJollt < | Pag,gofe — Py pifelli + | Pag,goll - I1Lf — foll
+||P04k76k|| : HfO - f6||

() - 3 (5)
oo, <1_1;0a0x)_1;kak . (1_1;:%)
o[ L G [ [ (- 15)
§/06062f< ) ( )’ B %f(‘é’;)df“
o[l () ()

(using ([@))

Bo
< HPOtoﬁofE_ akﬁkf5"+2€</
0

60
+/
0

dx

dx

dr + 2¢

1—0[0 1—Oék ( 1—0%) <Oék 1—Oék )
+ — < 1— x| dr+|Bk — — M, + M, ) + 2¢
B B I B |81 — Bol B B
(using (I2) and (13))
Bo
Qg
M —/ zlde + By |— — —| - M,
= Bo ﬁo B Jy VA ﬁo m
l—apg|l—ay 1—a4 /BO l—ag 1—aqy
— - M., - rldr + — M, +¢e+ 2¢
B | B B A
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(using again (I3))

« l—« 1
<2.etBy-e+ 05+Bo~5+36<<—+2ﬁ0+3)8.
Bo Bo Bo
Thus || Paygof — Payrp.flli = 0 as k — oo and hence A; ), — 0 as k — oo and
completes the proof of the Proposition. O

The next lemma shows that if T, 5, is non-Markov, that is K (o, 5y) € Ma
then (I0) is satisfied.

Lemma 7. Suppose (ao, Bo) € U, K(, 5o) = M € My,. The sequence (ay, Brn) —
(0, Bo), (an, Bn) € U, P ={[0, ], [an, 1]}, n=0,1,... then (IQ) is satisfied.
Proof. Since M € M., we have Tf;éo(ao) = T(fo’ﬁo(ﬁo) # o for k=0,1,.... This
implies that

(14) T (o) # TF 5 (o) if K >k > 0.

0,50
Observe that the division points of P,Sm), (n=0,1,...) are 0,1 and points of the
form 77 ; (a,) with 0 < j < m — 1. Denote the set of division points of pim by
(™. By () we have

(15) ag & T,7 5 () for any j =1,2,. ..
and in general
(16) T(;){lﬁo(ao) and T;(fﬁo(ao) are disjoint finite sets for j' # 7.

Indeed, if we had fora 5/ > j>1, z € TQ_(){IBO(QO) N Tozjfﬁo(ao) then

Tojéojﬁjo <ngo,ﬁo (:L’)) = o = Tgéo,ﬁo <&0>

and hence T;:;B]o () = ap, which contradicts (I4)).
Denote by dg ., the length of the shortest interval in Pém). By using «,, — ag, 8, —

Bo, (1) and (I6]) we can select N,, such that

(17) distirau (QU, Q™) < 09 /3 holds for n > N,,.
This implies that for min,_pm A(I) > dpm/3 > 0 holds for n > N,,. Since
min{\(/): [ € P < Ny} > 0 we obtain that (I0) is satisfied. O

Finally, in this section we make a few remarks about the Lipschitz property of
the isentropes. By Theorem A of [11] if i/ > p and X' > X then the topological
entropy of Fy , is larger than that of F ,. Recalling that A = g and p = % we
obtain that if the isentrope {(a, V() : o € (a1 (M), aa(M))} is passing through
the point (ao, fo) = (o, Yar(ap)) then

(@) = Warloo) _ fio
o — Qg T Qp

(18)

for a > ay
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and
Var(@) = Yulao) o o

a— Qg 1—

(19) for o < .
Now suppose that we selected an interval @, @] C (a1 (M), aa(M)). Then we
can choose a constant B > 0 for which

V(@) = V(o)

< Bif a > Qq, 0, € [51,62],
a — g

and

() = Uar(ao)
a —
This implies that we proved the following:

> —Bifa < ag, a,a € [ay,q).

Proposition 8. Suppose M € M and [a1,az] C (a1(M), as(M)). Then there
exists a B such that

Vpr(ar) = Vyr(az)

a1 — Q2

(20) <B

if ar, a0 € [ay, Qg), that is Uy is Lipschitz on [@y, @s] and hence is absolutely con-
tinuous on [0y, @), Wy, exists almost everywhere on @y, @) and for any ay, oy €
[y, @a), a1 < ag we have Uy (ag) — Up(ay) = f;f WYy (a)da.

Remark 9. From (I8) and (19) it is also clear that we have a locally uniform
Lipschitz property of the isentropes. This means that if («g, 8y) € U and [ag —
8,0+ 6] x [Bo — 0, By + 6] C U then one can choose B such that for any ay,ay € U
if War(an), ¥p(az) € [ag — 3, g + 9] X [By — 8, Bo + 0] then we have (20).

4. ISENTROPES AND LYAPUNOV EXPONENTS, THE MARKOV CASE

Proposition 10. Suppose (ag, fo) € U, M = K(ag, 5o) € Mewo, that is there
exists a minimal ny > 1 such that T;LOJVTIﬁO(/BO) = ap. Assume that A = A, 5,
denotes the Lyapunov exponent of T, 5, and (o, V() is the isentrope satisfy-
ing Bo = Vy(ap). We also suppose that W'y (o) ewists, that is the isentrope is
differentiable at oy. Then we have the following formula

(21) Aoygo =N =log b + (1 —7)log . b , where v satisfies
Qo — Qo
Wy (o) 1
=+ 1= U (a
(22) Y= % = 040(1 — Oéo) M( 0) + Q.
CV_O + 1—ao 60

Moreover, if p denotes the acim of Ty, g, then

(23) v = 1([0; ao)).
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Proof. Since M € M, we know that {17 5 (ap) : n € N} is a finite set which
has k = np + 1 many elements. We denote this finite set by ¢; < ¢y < -+ < ¢.
Then T} 5 (o) = @, €1 = Ty 5,(0o), cx = Po and [c1, ¢] is the dynamical core of
the dynamical system ([0, 1], T, 5,)- The orbit of any = € (0,1) enters [cy, ¢;] and
then for higher iterates 77, 5 () stays in this interval.

Moreover, since Ty, g,([c1, ck]) = [c1, cx] we can study the restriction of Ty, 5, onto
[c1, k], which for ease of notation is still denoted by T4, 4,-

Since p can be obtained as the weak limit of a subsequence of the measures

% EHN;OI Opn 50 (@) for 1 almost every x, it is clear that the support of u is a subset
@0,P0

of [c1,¢cx]. (Recall that §, is the Dirac measure centred on z.) By Proposition [
i is unique and ergodic. By ([@]), v in (1)) satisfies (23) and by Birkhoff’s ergodic
theorem

N-1
1 n
(24) v = Jim = oo (Th (7))
n=0

holds for ;2 almost every x. Since u is absolutely continuous with respect to the
Lebesgue measure the set S, which consist of those x for which (24)) holds is of
positive Lebesgue measure. It is also well-known, and is easy to check, that the
partition P, = {[c1,¢2], ..., [ck—1,ck]} is a Markov partition of the dynamical core
[Cl, Ck] .

We select @1 < @, such that ag € (@, @) C [@1, 2] C (u(M), ax(M)). Since
W)y is an isentrope, the maps T4, v, (o) are topologically conjugate,

(25) TCIVC,\I/]\J(CV)(Q) = « holds for «a € [ay, @),

and the dynamical systems T, v, (o) are also Markov with Markov partitions P, =
{[er(a), ca(@)], .. [ep—1(@), cp(@)]} where ¢;(a) = T:i\PM(a)QX) with n;, < k not
depending on «. By Proposition ] and by topological conjugacy of the maps
Towy(a), @ € [@1, @] the functions ¢;(a), i = 1,...,k are Lipschitz on [@y, @a].
Moreover, we can choose M. > 0 such that

(26) lei(ar) — ci(ae)| < Me|ag — ag| for aq,an € [@, @) and i = 1,.. ., k.

We denote by A, the minimum distance among the points ¢; = ¢;(ag), i =1,...,k
that is

(27) A, =min{¢c;y1 —¢ri=1,...k—1}.

Next, proceeding towards a contradiction we suppose that v defined in (24]) does
not satisfy ([22)). By Proposition 8 Wy, is a Lipschitz function on [ay, @s]. Hence
W), () exists almost everywhere on [, @] and we can put

Wiy (@)

(28) F(a) = a(l — a) \Il;(a) + a for A ae. a € [ayg, as.
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Since Wy (ag) = Py our assumption that v does not satisfy (22)) can be written in
the form 7(ag) # 7. Recall that we supposed that W', (ap) exists and hence y(ao)
is well defined. Moreover Uy, () = S and (28) imply

Flag) —ap V(o) . V() Flag) | 1—7(ag)
(29) oo(l = ao) = 5, that is 0 = 6 o + I —og
since
Wiy (o) F(ao) L 1=7(0)
Bo Qg 1 —ag
| Wiylan) | (1= (an))ap - F(ap)(1 - a0
b ao(1 — )

_ “I’IM(OZO) ap — Y(ap)
Bo ao(1 — a)
1 t 1 1-t
Put s(a,t) = ¥y (a) (—) (1 ) . Then 0;s(a,t) exists at ag and for
= a —a
fixed t, s(«,t) is Lipschitz in o on [ay, @s]. Using (29) we obtain

=0.

U, (ap —
815(040,75) = (\D;ani _ aio + 11_ Ofo) s(ao,t)
O YO . GO T G CHEY S, G0 YA

(7)) 1—0[0

= s(a0,t)(F(cw) — 1) <i+ ! )

Since 7 (ap) — v # 0 we have 01s(ag,7y) # 0. Select and fix dy > 0 such that for
|Aa| < dg

1
(31) ‘8(0[0 + AO@V) - 8<Oé07/7) - Aa- 818(0(0,”)/” < §‘AOZ‘ ’ ‘618<0507/7)"

Since s(ap,y) > 0, by @B0), sgn(dis(ao,v)) = sgn(y(a) — 7). Choose Aa with
|Aar| < &y such that

(32) ap + Aa € [ay, @), Aa - 01s(ap,y) <0, and |[Aa| < 4]\; :
By B1)

1
(33) S(Oé() + AO@V) < S(()éo,’)/) + éAa ’ 618<Oéo,’}/) < S(O[(],"}/).

Since s(ay, t) and 0y s(ap, t) are continuous in ¢, choose 6; > 0 such that if [t —v| <
6, then

1 5 _
(34) s(ap+ Aa,t) < s(ap,t) + §Aa -O18(a, t), and [Y(ag) —t| > w.
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Put

| N
= N Z X[0,00) (Tgo,ﬁo (7).

By Lemma[5}, 4 is ergodic and hence 'YN( ) = v = u([0, ap)) for p a.e. = and there

exists S C S, and Ny € N such that )\(S ) > A(S,)/2 > 0 and we have

(35) |yn(x) — | < 6; for any N > Ny and x € :S;y.

We will fix an N > N, later. Suppose N is given and fixed. We can select a
system of intervals I; = [d;, ¢;] such that Té\g o 18 linear and non-constant on I; but
is non-linear on any larger interval containing I;, moreover

(36) (d,e)N S, #0and S, | 1.
l

i i M _
i N i\cj\}l(ao +Aa) v
: M, K@ 5’”)\ Bo
: \\ 6 577 \
\ n
I I N I
: : Ta0+Aa \I/A](()[0+A(1V) \IJK(a}) :
\\ 1 1 0:Mn 1 \
Y I ! N I
! ! ao,Bo ! Bn
: : N
¢y, (oo + Aa) *:‘ CN i i
: : l
I | I
I | I
I I I
| | '
dl(Oéo + Aa) d; €] el(ao + AO() ap  O0n

Figure 4. Illustration for the proofs of Proposition [0l and Theorem

The maximality of the intervals I; implies that

(37) ao ﬁ()(dl)’ o 5()(6[) € {Ci S 17 k} and T, o Bo<dl) # o) ﬁo< )
From (B0]) it follows that

(38) DA = AS)

By using (B7) we introduce the notation
(39) Cyy = Tao o (dr) and ch Té\g,ﬁo(el).

From (27)) and (37) it follows that
(40) ¢ — el = A
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An elementary calculation shows that

T o) = (T2 )] = ((ﬁ—)() (; fLO)l_W))N

for any = € (dj, €).

(41)

During the rest of the proof the reader might find useful to look every so often
at the left half of Figure @l Also observe that the value of yy(z) is constant on
(dy, ;). Denote this constant by ¢;. Using (35]) and (B6]) we obtain

(42) g1 — | < 01

By topological conjugacy of Ty w,,(a) and Ty, g, if we change a € [@y, @] then the
system of maximal intervals of monotonicity of T, y,,(a) is not changing in number
and only endpoints of these intervals vary in a Lipschitz continuous way. This
means that we can consider the intervals [d;(«), e;(c)], a € [@1, @] and the absolute
value of the slope of T, (o) O these intervals will be for any x € (di(a), ei(e))

(e ()Y
- (W) ((é) (= a)l_m)N ~ (s(a )"

By (34) and (35)) we have

TN
(43

1
(44) 5(040 + AO(, gl) < S(a07 gl) + §A0z818(0z0, gl)a
that is
s(a, g1) > 1
s(ao+Aa,g) © 14 fAaHcen)
45 ’
(45) _ 1 - 1]0is(a, g1) |Aal
-1 &(s(zzoég)z) |Aql 2| s(ag, q1) '
s(ag,q;
Using + 4+ = > 2, (30), (34), [@5) and Bernoulli’s inequality
N
N
6) (14 3] ] o)
(s(ao0, )™ (s(ao, g)™

L+ N - 3[F(a0) =915 + =2)lAal 1+ FA(a0) —7l|Aal
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Since the choice of Aa did not depend on N we can suppose that N is so large
that

N 20
47 14+ —|7(ag) — |- |Aa] > ——.
(47) 5 (@) =1+ [Aal N5
By (41) and (#3]) we know that
|CJJ\r/l_CJ_Vl| |CJJ\FH(Q0)_CX/1(O‘0)|
48 M) =¢ —d; = d = d d
(48) === g™ = (slam a)¥

We want to obtain an estimate of e;(ag + Aa) — dj(ap + Acr). By (26])
lena(ao + Aa) — ey y(ao)] < M- [Aal,
and hence using (27) and (32)
lena(ao + Aa) — cyy(ao + Aa)

(49) ) 1 _
> [ena(ao) = eylao)] = 2MeAal > ey, (@o) = ey(@o)l-

By ([@3), (ET), (7). [@F) and (31) we obtain

|c+ (o + Aar) — ey (g + Aav)|
er(on + Aa) = dyag + Aar) = = Is(ao + AozN;l)|N

sled (o) — ey (ao) _ N o
(50) |S(Oz0,gl)|N ( + 2 ‘7(050) 7| |AO(|)
halon) —cxgfon)] 10 _ 10
Seoal @) WGy

By topological conjugacy of Ty 1 Aa, ¥y (a0 +aa) a0d Ty, g, the intervals I (p+Aa) =
[d)(co + Aav), e;(ap + Aar)] are non-overlapping for fixed A« and are in [0, 1]. This
contradicts (B8] since we have

10

1> AML(ag+ Aa) > Y AI) - —=— > 10.
. . A(S5)
Hence ~ satisfies (22) and Proposition [I0 is proved. O

5. DIFFERENTIABILITY OF THE ISENTROPES (ERGODIC THEORY APPROACH)

In this section we prove that isentropes are continuously differentiable curves.
We have already seen that results of [11] imply that they are (locally uniformly)
Lipschitz. There are two possible ways to verify that they are differentiable. One
way, the one which we call analytic method, is to use the auxiliary function ©,y,
(@) and implicit differentiation. If one can verify that for (o, 5) € U, M = K(«, [3)
we have 050 (c, 8) # 0 then this argument works. Unfortunately, to deal with
partial derivatives of ©); is a quite unpleasant and technical task. We have a
manuscript in prepartion, [5] which discusses this other approach. In this paper
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we use a much more elegant and less technical argument which we called the er-
godic theory approach and is based on Proposition [[0] which says that the slope of
the tangent of isentropes wherever it exists can be expressed by ~, which depends
on the unique acim of the skew tent map considered. Then by using approxi-
mations, Proposition [6] and uniqueness of the acim first we verify in Lemma [I1]
continuous differentiability of the isentrope in the Markov case. Then by another
approximation argument we prove the general case in Theorem

Lemma 11. If M € M., then W'y, exists and is continuous on (a1(M), az(M)).

Proof. Choose ay € (ay(M),as(M)). We know that ¥/, (a) exists for almost
every o € (o (M)), aa(M)). Denote by Dy, the set of those as where V), exists.
Suppose that there exists d; # dy € [~00,00] and a;,, — g, (i = 1,2) such that
a;n € Dy, and V(o) — di, (1 = 1,2). Put B, = Upy(in), @ = 1,2. Then
(Qin, Bin) = (0, B0) = (o, Ypr(ap)), for i = 1,2 as n — oo. Since ¥y, is an
isentrope we know that the maps 75, , 5, are all topologically conjugate to Ty, g,-
It is not difficult to check that the assumptions of Proposition [6] are satisfied.
Hence if we denote by f;, the invariant densities of Ty, , s, Which appear in
Proposition [l then there are subsequences ny,; such that f;,, , — fio in L', and
fio, (i =1,2) are both invariant densities of Ty, 5,- By Proposition Bl 7, s, has a
unique invariant density and hence f19 = f20 = fo almost everywhere. Denote by
i and pio the acims with densities f; , and fj, respectively. For i = 1,2 we have

(i, ,) d;

51 s = Qi (1 — Qi )= i 7 Vi = 1 - — .
( ) 77 ki Oé, k,z( Oé, k’l)\pM(aiynk,i) + Oé, k,i 9 aO( O‘O)g() + Qg
From d; # d it follows that +; # ~5. By Proposition
(52) Ying,; = Mnk,i([(]’ &iynk,i]) = /[ ] flmkzd)" L= 17 2.

Ova’i,n

Set Yo = 1o([0, ag)) = f[o a0] fodX\. We denote by I ; the interval with endpoints
ap and @y, ;. We know that

(53) / | fime, — foldA = 0 as k — +o0, fori=1,2.
[0,1]
Hence
[0,c00] [Ovo‘i’"k,i]
(54) <[ g+ / o Fom lAN
I i 0,0 ny, ;]

IN

1 — 0as k — oo.

Ti,i
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Since Vi, , = Vi, ¢ = 1,2 and 71 # 79, it is impossible that v;,, , — v, i = 1,2.
Hence W),|p,, has a limit at every ag € (ai(M),aaM). Since Wy is locally
Lipschitz and D)y is of full measure in (a3 (M), aa(M)) we obtained that W'y, (ao)
exists and continuous at any oy € (a1 (M), as(M)). O

Next we consider the general case.
Theorem 12. If M € 9N then V), exists and is continuous on (ay (M), ap(M)).

Proof. The Markov case M € M_, is Lemma [Il In [2] there are some consid-
erations showing that the curves {(a, ¥p()) : M € MY __} are dense in U°. By
renormalization, or by using directly the argument from [2] one can see that the
curves {(a, V() : M € Mo} are dense in U. Suppose that M € M, is
fixed Bp = V(). (ao, o) € U, K(aw, o) = M. Then there are no Cs in M and
TErL () = TE 5 (Bo) # v for any k > 0. This also implies that

a0,B0

(55) TE (o) #TE 5 (ao) if K >k > 0.

«Q

Choose [ay,as] C (a1 (M), aa(M)). By Proposition B, Wy, is Lipschitz on [ay, @)
and U, exists and is bounded almost everywhere on [@y, @s]. Suppose that W, is
not differentiable at o € (@1, @s). This means that there is d; # dy such that we
can select «;,, — g, @ = 1,2, such that

V(i) — V(o)
Qin — Qp

(56)

Sd, i=1,2.

Since the Markov isentropes are dense in U we can choose M, € 9., such that

W (ain) — Yy, (o)
(57) QG — O

)

and Wy, (ag) — fo, asn — 00,4 =1,2.

— d;, \I’Mn(ai,n) — fo,

By Lemma [[Tland by the Mean Value Theorem we can choose @; ,, — ag such that
(58) \IIMn (a%n) = Bi,n — ﬁo and \I’IMn (aw) — dz for i = 1, 2.

We denote by p;, the acim of T, wBi o t=1,2 and f;,, denotes the corresponding

invariant density. By Lemma [ assumption (I0) is satisfied for (@,,5;,) —
(v, Bo) for i = 1,2. Then we can apply Proposition [l in this case as well and we
conclude that for suitable subsequences f;,,, — fo as k — +oo where f, is the
unique invariant density of Ty, 5, Now by using @;,, , instead of a;,, , one can
argue as we did in the end of the proof of Lemma [[1] to obtain (51I), (52)), (53] and
(54)). This way we can obtain a contradiction as in Lemma ([IT]). 0
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6. ISENTROPES AND LYAPUNOV EXPONENTS, THE GENERAL CASE

Next we state the main result of our paper. Its special Markov case, assuming
differentiability of the isentrope at the point considered was discussed in Section

M4l

Theorem 13. Suppose (o, By) € U, A = Ay, 5, denotes the Lyapunov exponent
of Tagpo and (c, Wy () is the isentrope satisfying By = Vy(ag). Then Wy (ao)
exists, moreover (21) and ([22) are satisfied.

Proof. The case K(ag, 5y) = M € M., was proved in Proposition [0l By The-
orem [[2 we know that ¥, («) exists for any M € M and o € (a1 (M), as(M)).
Next we suppose that K(ag, 8y) € Me, that is there is no C' in K (ap, fy). We use
again the fact that isentropes corresponding to Markov systems are dense in U.
We will select a suitable (a,, 8,) = (ao, o) such that K(a,, 5,) = M, € M.
Again we choose @; < @, such that oy € (ay, @) C [y, a] C (@1 (M), @(M)).
Suppose n € N is given. Choose @,, < ag such that

_ 1 \I/M<an) — \I/M(Oéo) 1
(59) |, — ap| < " and |—= - Oéo_ — Uy ()| < o
Select 3, such that
- — 1
(60) 0<ﬁ0_ﬁn:\pﬂ(a0)_6n<E‘an_a(]‘-

The right half of Figure dl might turn out to be useful to help to understand the
rest of the proof.
Since isentropes do not cross Wy, 3 ) < Wk(ag,4) = ¥am at points where they

are both defined. By choosing f3,, sufficiently close to 3y we can ensure that they
are both defined on [@,, ag).

Select B\n such that

-~

~ 1
0< W Q) — b < —|a, — ) v 3 y(0p) < b
o () = B < gl el W) < D
and K(ana Bn) = Mn S i)jt<c>o-

Since isentropes do not cross we have
(62) Bn < \I’/M\n<0éo) < \I’Mn<ozo) = fo.
Recalling that ¥ (@) = B, by (9), (60), (1) and (62)) we obtain that

(63) Ugp (@n) = Vg ()

an_050

1
- < —.
M(ao) n
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Since Wy; is differentiable on [a,, ag] by the Mean Value Theorem we can choose
ay, € (@, ag) such that
Ui (@) — ¥ (o)

U () = —= —n
Mn( n) an—Oéo

From (63)) it follows that

(64) W () — Wy ()| <

Set 0, = ¥y (@,). By the local uniform Lischitz property of the isentropes

mentioned in Remark @it is clear that («,, 5,) = (a0, fo). Since /M\n € Moo We
can apply Proposition [I0] at the point (o, 3,) to the isentrope W .

By Lemmal[flassumption (I0) is satisfied. Hence if p,, and f,, denote the acim and
its density for T,,, 5,, » = 0,1,... then by Proposition [@ for a suitable subsequence
ni, the sequence f,, — fo in L'. Now

Qny,
Ynp, = Mnk([oaamc]) = /0 fnde

=/ focm/ fnde—/ fodA = 1o([0, ag]) + Ay = 7o + Ar.
0 0 0

We have
ank aQ ank aQ
/ fnkdx—/ fo dA' s/ o —fo|d>\+/ fo dA
0 0 0 an

a0
<o = Folls +/ o d) = 0.
ang

|Ax| =

Hence v, — 7.
By Proposition [10] we have

(65) Ao, 5, = Ay = 7 log % + (1 —,) log ; ? where 7, satisfies
v (om)
(66) I = #n([0, 00]) = an(1 = an) =2+ a,

Using (64) and ~,, — 7o by taking limit as k — oo we obtain that (2I]) and (22)
hold for T, s, 0
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