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Abstract

We study the ergodic behaviour of a discrete-time process X which is a Markov chain in
a stationary random environment. The laws of X; are shown to converge to a limiting law in
(weighted) total variation distance as ¢ — co. Convergence speed is estimated and an ergodic
theorem is established for functionals of X.

Our hypotheses on X combine the standard “small set” and “drift” conditions for geo-
metrically ergodic Markov chains with conditions on the growth rate of a certain “maximal
process” of the random environment. We are able to cover a wide range of models that have
heretofore been untractable. In particular, our results are pertinent to difference equations
modulated by a stationary Gaussian process. Such equations arise in applications, for example,
in discretized stochastic volatility models of mathematical finance.

1 Introduction

Markov chains in random environments (recursive chains in the terminology of [4]) were systemat-
ically studied on countable state spaces in e.g. [5l[6], [20]. However, papers on the ergodic properties
of such processes on a general state space are scarce and require rather strong, Doeblin-type condi-
tions, see [16} 17, 2I]. An exception is [22], where the system dynamics is assumed to be contracting
instead but only weak convergence of the laws is established.

In this paper we deal with Markov chains in random environments that satisfy refinements of
the usual hypotheses for the geometric ergodicity of Markov chains: minorization on “small sets”,
see Chapter 5 of [18], and Foster—Lyapunov type “drift” conditions, see Chapter 15 of [I§].

Assuming that a suitably defined maximal process of the random environment satisfies a tail
estimate, we manage to establish stochastic stability: ideas of [I4] allow to obtain convergence to
a limiting distribution in total variation norm with estimates on the convergence rate, see Sections
and [0 for the statements of our results. We also present a method to prove ergodic theorems,
exploiting ideas of [11 [3| 13} [19], see Sections [2] and [7}

An important technical ingredient here is the notion of L-mixing, see Section We present
examples of difference equations modulated by Gaussian processes in Section Bl These can be re-
garded as discretizations of diffusions in random environments which arise, for instance, in stochas-
tic volatility models of mathematical finance, see [7] and [I0]. Proofs appear in Sections [] and
0]
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2 Main results

Let (), 2l) be a measurable space and let Y3, t € Z be a (strongly) stationary Y-valued process on
some probability space (€2, F, P). A generic element of Q will be denoted by w.

Expectation of a real-valued random variable X with respect to P will be denoted by E[X] in
the sequel. For 1 < p < co we write L? to denote the Banach space of (a.s. equivalence classes of)
R-valued random variables with F[|X|P] < oo, equipped with the usual norm.

We fix another measurable space (X, B) and denote by P(X) the set of probability measures
on B. Let Q : Y x X x B — [0,1] be a family of probabilistic kernels parametrized by y € Y,
ie. forall A€ B, Q(,,A) is A ® B-measurable and for all y € Y, v € X, A — Q(y,z,A) is a
probability on ‘B.

Let X;, t € N be a X-valued stochastic process such that X is independent of Y;, t € Z and

P(Xt+1 S A|.7:t) = Q(Y;g,Xt,A) P-a.s., t >0, (1)
where the filtration is defined by

Remark 2.1. Obviously, the law of X;, ¢t € N (and also its joint law with Y;, ¢ € Z) are uniquely
determined by (). Let us consider the particular case where X is a Polish space with the corre-
sponding family of Borel sets, B. Then, for every given @, there exists a process X satisfying (1)
(after possibly enlarging the probability space). See e.g. page 228 of [2] for a similar construction.
We will establish a more precise result in Lemma below, under additional assumptions.

The process Y will represent the random environment whose state Y; at time ¢ determines the
transition law Q(Y%, -, -) of the process X at the given instant ¢. Our purpose is to study the ergodic
properties of X.

We will now introduce a number of assumptions of various kinds that will figure in the state-
ments of the main results: Theorems 2.1 2.13] .14 .15 [Z.1] and below.

The following assumption closely resembles the well-known drift conditions for geometrically
ergodic Markov chains, see e.g. Chapter 15 of [I8]. In our case, however, there is also dependence
on the state of the random environment.

Assumption 2.2. (Drift condition) Let V : X — [0,00) be a measurable function. Let A, € 2,
n € N be a non-decreasing sequence of subsets such that Ag # 0 and Y = UpenAn. Define the
N-valued function

Iyl :==min{n: y € An}, y € V.
We assume that there is a non-increasing function A : N — (0,1] and a non-decreasing function
K : N — (0,00) such that, for allx € X and y € ),

/X V(2) Qy; x,dz) < (1= A(lly)V (z) + K([lyl)- (2)

Furthermore, we may and will assume A(-) <1/3 and K(-) > 1.

We try to provide some intuition about Assumption we expect that the stochastic process
X behaves in an increasingly arbitrary way as the random environment Y becomes more and
more “extreme” (i.e. ||Y|| grows) so the drift condition (2) becomes less and less stringent on the
increasing subsets A,, as n grows.

Example 2.3. A typical case is where ) is a subset of a Banach space B with norm || - ||p; 2 its
Borel field; A, :={y €Y : |lylls < n}, n € N. In this setting

1yl = Tllyls]

where [-] stands for the ceiling function. In the examples of the present paper we will always have
B = R? with some d > 1 and |- | = || - ||z will denote the respective Euclidean norm.

Another standard choice would be Y := N; 2 is the power set of V; A, :={i e N: i <n}. In
this case ||y|| =y, y € N.

One more possibility could be Y := (0, c0) with its Borel sets 2 and with A,, :=[1/(n+1),00),
n € N.



Remark 2.4. The reader will notice that we impose nothing about the ergodic behaviour of Y in
our results, only estimates on its maximal process are required, see Assumption 2.7 below. It would
be desirable to relax Assumption allowing A to vary in (—oo,1) as long as “in the average” it
is contractive (there are multiple options for the precise formulation of such a property). In that
case, however, (strong) ergodic properties need to hold for Y. This is out of scope for the current
work.

The next assumption stipulates the existence of a whole family of suitable “small sets” C(R(n))
that fit well the sets A,, appearing in Assumption

Assumption 2.5. (Minorization condition) For R > 0, set C(R) = {z € X : V(z) < R}.
Let \(+), K(-) be as in Assumption 22 Define R(n) := 4K (n)/A(n). There is a non-increasing
function o : N — (0,1] and for each n € N, there exists a probability measure v, on B such that,
forallye Y, x € C(R(|ly||)) and A € B,

Qy, z, A) = a(llylDvyy) (A). 3)
We may and will assume a(-) < 1/3.

In other words, depending on the “size” ||y|| of state y of the random environment, we work on
the set C(4K (]|lyll)/A(ly])) on which we are able to benefit from a “coupling effect” of strength

a([lyll)-

For a fixed V' as in Assumption 2.2 let us define a family of metrics on
Py (X) ={pnePX): / V(z) p(dz) < oo}
X

by
pp(v1,ve) = / [14 BV (2)]|n1 — v2|(dx), v1,vs € Py (X),
x
for each 0 < 8 < 1. Here |v; — 1] is the total variation of the signed measure 11 — 5. Note that
po is just the total variation distance (and it can be defined for all v1,v5 € P(X)) while p; is the

(1 + V)-weighted total variation distance.
Let L: X x B — [0,1] be a probabilistic kernel. For each u € P(X), we define the probability

[Lu)(A) = /XL(JS,A) u(dx), A€ B. 4)

Consistently with these definitions, Q(Y;,)u will refer to the action of the kernel Q(Y,,-,-) on pu.
Note, however, that Q(Y,,)u is a random probability measure.
For a bounded measurable function ¢ : X — R, we set

[Lo)(x) := /ng(z) L(z,dz), v € X.

The latter definition makes sense for any non-negative measurable ¢, too.
The following assumption is just an easily verifiable integrability condition about the initial
values Xy and X; of the process X.

Assumption 2.6. (Second moment condition on the initial values)

E

(/X V(2)[po + [Q(YO),Uo]](dz)) 2] < .

We now present a hypothesis controlling the maxima of ||Y|| over finite time intervals (i.e. the
“degree of extremity” of the random environment).

Assumption 2.7. (Condition on the mazimal process of the random environment) There ezist a
non-decreasing function g : N — N and a non-increasing function ¢ : N — [0, 1] such that

P(uax |[Yill = g(t)) < £(t), t = 1. (5)



Remark 2.8. It is clear that for a given process Y, several choices for the pair of functions g, ¢
are possible. Each of these leads to different estimates and it depends on Y and X which choice is
better, no general rule can be determined a priori.

Remark 2.9. For Gaussian processes Y in Y := R¢, Assumption B holds, for instance, with
g(t) ~ Vt, £(t) ~ exp(—t), see Section [ for more details.

Remark 2.10. One can derive estimates like (B]) also for rather general processes Y. For instance,
let Y;, t € Z be Re-valued strongly stationary such that E|Yy|? < oo for all p > 1. Then for each
q > 1 set p := 2¢q and estimate

El/a { max |Yt|q] < EY/% [ max |Y}|2q]
1<i<N 1<i<N

N
> oIyl

i=1

< EV < C(g)N 7,

with constant C(q) = E/24[|Y,|?9]. The Markov inequality implies that

) < Cq(?\)fiwm . ]\?;qf?BQ ©)

P ( max Y| > N
1<i<N
Actually, for arbitrarily small y > 0 and arbitrarily large » > 1, we can set ¢ := % + % in (@) and
then Assumption 2.7 holds with

o) =[] and £(8) i= <)

i.e. for arbitrary polynomially growing g(-) and polynomially decreasing ¢(-). This shows that our
main results below have a wide spectrum of applicability well beyond the case of Gaussian Y, see
Example 217

We now define a number of quantities that will appear in various convergence rate estimates
below. For each ¢t € N, set

k> 1

)

n(t) = gg((j((:))))eka(g(kwg(kmv
- K(g(k+1))
=0 = X s o) Y
re(t) = ie—ka(g(k))k(g(k))/{
k=t
ra(t) = > k),
k=t
o o Lm0
a(g(t) Mg (1))

Introduce the notation u, := Law(X,), n € N. Now comes the first main result of the present
paper: assuming our conditions on drift, minorization, initial values and control of the maxima,
p+ will tend to a limiting law as ¢ — oo, provided that 71 (0) and r2(0) are finite.

Theorem 2.11. Let Assumptions[2.2, 2.3, and [2.7 be in force. Assume
r1(0) + r2(0) < oc. (7)

Then there is a probability p. on X such that p, — p. in (1 + V)-weighted total variation as
n — oo. More precisely,

p1(fns i) < Clri(n) +r2(n)], n €N,

for some constant C > 0.



Theorem 2.I3] below is just a variant of Theorem [Z11t under weaker assumptions it provides
convergence in a weaker sense.

Assumption 2.12. (First moment condition on the initial values)

B| [ vl + Qi) <o
X

Theorem 2.13. Let Assumptions[2.2, [2.3, [2.7] and 212 be in force. Assume
r3(0) + 74(0) < 0. (8)
Then there is a probability ps on X such that pu, — p« in total variation as n — co. More precisely,

PO(Nm ,U,*) < 0[7"3(’”‘) + T4(TL)], n e Na (9)
for some constant C > 0.

Clearly, Assumption [Z6] implies Assumption 212 and () implies (). Next, ergodic theorems
corresponding to Theorems 2.I1] and 2.13] are stated.

Theorem 2.14. Let X be a Polish space and let B be its Borel field. Let Assumptions[2.2, [2.3),
and [277 be in force, but with R(n) := 8K (n)/A(n), n € N in Assumption[Z3 Let ¢ : X — R
be measurable such that

[$(@)] < CA+V (@), w € X, (10)
for some C >0 and 0 < § < 1/2. Assume 1(0) + 72(0) < 0o and

K(g(N)\* ()
<)\(g(N))> N — 0, N = oo. (11)
Then, for each p < 1/0,
ARO[ (), N - o (12)

holds in L?. (Here . 1is the same as in Theorem [Z11] above.)

The rate of convergence in ([I2)) can be estimated, see the proof of Theorem [Z14 in Section
below.
For bounded ¢ we have stronger results, under weaker assumptions.

Theorem 2.15. Let X be a Polish space and let B be its Borel field. Let Assumptions[2.2, [2.7),
[277 and 212 be in force, but with R(n) = 8K(n)/A(n), n € N in Assumption [2.8. Assume
r3(0) + 74(0) < co. Let ¢ : X — R be bounded and measurable. Then for every p > 1, LP
convergence in (I2) holds whenever

7(N)/N =0, N — . (13)

Remark 2.16. In Theorems[2.14land above, we require a slight strenghtening of Assumption
by imposing @) with R(n) = 8K (n)/A(n) instead of R(n) = 4K (n)/A(n).

Condition (3] is closely related to the condition r3(0) < co but none of the two implies the
other. Indeed, fix g(k) := k. Choose A constant and «a(k) := /In(k)k, k > 4. Then n(k)/k — 0
but r3(0) = co. Conversely, let o :=1/3 and (k) = %n(k) Then r3(0) < oo but 7 (k)/k tends to
a positive constant.

Example 2.17. Let Y be strongly stationary R?-valued with E|Y|P < oo, p > 1. Let Assumptions
and 25 hold with K (-) having at most polynomial growth (i.e. K(n) < cn® with some ¢, b > 0)
and a(), A(-) having at most polynomial decay (i.e. a(n) > cn~" with some ¢, b > 0, similarly
for A). Let Assumption hold. Then Remark 210 shows (choosing x small and r large) that
Theorems 211 and 214 apply.



3 Examples about difference equations in Gaussian environ-
ments

In this section we present examples of processes X that satisfy a difference equation, modulated
by the process Y. We do not aim at a high degree of generality but prefer to illustrate the power
of the results in Section [2] in some easily tractable cases. We stress that, as far as we know, none
of these results follow from the existing literature.

We fix Y := R? for some d and X := R. We also fix a V-valued zero-mean Gaussian stationary
process Yz, t € Z. We set ||y| := [|y|], v € Y as in Example above. We will exclusively use
V(z) := |z|, € R in the examples below.

Remark 3.1. Let &, t € Z be a zero-mean R-valued stationary Gaussian process with unit
variance. It is well-known that in this case

E¢ < \/2In(t) <V2t, t > 1 (14)
holds for (; := maxi<;<; &;. Furthermore, for all a > 0,
P(G — EG >a) <e /2, (15)

see [23, 24]. Applying (I5) with a := v/2t and then proceeding analogously with the process —¢,
it follows from (4] that

P (max €] > 2\/%) < 2¢7
1<i<t

Applying these observations to every coordinate of Y, it follows that Assumption 2.7 holds for the
process Y with the choice g(k) := [e1Vk], £(k) := exp(—c2k) for some ¢1, ¢y > 0 and thus r4(n)
decreases at a geometric rate as n — oo.

More generally, choosing a := t* with some b > 0, Assumption 2.7 holds for Y with the choice

g(k) := [c1kb], £(k) := exp(—c2k?®), by updating () and (I5).

We assume throughout this section that €4, ¢ € N is an R-valued i.i.d. sequence, independent of
Y;, t € Z; Elgol? < 0o and the law of €g has an everywhere positive density f with respect to the
Lebesgue measure, which is even and non-increasing on [0, 00). All these hypotheses could clearly
be weakened /modified, we just try to stay as simple as possible.

Example 3.2. First we investigate the effect of the “contraction coefficient” A in ([2]). Let d := 1.
Let 0 < ¢ < @ be constants and ¢ : R x R — [0,7] a measurable function. Let furthermore
A : R — (0,1] be even and non-increasing on [0, c0), for which we will develop conditions on the
way. We stipulate that the tail of f is not too thin: it is at least as thick as that of a Gaussian
variable, that is,

flx) > e ™, x>0, (16)

for some s > 0.
We assume that the dynamics of X is given by

XQ = 0, Xt+1 = (1 — A(Y;g))Xt + O'(Y;g,Xt)Et_i_l, teN.

We will find K (), A(*), a(:) such that Assumptions and hold and give an estimate for the
rate r3(n) appearing in ([@). (Note that we already have estimates for the rate r4(n) from Remark
B.11)

The density of X; conditional to Xo = z, Yy = y (w.r.t. the Lebesgue measure) is easily seen

to be
c-(1- A(y))w) 1
o(y, ) o(y, )

, z €R.

heo(2) i= f (

Fixing n > 0, we can estimate

inf hey(2) > f (%77)

=:m(n),
1,26[—7],7]]

Sl



and m(-) does not depend on y. Define the probability measure
1
vn(A) = 2—nLeb(A N[—n,n]), A€ B.

It follows that
Q(ya z, A) 2 277m(77)l/77(‘4)7 A S %7

for all z € [-n, 7], y € R. Notice that
[QRVI(z) < (1 —A(y))V(z) +TEleo| < (1 - Ay))V(z) + K,

where K := max{cE|eg|,1}. Then Assumption 22 holds with A4,, := {z € R: |z| < n}, A(n) :=
A(n) and K(n):= K, n > 1. (Here and in the sequel we use the index set N\ {0} instead of N for
convenience.)

Let 1 := R(y) := 4K/A(y), y € Y and R(n) := R(n), n € N. We note that R(y) is defined for
every y € Y while R(n) is defined for every n € N, this is why we keep different notations for these
two functions here and also in the subsequent examples. We can conclude, using the tail bound

(6] that

8Km(R(y)) e s W)
) awW = TRg e @)
for all A € B, with some ¢z > 0 so ([B]) in Assumption holds with

Qy,x,A) >

a(n) == 67‘33R2(”)/A(0), n>1,

and v, := V(). Now let the function A be such that A(y) := 1 for 0 < y < 3 and A(y) >
1/(In(y))® with some § > 0, for all y > 3. We obtain from the previous estimates and from Remark
B with g(k) = [c1vVE] that

Mg()alg(k) = e ®),

with some ¢4 > 0. When 6 < 1/2, this leads to estimates on the terms of r5(n) which guarantee
r3(0) < occ.
If instead of () we assume
flz) =z e ™, 220,

then r3(0) < oo follows whenever 6 < 1. This shows nicely the interplay between the feasible
fatness of the tail of f and the strength of the mean-reversion A(-).
Example 3.3. Again, let d :=1, Xy := 0 and

Xiy1:= (1 -A)X; +0(Y;, Xy)epq1, t €N,

where o : R x R — (0, 00) is a measurable function and 0 < A < 1 is a constant. We furthermore
assume that
C5G(y) S O'(’y,SC) S CGG(y)a HAS Ra

with some even function G : R — (0,00) that is nondecreasing on [0,00) and with constants
¢s,c6 > 0. We clearly have ([2) with A(n) := A, n € N (i.e. A(+) is constant) and A, := {x € R :
|z| < n}, K(n) := K(n), n € N where K(y) := csG(y)E|eo|, y € R. Taking R(y) := 4K(y)/A,
y € R, estimates as in Example lead to

2R 1
C5G(é/))> %G—@)VR(y)(A) 2 eV (A),

Q(y.x, A) > 2R(y) f (

for all A € B with some fixed constant ¢y > 0, where ué(y)(-) is the normalized Lebesgue measure
restricted to C(R(y)), as in Example above, so setting R(n) := R(n), n € N, we can choose
Up i= VR(n) and a(+) a positive constant.

Assume e.g., G(y) < C[1 + |y|9], ¥ > 0 with some C,q > 0 and choose g(k) := [c1VE],
L(k) := exp(—cak), as discussed in Remark Bl Then Theorems [ZT1] and T4 apply.



Example 3.4. We now investigate a discrete-time model for financial time series, inspired by the
“fractional stochastic volatility model” of [7 [10].

Let wy, t € Z and ¢4, t € N be two sequences of i.i.d. random variables such that the two
sequences are also independent. Assume that w; are Gaussian. We define the (causal) infinite
moving average process

o0
& = Zajwt_j, teZ.
=0

This series is almost surely convergent whenever Z;io a? < 00. We take d := 2 here and the
random environment will be the ) = R2-valued process Y; := (w, &), t € Z.

We imagine that &; describes the log-volatility of an asset in a financial market. It is reasonable
to assume that £ is a Gaussian linear process (see [I0] where the related continuous-time models
are discussed in detail).

Let us now consider the R-valued process X which will describe the increment of the log-price

of the given asset. Assume that Xy := 0,
Xt+1 = (1 — A)Xt + pe&wt + 11— p2€§t€t+1, teN,

with some —1 < p < 1, 0 < A < 1. The logprice is thus jointly driven by the noise sequences &y,
w. The parameter A is responsible for the autocorrelation of X (A is typically close to 1). The
parameter p controls the correlation of the price and its volatility. This is found to be non-zero
(actually, negative) in empirical studies, see [§], hence it is important to include wy, t € Z both in
the dynamics of X and in that of Y. We take A, := {y = (w,&) € R? : |y| <n}, neN.
Notice that
[ X1] < (1= A)[Xo| + [lwol + [e1[le™
hence
E[V(X1)|[Xo =2, Yo = (w,§)] < (1 - A)V(2) +cse (1 + |w])

for all z € R, with some cg > 0, i.e. Assumption holds with A(n) := A := A and K(n) :=
cge™(1+n).

We now turn our attention to Assumption 25l Denote the density of the law of X conditional
to Xo =z, Yy = (w, &) with respect to the Lebesgue measure by hy . ¢(2), 2 € R. For z, z € [—n, 1]

we clearly have
21 + e |w| 1
b we(z) = : 17
we(2) f<e§\/1p2 N (17)

We assume from now on that f, the density of ¢ satisfies

flx)>s/(1+2)X, >0

with some s > 0, xy > 3, this is reasonable as X; has fat tails according to empirical studies, see
[8]. At the same time, Assumption can also be satisfied for such a choice of f.

Define K (y) := e4(1 + |w|) and R(y) := 4K (y)/\, for y = (w,€) € R%. Use ([[T) to obtain, as
in Example above,

Cy 1,5 c10

Qy,x, A) > WG—SQR(?/)VR@)(A) > W”R(y)(/l)a

with fixed constants cg, c19 > 0, where v, is the normalized Lebesgue measure restricted to [—n, 7].

Set R(n) := R((n,n)), n > 1. Then Assumption holds with

L C10
a(n) = AT n>1.
Recalling the end of Remark B and choosing b > 0 small enough we can conclude that
Theorems 211l and 214 apply to this stochastic volatility model.

Although the examples above are rather elementary and restricted in their scope, they point
towards large classes of models, relevant in applications, where the results of Section 2] apply in a
powerful way.



4 Proofs of stochastic stability

We first present a result of [I4] (see also the related ideas in [I5]) which will be used below.

Lemma 4.1. Let L: X x B — [0,1] be a probabilistic kernel such that

LV(z) <AV(z)+ K, z € X,

for some 0 < v <1, K >0. Lt C :={x € X : V(z) < R} for some R > 2K/(1 — ).

assume that there is a probability v on B such that

ingL(Jj,A) > av(A), A€ B,
xTe

for some a > 0. Then for each ag € (0,a) and for vy := v+ 2K/R,

2+ RSB

5 | Do ) ) ) GP )
5T RS }pﬁ(ul p2), f1, 2 € Py

paLia. L) < max {1 (o~ o),

holds for = ag/K.
For the proof, see Theorem 3.1 in [I4]. Next comes an easy corollary.

Lemma 4.2. Let L: X x B — [0,1] be a probabilistic kernel such that

LV(z) <(1-MNV(z)+ K, z€ X,

Let us

(18)

for some 0 <A <1/3, K >0. Let C:={x € X: V(z) < R} with R:=4K/\. Assume that there

18 a probability v on B such that
ingL(:c,A) > av(A), A€ B,
TE

for some 0 < a < 1/3. Then

a
pp(Lpr, Lpg) < <1 - 7) pp(H, p2), pa, 2 € Py,

holds for = «a/2K.

(19)

Proof. Choose v :=1—\, and let o := /2. Note that 1—(a—ap) = 1—«/2 and RS = 4ap/(1—7)

holds for 8 = ap/K. Applying Lemma ] we estimate

pp(Lp, Lpg) <
24+ Rﬁ’m
max 1_(a_a0)am pB(Mla/j/Q) =

dao(1 = )/(1 =)
20+ 4@0;(1 — }pﬂ(ul,ua)-

max{l —a/2,1—

Here 4
ao(l—70)/(1—7) _ oA > agA
2+4ag/(1—7) A+ 2a0

and we get the statement since a/2 > apA.

O

Let (7,%) be some measurable space. When (x,A) — L(z,A), v € T, A € B is a (not
necessarily probabilistic) kernel and Z is a T-valued random variable then we define a measure

E[L(Z)](:) on B via
EIL(Z)|(A) == E[L(Z, A)], A€ B.

We will use the following trivial inequalities in the sequel:

() <2 po() < ps() < pi() < (1 i %) ps(), 0< B< 1.

(20)

(21)



Proof of Theorem [Z11. Fixy = (y0,y—1,Y—2,...) € YN for the moment. Let y,, := (Y0, Y—1,---»Y—nt1),

n > 1, set
fn(yn) == Q(y0)QY-1) - .- Q(Y-n+1)p0, n = 1.
Here Q(y) is the operator acting on probabilities which is described in (@) above but, instead of
L(z, A), with the kernel Q(y, z, A).
Fix n > 1 and denote g, := max_n11<j<o ||y;]|. Since
a(lly;ll) = e(@n), Alysll) = A@n), K(lly;ll) < K(@n),
for each —n+1 < j <0, (I8) and (@) hold for L = Q(y;), j = —n+1,...,0 with K = K(g,),
A= AFn) and @ = a(gn). An n-fold application of Lemma 2 implies that, for 8 = a(gn)/2K (gn),
P (Hn (Yn), nt1 (Yn41)) < (1= a(@n)A(¥n)/2)" ps (1o, Q(Y—n)ho)-

By @1) and by K(-)/a() 21,

A

p1(tn(Yn), o1 (Ynt1)) <
2K (Gn o
(1 + a(;_ >)) (1 = (@) AFn)/2)" s (10, Q(Y—n)10)
3K (§n)
(Yn)
Now let Y,, := (Yo, Y_1,...,Y_,,11). In the sequel we will need the definition (20) for the kernel

(z,A) = pn(z)(A), z € Y", A € B (and for similar kernels). Notice that, for any measurable
function w : X — Ry,

/X w(z) [Elin(Yn)] — Elptner (Yoyn)]| (d2) < /X W(2) € [1tn(Yn) — pinsr (Y]] (d2).

IN

(1 = a(@n)A(Gn)/2)" p1(1o; Q(y—n)10)-

This is trivial for indicators and then follows for all measurable w in a standard way. By similar
arguments, we also have

[ 0@ ln(Y2) = oY) (dz)E[ [ 0 (¥) = i (Vo) a2
X X

Since pn, = E[pn (Y )], we infer that

prlins i) = [ (1 V) €l (Yo)] = Elpnsa(Yos )] 02) <
[ A4 VEE i (¥) s (Yo (02) =
E [ [+ VED hn¥a) = s (Yarsr) <dz>] _
Elp1(pn (Yn); g1 (Yng1))]-
‘We thus arrive at
Pl sinin) 3B | 1 (L= QLA 210, Q)| (22

using the notation M,, := max_,1+1<i<o || Yil|-
We now estimate the expectation on the right-hand side of (22]) separately on the events
{My > g(n)} and {M,, < g(n)}.

Note that
K(M, a(MINMH\"
[a((Mn)) <1 _ %) Pl(ﬂOvQ(Yn)UO)l{Mnlzg(")}]

(1 ~a(glk+1)A(g(k +1

5 ))) E [p1(p0, Q(Y=n)10) L {g(kt1)> | Mo |>9(k)} ]

p1 (k0 Q(Y_r)110) L{|n1 29k} ) -

A
(]
2
=
=

_|_

(1 ~alg(k+ D)A(g(k + 1)))" Bl
2

10



Hence

o0
> o1ty Him1)

IA
w
M8
=
e}
§

e” B E [p1 (110, QY- ) 10) 1101, | < g(m)3 ]

2 “alg(m))

N 322% (1 gk + 1));(9(/C + 1)))mE (o1 (10 QY )pio) 131 0000
< 3 ni T O B [ i, QY- )]

. 32 mi ff;ff:ff; (1 alg(k + 1>>2A<g<k+ 1)))’",3 (o1 (0 QY0 L1 25000
< 3 ni A O B [ i, QY- )]

" O e TR P Qo sz

< 3 g % =2 elamINGD) B [y (10, QY )pio)]

< 3E[p1 (0, Q(Yo)po) mz;n 5;’: Z a(g(m))A(g(m))

+ 6" [pi (1o, Q(Yo)o)] é a?(g(k +(gl(>k>k+(gl()zr Ty Ve

where we have used the closed form expression for the sum of geometric series, the Cauchy in-
equality and the fact that the law of p1 (1o, Q(Y—m)uo) equals that of p1(po, Q(Yo)uo)-
Noting that pi(uo, 1) < oo by Assumption [Z6] it follows from 71 (0) + r2(0) < oo that

> o1(pns pint1) < o0,
n=0

SO [tn, n > 0 is a Cauchy sequence for the complete metric p;. Hence it converges to some
probability ., as n — oo. The claimed convergence rate also follows by the above estimates. [

Proof of Theorem [Z13. Estimates of Theorem [ZTT] and (ZI)) imply

Po(tn (Y )s nt1(Ynt1)) < (1 — a(Fn)A(Fn)/2)" p1 (10, Q(Y—n)o)-
This leads to

0 (ks 1) < Elpo(pn(Yn), tint1(Ynt1))]

(1 = a(g(n))A(g(n))/2)" Elpr(po, Q(Y=n)ro) Lirr, <g(n] + 2P (My = g(n))
(1= al(g(n)A(g(n))/2)" Elp1(po, Q(Yo)po)] + 2P (M, > g(n))
Clem9mXa(m)/2 1 p(p)]

IA A IA

)

for some C' > 0, using (2I)), Assumptions 27 and -T2l The result now follows as in the proof of
Theorem [ZTT] above. O
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5 L-mixing processes

Let G, t € N be an increasing sequence of sigma-algebras (i.e. a discrete-time filtration) and let
G, t € N be a decreasing sequence of sigma-algebras such that, for each ¢ € N, G, is independent
of G;".

Let Wy, t € N be a real-valued stochastic process. For each r > 1, introduce

M, (W) := sup EY/"[|[W,|"].
teN

For each process W such that M;(W) < co we also define, for each r > 1, the quantities

v (W, T) := supEl/THWt — E[Wt|gt+_7]|r], T>1, T (W):= Z’yT(W, 7).
T=1

t>1

For some 7 > 1, the process W is called L-mizing of order r with respect to (Gi, G;"), t € N if it
is adapted to (Gi)ien and M, (W) < oo, I' (W) < co. We say that W is L-mixing if it is L-mixing
of order r for all » > 1. This notion of mixing was introduced in [11].

Remark 5.1. Tt is easy to check that if W;, ¢ € N is L-mixing of order r then also the process
Wy := Wy — EW,, t € Nis L-mixing of order r, moreover, I',(W) = T',.(W) and M,. (W) < 2M,.(W).

The next lemma (Lemma 2.1 of [IT]) is useful when checking the L-mixing property for a given
process.

Lemma 5.2. Let G C F be a sigma-algebra, X, Y random wvariables with EY7[|X|"] < oo,
EY7|Y]"] < oo with some v > 1. IfY is G-measurable then

EVT[|X — E[X|G)|"] < 2EMT[| X — Y]
holds. O

L-mixing is, in many cases, easier to show than other, better-known mixing concepts and it
leads to useful inequalities like Lemma [5:3 below. For further related results, see [11].
Lemma 5.3. For an L-mizing process W of order r > 2 satisfying E[W;] =0, t € N,

N T

> Wi

i=1

BT < C.NY2MM2(WHrt 2w,

holds for each N > 1 with a constant C,. that does not depend either on N or on W.

Proof. This follows from Theorem 1.1 of [11]. O

6 Proofs of ergodicity

Throughout this section let the assumptions of Theorem 2.14] be valid: let X be a Polish space
with Borel field 98; let Assumptions and be in force; let Assumption hold with R(n) :=
8K (n)/A(n), n € N; assume r1(0) 4+ r2(0) < co and

<K<g<N>>>” n(N)
Mg(N)) N

We now present a construction that is crucial for proving Theorem 2.T4l The random mappings
T} in the lemma below serve to provide the coupling effects that are needed for establishing the
L-mixing property (see Section [ above) for an auxiliary process (Z below) which will, in turn,
lead to Theorem 2141 Such a representation with random mappings was used in [T}, B} 13, [19]. In
our setting, however, there is also dependence on y € ).

For R > 0, denote by €(R) the set of X — X mappings that are constant on C(R) = {z € X' :
V(z) < R}.

— 0, N — o0.
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Lemma 6.1. There exists a sequence of measurable functions Ty : Y X X x Q = X, t > 1 such
that

P(Tt(yazaw> € A) = Q(yv'rvA)a (23)
forallt>1,ye Y, z € X, A€ B and there are events Ji(y) € F, for allt > 1, y € Y such that
Jie(y) C{w: Tily, -, w) € €(R([lyl))} and P(J:(y)) = a((lyll)- (24)

For each t > 1, let L; denote the sigma-algebra generated by the random variables Ty(y, x,-), x €
X,y €Y. These sigma-algebras are independent.

Proof. Let U,, n € N be an independent sequence of uniform random variables on [0, 1]. Let ¢,
n € N be another such sequence, independent of (U,),en. By enlarging the probability space, if
necessary, we can always construct such random variables and we may even assume that (U,, e,),
n € N are independent of (Xo, (Y3)tez)-

We assume that X is uncountable, the case of countable X being analogous, but simpler. As
X is Borel-isomorphic to R, see page 159 of [9], we may and will assume that, actually, ¥ = R (we
omit the details).

The main idea in the arguments below is to separate the “independent component” a(n)vy,(-)
from the rest of the kernel Q(y,x,-) — a(n)v, () for y € A, and x € C(R(n)). This independent
component will ensure the existence of the constant mappings in (24]).

Recall the sets A,, n € N from Assumption Let B, := A, \ A,—1, n € N, with the
convention A_; := (). For each n € N, y € By, let ju(y,r) := vp((—00,7]), r € R (the cumulative
distribution function of v,) and define its (20 ® B(R)-measurable) pseudoinverse by j. (y,z) :=
inf{r € Q: j(y,r) > z}, z € R. Here B(R) refers to the Borel-field of R. Similarly, for y € B,, and
x € C(R(n)), let

q(y, z, 7’) — Q(yv €L, (7005 7’]) — oz(n)]n (yv T) . r€E R,
1—a(n)
the cumulative distribution function of the normalization of Q(y, x, -)—a(n)v,(-). For z ¢ C(R(n)),
set simply

q(y,z,r) = Qy,z, (—o0,r]), € R.
For each x € X, define

¢ (y,x,z) =inf{r e Q: q(y,z,r) >z}, z€R.
Define, for n € N, y € B,,,

Ti(y,z,w) = ¢ (y,x,&), if Up(w) > a(n) or Uy(w) < a(n) but z ¢ C(R(n)),
Ti(y,z,w) = J,(y,et), if U(w) < a(n) and z € C(R(n)).

Notice that Ti(y, -, w) € €(R(|ly||)) whenever Us(w) < a(n), this implies 24) with Ji(y) = {w :
Ui(w) < a(|lyll)}. The claimed independence of the sequence of sigma-algebras clearly holds. It is
easy to check (23)), too. O

Remark 6.2. Note that, in the above construction, (U, &, )nen was taken to be independent of
(X0, (Y2)tez). This will be important later, in the proof of Theorem 214

We drop dependence of the mappings 73 on w in the notation from now on and will simply write
T:(y,z). We continue our preparations for the proof of Theorem 214l Let G; := o(e;,U;, @ < t)
and G = o(e;,U;, i > t+ 1), t € N. Take an arbitrary element & € X, this will remain fixed
throughout this section.

Our approach to the ergodic theorem for X does not rely on the Markovian structure, it
proceeds rather through establishing a convenient mixing property. The ensuing arguments will
lead to Theorem [2.14] via the L-mixing property of certain auxiliary Markov chains. It turns out
that L-mixing is particularly well-adapted to Markov chains, even when they are inhomogeneous
(and for us this is the crucial point). The main ideas of the arguments below go back to [1], [3],
[13] and [19]. In [I3] and [I9], Doeblin chains were treated. We need to extend those arguments
substantially in the present, more complicated setting.

13



Let us fix y = (yo, y1,...) € YN till further notice such that, for some H € N, ||y;|| < H holds
for all j € N.

Define Zy := Xo, Zi+1 := Ti41(yt, Zt), t € N. Clearly, the process Z heavily depends on the
choice of y. However, for a while we do not signal this dependence for notational simplicity. Fix
also m € N till further notice. Define Z,, := z, Zt+1 = Tiy1 (v, Zt), t > m. Notice that Zt, t>m
are G;F -measurable.

Our purpose will be to prove that, with a large probability, Z,,+, = ~m+T for 7 large enough.
In other words, a coupling between the processes Z and Z is realized.

Fix € > 0 which will be specified later. Let 7 > 1 be an arbitrary integer. Denote ¥ := [e7].

Recall that R(H) = 8K (H)/A(H). Define D := C(R(H)/2) ={z € X : V(z) < R(H)/2} and
D= {($1,$2) e X2 V(.Tl) + V(wg) < R(H)}

Now let us notice that if z € X'\ D, then for all y € A,

[Qy)(K(H) +V)](2) (1= AH))V(2) + 2K(H)

(1= A(H)/2)V (2)- (25)

IA A

Denote Z; := (Zy, Zt), t > m. Define the (G;):en-stopping times
00 :==m, Opy1 :=min{i >0, : Z; € D}.

Lemma 6.3. We have supycy E[V (Z1)] < B[V (Xo)|+K(H)/ANH) < 0o. Furthermore, supys,, E[V(Zx)] <
V(@) + K(H)/\NH).

Proof. Assumption easily implies that, for k > 1,
E[V(Zy)] < (1= XH))EV (Zk-1)] + K(H).

Assumption 2.8 implies that E[V(Xg)] = E[V(Zp)] < oo so, for every k € N,

E[V(Z0)] < BIV(Xo) + 3 K(H)(1 = MH))' = E[V (Xo)] + _I/\(((ISI))'.
=0

Similarly,
EIV(5)] < V(@) + 3 K(H)(1 - \H)) = V(@) + 300
=0
0

The counterpart of the above lemma for X (driven by Y, which is stochastic) instead of Z is
the following.

Lemma 6.4.
sup E[V(X,,)] < oc.
neN

Proof. Note that E[V(X()] < oo by Assumption So, for each n > 1,

MW&MSLﬂ+V@MAM)§

J A+ VI~ ml(@) + [ @+ Vimlds) -
p1(tin; o) + E[V(Xo)] + 1.
As p1(tn, o) = p1(es, po) by Theorem 2ZTT] the statement follows. O

The results below serve to control the number of returns to D and the probability of coupling
between the processes Z and Z. Our estimation strategy in the proof of Theorem 2.14] will be
the following. We will control P(Z‘r—i-m # Zry1m) for large 7: either there were only few returns
of the process Z to D (which happens with small probability) or there were many returns but
coupling did not occur (which also has small probability). First let us present a lemma controlling

the number of returns to D.

14



Lemma 6.5. There is C > 0 such that

sup B [explo(I){onis = on)| G, ] < 53777
and &
E[eXP(Q(H>(Ul - JO))] < )\Q(H)

where o(H) := In(1 + \(H)/2). In particular, o, < co a.s. for each n € N. Furthermore, C does
not depend on either y, m or H.

Proof. We can estimate, for £k > 1 and n > 1,

P(opi1 — 00 > klGs, ) =P(Zy, 41 & D,.... 25,41 ¢ D|G,,) <

V(Zopik) + V(Zontk) L o 6 B
R(H) {Zsn+1-1¢D} {Zs,+1¢D}!¥n -
V(Zon+1) + V(ZanJrk)
E|FE ( R(H) 1{7an+k—1¢5}|g6"+k71 1{70n+k—2€5}

iz, emilGe |
Notice that, on {Z,, 4x_1 ¢ D}, either Z,, 411 or ZgnJrk,l falls outside D. Let us assume

that Z, 4r—1 does so, i.e. the estimation below is meant to take place on the set {Z,, +r—1 ¢ D}.
The other case can be treated analogously. Assumption and the observation (25) imply that

V(Zdn+k> + V(ZanJrk) 1 - B |g
R(H) {Zopin-1¢D}Yonth—1

(1= AH)/2)V (Zo, +x—1) — K(H)] +

E

IN

R(H)
(= MDY Z i) + K(H)] <
%%W[V(Zaan) +V(Zg, 111))-

This argument can clearly be iterated and leads to

P(Un+1 —Op > klgon) <
_ k—1 )
e )\Ig(gb)ng) E {V(Z%H) +V(Zo,+1) gan:| <
_ k-1 i
S A];Z%Q) {(1 — A(H)) {V(Zan) - V(Zgn)} + 2K(H)} <
< (1-A(H)/2),
by Assumption 22] since Z,, € D. In the case n = 0, we arrive at
P(oy =00 >k) <
_ k—1
EwmeMM+wm+%ﬂm“'§%% -
k-1

instead, in a similar way, by Lemma
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Now we turn from probabilities to expectations. Using e2(#) < 2. we can estimate, for n > 1,

E [exp{o(H)(0nt1 — 0n)}|Go,] <
o~ omin (1 AU
k=0 <1 2 > o
S X))\ 8
22(1_T) B N2 (H)

k=0

When n = 0, we obtain

Elexp{o(H)(o1 —00)}] <
Lo AN | s s amesny (- AN
— ALSERA B S <
(E[V(Xo)] + 5 +V(z)+ 1 > [e + ;e 1 5 <
C
(i)’
for some C > 8. The statement follows. O
Now we make the choice
€:=e(H) = p(H)/4(In(C) — 2In(\(H))).
Corollary 6.6. If
> 1/e(H), (26)

then
P(oy >m+ 1) < exp(—o(H)T/2).

Proof. Lemma and the tower rule for conditional expectations easily imply

~ 9
Elexp(o(H)o)] < <A2(CH)> ol

Hence, by the Markov inequality,

= 9
Plog>m 7)< (%) exp(—o(H)7).

The statement now follows by direct calculations. Indeed, this choice of e(H) and 7 > 1/¢(H)
imply

(In(C) — 2In(A(H)))[e(H)T + 1] < = In(1 + A(H)/2),

oS

which guarantees

(In(C) — 2In(A(H))[e(H)7] — 7In(1 + A(H)/2) < ,g In(1 + A(H)/2).

The next lemma controls the probability of coupling between Z and Z.

Lemma 6.7.

P(Zmsr # Zmirs 09 <m+7) < (1 —a(H))'™t < em(07DaliD),
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Proof. For typographical reasons, we will write o(n) instead of o, in this proof. Notice that if
w € is such that O’(k)(w) < m+7 and Ta(k)(w)-{-l(ya(k)(w)-i-l; . w) S Q:(R(H)) then Za(k)(w)+1(w) =
Z o (k) (w)+1(w) hence also Z,, 17 (w) = Zpyr(w). Recall the proof of Lemma B.1] and estimate

P(Zmsr # Zer'rv o) <m+7) <
P(UU(1)+1 > OZ(H), ceey Ua'(19—1)+1 > Oé(H)) =

E[E[l{Ua(ﬂ—1)+1>a(H)}|g‘7(19*1)]1{Ua(1)+1 >a(H)} " 1{Ua(19—2)+1 >Ot(H)}]'

As easily seen,
E[l{UU(ﬂ71)+l>a(H)} |ga(19—1)] = (1 - Q(H))'
Iterating the above argument, we arrive at the statement of this lemma using 1—z < e *, 2 > 0. O

Lemma 6.8. Let ¢ : X — R be measurable with
[p(z)| < C'[V‘s(ac) +1], z€e X

for some 0 <6 <1/2 and C > 0. Then the process $(Zy), t € N is L-mizing of order p with respect
to (Gi,G;"), t €N, for all 1 < p < 1/8. Furthermore, T\(¢(Z)), My(¢(Z)) have upper bounds that
do not depend on 'y, only on H.

In the sequel we will use, without further notice, the following elementary inequalities for
z,y > 0:
(x+y) <27 Na"+y")ifr>1; (x+y)" <a"+y if0<r<1.

Proof of LemmalG.8. Clearly,

My 5(¢(2)) < C

by Lemma [6.3] Also,
My(9(2)) < Mys(6(2)),

forall1 <p<1/6. y R
Now we turn to establishing a bound for I'y(¢(Z)). Since Z,, is deterministic, Z,+, is G-
measurable. Lemma [5.2] implies that, for 7 > 1,

EY?(|¢(Zimir) — E[6(Z mt7) |G 7]
2E1/p[|~¢(zm+r) - ( m+T | ]
2EVP[(|¢(Zimsr )| + 16 Zmsr )P Loty

2E((|6(Zmsr)| + 16 Zm s ) )YOIP T (Zimgr # Zomir), (27)

VAN VANVAY

using Holder’s inequality with the exponents 1/(pd) and 1/(1 — pd). By Lemma [63]
E°[(19(Zmsr)| + 1&(Zms )] <

§
1+ (E[V(Xo)] + %) ] +

1+ (V(;z) + %)6]

P(Zmir # Zer'r) < P(Zmyr # Zer'ra o9 <m+7)+ Ploy >m+7),

c

C

IN

for some suitable C' > 0. Since
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we obtain from Lemma [67 and Corollary [6.6] that for 7 satisfying (26]),

w((2),7)
< 20 (KUY o atmictnr — 111~y + oo (<2270 i)

noting that the estimates of Lemma and Corollary do not depend on the choice of m. For
each integer
1<7<1/e(H),

we will apply the trivial estimate

1o(6(2),7) < 2My(6(2)) < 2M, 5(6(2)) < 2C {_

recall (28]). Hence

e(H) 1—exp(—a(H)e(H)(1-pd)/p) 1 _exp (_ @(H)(lfpt?))

—_

re@) <20 (35)
T | ) J
S [exp Catmlenyr - 10 - po)/m) +exp (~ 270 - o) | (EED) <
Z (-#a-n))(55)
o e (U —pd)/p) ! <K<H>>5 -

/! 1
‘ {a<H>e<H> N |

| I(A(H))| (K (H)\°
‘ a<H>A<H><A<H>> (29)

with some ¢/, ¢”,¢” > 0, using elementary properties of the functions x — 1/(1 — e™*) and

x — In(1 + z). The L-mixing property of order p follows. (Note, however, that ¢/ depends on p,
0 as well as on E[V(Xy)].) O

Proof of Theorem [2.17} Now we start signalling the dependence of Z on y and hence write Z7,
t € N. For each y € VN, define Wi (y) := ¢(ZY) — E[¢(Z})], t € N. Let Y € YN be defined by
Y; =Y;, j € N. Note that the law of ZY, t € N equals that of X¢, t € N, by construction of Z
and by Remark

Fix p > 2. Fix N € N for the moment. In the particular case where y satisfies |y;| < g(N),
J € N, the process Wi(y), t € N is L-mixing by Lemma and Remark 5.1 Hence Lemma [5.3]
implies

oL { Wi(y1) + o W (yn) } .

CoMy "W)D" W(y) - _

N1/2 —
C M, (W ()T (W (y)

N1/2 =
2C,VO[K (g(N))/Mg(N)P/> Ve [K (g(IN)/Mg(N))]*/2m /2 (N)
N1/2 )

by [28) and ([29); recall also Remark Bl Fix § € Ag and define
Y=Y, ifY; € Aywy, Y =14, if Y ¢ Ay
Note that, by ([I0), 3
E°(IW; (Y)Y < 20(1+ E°V(X))]), j = 1.
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Estimate, using Holder’s inequality with exponents 1/(dp), 1/(1 — dp),

o H (6(X1) = Blp(XD) + ... + (¢(Xn) — Ep(XnD|"] _
N

oy [’Wl(Y1)+...+WN(YN) M .

= | =

B/ ‘W1(5~/1) + o+ W (YN) " N

N .
Mys(W(Y )P (Y, Vi) # (Y, Ya)) <
/ 1/2 o

CI NN PO | o (1 +:2§E[V(Xn)]) AN <

c~[K<9<N>>/]AV<19/<2N>>]67T1/2(N) Lo W), (30)

with some constants C',C"” > 0, using Lemma [6.4]
Since E[¢(ZY)] = E[¢(X;)] converges to [, ¢(x) f1.(dz) at the rate given by Theorem LTI} we
can conclude that LP convergence of the averages indeed takes place. More precisely,

El/p ¢(X1)+N+¢(XN) */X(b(z)ﬂ*(dz)

N

\/W(N)[K(Q(N))//\(Q(N>>]25 1-ps 2= ln() + 7“2(3')]]

P

<

(N) + N (31)

holds for N > 1, with some C' = C'(p) > 0. The case p = 2 implies directly the result for 1 < p < 2,
too. O

Proof of Theorem [Z.15. This follows very closely the proof of Theorem 2.14] we only point out the
differences. Denote by S an upper bound for |¢|. Take an arbitrary p > 2. We may use the Holder
inequality with exponents 1 and co in the estimates ([27). This leads to

In(ACH))|

F Z < /1 |

p(¢( )) >C OC(H))\(H) )

using the argument of ([29). Then the proof of LP convergence can be completed as above. Note
that, instead of

1-ps ,  ~

Mys(W(Y )P # ((Yi,...,Yn) # (Y1,...,Yy))

we may write

in (30). Finally, we arrive at

e |20 + ot o(Xy) /X H()(dz)| <
N - ;
o W(Jifv) N ijl[rg(]]\]) + 7’4(])]] , (32)

for some C = C(p) > 0, noting that, since /(N) < [Zjvzl r4(4)]/N, the term containing ¢(N) is
subsumed in the convergence rate in (B2]). O

7 Appendix

If Assumptions and hold with constants A\, o, K then convergence to the limiting law takes
place at a geometric rate. More precisely, the following is true.
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Theorem 7.1. Let Assumption [Z2 be in force with constants A\, K, and let R := 4K/X and
C(R) :={x € X : V(x) < R}. Assume that there is a probability v on B such that

Qly,z,A) > av(A), AeB, € C(R), ye .
Let Assumption[212 hold. Then there is a probability p. on X such that
P1 (,Un; ,u*) S Cleicznv ne N7

with some constants c1,co > 0.

Theorem 7.2. Let X be a Polish space and let B be its Borel field. Let the assumptions of
Theorem [71] hold, but with R := 8K/X. For each measurable ¢ : X — R satisfying [I0) with a
certain 0 < 0 < 1/2, one has, for all 1 <p <1/,

X))+ ...+ d(Xn) P C
py/e |2K 7/ Npe(dz)| < ——, 33
= [ o) < = (33)
for some C = C(p) > 0. If ¢ is bounded then [B3) holds for each p > 1 and also
AR 0B [ oot N = o,
N x
almost surely.
Proof of Theorem[7.1] Analogously to the proof of Theorem [ZT1] we obtain
3K ar\"
1 ). i () < 2 (1= 52) a0, Q)
which leads to
pl(,un;,unJrl) S Ceina)\/Qa n Z 1.
The result follows again as in the proof of Theorem 2.11] above. O

Proof of Theorem[7.2 The steps in the proofs of Theorems 2.4 and can be repeated with ),
K, «a, o not depending on H. Hence 7 can also be chosen constant. The dominant term in (BI]) is
of the order 1/\/N

Now we turn to the proof of almost sure convergence. Take p > 2 and ¢ := (p—2)/(4p). Apply
Markov’s inequality and ([B0]) to obtain

p Wl(Y1)+...+WN(YN> > L
N - N¢
Wi (YD) +..+Wa (Ya) |P

E‘ 1(Y1) - N ( N)‘

Fr(p)N
N-—ap - Np/2

Almost sure convergence follows by the Borel-Cantelli lemma since

(p/2) —qp > 1.
O

Remark 7.3. Under the conditions of Theorem we get the L-mixing property of order p for
o(ZY), with T (¢(Z7Y)), M,(¢(ZY)) admitting an upper bound independent of y, for 1 <p < 1/6.
When ¢ is bounded, the same holds for each p > 1.

Remark 7.4. Let Xy, t € N be a X-valued Markov chain with Xy = x(, where X is a Polish space
with Borel field 8. Denoting the transition kernel of X by Q(z, A), z € X, A € B, we impose two
standard assumptions (see [I8| [14]) for geometric ergodicity:

QV](z) <(1-NV(z)+ K, x € X,
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for some measurable function V : X — [0,00),0 < A <1, K > 0 and

infCQ(z,A) > av(A), A€ B,
e

for some probability v, constant a > 0 and
C:={zecX:V(izx)<4K/\}.

Under these assumptions, the process X fits our framework above (choosing ) to be a singleton)
and the arguments of Lemma show that, for 0 < 6 < 1/2 and for any measurable ¢ : X — R
satisfying

6(2)] < c(1+V°(x)), © € X,

with some ¢ > 0, the process ¢(X;) is L-mixing of order p for each 1 < p < 1/4. Furthermore,
Mp($(X)) + Tp(d(X)) < &1+ V°(x0)]

for some ¢ = &(p) > 0. When ¢ is bounded, the same holds for each p > 1.

Although this result forms a very particular case of our framework, it is still of interest: on one
hand, it establishes a useful mixing property for a wide class of Markov processes; on the other
hand, it underlines the versatility of the concept of L-mixing.
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