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AN INEQUALITY FOR THE MODULUS OF THE RATIO OF TWO
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Abstract. The Euler gamma function is closely connected with the theory of zeta-functions. We
prove a new inequality for the modulus of the ratio of two complex gamma functions I'(s)/I"(2—
s), arising in problems of the size of Selberg zeta-functions at places symmetric with respect to
the critical line. This inequality, used together with technics of estimation, allows us in a different
way re-prove and extend the result of R. Garunkstis and A. Grigutis for the modified Selberg
zeta-function.
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1. INTRODUCTION

The Euler gamma function is closely connected with zeta-functions, and its prop-
erties are of great importance to the theory of zeta-functions and applications. E.g.,
the Riemann zeta-function satisfies the well-known functional equation [3]

¢(s) = ZSns_lsin%SF(l—s)é‘(l—s), (1.1)

the Selberg zeta-function associated with the modular group PSL(2,Z) satisfies the
functional equation [4]

£(2s) r(2s)
§2(1 =) I'2(1=9))

T (5712 T [STV2 4y 4 [S7Y2 cosmv/3
xexp| = vtanwvdv — — - ——dv|].
3 Jo 2 Jo costv  3.4/3Jo COSTTV

It is known [ 1] that

ZpsL2,z)(8) = Zpsr2,z) (1 —5) (2m)! 725 x

1EA =) > [Z()]. (1.2)
where s = o +it, is true for 6 > 1/2 and ¢ = 6.8 except where {(s) = 0 (note that,

if the inequality is valid without exceptions, then the Riemann hypothesis is true and
vice versa).
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116 1. BELOVAS AND L. SAKALAUSKAS

In [2] R. Garunkstis and A. Grigutis have proved a similar theorem for the modified
Selberg zeta-function

W(s) = ZpsrL2,z)(5) /5 (2s). (1.3)
Theorem 1 (R. Garunkstis and A. Grigutis). If 1/2 <o < 1 and t = 6.053, then
(WA —=s)[ > [W(s)]. (1.4)

In the proof of the theorem R. Garunkstis and A. Grigutis established and used two
lemmas for ratios of complex gamma functions [2].

Lemma 1 (R. Garunkstis and A. Grigutis). For t € R the following inequality
holds:

ﬁ-i—'t
—+i
2

<

‘F(2—|—it) (15)

r@t)

Lemma 2 (R. Garunkstis and A. Grigutis). For 1/2 <o <1 andt € R the follow-
ing inequality holds:

4(0—1/2)
2
25 —2— £

' I'(2s) . (1.6)

red-s)| -

However, in order to obtain more subtle results, the following lemma has to be
proved.

Lemma 3. Lets =0 +it. For1 <o <2 we have

‘ I(s)

— | < |5, 1.7

We can prove this statement using the theorem of Phragmén and Lindel6f.
Theorem 2 (Phragmén-Lindelof). Letr f(z) be analytic in the strip
S(a.p) ={zlz =x+iy,a <x <pj}. (1.8)
Let us assume | f(2)| < 1 on the boundaries x = o and x = 8, and moreover
[f@ < e
for some C > 0and 0 < k < ﬂ%a Then | f(z)| < 1 throughout the strip S(a, B).

Proof. See Rademacher [5] for the proof. ]
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2. PROOF OF LEMMA 3

Proof. Lets =2—w, 0 =2 — p. Then the statement of the theorem is equivalent
to

<]2—w|*1-P, 2.1
here 0 < p < 1. Let us denote
re—w)
w) = . 2.2
J0) = 22)
First consider the left boundary p = 0, w = —it. We obtain
Ir'2+it)
= ) 2.3
W) = FS5neTine )
Hence, since I'(z) = I'(2),
[l (24it)| [(14+it)(it)|
| f(w)] =~ 3 = 7 =
|C(it)]|2+it] 441

IRGET 4412 ¢4
244 4+ 82+16°
yielding us | f(w)| < 1.

Now consider the right boundary p = 1, w = 1 —iz. We obtain
(A +ir)

fw) = F(l——lt) . (2.5
Hence,
_ [T(1+it)] .
| f(w)| = m = (2.6)

Next, let us consider the modulus of the function f(w). Since |I'(z)| < I'(Nz)
and I'(2—p) = I'(0) < 1, we obtain
[ (2—w)] _ r'2-p) 1 _ 1
[T )l)2=wR0=9) = (2= p)2 +:2)1=) [T (w) |~ [F(w) |’
It is known [5], that if 7 is sufficiently large (i.e. |¢| = 1), then the reciprocal gamma
function

| f(w)| = 2.7)

1 b4 1
= O(e2 127y, 2.8
Fay = 0@ ) 8)
Since the reciprocal gamma function is an entire function, it is bounded in every
compact subset of the complex plane (in particular, for 0 < p<1land 0 <? <1 the

modulus of the reciprocal gamma function |1/I"(w)| < 2).
Thus, | f(w)| = O(eem) for ¢t € R, which yields us the statement of Lemma 3. [
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3. THEOREM FOR THE MODIFIED SELBERG ZETA-FUNCTION

The inequality (1.7) of Lemma 3, used together with technics of estimation, allows
us (see Theorem 3) in a different way re-prove and extend the result of R. Garunkstis
and A. Grigutis for the modified Selberg zeta-function (cf. Theorem 1).

Theorem 3. For 1/2 <o <l andt € [0,t1) U (t2,00) we have

(WA —s)| > [W(s)]. (3.1
Here t; = 1.740440... and t, = 6.088036... are the roots of the function
1+12
Li(t) =1o . 32
1) g(ncoshlog(2sinh’%)) (3-2)

By the definition of the modified Selberg zeta-function (1.3) and Lemma 3 we
have

2\ 20—1
W(s) _ I'(2s) (27)1725020)| < 1251 RII0) (3.3)
Wl—s)| | TQ(I-s) 2 ’
here
s—1/2 4 3
Q(S)Z/ T otanmy— —— T cosv/ dv. (3.4)
0 3 2costv  34/3 cosmv

Integral (3.4) can be evaluated using triangular contour with vertices at A(0,0), B(o —
1/2,t) and C(0 —1/2,0): [, + [cp + [p4 = 0. Hence,

N(Q(s)) = I1(0) + R(o,1). (3.5)
N——— N—— N——
R/ap Jac R/cp
Here
o=1/2 o b4 4m cosm/3
— = - — do 3.6
11(0) /0 39tan719 2cosmf 3./3 cosml (36)
and
¢ nlo_itie) B+ eos(3(o-1+i0))
R(ot) =0 / 1., . - 1, .
0 cot(n(a—§+19)) cos(n(a—§+19))
(3.7
Let us denote
0% +1?
L(o,t) = (20 —1)log /2 +11(0) + R(o,1). (3.8)
Hence (cf. (3.3) and (3.5)),
(¢) | _
— | < 1), 3.9
IOg‘W(l—s) L(o,t) 3.9
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Calculating function /1 (o) (3.6), we obtain

big 47 cosmf/3

o—1/2 P
I = —ftanmh — —
10) /; 3 AT s 6 34/3 cosmf

20 —1 20 —1
g log2 — g

do =

logsinmo— (3.10)

11 ) n0+21 V3 tT[O' 1
——logtan — + —log| — cot— — = |].
p OBt T T 308 ©

1
=——Clh(2no)—
6

2 32

Here Cly(x) is the Clausen function of order 2,

t
2Sin§ dr. (3.11)

X
Clh(x) = —/ log
0

Noticing that (cf. (3.7))

i(c—1/2+1i0) _ Osin270 +(1/2—0)sinh276 (3.12)
cot(m(o —1/2+i6))| cosh2mf —cos2mo ’ '
i/2 cosmo sinh 6
- = (3.13)
cos(m (o —1/2+1i0)) cosh2mf —cos2no

and
0 { icos(% (0—%—1—1’0)) _ cos(Z”T"—I—%)sinh% +cos(4”T°—%)sinh¥.

cosh2m6 —cos2no

cos (7 (0 — 1 +i0))

(3.14)
we calculate function R(o,t) (3.7), obtaining
d 6

bis
R(o,t) = —sin2 do
1) 3 - na/o cosh2mw 6 —cos2mo +

=1>(o,t)

1 d sinh27 6
——0 do +
2 o cosh2mf —cos2no

=13(0,t)

+71
3

! —sinh 6 (.15

do
+rcosmo /(; cosh2m 6 —cos2mo +

=14(0,t)
7 cos (224 )i 482+ cos (452 £)sinh 232
3/3 Jo cosh27w6 —cos2mwo

=15(0=t)

dé.
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Note that R(o,t) is even function by ¢, thus, it suffices to consider non-negative ¢
values. Calculating summands of the function R(a,?) (3.15), we obtain

b4 t 0
Ji = —sin2 1
2(0,1) 3 st na/o cosh27w8 —cos2mo do, (3.16)

o
I3(0,t) = — B
20—11 . +20—1
ogsInmTo

g 12

log(cosh2mt —cos2mo)+
3.17)

+ log2,

1 no 1 coshmt —cosmo
I4(0,t) = Elogtan— - =

, 3.18
2 4 o8 coshnt 4+ cosmo ( )

V3 no 1
2 3 2

2
Is5(0,t) = —glog (—cot— - =
(3.19)
1 Cosh%—cosz’%"

3" cosh 2ZL —cos —2”(‘;_1)

Expressions (3.16)-(3.19) allow us to calculate function L(o,t) (3.8),

L(o,t) = (2o —1)log (%(02 +Zz)) —(Qo— 1)%_

L Cl@ro)+ Zsin2 /t o d6
- 7o)+ —sin2no —
6w ° 3 o cosh2mf —cos2no

1 (3.20)

12
1 cosh % —cos

+ —1lo
3 & cos

coshrt 4+ cosmo

1
log(cosh2mt —cos2mo) + - log
4 ~ coshmt—cosnmo

2m(o—1)
3

2t 2no
h 3~ —cos=5-

Next we will establish several auxiliary lemmas concerning the behaviour of the func-
tion L(o,1).

4. THE DERIVATIVES OF THE FUNCTION L(0,1)

Lemma 4. For 1/2 <o < 1 and fixed 1/2 <t < 00 the function L(o,t) (3.20) is
convex by o.
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Proof. Let us calculate partial derivatives of the function L(o,¢) with respect to
the variable o,

: P47 20Q0-1) -7 inh 27t
La(0,1)=210g0 LA 0Q2o—-1) —=m sinh 27

/2 02412 3 cosh2mt —cos2mo
=Fy(0,t) =F>(o,t) =F3(o,t)
T —sin2mwo —msinmo coshmt
+ X0 —1) b4 wsinm b4
6 cosh2mt —cos2mo  cosh2mt —cos2mo 4.1)
=F4(G,I) =F5(U>t)
s 1—2cosh%cos(2”T“—%)

+ .
373 (cosh 27 _cos —2”(§_1)> (cosh 2Zt —cos 229)

=F6(Gat)

120 -2 40%Q20—1)

Loolot) = 5 ra ™ (02 +12)2
—m sin2no + 7 (20 — 1) cos2mwo + 3w cos o cosh it
3 cosh2mt —cos2no
=G (o,t)
% . (20 —1)sin2mwo + 6sinmwo coshwt + 2t sinh 2t
+ —sin2no
3 (cosh2mt —cos2mo)?
=G2(o,t)
222 in (257 1)
«/3 27(a—1)\ 2 2 x
9 (cosh % —cos %) (cosh % —cos Z”T")
=G3(o,t)
2n0 W 2t (7 dro 2w 3 21t
x|2cos{ — — —)—cosh— | = +cos| — — — +2cosh” — |.
3 3 3 \2 3 3 3
=G4(o,t)

4.2)
First consider the interval 1/2 <t < 2. Let us give a lower bounds of the functions
Gy (o,t), which are defined in (4.2). Denote
v1(o,t) = cosh2mt —cos2mo,

ui(o,t) =sin2nxo + w(20 —1)cos2wo + 3w coswo cosht.

Note that vq (o, ) is positive fort € Rand 1/2 < o < 1. Next, u1(o,?) is negative for
teRand1/2 <0 <3/4.For3/4 <o <1,wehave 0 <cos2rmo < 1and cosmwo <O0.
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Hence,

u1(0,t) <sin2no + (20 — 1)+ 37w cos o .

=w (o)
The function w1 (o) is convex, because
14 2 . 3
w;(0) = —4n“sin2wo -3 cosmwo > 0,
—— ——
<0 <0

for3/4 <o < 1. With w1(3/4) <0 and wq(1) <0 it yields us uy(0,t) <O0fort € R
and 1/2 <o < 1. Thus,

wui(o,t)
3 vy(o,t)

Gi(o,t) = (4.3)

forteRand 1/2 <o < 1.
The function

Galonr) > 272 (3 +2tsinhwt)cosht
-3 (cosh2mt—1)2

>uy(1/2) >e=-08, (4.4

=u,(t)—increasing

fort >1/2and 1/2 <0 < 1.

The function G3(o,1) is positive for 1/2 < o < 1.

Next let us show that G4(o,?) is increasing by ¢ and by ¢. Indeed, consider the
derivatives

G )/ . 4 in 2o 7w —|—4ncosh2nt <in dmo 2w _
4)g — 3 3 3 3 3 3 3 -

47 . (270 T« 2no 1 2wt
= —sin| ——— 2cos| — — — Jcosh———1 | > 0.
3 3 3 3

: ) ———
>0 €(1,2) =1
2 2wt 2wt 7 4 2
(Gy)) = T Ginh 2 (6cosn2 2L (2 + cos 3o T -0
3 3 3 2 3 3

fort > 0. Thus G4(0,t) = G4(1/2,1/2) > 0. Hence,
120 -2 40%Q20—1)
O'2+t2 (O'2+t2)2

=B(o,t)

Loo(o.t) =
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Note that the function B(o,¢) is decreasing by ¢. Consider

2t 4t
, . 3 2 —
Bt(o,t)—(12o—2)(02+—t2)2+(80 —4o )(02+[2)3 =
4t
=— | Qo6-3)0%—(66—1)t* | <0
Ceraiel (G

<0
for t > 0. Thus, B(o,t) = B(0,2) = B,(0) and

120 -2 40%2Qo—1) 03(1-0.20) + (120 — 1.162—5.2)

By (o) = — 0.8=4 >0
20)="313 (02 +4)2 (02 +4)2

for 1/2 < o < 1, yielding us the statement of the lemma for 1/2 <t < 2.
Next consider the interval ¢t = C. Let C = %—i— % = 1.20724... . Let us

consider the second partial derivative L:;U (4.2). We have shown that the function
G1(o,t) (4.3) and the product G3(0,t)G4(0,t) are positive for ¢ > 0. Hence, using
(4.4), we obtain

120-2 406220 —1) 7?3+ 2tsinhwt)coshrmt
o2+12 (024122 6 sinh® 7r¢ '
=D(o,t)

L, (0.1)=

Let us show that D(o,?) is increasing by o. Indeed, consider the derivative

Duao=46§%g§,
here

P(o,t) = —0*—0%—61206% +3t%0 + 31*.
For 1/2 < o < 1 the polynomial P(o,t) is concave by o, because the second deriv-
ative

r”

P =—-1202—60—12t> <0.

oo

The function is nonnegative at the endpoints of the interval,
P(1/2,t) =3t*-3/16=0

fort = 1/2, and

P(1,t)=3t*-3t>-2>0
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for t = C. Hence, P(0,t) =0 and D/ (0,t) = 0 for t > C, yielding us D(o,t) >
D(1/2,t). Consider

72 (34 2tsinhwt)cosht B

D(1/2,1) =

2+1/4 6 sinh* ¢
4 1 472, (1+3e77 /1 —e 27 (1 e 27
= — — e Z
21+1/(412) 3 (1—e—2mt)4
4H B 4 _
Zt—2—4Ate 2t =t—2(H—At3e 2ty
=E(t)
Here
2 1 3 —nC C)H(1 —27C
_o0854... A= UF3TT/OU+eT) o e

"=111acy

3
The function E(¢) is increasing for t = C and E(C) is positive, yielding us the
statement of the lemma. O

(1——6_2”C)4

Lemma 5. For 1/2 <o < |, the derivative L;(0,1)
(1) is positive for t € (0,3.53],
(2) is negative fort € [3.77,00).

Proof. Let us calculate the first partial derivative

2t b4 tsin2mwo
02 +1? + 3 cosh27t —cos27o
=Nj(o,t) =N2(0,t)
—sinh 25t —mcosmo sinht

L (0.1)=Q20—1)

T
— 20 -1
+ 6 (20 )costht —cos2no + cosh2nmt —cos2no

=N3(0,t) =N4(o,t)
- 1 2mt 2n(o—1) 2no
27 sinh 3 (cos 3 cos =3 )

Ty 2m(0—1 :
9 (cosh 27 _cos #) (cosh 2ZL —cos 227)

4.5)

=Ns (O-st)

Estimating functions in (4.5) we obtain N5(o,t) > 0, N1(o,t) > 0. Now let us show
that N, (0,t) 4+ N3(0,t) + Na(o,t) > 0. Tt is sufficient to prove that

1 20 —1

§t sin2mwo — sinh27t —cosmo sinhmwt > 0.

=N(o,t)
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Consider the derivative

-1
wcosh2mt —mcosmocoshmt =

/ 1 .
N,(o,1) =3 sin2mwo —

1
=— §(2n(20 —1)cosh? 7wt + 37 cos wo coshxt — (sin2mwo + (20 — 1) 7).

The positive root of the quadratic equation

—37cosmo + /9n2cos? wo + 8w (20 — 1) sin27wo + 872 (20 — 1)2
4720 —1) ’

r(o) =

Forl/2 <o <1,
3+ V17 3n
— <r(o) < —.
4 4
For 0 <t <0.37

3+ V17
1 < cosh2rt < 1.755 < +T'
Hence, Nt/ (0,t) > 0 and N(o,t) > N(0,0) = 0, yielding us the statement of the
lemma for ¢ € (0,0.37].
Consider the first partial derivative in the interval ¢ € [0.37,3.53],

/ 2t 7 cosmo (2t sinmo —3sinht)
L,(0,t)=(20—1) =
02412 3 cosh2nt —cos2ro
=H>(0,t)
T —sinh2mt
—R2o—-1
+ 6 ( )cosh2nt —cos2no
27 sinh% (cos —2”(‘;_1) —cos 2”7")
+ — 5 " .
9 (cosh % —cos @) (cosh % —cos Z”TU)
=H4(07t)

Estimating H»(o,t) and Hy(o,t) we obtain H,(0,t) > 0 and H4(o,t) > 0 for 1/2 <
o < 1. Thus,

L/( > 1 N H(Z 1 —sinh2mt
o, oc—1)——+ =20 —
! o2+12 6 cosh27t —cos2mo
2t w  sinh2mt
>0 -1 T -
(20 )(02+12 6cosh27rt—1)

2t
=(20—1)( Ecothnt).

02+1t2 6

=M(o,t)
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The function M(o,t) is decreasing by o, hence

M(o,t) = 2! —zcothntz L.z k-
1+t2 6 1+t2 6
=M (t)
Here

coth0.377r for0.37 <t <2.77,
k7 )coth2.77x  for2.77 <t <3.53.

Now "

M (1) = 2(11_|_—;2)2.

For 0.37 <t < 2.77 the function M(¢) increases in the interval (0.37,1) and
decreases in the interval (1,2.77). At endpoints the function is positive, M1(0.37) > 0
and M,(2.77) > 0.

For 2.77 <t < 3.53 the function M5(¢) decreases. At the endpoint the function
is positive, M»(3.53) > 0, yielding us the statement of the lemma for the interval
0.37 <t <3.53.

Estimating functions Ny (o,t) in (4.5) for ¢t = 3.77 we obtain (note that N (o,t) <
0)

, 2t20—-1) w(20-1) mcosmo  2x coth & sin (222 — Z)

L.(o,1) < - <
(1) 02 +12 6 2sinhzt  34/3 cosh2Zt —cos 22¢
2t T 2 272 cothZ!
<Qo-1)| =——=+|-= 3
( ) 02+12+< 6+4Sinhnl+9\/§cosh%—%
=u(?)
=K(o,t)
Consider the derivative of the function ()
0 n3 coshmt N —273 sinh ™2 Z (cosh 222 — 1) + 2 coth Z sinh 2Z*
M = i 2 5 12
4sinh’mt - 274/3 (cosh 2Zt — 1)
<0
<0
Hence,
’ 2(02—[2)
K, (0,))=Qo—-1)| ——= ') | <0
t( ) ( ) (0—2+[2)2+M()
—_— <0

<0
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the function K(o,?) is decreasing by ¢ and K(o,t) < K(0,3.77) < 0, yielding us the
statement of the lemma. O

5. AUXILIARY LEMMAS

Let us denote
Li(t)=L(1,1). 5.1

Lemma 6. The function L1(t)
(1) is negative fort € (0,21) U (t2,00),
(2) is positive for (t1,12),
(3) has unique maximum point at t* € (t1,12).
Here t1 = 1.740440... and t, = 6.088036... are the roots of the function.

Proof. By (5.1) and (3.20) we obtain

log?2

1
TR Elog(oostht -+

L) =tog (201417 -

+llog coshrwt —1 4 llog cosh% —1 _
4 “coshmt+1 3 “cosh % — % (5.2)
(H—zz sinh Zt ) ( 142 )
=log 5 | =log — .
T ginh? %’ + (%) 7 coshlog (2 sinh ?)
Note that
lim L;(7) = —oo, lim L;(r) = —oc. (5.3)
t—>0+ t—>+00
Next, L1(¢) = 0 iff
coshlog ( 2sinh %t) = l—ztz, (5.4)

=1

Hence, there are no zeros in the interval (0, #p). The function L () is negative in the
interval (cf. (5.3)). Here to = v —1 = 1.463418.... By (5.2),

2 x 1
Ll(t):log —(1+Z2)€_#j =
T 1+ e _3@
l—e 3 (5.5
2 5, T 1
s 6 eF —e3 +1

=0 R0
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The function ¥ (¢) is concave for ¢ > 1. Indeed, consider the second derivative,

" 1—1¢2
U, (t)=2——-5—= <0. 5.6
1 ( ) (1 +[2)2 ( )
Next, consider the second derivative of ¥, (),
7 —7'[26% 2t Tt
W (1) = . <4e 705 +4) <0. (57

JT T 2 T
9 (e —e 1) (¥ 1)

Combining (5.6) and (5.7) we obtain, that the function L;(¢) is concave for ¢ >
1. Thus, the concave function on an open set takes negative, then positive (e.g.
L1((6/m)log3) > 0), then again negative values (cf. (5.3)). Hence, it has unique
positive maximum in the interval (¢1,7;). Here #; and ¢, are the roots of the func-
tion L1(¢). The values of the roots we obtain numerically with any sufficient accur-
acy. g

>0

Next, let us denote
Lo(0) = L(0,0). (5.8)

Lemma 7. For 1/2 < o < 1, the function Lo(0) is negative.
Proof. By (3.8) and (3.15) we have
Lo(0) = (20 —1)log 502 +11(0).
Calculating the derivative of the function (cf. (3.10)) we obtain

2 . 20-2
Ly(0) =2log —0?+ o

+ %(20— 1)cotmo +

2sinmwo
=01(0) =0>(0)
47 1 (5.9)
+ +2.
343 1—2cos (Z”TU — %)
=Q3(0)

Let us estimate Q (o) functions from above. For 1/2 < ¢ < 1 the function Q1(0) is
negative since the derivative

and Q1(1) <O0.
For 1/2 < o < 1 the function

Q2(0) =

—TT

(20 —1)cosmo +3).

6sinTo
———

<0 =q2(0)
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The derivative
g5(0) =2cosmo — (20 — 1) sinwo <0,
while ¢»(1) =2 > 0, hence g2 (o) > 0, and Q»(0) is negative.
For 1/2 < o < 1 the function

47 1
Q3(0)= P
343 1—2cos (%—%)

Hence, Lj(0) < 0 with Lo(1/2) = 0, yielding us the statement of the lemma. O

+2<0.

6. PROOF OF THE THEOREM FOR THE MODIFIED SELBERG ZETA-FUNCTION
Now we can prove the Theorem 3.

Proof. Consider max value of the function L (o, ¢) in the rectangle (o,¢) € (1/2,1) x
(0,¢1). By Lemma 5, the function L(o,?) has no stationary points in the interior of
the rectangle, so it suffices to investigate the behaviour of the function on vertices
of the rectangle. By Lemma 4, the function L(o,t) is convex by ¢ and the derivat-
ive by ¢ is positive, hence we must consider the first zero of the function L (¢) (cf.
Lemma 6). Note that

lim L(o,t)=0. (6.1)
o—>1/2+

Next let us consider max value of the function L(o,¢) in the strip (0,¢) € (1/2,1) x
(t2,00). By Lemma 5, function L(o,t) has no stationary points in the interior of
the strip, so it suffices to investigate the behaviour of the function on vertices. By
Lemma 4, the function L(o,t) is convex by o and the derivative by ¢ is negative,
hence we must consider the second zero of the function L;(¢) (cf. Lemma 6). By
Lemma 7 and (6.1), it gives us L(o,t) < 0. Consequently (cf. (3.9))

W(s)
Wl —s)
yielding us the statement of the theorem. g

log <0,
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