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Abstract. This work is devoted to investigate the stochastic asymptotically stability of the zero
solution for a kind of third-order stochastic differentials equation with variable and constant
delays by a suitable Lyapunov functional. Our results improve and form a complement to some
results that can be found in the literature. In the last section, we give an example to illustrate our
main result.
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1. INTRODUCTION

Stochastic delay differential equations (SDDESs) are natural generalizations of stochastic
ordinary differential equations (SODEs) by allowing the coefficients to depend on the
past values.

Recently, the studies of stochastic differential equations (SDEs) have attracted the
considerable attentions of many scholars in the last forty years.

SDEs play an important role in many branches of science and engineering, and
there are a large number of books, which provide full details for the background of
probability theory and stochastic calculus, see for example, [6,7,9,10,13—-16] and the
references therein.

Systems of SDDEs occupy now a place of central importance in many areas of
science including medicine, engineering, biology and physics.

Stability theory is one of the main components of SDDEs. The Lyapunov’s direct
method has been successfully used to investigate stability problems in deterministic
SDDEs for more than one hundred years, when there is no analytical expression for
solutions.

An apparent advantage of this method is the stability in the large can be obtained
without any prior knowledge of solutions. Therefore the method yields stability in-
formation directly without solving differential equations.
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However, there are many difficulties encountered in the study of stability by means
of Lyapunov’s direct method. Therefore, in the relevant literature, some authors
investigated the stability of solutions for DDEs and SDDEs by using different ap-
proaches such as the fixed point method, the inequalities techniques, the perturbation
methods, the second method of Lyapunov and so on (see e.g. [19,22] and reference
therein).

In this direction, many authors have proposed different approaches to investigate
the stability of solutions of third-order DDEs. We can mention the papers of Ademola
et al. [4,5], Graef and Tung [8], Mahmoud [11], Omeike [17], Oudjedi et al. [18],
Remili et al. [20,21], Sadek [23], Shekhar et al. [24], Tung [25-29] and the references
cited therein.

Meanwhile, the scarcity of works on stability and boundedness of solutions for
third-order SDEs with or without delay were studied very rarely, interesting results
are contained, for instance, in [1], [2], [3].

In 2015, Abou-El-Ela et al. [1] considered the stochastic asymptotic stability of
the zero solution and the uniform stochastic boundedness of all solutions for the
third-order SDE of the form

X(1) +ak(t) +bx(t) +cx(t) +ox(Da(t) = p(t,x(1),x(1), X (1)),

where a,b,c and ¢ are positive constants; w(¢) € R™ is a standard Wiener process,
p is a continuous function.

In 2015, Abou-El-Ela et al. [?] investigated the asymptotic stability of the zero
solution for the third-order SDDEs given by

X(t) +arx(0)+g1(x( —r1()) + f1(x(1)) + o1x(Do(1) =0,
X(1) +a2X (1) + fa(x ()X (1) + f3(x (1 —r2(1))) + 02x (t — (1)) (1) = 0,

where a1,a,,01 and 0, are positive constants; 0 < r;(¢) < y1, 0 <ra(t) < y2, y1 and
y, are two positive constants which will be determined later. 0 < h(¢),suph(t) = H;
w(t) € R™ is a standard Wiener process; g1, f1, /> and f3 are continuous functions
with g1(0) = f1(0) = f3(0) = 0.

In 2017, Ademola [3] studied the problems of stability, boundedness and unique-
ness of solutions of a certain third-order SDDE as the following form

X(@t)+ax(@t)+bx(t)+h(x(t—1))+ox()w(t) = p(t,x(t),x(t),X()),

where a,b and o are positives constants, /, p are nonlinear continuous functions in
their respective arguments with 2(0) = 0, t > 0 is a constant delay.

The main purpose of this work is to establish new criteria for the stochastic asymp-
totic stability of the zero solution for a kind of third-order nonlinear SDE with vari-
able and constant delays as the following form

X)) +aX()+¢GE—r))+ v —r@) +oxt-ho@) =0, (LD
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where a, o and & are positive constants, r(¢) is a continuously differentiable function
with 0 < r(t) <1, y1 is a positive constant which will be determined later, ¢, ¥ are
two nonlinear continuous functions in their respective arguments with ¢ (0) = ¥ (0) =
0, w() = (w1(t),wr(t), - ,wp(t)) € R™ is m— dimensional standard Brownian mo-
tion, defined on the probability space. The functions ¢ and i are also differentiable
throughout this work.

In this paper, by constructing a suitable Lyapunov functional, sufficient conditions
for the stochastically asymptotically stability of the zero solution of (1.1) are estab-
lished. Our result includes and improves the former results that can be found in the
literature.

The remainder of this work is organized as follows. In section 2, we give a the-
orem, which deals with stochastic asymptotically stability of the zero solution for
(1.1). In section 3, we introduced the proof of the main theorem. In the last section,
we gave an example to verify the analysis made in this work.

2. STABILITY RESULT

Let w(t) = (w1(t),...,wn(2)) be an m—dimensional Brownian motion defined on
the probability space. Consider an n-dimensional SDE

dx(t) = f(t,x())dt 4+ g(t,x())dB() ont >0, 2.1

with initial value x(0) = xo € R". As a standing condition, we assume that f :
Rt xR"” — R” and g: R xR" — R"*" satisfy the local Lipschitzian condition and
the linear growth condition for the existence and uniqueness of solutions for equation
(2.1) (see for example, [12,30]). It is therefore known that equation (2.1) has a unique
continuous solution on ¢ > 0, which is denoted by x(#;x¢) in this work. Assume
furthermore that f(¢,0) =0 and g(¢,0) = 0, for all # > 0. Hence the stochastic
differential equation admits the zero solution x(¢;0) = 0.

Let C12(RT x R”; R™) denote the family of non-negative functions V (¢, x) defined
on R™ x R”, which are once continuously differentiable in ¢ and twice continuously
differentiable in x.

Define the differential operator £ associated with equation (2.1) by

92
Y ox; ax;

I 3 1 <
L=t ) filtx)g—+5 > [8x) g7 ()]
roia 0x; 2i,j=1

If £ acts on a function VV € C12(RT x R”;R™T), then

EV(t,x)=Vi(t,x)+ Vx(t,x). f(t,x)+ %trace[gT(t,x)Vxx(t,x)g(t,x)], 2.2)
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v v v
where V; = G-, Vy = (m,...,m) and
2V 2V
82V 3X1‘3x1 toe 8x1.3xn
Vix = (W)nxn = : :
) 2V 92V
0x,0x1 77 0x,0xp

Moreover, let K denote the family of all continuous nondecreasing functions 6 :
R™ — R™ such that #(0) = 0 and O(r) > 0, if r > 0.

Lemma 1 ([13]). Assume that there exist V€ CL2(RT xR?;R") and 6 € X such
that
V(,0)=0, 6(x|)<V(t,x), and
EV(t,x) <0, forall (t,x) € RT xR".
Then the zero solution of the stochastic differential equation (2.1) is stochastically
stable.

Lemma 2 ([13]). Assume that there exist V € CV2(RT x R*;R") and 6,,6,,
03 € K such that
O1(|x])) < V(t,x) < 6(]x|), and
LV (t,x) < —03(|x|), forall (t,x) e RT xR".
Then the zero solution of the stochastic differential equation (2.1) is stochastically
asymptotically stable.

Now we present the main stability result of (1.1).

Theorem 1. In additions to the basic assumptions imposed on the functions ¢ and
Y appearing in (1.1), suppose that there exists positive constants «1,d2, 1, B2, ¥1, V2,
c1,L and M such that:

(i) a1 < @ <ap and Y(x)sgnx >0, forall x #0.
(i) sup{y’(x)} =5 and |Y'(x)| < L, forall x.
(i) p1 <29 < s, forally #0 and |¢'(y)| < M, forall y.
(iv) 0<r(t) <y1 and r'(t) < y,, suchthat 0 <y, < 1.
(v) aBy—c1 >2p1+6.
(vi) 0% <201 —a—B1-2.
Then the zero solution of (1.1) is stochastically asymptotically stable, provided that
201 —02—a—B1—2  (af1—c1—2B1—6)(1—y2)
2(L+ M) AML+M)(1—y) +4L(A+2)
(ap1—c1—=2p1)(1—y2)
4B1(L+M)(1—y2) +4B1(A+2)M |’

y1 < min

. __aBi+c
with A = -
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3. PROOF OF THEOREM |
The equation (1.1) can be written in the following equivalent system:
x=y.
=z,

d d 3.1
t=az—g0) Y@+ [ ooz [ yeeeds Y

—ox(t—h)a(t).

Define the Lyapunov functional V (¢, X;), where X; = (x¢, yz,2¢), as the following

* 1 2 Y I,
VX0 =3 [ v@de+y@y+ s+ [ gmdn+ayi+ g

0 t
+xz4+x24u / y2(9)ddds (3.2)
—r(t) Jt+s

0 t 1 t
+U/ / Zz(ﬁ)dﬂds—l——oZ/ x2(s)ds,
—r(t) Jt+s 2 t—h

where  and v are two positive constants, which will be determined later.

Our target here is to show that the Lyapunov functional V' (¢, X;) satisfies the condi-
tions of Lemma 2.

Thus from (3.2), (3.1) and by using Ito formula (2.2), we get

EV(t.X0) =¥ (0)y* +22° = A (y)y —az® + yz—axz —x¢(y) —x ¥ (x) + 2xy

t t
carryra( [ doozwdst [ veew)

t
+ pur(t)y* —p(1—r'(1)) o Y ()dv

t
1
+vrt)z2—v(1 =7 (1)) 22(9)dd + —o2x2.
t—r (1) 2

In view the assumptions (i) — (iv) of Theorem 1, we obtain

1
LV(t, Xy) S%yz +Az2=Ap1y?—az? + yz—axz—Bixy —a1x? +2xy + Eozxz

t t

+(x+ky+z.)(Mf Z,(s)ds+L/
t

t—r(t)

y(s)ds)
—r ()

t t

y2(8)d® + v/

t—r(t)

+W1y2+vylz2—(1—yz)(u/ zz(z?)dz?).
t

—r (1)
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Then by using the inequality 2uv < u? +v?, with the condition r(¢) < y; in Theorem
1, we have

LV, X)) < {oq @ tatp +2)—1(L+M)y1}x2
A1 =S er+ 1 +3) — SA(L A My - m}yz
@)= 5L+ My - —vyl}zz

t
+ L+——u(1—yz)}/ V2(9)dD
t—r(t)

y
A
|
|

t
+ M—i———v(l—yz)} / Zz(ﬁ)dﬁ.
t—r(t)
If we take )L N
L
:ﬂ>0 and v:w>0’
2(1=y2) 2(1=y2)

it follows that
1 1
LV(t, X)) <— {051 —E(oz—i—a—l—ﬁl —|—2)—§(L+M)y1}x2

—{/\/31—1(61+,31+3)—1)L(L+M))/1—L(A+2)V1} 2

2(1=y2)
1 M(A+2) 5
—(a—-1)—=(L+M)y; —A ————=
~{3amn-g@rann-a- 37 8y
In view of
1 aBi—cy a afy—cy
AB1—=c1 = 0and ——A = 0,
B1 201 2 >0 an > v >
We have

1 L+M
SCV(t,Xt)5—{a1—§(02+a+,31+2)— 5 yl}x2

A - A
_{%(aﬂl_cl_zﬁl— 6)— (L+M);1(1_)/?/)z;rL( i l}yz

_{0/31—61—2/51 (L+M)(1—Vz)+M(A+2) 1.2
41 2(1—y2) '
(3.3)

Thus, in view of (3.3), one can conclude that £V (¢, X;) satisfies the condition (ii)
of Lemma 2 as:

LV(t,Xs) <—D1(x*>+ y?+1z?), forsome D; >0, (3.4
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provided that

201 —0”—a—P1-2 (af1—c1=2B1—6)(1—y2)
2(L+ M) TAAL 4+ M)(1—y2) +4L(A+2)
(a1 —c1—=2B1)(1—y2)
41(L+M)(1—y2) +4p1(A+2)M
Next, we shall show that the assumption (i) of Lemma 2 is satisfied.
Since fi)r(t)ftt+s y2($)ddds and ffr(t) ftt+s z2(%)d¥ds are non-negative and by
using the assumption (i i7) of Theorem 1, we obtain

Y1 < min

* 1 1 1
VX0 = A / VEE+ () + 5hay + 31y vz + 22 4 az 4o

: o 1
——(Bry + v () + (y + %)2 +(x+ %)2 +5Ma=24)y?

/3
2 X y , _
+ a0 [ we] [Capi—v@manfasiy 20 .
Now we recall that: '
_api—a
a—2\ = T > 0,
and
AB1—v'(§) > %% _%1 = a,814—c1 > 0; by condition (ii) of Theorem 1.
Then, we get
2
ooz [ vo! [ as-v@nan as
=P [Cyeuae,

which together with (3.5), imphes the following inequality

VX0 = 5 (B +y )+ (ot 5 lk(aﬂl —01)y2

2 2B1
0,31
s+ 7+ L [y
Hence, we can see that
V(t,X:) > Da(x?+ y?> +2z2), forsome Dy > 0. 3.6)

In view of the assumptions ¥ (x) < asx, ¥ (y) < B2y from the conditions (i) and
(iii) of Theorem 1 respectively; and the inequality uv < %(u2 +v?), then we can
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write from (3.2) that

X o 1 y A
V(t,X,)fk/ alédé+72(x2+y2)+§kay2+/ ﬁzndn+5(y2+z2)
0 0
1 1 !
+—z2+§(x2+z2)+x2+,u/

(19—1 +r(t))y2(19)d19
2 t—r (1)

t 1 t
+v/ (0—t+r(t))z2(ﬁ)dl9+—02f x2(s)ds.
t—r(t) 2 Ji-n

Since r(¢) < y1, then it follows that

1 1
V(t, Xy) 55{ A+ oo +3 +02h} )%+ 5{0&2 +Br+Aa+1) +MV12} Iy I?

1
+5{)L+2+U)/12} llz|I2.

Then there exists a positive constant D3 such that
V(t,X;) < D3(x* 4+ y%*+22), D3>0. (3.7)

Therefore from (3.6) and (3.7), we note that V (¢, X;) satisfies condition (i) of Lemma
2.

Thus all the assumptions of Lemma 2 are satisfied, so the zero solution of (1.1) is
stochastically asymptotically stable.

This completes the proof of Theorem 1.

4. EXAMPLE

In this section, we give an example to show the applicability of the result obtained
and for illustrations.
As an application of Theorem 1, we consider the third-order stochastic delay differ-
ential equation as the following form:
X(t)+12xX(t)+8x(t —r(t)) +sin(x(t —r(2))) +24x(t —r(2))
x(t—r(t)) : (4.1)
—————+3x({)w() =0.
T2 —ry 0o

Its equivalent system is given as:

X =y,
y =2z,
t
X
z=—12z— 8y +siny)— (24x + 2)—I—/ {8+cosy(s)}z(s)ds
l+x t—r(2)

! 1—x2(s) .
+ ,/;—r(t) {24+ m}y(s)ds —2x([)a)(l‘)_
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By comparing the above differential system (3.1) and taking into account the assump-
tions of Theorem 1.
The path of the function siny is shown in Figure 1. It follows that

a=12, ¢(y) =8y +siny, P) —8 = s1ny,
y y
then we find
—1 < @_8 < 1.
y

Hence, we have
B1=17 B2=09, also |¢'(y)|=|8+cosy|<9= M.

The behaviour of 14:67 is shown in Figure 2. Therefore we obtain

FIGURE 1. The behaviour of the function sin y

x ¥ (x) ¥ (x)
=24 , —24 = ,then 0 < —=—-24 <.
¥ (x) X+ [ . 12 en .
It tends to
ap =24, ar =25, Y'(x) =24+ m, since
1— 2

————|<1, then |y (x)| <25=L.
Therefore sup{| ¥'(x) |} = 25, then we obtain ¢; = 50, and A = aﬁ% = %.
It is obvious that

af1—c1 =34 and 281 +6 = 20.
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T
=10 10 20
x

X

FIGURE 2. The behaviour of the function 7 e

Therefore
apy—c1>2p1+6, and 201 —a—p1—2=27> 02 =9 (since o = 3).

Thus, the above estimates show all the assumptions of Theorem 1 hold, so we can
prove that

14 1
LV, X:) < (9—1Ty1)x> - { i 5(163 +2M)J/1} y?

t

10
—{ﬁ—(17+1}))/1}2.2+{85—M(1—V2)}ft Y2 (@)d?

—r(t)

t
+ {30.5—\1(1—)/2)} /t_ (t)zz(ﬂ)dﬁ.

Let us choose

where 0 < yp < 1.
Consequently, it follows for a positive constant p; that

LV, Xs) < —p1(x® +y%2 4+ 22), 4.2)
provided that
9 7(1—y2) 5(1—y2)
y1 <minj{ —, , .
347 326(1 —y2) + 340" 14{17(1 — y») +30.5}

Also, we can see that

Z

vexn= (v +(Zya2) o (v42) 45852
X)Z g\ Y 127 "2 T3 e

17 >
w11 | v



STABILITY OF THIRD-ORDER SDE WITH DELAYS 391

Then, there exists a positive constant p, such that
V(t, Xs) > pa(x? +y* +27). (4.3)

As well it can be shown that:

157 1 25(A+2) 1(95 9(A+2)
V(t, X)) < —|lx)|* + 2964+ =" 2y2 G G S Ry Ve 2,
0% = P+ 5 {96+ T 2y 242+ 20 22 e
Hence there exists a positive constant p3 satisfying
V(t, X,) < pa(x? 4+ y2+22). 4.4)

Now from the results (4.2), (4.3) and (4.4), we note that all the conditions of Lemma
2 are satisfied, then the zero solution of (4.1) is stochastically asymptotically stable.
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