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RANDOM BASES FOR COPRIME LINEAR GROUPS

HULYA DUYAN, ZOLTAN HALASI, AND KAROLY PODOSKI

ABSTRACT. The minimal base size b(G) for a permutation group G, is a widely
studied topic in the permutation group theory. Z. Halasi and K. Podoski [§]
proved that b(G) < 2 for coprime linear groups. Motivated by this result and
the probabilistic method used by T. Burness, M.W. Liebeck and A. Shalev, it
was asked by L. Pyber [19] that for coprime linear groups G < GL(V'), whether
there exists a constant ¢ such that the probability of that a random c-tuple
is a base for G tends to 1 as |V| — oco. While the answer to this question
is negative in general, it is positive under the additional assumption that G
is even primitive as a linear group. In this paper, we show that almost all
11-tuples are bases for coprime primitive linear groups.

1. INTRODUCTION

For a finite permutation group G, a subset B of (2 is called a base for G, if the
pointwise stabilizer of B in G is trivial. The concept of base plays a fundamental role
in the development of the algorithms for permutation groups and these algorithms
are significantly faster if the size of the base is small (see the book of A. Seress [22]).
The minimal size of a base for G acting on € is denoted by b(G). L. Pyber ([18])
showed that there exists a universal constant ¢ > 0 such that almost all subgroups
G of Sym(n) satisfy that b(G) > cn.

On the other hand, there are several important group classes where the minimal
base size b(G) can be bounded by a fixed constant ¢. A. Seress [2I] showed that
b(G) < 4 for a solvable primitive group G. For an almost simple primitive permu-
tation group G, a famous conjecture of P. J. Cameron and W. M. Kantor [2] states
that there exists an absolute constant such that b(G) < ¢ for all non-standard prim-
itive permutation groups G. In [3], P. J. Cameron suggested that ¢ can be chosen
to 6 apart from the Mathieu group Ms, with its natural action, where the minimal
base size is 7. The Cameron—Kantor conjecture was proved by M. W. Liebeck and
A. Shalev in [15]. However, this was an existence result for ¢, using probabilistic
method without yielding any explicit value for this constant. Finally, T. C. Bur-
ness, M. W. Liebeck and A. Shalev [1] proved that if G is a finite almost simple
group in a primitive faithful non-standard action, then b(G) < 7, with equality if
and only if G is the Mathieu group Ma4 in its natural action of degree 24.
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Furthermore, they proved that if G is a finite almost simple group, and €2 is a
primitive faithful non-standard G-set then the probability that a random 6-tuple
in Q is a base for G tends to 1 as |2 — co. For a finite vector space V, a linear
group G < GL(V) is called coprime, if (|G|, |V]) = 1. D. Gluck and K. Magaard [7]
proved that for such a group the minimal base size of G is bounded by an absolute
constant that is b(G) < 94. Z. Halasi and K. Podoski [§] improved this result
by showing that b(G) < 2 and this estimation is sharp. Based on this result and
the random base result of T. C. Burness, M. W. Liebeck and A. Shalev, L. Pyber
[19] asked whether for a coprime linear group G < GL(V') there exists an absolute
constant ¢ such that a random c-tuple in V' is a base for G tends to 1 as |V| — oc.
We answer this question affirmatively by showing that

Theorem 1.1. Let V be a finite vector space and G < GL(V') be a coprime prim-
itive linear group, i.e. (|G|,|V|) = 1. Then the probability that a random 11-tuple
in'V is a base for G tends to 1 as |V| — oo.

In fact, we also give lower bounds for this probability in terms of the base field
and the dimension of V. Our bounds highly depends on the structure of G. As
a part of our argument, we give a general structure theorem for maximal coprime
primitive linear groups in Theorem (1]

For any positive integer c¢ let us define the probability

Pb(c,G,V) := P(random vy, ...,v. € V is a base for G).
The main goal of this paper is to prove the following

Theorem 1.2. Let V' be an n-dimensional vector space over the finite field F, and
let G < GL(V) be a coprime primitive linear group. Then for any ¢ > 11, the
probability Pb(c,G,V) is close to zero if |V| is large enough. More precisely, one
of the following holds.

(1) Pb(e,G,V)>1— W;

(2) There is an IFZ vector space structure on V' for some field extension F’; > T,
(possibly k = 1) and a tensor product decomposition V.=V, O U over F’;
with 1 < dim(U) < dim(V1) < n/k such that G < TL(F¥, n/k) and H =
GﬂGL((IFZ, n/k) preserves this tensor product decomposition. Furthermore,
H = H, ® Hy with Hi < GL(V1), Hy < GL(U) are absolutely irreducible
linear groups, and Sy = Soc(H1/Z(Hy)) is a non-Abelian simple group.

(a) If S1 is not an alternating group, then

1 2
Pb(c,G,V)>1— - + c—10)/80 )’
(q(c4)\/d1m(V) |V|( )/ )

(b) If S1 ~ A, for some m and Vy is not an irreducible component of the
natural permutation FFA,,-module, then
q
3 .
N
(¢) If S1 ~ A, for some m and Vi is the non-trivial irreducible component
of the natural permutation F’;Am—module, then

Pb(c,G, V) >1-—

Pb(c,G, V) >1—

ne—2"
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Remark 1.3.

(1) Let Z = Z(GL(V)) ~F denote the group of scalar transformations on V.
If G < GL(V) is a coprime linear group on V, then so is GZ > G and we
have Pb(c,G,V) > Pb(c,GZ,V). Therefore, for the rest of this paper we
will always assume that G contains Z.

(2) The assumption “primitive” is necessary here. To see this, let H < GL(n, q)
be the group of all invertible diagonal matrices, so H ~ (Fy)". Then
Viy.no, Ve € IFZ is a base for H if and only if for each 1 < i < n the i-th
component of some v; is non-zero. For any fixed ¢, this has probability
(1 =1/¢°), so we have

1\"n
Pb(c, H,F") :( ——) ,
qC
which is close to zero for any fixed ¢ and big enough n. If (¢,n) = 1, then
one can add the regular permutation action of C, on the components of

[y to get the coprime irreducible linear group G = H x C), < GL(n,q)
satisfying lim,,—, o Pb(c, G, F?) =0.

2. BOUNDS ON Pb(c,G,V) IN TERMS OF SUPPORTS AND CHARACTER RATIOS

In order to prove Theorem [[.2] our primary tool will be the concept of support
for elements of a linear group.

Definition 2.1. For a linear group G < GL(V) and a g € G the fized-point space
and the support of g are defined as

Fix(g) :={v € V]g(v) =v} and Supp(g):= dim(V) — dim(Fixy (g)).
Furthermore, let the minimum support of G be defined as

MinS G) := min S .
inSupp(G) := min, upp(g)
We use the notation Fixy (g), Suppy (¢) and MinSuppy, (G) if we also want to high-
light the vector space on which the group acts.

Remark 2.2. If G strictly contains Z, then MinSupp(G) equals

min_(dim(V) — ma)xc(dim(ker(g - X-idv)))).
AEF

geG\Z s

In order to get bounds for MinSuppy, (G) in case of G < GL(V) is a quasisimple
coprime linear group, we will use results from character ratios of complex irreducible
characters of such groups.

Definition 2.3. For a finite group G and y € Irr(G) with x(1) # 1 let us define
the maximal character ratios

Ix(9)l
mr(G, x) := max and mr(G) = max mr(G, x).
(@) 9¢z(x) x(1) @ XEIT(G), x(1)#1 (@)

Clearly, mr(G) < 1 for every finite group G.

The connection between minimal support and maximal character ratio is de-
scribed in the following Lemma.
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Lemma 2.4. Let V' be an n-dimensional vector space over the finite field Fy and
let G < GL(V) be a non-Abelian coprime irreducible linear group. Then we have

dimT(V) (1 - mr(G)) .

Moreover, if x € Irr(G) is any irreducible component of the Brauer character
associated to V, then

1
Mi > —(x(1) - .
inSuppy (@) 5 (x(1) ~ max [x()])

MinSuppy, (G) >

Proof. Let F, be the algebraic closure of F, and let V = V ®F, be the F,G-module
arising from the F;G-module V. Let V =Vi®...®V, be the decomposition
of V into irreducible FqG—modules. Then the corresponding representations G
GL(V;) form a single Galois conjugacy class by [10, Theorem 9.21], so Suppy. (g) =
%Suppv(g) holds for every ¢ € G. Let x; : G — C be the irreducible Brauer
character associated to V; for each 1 < ¢ < ¢. Since (g, |G|) =1, we get x; € Irr(G)
by [10, Theorem 15.13]. Furthermore,

xi(1) =dim(V;) and  [xi(9), 1(g)] = dim(Fixy, (g))-

For any g € G we have x1(g) = (x1(1) —k)-1+e1+...+¢&, where k = Suppy, (9)
and €1,...,e, are o(g)-th root of unity. Then |x1(g9)] > x1(1) — 2k = x1(1) —
2 Suppy, (9) holds, so 2 MinSuppy,, (@) > x1(1) = MaXgg¢ 7 (y,) [x1(g)|- (Note that
the assumption that G is non-Abelian implies that the x; are non-linear characters.
Furthemore, if 1 # g € Z(x1), then Suppy (9) = dim(V), so MinSuppy (G) =
mingg 7(y,) Suppy (g) must hold.)

It follows that

2MinSuppy (G) = 2t MinSuppy; (6) = tla(1) = max (o))
g X1
=tx1(1)(1 —mr(G, x1)) > dim(V)(1 — mr(G)).
Now, the first inequality proves the second claim, while the second inequality

proves the first claim. ([

Lemma 2.5.
1 le] 1

Pb(e,G,V) 21— Z ¢-Supp(g) =1- c-MinSupp(G) =>1- |V |e(l—mr(G))/2=2"
1#g€eG q q

In particular, Pb(c,G,V) >1— # for e > %.

Proof.
P({v1,...,v.} CV is not a base for G) < Z Pg(vi) =v;, V1 <i<e)
1#g€eG
|FiX(9)|)C 3 1 G|
> - -

c-Su — gc-MinSupp(G

1;£geG( V] iy pp(9) ~ ¢ pp(G)

Ve 1

(qn)c(l—mr(G))/2 |V|c(l—mr(G))/2—2’

and the claim follows. O
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3. BOUNDS FOR CHARACTER RATIOS AND FOR MINIMAL SUPPORTS OF
QUASISIMPLE LINEAR GROUPS

The goal of this section is to give lower bounds for minimal supports of coprime
quasisimple groups G < GL(V) in terms of |G| and dim(V).

First we handle the case when G is a sporadic group or a finite quasisimple
group of Lie type. For such groups, we use bounds for their maximal character
ratios mr(G).

Theorem 3.1. Let G be a finite quasisimple group such that G/Z(G) is not an
alternating group.

(1) If G/Z(G) is a sporadic simple group, then mr(G) < 0.54.

(2) If G = G(r) is a finite quasisimple group of Lie type over the field F,., then

Im«nﬁ{rmchJé) ifr>9;

19 .
35 if r <9.

Proof. We checked part (1) for the covering groups of the sporadic simple groups by
using the GAP [4] Character table library and also the undeposited GAP package
FUtil to turn cyclotomic complex numbers into floating ones in order to be able to
compare the values of |x(g)| for various g and .

Regarding part (2), it is a simplified version of a result of Gluck [6]. (For a
summary of his results, see also [14], Theorem 2.4]). O

Remark 3.2. For simple groups of alternating type there is no general upper bound
for mr(G) smaller than 1. Moreover it can be shown that for every e > 0, the number
of irreducible characters x € Irr(S,) (or x € Irr(4,,)) satisfying mr(Sy,, x) > 1—¢
is not bounded if m is large enough.

Corollary 3.3. Let V be a vector space over the finite field Fy and let G = Z -Gy <
GL(V) where Gy is a coprime quasisimple irreducible linear group which is not of
alternating type. Then MinSuppy (G) > 4 dim(V').

Proof. By Theorem Bl we have mr(G) = mr(Go) < 33, so the claim follows from

Lemma 2.4 O

Now, we handle the case when Soc(G/Z(G)) is an alternating group.

Theorem 3.4. Let G = S,,, and x = xV € Irr(G) corresponding to the partition
A= (A >...= ) of [m]. Then x*(1) — x*((123)) > —L5x*(1) unless

xe {(m); (1,...,1)}.

Proof. First, we introduce some notation. Let A = (A > ... > \;) be a partition
of m, different from the two exceptional ones given in the theorem. For any natural
numbers iy, ..., i let Y} {7} be the character of S,,_j corresponding to the
Young diagram obtained from the diagram of A by deleting the last cells of the
i1-th,. .. ig-th row in that order with the assumption that A — {41, ...,4} is a valid
Young diagram for each 1 < s < k. Otherwise, we define y*~ {7} as the
constant zero function on S, _.
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By the Murnaghan-Nakayama rule (see [IT], 21.1]),
N(EP:)) S Nl C) S NGl ¢ )

ve{A—rh(3)} ve{A—rh(1,1,1)}
= > xXm+ D> X
ve{A—rh(3)} ve{A—rh(3)}

where {\ —rh(x)} denotes the set of partitions of m — 3 which we can get from the
Young-diagram of A be removing a rim 3-hook of type (x) such that the remaining
cells form a valid Young diagram.

On the other hand, by using the branching rule (three times) one gets

Z X/\ {%Lk}

0.5k

Let v € {A —rh(3)}. Then v = X — {i,4,i} for some (unique) i. Now, there is
a j # i such that 7 = XA — {4,4,5} is a valid Young diagram. Then both induced
characters (x7)%~2 and (x*)%"~2 contain x*~{»"} as a component which results
X’ (1) < x*13(1) < (m — 2)x7(1). The same argument can be applied to any
v e {\—rh(3)}. It follows that

>Z><A i} (1 (1+—)+ZXA i} (g )(1+#2)

m—1
> 123)).
> ——5x ((123))
Hence x*(1) — x*((123)) > —25x*(1) which proves the claim. O

This result will be adequate for our purposes only if the degree of x is large
enough. In order to get an overall picture about the form of Young diagrams
defining characters of small degree, we will use a result of Rasala [20]. In what
follows, we use the terminology from Rasala’s paper. For any partition A of m, let
|A| = m be the order of A and let A* be the partition dual to A. The partition X is
called primary, if A > \*, where > denotes the standard ordering on partitions. If
A= (A1 > ... > )) is a partition of k and m > Ay + k, then let m/X denote the
partition of m defined as m/\ = (m—k > Ay > ... > \;) and let @y (m) := x™/*(1)
be the degree of the character of S,, associated to m/A. (Note that ¢y(m) is a
polynomial in m by [20, Theorem A].) For any set P of partitions of k and for m
large enough, let L(P,m) := {px(m)| A € P} and let §(P,m) be the largest degree
in L(P,m). Then P is said to be m-minimal, if for every primary partition p of m
either x*(1) > 6(L, P) or u =m/\ for some X\ € P.

By [20, Main Theorem 1.] (for k = 3) we have

Theorem 3.5. Let P3 be the set of all partitions of order at most 3, that is, P3 =
{0; (1);(2); (1,1);(3);(2,1); (1,1,1)}. Then Ps is m-minimal for every m > 15.

Thus, by using the hook length formula and the Murnaghan-Nakayama rule
we can calculate the exact values of x*(1) and x*((123)) when x*(1) is among
the first seven smallest character degrees of S,, for m > 15. Otherwise, we get
a reasonably large lower bound for x*(1). (Note that A or A\* is primary and
M1 = x (1), x*M(123)) = x* ((123)) holds for every partition \ of m.)
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Corollary 3.6. Let \ be a partition of m for m > 15 and let x* € Irr(S,,) be the
character of Sy, associated to X. Then x*(1) and x*((123)) are as given in Table
@ or x*(1) > sm(m —2)(m —4).

Aor A XM1) =M (1) XM((123)) = X ((123))

(m) 1 1

(m—-1,1) m—1 m—4

(m—2,2) tm(m — 3) 2(m —3)(m —6)

(m-21,1)  L(m—1)m-2) L(m — 4)(m — 5)

(m-3,3)  tm(m—1)(m-5) L(m — 3)(m — 4)(m — 8) + 1

(m—3,2,1)  tm(m—2)(m—4) 2(m—=3)(m—5)(m—7)—1

(m—3,1,1,1) #(m—1)(m—-2)(m—-3) +(m—4)(m—>5)(m—6)+1
TABLE 1. Character values of S,, when the degree is small.

Now, we give an analogue of Corollary for alternating-type groups.

Corollary 3.7. Let V be a vector space over the finite field Fy and let G = Z -Gy <
GL(V) where Gy is a coprime irreducible linear group and Go/Z(Go) ~ A, for
some m > 5. Let us assume that V' is not a component of the natural permutation

FyAp-module. Then MinSuppy, (G) > 15+/dim(V).

Proof. As in the proof of Lemma 2.4, MinSuppy (G) = t - MinSuppy, (G) and
dim(V) = t - dim(V;) where V; is an (absolutely) irreducible component of F,G-
module V ® F,. Then the claim clearly follows if we prove that MinSuppy, (G) >
++/dim(V1). In other words, we can assume that V' is absolutely irreducible. First
let us assume that Go ~ A, for some m > 9. Let ¢ € Irr(A,,) be the Brauer
character associated to V' and x € Irr(S,,) above ¢, i.e. [xa,,,¢] # 0. Then ei-
ther xa,, = ¢ (if x is not self-dual) or x4, = ¢ + ¢ (if x is self-dual). In
the latter case p((123)) = x((123))/2, since the conjugacy class (123)%" does not
split in A,,,. Let € be 1 or 1/2 according to these cases, so ¢(1) = ex(1) and
©((123)) = ex((123)). By [20, Result 2.], we have dim(V) = ex(1) > gm(m — 3).
If p((123)) < 0, then Suppy, ((123)) > % dim(V) > £,/dim(V) holds trivially. Oth-
erwise, by using Lemma 2.4 and Theorem [3.4] we get that

1 ex(1)
S 123)) > =(¢(1) — 123 = 1) — 123))) = —/————
uppy ((123)) 2 5 ((1) = le((123))]) = 5 (x(1) — x((123))) Sm— 1)
_dim(V) > Vm(m —3)/2/dim(V) > 1 Tm(V).
2(m—1) 2(m—1) 4
For any element 1 # g € A, there are x,y € A,, such that [g,z,y] is a three-
cycle. Applying Lemma twice, we get that Suppy (g) > %Suppv((123)) >
-=+/dim(V).
Now, let us assume that m > 7 and Gy is the universal covering group of A,,,
so Go ~ 2.A,,. Let z € Gy be the generator of Z(Gy) ~ Cy and let g € A,,, denote

N
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the image of any g € G under the natural surjection by Gog — A,,. Then z acts
on V as a scalar transformation z(v) = —v for all v € V, so Suppy (z) = dim(V).
Let t € G such that ¢ = (12)(34). By Theorem [9, Theorem 3.9], ¢ and tz are
conjugate, so z = [h, t] for some h € Gp. It follows that Suppy,(t) > 5 Suppy (2) =
dimT(V) by Lemma (In fact, by using this argument to tz instead of ¢ one
can prove equality here.) Now, for any g € Go \ Z one can choose z,y € G
such that [g,Z, %] is conjugate to . Using again Lemma twice, we get that
Suppy (9) > 7 Suppy (t) = g dim(V) > 15\/dim(V).

For the remaining cases, dim(V) < /|Go| < 162, so f+/dim(V) < 1 <
MinSuppy, (G) follows. O

The next result gives a bound to the order of most coprime quasisimple linear
groups similar to that of |G| < |[V[*> = ¢?¥™(V) but using the minimal support
MinSuppy, (G) instead of dim(V).

Theorem 3.8. Let V' be a vector space over the finite field Fy and let G = Z -Gy <
GL(V) where Gy is a coprime quasisimple irreducible linear group.
Then one of the following holds:
(1) log, |G| < d-MinSuppy, (G) with d = 5.
(2) Go ~ A, and V is the non-trivial irreducible component of the natural
permutation module of A, over Fy.
(3) Go = Go(r) is a finite quasisimple group of Lie type over the finite field F,
with r < 43, and |V| is bounded by an absolute constant.

Proof. For any sporadic group S, let S be its universal covering group and let ¢(.5)
be the smallest prime not dividing the order of S. By using GAP [4], we checked

-~

that for every x € Irr(5), the inequlity

logysy IS] <d- (x(1) = max [|x(g)[)/2
9ES—Z(x)
holds with d > 4.22. (The largest value is attained for 2.J.) Now, if G < GL(V)
is any finite quasisimple group with sporadic simple quotient S = G/Z(G), then
G is a homomorphic image of S, and we can view V' as an irreducible F,S-module

(where ¢ > ¢(S)). Now, if x € Irr(S) is any irreducible component of the Brauer
character corresponding to V ® I, then

log, |G| <logys) S| <d- (x(1) = max |x(g)])/2
9€S—Z(x)

< d-MinSuppy, (S) < d - MinSuppy, (G)

also holds with d > 4.22 by Lemma 2.4

Next, let G ~ A, for some m > 15. Then we have m < ¢ by the coprime
assumption. Let us assume that V' is not a component of the natural permutation
F,A.,,-module. Let ¢ € Irr(A,,) be an irreducible component of the Brauer char-
acter associated to V and x € Irr(S,,) above ¢. By the proof of Corollary B we
have ¢(1) = ex(1), and ¢((123)) = ex((123)), where € is 1/2 or 1 if y is self-dual
or not.

If x is one of the characters given in Table [Tl then y is not self-dual. In that
case we have

(x(1) ~ [x(123)]) > J(m —3)

N =

Suppy ((123)) =



RANDOM BASES FOR COPRIME LINEAR GROUPS 9

by using Lemma 24 and the last five rows of Table [l Otherwise, x(1) > *m(m —
2)(m —4), so we have

1 1
Suppy ((123)) > 1 (#(1) ~ [¢(128))) > T(x(1) ~ [x(123))
X(1)_ mlm = 2)(m —4)

“4(m—1) 12(m —1) -

holds if ¢(123) > 0. However, if ¢(123) < 0, then Suppy ((123)) > 3 dim(V) >

m — 3 holds trivially. Thus, Suppy ((123)) > m — 3 holds in any case. Now, for

any element 1 # g € A, there are z,y € A,, such that [g,z,y] is a three-cycle.

Applying Lemma .2 twice, we get that Suppy () > + Suppy((123)) > ™3 holds

for any 1 # g € A,,. Thus, d - MinSuppy, (G) > M >m > log,, (m!) > log, |G|

holds for d > 5.

Now, let m > 12 and let Gy be the universal covering group of A,,, so Gg ~ 2.A,,.

By the proof of Corollary B.7] we have MinSuppy (G) > & dim(V). Using [13, Main
Theorem] we get that

m—3

d d
d - MinSuppy (G) > ¢ dim(V) 2 cmin{x(1) |x € Irr(G), x(2) # x(1)}
>d-2m/A=t > m > log, |G

holds for d > 3.25. For the remaining members of Alternating groups and their
covers (i.e for A,,, 12 < m < 14), for 2.4,,(m = 50or 8 < m < 11) and for
6.4¢,6.A7 we used the same algorithm as for sporadic groups.

Finally, let Gy = Go(r) be a quasisimple group of Lie type over a finite field F,
with (r,q) = 1. First, suppose that r > 47. By part (2) of Theorem B} we have

1 9 1
mr(G) < max (ﬁ, ;) < g
By using [17, Theorem 1.] and Lemma 2:4]

2
log, |G| < 2n =5 = <5 - MinSuppy (G)

For the rest of the proof, suppose that r < 43. Since x(1) — 2 Supp(g) < |x(g)| for
any x € Irr(G), we have that

%x(l)(l - %) < Supp(g).

Using that mr(G) < % also holds for all quasisimple groups of Lie-type by part (2)
of Theorem [3.1] we obtain that
dim (V)
8
by using Lemma 24 again. Since (see [12, Table 5.3.A]) dim(V) > r©(™) (where
m denotes the rank of Go(r)) and log, |G| = O(m?logr), there exist only finitely
many possible pairs (m,r) such that log, |G| > 5 MinSuppy, (G). Furthermore, for
any fixed (m, ), the inequality log, |G| < 5 MinSuppy, (G) still holds provided that
|V] is large enough. O

< 5MinSuppy, (G)

We close this section by handling the case (2) in Theorem B8 In this case
MinSuppy, (G) is bounded. (It is 1 and 2 for Gy ~ S, and Gy ~ A,,, respectively.)
Therefore, we give a direct proof for Theorem [[.2] in this case.
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Theorem 3.9. Let U be an m-dimensional vector space over Fy, and let G = Sy,
with its natural permutation action on U. Assuming that (|G|, |U]) = 1, we have

P(random u € U° is a base for G) > 1 —

— for any ¢ > 3.
o=

Hence three random vectors form a base for G with high probability if m is large.

Proof. The F,G-module V¢ can be naturally identified with M™*¢(q), the space of
m X c-matrices over Fy. Under this identification, G acts on M™*¢(¢) by permuting
the rows of each element of M™*(q) in a natural way. Hence, a matrix a €
M™*¢(q) is a base for G if and only if the rows of a are pairwise different elements
of M'*¢(q), the space of c-dimensional row vectors over F,. Thus, the probability
in question is equal to the probability that m random elements of M!*¢(q) are
pairwise different, which is

m—1 . m m
c __ c __ 1 1
qc qc mcfl mcf2

=0

where the first and second inequalities follows since m < ¢ by the coprime assump-
tion. The claim follows. O

Corollary 3.10. Let V' be an n dimensional vector space over the finite field I,
andlet G = Z-Go < GL(V) be a coprime linear group, where Gy ~= Sy, or Go ~ A,
and V is the non-trivial irreducible component of the natural FyGo-module. Then
we have

P(random v € V¢ is a base for G) > 1 —

— for any c > 3.
n

Proof. First, note that Fix(g) = 0 for every g € G\ Go, so a v € V¢ is a base for
G if and only if it is a base for GGy. Second, let U = V @ Uy, where Uy is the trivial

module for Gy. For any random vectors uq,...,u. € U let v; be the projection of
u; to V along Uy. Then uq,...,u. is a base for Gy if and only if v1,...,v. is a base
for Gg, so the claim follows from Theorem [3.9 O

4. PROOF OF THEOREM

Let V be an n-dimensional vector space over the finite field F, and let G <
GL(V) = GL(n,q) be a coprime primitive linear group, which is maximal, i.e.
there is no coprime subgroup L < GL(V) strictly containing G. In the following,
we give a structure theorem of such groups very similar to a result about maximal
solvable primitive linear group (see [21, Lemma 2.2] and [23] §§19-20]). Our proof
uses ideas similar to those can be found in [5], [8], and [23]. For the convienience
of the reader, we give a self-contained proof here.

In the following, we extend the vector space structure on V' by defining multipli-
cation on V' with elements from a (possibly) larger field F x > IF, for some & | n. In
that way, V will be both an F-vector space and an F-vector space at the same
time.

We will use the notation V = V,,(q), V = V4(¢*) or V = V(¢") if we would like
to highlight the base field and/or the dimension of V.

Theorem 4.1. Let V = V,(q) be an n-dimensional vector space over the finite
field Fy and let G < GL(V) be a mazimal coprime primitive linear group. Then
the following statements hold.
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(1) There is a unique mazximal Abelian subgroup Z < GL(V'), which is nor-
malised by G. Moreover, Z is contained in G.

(2) Z is cyclic and Z U {0} ~F . for some k | n.

(3) There is a (unique and mazimal) F . vector space structure V = Vy(q*) on
V for d =n/k such that G < TL(d,q")).

(4) Let H :== GNGL(d,q*). Then Z < H = Cg(Z) < G, furthermore Z =
Z(GL(d, q*)) is the group of scalar transformations on Vy(q*) and G/H is
included into the Galois group Gal(F i, [Fy).

(5) Let N = F*(H) be the generalised Fitting subgroup of H. Then N/Z is
the socle of H/Z. Furthermore, Vy(q®) is an absolutely irreducible FoxN-
module.

(6) Let Ny,..., Ny be the set of minimal normal subgroups of H above Z. Then
there is an absolutely irreducible I« N;-module V; for every i such that
V ~ WV ®]Fqk ®]Fqk Vi. Furthermore, N = N1 ® No ® ... ® N; and
H=H ®H,®...® H; where N; < H; < GL(V;(q")) for every i.

(7) If N;/Z is Abelian, then N; = ZR; where R; < N; is an extraspecial r;-
group for some prime r; of order 2. Furthermore, |N;/Z| = v and
dimg , (Vi) = rh.

(8) If N;/Z is a direct product of s many isomorphic non-Abelian simple groups,
then there is a tensor product decomposition V; = Wi ® ... QR Wy preserved
by N;. Then N; =K1 ®...® Ks where K; = S;Z for each i, and the S; <
GL(W;) are isomorphic quasisimple absolutely irreducible groups. Finally,
H; permutes the K;-s and the W;-s in a transitive way.

Proof. Let A < GL(V) be any Abelian subgroup normalised by G and P is the
(unique) Sylow-p subgroup of A for p = char(F,). Then P is normalised by G.
Then 0 # Fixy (P) = Npep Fixy(p) < V is G-invariant. Since V' is an irreducible
F,G-module, we get that P = 1, so | 4| is coprime to |V|. Therefore, GA > G is a
coprime linear group, so A < G by the maximality of G and part of (1) is proved.
Let Z < GL(V) be a maximal Abelian subgroup normalised by G. By the pre-
vious paragraph, Z < G. Since G < GL(V) is primitive linear, V' is a homogeneous
F,Z-module. f V=V, & ... ® Vg is a decomposition of V into (isomorphic) irre-
ducible FyZ-modules, then Z ~ Zy, < Endz(V;) ~ F» for some k& > 1 by using
Schur Lemma. Then (Z)r, (the subalgebra of End(V') generated by Z) is isomor-
phic to the field F’q“, and it is invariant under the conjugation by elements of G. It
follows that (Z)r, \ {0} ~ F} is an Abelian subgroup of GL(V') normalised by G.
Therefore, (2) follows by the maximality of Z.
Identifying Z U0 < End(V) with F’;, it defines an F » vector space structure
on V. The conjugation action of G on Z U {0} = F » defines a homomorphism
o : G Gal(Fg,Fy). Now, for any g € G, o € F and v € V we have g(aw) =
(gag N g(v) = a®9(v), so G is included into the semilinear group I'L(Vy(¢*)) =
I'L(d,¢*). The subgroup H is just the kernel of o, so (4) and part of (3) follows.
Let B <1 G be any Abelian normal subgroup, a € Z a generator of Z and b € B.
Then bab™ = a”® = o for some 0 < s < k, so [b,a] = a9 ~! € B is centralised
by b. Changing b to b~! if necessary, we can assume that 0 < s < k/2. This
means (a4 1) =a? ! s0o ¢* —1| (¢° —1)® < ¢* — 1. Therefore, s = 0. Thus,
B < Cqg(Z), so BZ > Z is an Abelian normal subgroup in G. By the maximality
of Z, we get B < Z, which completes the proof of both (1) and (3).
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Let M = F(H) be the Fitting subgroup of H. Then Z(M) is an Abelian normal
subgroup of G, so Z(M) = Z by the maximality of Z. Let n by the nilpotency
class of M. If n =1 then M = Z. Otherwise, we claim that n = 2. Assuming that
n >3, we have 1 # 7,(M) < Z, and [yn-1(M), yn-1(M)] < [2(M), yn-1(M)] <
Ynt1(M) =1, 50 ¥,—1 (M) is an Abelian normal subgroup of G, so it must contained
in Z. This forces v,(M) = 1, a contradiction. Therefore, n < 2, that is, M/Z is
Abelian.

Let R be a Sylow-r-subgroup of M for some prime r dividing |M/Z|. The
commutator map defines a symplectic bilinear function from R/Z into Z(R) =
RN Z. Therefore, for any x,y € R we have [z, y"] = [z,y]” = [",y]. If r* is the
exponent of R/(RNZ) for some s > 2, then R™" ' Z is an Abelian normal subgroup
of G, so R”' < Z, a contradiction. Thus, we get R/(RN Z) is an elementary
Abelian r-group. Using this and the above commutator identity it also follows that
R’ < Z is of exponent r. It follows that R = (RN Z)Ry for some extraspecial
r-group Rp.

Be the previous two paragraphs, F'(H)/Z is exactly the direct product of the
minimal Abelian normal subgroups of H, so F(H)/Z is contained in Soc(H/Z).
Since N = F*(H) is the central product of F(H) and the layer E(H), where
E(H)/Z is the direct product of the minimal non-Abelian normal subgroups of
H/Z it follows that N/Z = Soc(H/Z) as claimed. By [5, Lemma 12.1], Vy(q")
is an absolutely irreducible F » H-module. If the irreducible IF » N-components of
Va(q*) were not be absolutely irreducible, then Z(Cgr,(v,(4+)) (V) would be the
multiplicative group of a proper field extension of Fg» normalised by G, which
again contradicts with the maximility of Z. Now, let us assume that Vy(¢*) =
U®...dU is a direct sum of s many isomorphic absolutely irreducible F = N-
modules for some s > 2. By [I12 Lemma 4.4.3(ii)], there is a tensor product
decomposition U @ , W of Va(q®) such that N < GL(U)®@ 1y < GL(U)®GL(W)
and G < NFL(V)(N) < NFL(V)(GL(U) ® GL(W)) Let L = {1U ® hw|3hU S
GL(U) such that hy @ hyy € H}. If L = Z, then Vy(q¢") is not irreducible as an
F,x H-module, a contradiction. We have L < GL(V) is a coprime linear group
normalised by G, so LG < GL(V) is coprime. Using the maximality of G we get
that L < G. But then Z < L < H clearly centralises N = F*(H), a contradiction.
So, Va(q") is an absolutely irreducible F,« N-module, and (5) is proved. Now, (6)
follows by a combined use of [16], Corollary 18.2/(a)] and [12, Lemma 4.4.3(iii)].

If N;/Z is Abelian, then it is a minimal Abelian normal subgroup of H/Z so it
is elementary Abelian r;-group for some prime r;. Using the same argument as in
paragraph 6 of this proof, one can find the extraspecial r;-group R; by taking the full
inverse image of a maximal non-degenerate subspace of R/R’ where R is the Sylow-
r; subgroup of N;. For this subgroup, it clearly follows that N; = ZR;, and |R;| =
rfl”l for some integer. Furthermore, since V; is an absolutely irreducible F = N;-
module, it must be an absolutely irreducible F,x IZ;-module. It is well-known that

extraspecial r;-group of order rfl“Ll has a unique faithfull absolutely irreducible
ordinary representation, and this representation has degree rﬁi, which finishes the
proof of (7).

Finally, (8) can again be deduced from [16], Corollary 18.2/(a)] and from the fact

that N;/Z is a minimal normal subgroup in H;/Z. O
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Lemma 4.2. Let G be a group, K be a field and let V be an arbitrary finite
dimensional K G-module.
(1) For any g,h € G we have Supp([g, h]) < 2 Supp(g).
(2) If N < G such that V is absolutely irreducible as a K N-module, then
MinSupp(N) < 2 MinSupp(G).

Proof. Let us consider the subspaces U = Fix(g) and W = Fix(h~'gh) of V. Then

we have
dim(U) + dim(W) — dim(U N W) = dim(U + W) < dim(V).

Using that dim(U) = dim(W) = dim(V') — Supp(g) we get dim(UNW) > dim(V) —
2 Supp(g). On the other hand U N W < Fix([g, h]) holds trivially, so

Supp([g, h]) = dim(V) — dim(Fix([g, h])) < dim(V) — dim(U N W)
< dim(V) — (dim(V) — 2 Supp(g)) = 2 Supp(g),

and part (1) follows.

For part (2), let 1 # g € G be any element. If [g, N] = 1, then g acts as a scalar
transformation on V' by [10, Theorem 9.2], so Supp(g) = dim(V') > MinSupp(N).
Otherwise, there is an element n € N such that [g,n] # 1. Then we have
MinSupp(N) < Supp([g,n]) < 2Supp(g). Thus, MinSupp(N) < 2Supp(g) for
every 1 # g € GG, which proves that MinSupp(NV) < 2 MinSupp(G). O

Lemma 4.3. Let Vi,...,V; be finite dimensional vector spaces over the field F,
and Z < G1 < GL(W1),...,Z < Gy, < GL(Vy) be coprime linear groups. Consider
the group G := G1 ® ... R Gy acting on the tensor product V :=V1 ® ... Q@ Vi in a
natural way.
(1) Let g =1 ® ... @ gr € G with g; € G; for each j and let us assume that
gi & Z for some i. Then

) dim (V)
> .
Suppy (9) = MinSuppy, (G:) G (V)
or Suppy (g) > 3 dim(V).
(2) As a consequence
. . . dim(V
MinSuppy, (G) = min { MinSuppy, (Gj) - dim((Vg }

or MinSuppy, (G) > £ dim(V').

Proof. To prove part (1), first we consider the case k = 2. Let ny = dim(V;), ng =
dim(V3), so n = dim(V') = ning. Furthermore, let 1 # g = g1 ® g2 € G1 @ G2 be an
element of G with g1 ¢ Z. Since the action is coprime, ¢g; and g2 are diagonalisable
over Fq. Let ai,...a5 € Fq be the different eigenvalues of g; with multiplicity
ki,ko, ..., ks. We can assume that ki is the largest among the k;. Let l1,...,1s be
the multiplicities of 041_1, ...,a5 1 in the characteristic polynomial of ga (Some of
them can be zero). Then

Suppy (9) = Suppy (g1 ® g2) = n — dim(Fixy (91 ® g2))

=n— Zkllz 2 n — Zkllz 2 (nl — kl)nz.
=1 =1
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If oy € Fy, then we can substitute g; by al_lgl and g2 by a1 g2 (since both G and G4
contains all the scalar transformations), so we can assume that a; = 1. Now, since
g1 # 1, we get Suppy,(g) > (n1—k1)n2 = Suppy, (91)n2 > MinSuppy, (G1)-dim(V2).

Now, let us assume that a; ¢ F,. Then there is an algebraic conjugate element
of a; (different from 1) under the action of Gal(F,, F,) which is also an eigenvalue
of g1 with the same multiplicty as a;. In particular, k1 < nq/2. Thus,

dim (V)
—

By changing the role of g1 and g in the proof and by using induction on k, we get
the claim of part (1).
Finally, if Suppy, (9:) = MinSuppy, (G;) for some g; ¢ Z, then

Suppy (g) > (n1 — k1)nz > (n1/2)ng =

dim(V)
~dim(V;)’

Suppy(1®...®1®¢®1®...® 1) = MinSuppy, (G;)

so part (2) follows by using part (1). O

Proof of Theorem[[.4. Let G < GL(V) be a coprime primitive linear group. With-
out loss of generality we can assume that G is maximal among such subgroups
of GL(V). Let Z be the unique maximal Abelian subgroup in GL(V') which is
normalised by G' and H be the intersection of G and GL(d,q") as in Theorem
Il If g € G\ H then there is a z € Z such that [g,2] # 1. By Lemma 2]
Suppy (9) = % Suppy (lg, 2]) = 3 dim(V). Therefore if ¢ > 4, then

1 |G\ H] \45 1
Z < < <

qc»SupPV(g) - quim(\/) - |V|% = |V|%_2

geG\H

Now let g be an element of H = H; ® ... ® H;. So g = (g1,-..,9:) where
gi € H; for all i € [t] and g preserves the tensor product decomposition V =
1®...@V; over IE"; as in Theorem E.1] (6) and dimg , (V;) = d; for all i (therefore
d = dimz (V) = [[;_; & and dim(V) = dimg, (V) = k - [[;_, d;). We can assume
that in this decomposition the dimensions of the vector spaces are decreasing, i.e.
dy >dy>...>dy > 2. Let g; ¢ Z for some i # 1. Then by Lemma [£3]

. dim (V)
Suppy (9) > MinSuppy, (H;) - Tm(V) > kde.
JFi
Since 2], d; > 20=1dy > 3" dy and k1l d; > k,/Hz-Zl d; > /dim(V') we

get that

t
¢+ Suppy (g) > 2kZ d; + (¢ — 4)/dim(V).
i=1

Hence,

t
E ! © < Hi:l |Hz|
c-Su — A (o —
gEH\H, q PPy (9 qQk i, di+(c—4)4/dim(V)

q2kl 25:1 dl 1

< = .
- q2k22:1d¢+(c—4) dim(V') q(c—4)\/dim(V)
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Now assume that g € H;. In this case Suppy (g) = Suppy, (9) - dil. By Theorem
A1 Z < Ny, < Hy < GL(V1(¢*)) where N; is a minimal normal subgroup above Z
and N7 /Z is characteristically simple. Therefore, it is either an elementary Abelian
group, a direct product of non-Abelian simple groups, or a non-Abelian simple
group.

First, if N1/Z is elementary Abelian, then N7 = Z- P where P is an extraspecial
r-group for a prime 7 with 7 | ¢* — 1. Then V;(¢*) is an absolutely irreducible
Fx P-module. If n € P\ Z then n has exactly r different eigenvalues on Vi (or on
V) each with the same multiplicity. It follows that MinSuppy, (N1) > = dim(V) >
1 dim(V), so MinSuppy, (H1) > 1 dim(V) by Lemma 2l In this case,

> : il VI? 1
S qSwppy (9) = gfdim(V) = p2dim(V)+(5-2)dim(V) = |y|§-2

Next, let N1/Z is a direct product of s > 2 many isomorphic non-Abelian simple
groups. By Theorem [£.1] (8), the action of Ny = K1 ® ... ® K on V; preserves a
tensor product decomposition Vi = Wi @ ... ® W, over F¥ | where dim]qu (W;) =

q 3
v/dy > 2 for every 4. Using [I7, Theorem 1], we get that
Ny < [ 1K < T IWal? = = V.
i=1 i=1

On the other hand, H,/N; acts faithfully on {W71,..., W} and |Hy/Ny| is coprime
to ¢, so |Hyi/Ni| < ¢* by [8, Corollary 2.4]. Therefore, |Hy| < ¢2ksVdits By

Lemma [£2] and by Lemma 3]
Lo ko dy
Suppy, (9) > 5 MinSuppy, (N1) > 5 - e

Therefore,

d \

eSuppy () 2 5k 0 4 (5 = 8)k/y- > 2he Y+ (5= 5) VAm(D)
1

So,

Z 1 |H1| q2ks Vdi+s

riget qc-SUva(g) - qC-MinSprV(Hl) - qzks Vdi+s+(5—5) /dim(V)

1
<—
¢(5-9/am(V)

Finally, let N1/Z be a non-Abelian simple group. If d; < Vd, then we can use the
same argument as in the previous paragraph to get that

1 1
< .
Z qC'SuPPV (9) — q(c72)\/dim(V)

1#g€H;

Summarizing the bounds given until this point, we get that

1 1 1
Pb(c, G, V) > 1 — s 21 (s + .
17@260 qC'Suva(!]) |V| 372 q(c—4)\/d1m(V)
1 3
U P PR — R
q(%—f))\/dlm(‘/) q(%—5)\/d1m(V)
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which is case (1) of Theorem [[L2

Now, let us assume that d; > v/d. If [Vi| = ¢*® is bounded by the constant
appearing in part (3) of Theorem B8 then |V| is also bounded. Hence we can
assume that either part (1) or part (2) of Theorem B.§ holds. By Lemma .2 we
also have MinSuppy, (H1) > 5 MinSuppy, (N1).

If N1/Z is not an alternating group, then MinSuppy (N1) > 45 dim(V) and
5-MinSuppy, (N1) > log, |H1| by using Corollary [3.3] Theorem [3.8/(1) and Lemma
A3/ (2). Thus, we have

1 1
> < -
c-Su — c—10)/80
= q¢-Suppy (9) |V|( )/

So, in this case we get that

1 1 1
Pb >1- ( < )
R N A

1 2
> _
21 (q(c—4),/dim(V) + |V|(6710)/80)’

which is case (2)/a of Theorem
Finally, let N1/Z ~ A,, for some m. If V7 is not an irreducible component of the
natural F¥ A, permutation module, then we have MinSuppy (N1) > 75+/dim(V)

and 5 - MinSuppy,(N1) > log, |H:| by using Corollary B.7, Theorem B.8)/(1) and
Lemma [£3]/(2). Thus, we have

1 1
<
Z geSuppy(9) — qc%ﬁw,/dim(x/)

1#geHy
and
Ph(e,G,V) > 1 . . + : )
N N N
>1- 3
SR

Finally, if V7 is the non-trivial irreducible component of the natural F’;Am-module,
then with the use of Corollary 3.10] we get that

1 3
Pb(e, G,V >1—( a 1—Pb ,H,v)>1——,
(c )2 |V]2—2 + gDV dim(V) + (e, H1,V)) 2 ne—2
which completes the proof of Theorem O
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