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CONTACT STRUCTURES ON PRODUCT 5-MANIFOLDS
AND FIBRE SUMS ALONG CIRCLES

HANSJORG GEIGES AND ANDRAS I. STIPSICZ

ABSTRACT. Two constructions of contact manifolds are presented: (i) products
of ST with manifolds admitting a suitable decomposition into two exact sym-
plectic pieces and (ii) fibre connected sums along isotropic circles. Baykur has
found a decomposition as required for (i) for all closed, oriented 4-manifolds.
As a corollary, we can show that all closed, oriented 5-manifolds that are
Cartesian products of lower-dimensional manifolds carry a contact structure.
For symplectic 4-manifolds we exhibit an alternative construction of such a
decomposition; this gives us control over the homotopy type of the correspond-
ing contact structure. In particular, we prove that CP? x S! admits a contact
structure in every homotopy class of almost contact structures. The existence
of contact structures is also established for a large class of 5-manifolds with
fundamental group Zs.

1. INTRODUCTION

Contact structures, by virtue of their maximal non-integrability, appear to be
better adapted to twisted products (i.e. fibre bundles) than to Cartesian products of
manifolds. Classical examples supporting this dictum are the natural contact struc-
tures on unit cotangent bundles ST*B (which are Cartesian products only if the
base manifold B is parallelisable) and the Boothby—Wang [4] construction, where
the contact form is the connection 1-form on an S'-bundle, with curvature form
equal to a symplectic form on the base representing the Euler class of the bundle.
More recently, Lerman [26] has shown how to build contact structures on bundles
whose curvature satisfies a certain non-degeneracy condition. Lerman’s work is a
contact version of Sternberg’s minimal coupling construction and Weinstein’s fat
bundles in symplectic geometry, and it generalised earlier results of Yamazaki.

By contrast, little is known about contact structures on Cartesian products.
Some simple examples, such as products of spheres, can be obtained by contact
surgery on a sphere. Manifolds of the form M? x S? admit a contact structure
thanks to the parallelisability of (closed, oriented) 3-manifolds. Using a branched
covering construction, one can then also put a contact structure on the product of
M3 with an arbitrary (closed, oriented) surface, see [12].

But it took more than twenty years from Lutz’s discovery of a contact structure
on the 5-torus to a construction by Bourgeois [6] of a contact structure on higher-
dimensional tori and, more generally, products of contact manifolds with a surface
of genus at least one.

In Section 2] of the present note we exhibit a method for putting contact struc-
tures on Cartesian products of even-dimensional manifolds V with S*, provided the
manifold V' admits a suitable decomposition into two exact symplectic pieces (The-
orem/[]). For closed, oriented 4-manifolds, such a decomposition has been shown to
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exist by Baykur [2]. As a corollary, we find that any closed, oriented 5-manifold that
is the Cartesian product of lower-dimensional manifolds admits a contact structure
(Corollary [2)).

In Section [ we prove an analogue of Baykur’s decomposition result for the special
case of closed symplectic 4-manifolds (Theorem []). Our proof rests on Donaldson’s
theorem about codimension 2 symplectic submanifolds, as well as the classification
of tight contact structures on circle bundles over surfaces due to Giroux and Honda.
(By contrast, Baykur’s argument is based on the theory of Lefschetz fibrations
on 4-manifolds and open book decompositions of 3-manifolds adapted to contact
structures.) Signs are important for the discussion in Section [ so in Section [3 we
have inserted a brief description of Boothby—Wang contact forms and their convex
resp. concave fillings.

In Section [B] we discuss some simple examples, notably V = CP?. Here we need
not invoke Donaldson’s theorem. Furthermore, the explicit nature of our decom-
position theorem allows us to show, for instance, that CP? x S! admits a contact
structure in every homotopy class of almost contact structures (Proposition [G).

A further construction of contact manifolds will be presented in Section [6t the
connected sum along isotropic circles (Theorem [7]), which may be regarded as a
counterpart to the fibre connected sum along codimension 2 contact submanifolds
described in [12], cf. [15, Chapter 7.4].

Finally, in Section [l we use the connected sum along circles to produce contact
structures on a class of 5-manifolds with fundamental group Zs described recently
by Hambleton and Su [2I] (Proposition []). This class is in some respects more
restricted than that discussed by Charles Thomas and the first author [16], but the
Hambleton—Su description is more explicit, and it includes some additional cases.
In fact, it was their classification result that prompted us to consider the questions
discussed in the present note.

We close this introduction with a comment on notational and other conventions.
We write M, N for closed odd-dimensional (typically: contact) manifolds. Our
contact structures are always assumed to be cooriented, i.e. defined as ker o with
« a globally defined 1-form, unique up to multiplication by a positive function. A
(2n + 1)-dimensional contact manifold (N, ker ) is given the orientation induced
by the volume form a A (da)™.

The notation V stands for a closed even-dimensional (typically: symplectic)
manifold; W is used for compact even-dimensional manifolds with boundary (typi-
cally: a symplectic filling of a contact manifold). Given a 2n-dimensional symplectic
manifold (W,w), we equip it with the orientation induced by the volume form w”.
We write W for the manifold with the opposite orientation.

Unless stated otherwise, (co-)homology is understood with integer coefficients.

2. CONTACT STRUCTURES ON PRODUCTS WITH S'!

A compact manifold W with an exact symplectic form w = d\ is called an ezact
symplectic filling of the contact manifold (M, &) if the following conditions hold:

e M = QW as oriented manifolds,
e the pull-back of A to M under the inclusion map is a contact form defining
the contact structure &.
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These conditions imply that the Liouville vector field X on (W,w) defined by ixw =
A is pointing outwards along the boundary M, so any exact filling is in particular
a strong filling.

Remark. Every Stein filling is an exact filling. With a construction described in [§],
any (weak or strong) symplectic filling with the property that the symplectic form
is exact can be modified in a collar neighbourhood of the boundary so as to become
an exact filling (of the same contact manifold); see also [I4]. For more information
about the various notions of filling see [I5, Chapter 5] and [3T], Chapter 12].

We can use the flow of X to define a collar neighbourhood (—¢,0] x M of M
in W. Here {0} x M is identified with M = 0W, and with ¢ denoting the parameter
in (—¢, 0] we have 9; = X. Then, on this collar neighbourhood, the symplectic form
w can be written as w = d(ef\).

This allows us to define a symplectic completion W Ux, ([O, o0) X M ), where the
symplectic form on W is w, and on [0,00) x M it is d(e' ).

Given any non-negative function h on M, we have an embedding

M — [0,00) x M
v — (bz) , @)

under which the 1-form e\ pulls back to e” . Moreover, two contact forms defining
the same (cooriented) contact structure on a compact manifold M can be made to
coincide after multiplying each of them with a suitable function f;: M — [1,00),
¢ = 1,2. Thus, given two exact symplectic fillings (W;,d\;), i = 1,2, of the same
contact manifold (M, ¢), we may assume without loss of generality that Aj|ra =
Aol

Theorem 1. Let (Wi,d\;) and (Wa,dX2) be two exact symplectic fillings of the
same contact manifold (M,€). Then the manifold (W1 Uy W2) x St admits a
contact structure.

Proof. As explained, we may assume that A\1|7ar = Aa|7ar. Write 3 for this contact
form on M. We then find collar neighbourhoods (=1 —&, —1] x M of {—-1} x M =
M = 0W; in W; where \; = e!*13, i = 1,2. (This shift in the collar parameter by
1 is made for notational convenience in the construction that follows.)
Now choose two smooth functions f and g on the interval (—1 —¢, 1+ ¢) subject
to the following conditions (see Figure [I)):
e f is an even function with f(t) = e/™! near (-1 — ¢, —1],
e g is an odd function with g(t) =1 near (-1 — ¢, —1],
° flg—Tfg' >0.
Now we consider the manifold

N = (Wl Unr ([—1,1] X M) Uy Wg) X Sl,

which is a diffeomorphic copy of the manifold in the theorem. We write 6 for the
S1-coordinate. Define a smooth 1-form o on N by

A +df  on Int(W;) x St

a=< fB4+gdd on (-1—e,14¢)x M xS,
Ao —df  on Int(Wj) x St.
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f() g(t)

FI1GURE 1. The functions f and g.

Then a A (da)™ (where dim N = 2n + 1) equals

(dX\1)™ N do on Int(W7) x ST,
nfr Y f'g—fg)dt ABAWAB)"LAdO on (—1—¢g,1+¢)x M x S,
—(dAQ)n A df on IDt(WQ) X Sl.

This shows that « is a contact form on V. O

Remark. We discovered this construction by a slightly roundabout route. Given
an exact symplectic filling (W, dX), one can form an open book decomposition
of a manifold Ny with page W and monodromy the identity. As Giroux [19]
has observed — generalising a 3-dimensional construction due to Thurston and
Winkelnkemper — this manifold Ny, carries an adapted contact form «, cf. [I5]
Theorem 7.3.3]. Starting from such a contact form adapted to an open book,
Bourgeois [6] constructed a T2-invariant contact form on the product of Ny with
a 2-torus T2, cf. [I5, Theorem 7.3.6]. The contact reduction (cf. [I5, Chapter 7.7])
with respect to the S'-action of one of the factors in 72 = S! x S! yields a contact
structure on (W Ugw W) x St. The contact structure near W x S is independent
of the topology of the exact symplectic filling, so this construction generalises as
described in the preceding proof.

Example. If one takes both W; equal to the 2-disc, and A\; = x dy —y dz, the above
construction yields, up to isotopy, the standard tight contact structure ker(z df +
xdy —ydz) on S% x St

As shown by Hirzebruch and Hopf [23], for any closed, oriented 4-manifold
V the third integral Stiefel-Whitney class W3(V') vanishes. Then we also have
W3(V x St) = 0, which implies that V x S* admits an almost contact structure [15],
Proposition 8.1.1]. The same is true for 5-manifolds of the form M3 x 32, since all
closed, oriented 3-manifolds are spin.

Corollary 2. Any closed, oriented 5-manifold that is the Cartesian product of two
lower-dimensional manifolds admits a contact structure.

Proof. For manifolds of the form M? x X2 this was proved in [12]. For manifolds
of the form V* x S we appeal to a result of Baykur [2], according to which any
closed, oriented 4-manifold V' admits a decomposition V = Wy Up; Wy as required
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by Theorem [l In fact, W7 and W5 may be taken to be Stein fillings of the same
contact manifold (M, §). O

It was first shown by Akbulut and Matveyev [I] that any closed, oriented 4-
manifold can be decomposed into two Stein pieces, but their result did not give
any information about the induced contact structures on the separating hyper-
surface. Baykur’s result provides this additional information by an approach via
the theory of Lefschetz fibrations on 4-manifolds and open book decompositions
of 3-manifolds adapted to contact structures. In Section [4] we prove a similar de-
composition result for the subclass of symplectic 4-manifolds, based on Donaldson’s
theorem about codimension 2 symplectic submanifolds and the classification of tight
contact structures on circle bundles over surfaces due to Giroux and Honda. The
following section serves as a preparation for Section [

3. CONVEX VS. CONCAVE FILLINGS OF BOOTHBY-~WANG CONTACT FORMS

We briefly recall some facts about the Boothby—Wang construction; for more
details see [I5, Chapter 7.2].

Let m: M — B be a principal S'-bundle over a closed, oriented manifold B.
By a connection 1-form on M we mean a differential 1-form « which is invariant
(Lo, = 0) and normalised (a(dp) = 1). Note that the relation with the usual iR-
valued connection 1-form A is &« = —iA. The differential da induces a well-defined
closed 2-form w on B, i.e. da = w*w. This w is called the curvature form of the
connection 1-form a. The Euler class of the bundle is given by e = —[w/27].

We also write 7: W — B for the projection map in the associated D?-bundle.
With r denoting the radial coordinate on D?, we can extend a to an r-invariant
1-form on W outside the zero section; the 1-form r?« is well defined and smooth
on all of W.

We say that the S1- or D?-bundle of Euler class e is positive (resp. negative) if
the base manifold B admits a symplectic form w (compatible with the orientation
of B) such that the cohomology class [w/27] equals e (resp. —e). Clearly, in either
case the connection 1-form a (on the S'-bundle with Euler class €) with curvature
form Fw — such an « can always be found — will be a contact form on M. (Notice
that for dim B = 4m, a 2-form w on B is symplectic if and only if —w is symplectic,
so any positive bundle will also be negative, and vice versa.)

The concave part of the following lemma is [28, Lemma 2.6]; the convex part is
completely analogous. This has also been observed by Niederkriiger [30].

Lemma 3. If e is positive (resp. negative), then there is a symplectic form £ on
W which makes it a strong concave (resp. convex) filling of (M, ker(Fa)).

Proof. Depending on whether e is positive or negative, we have e = [w/2n] for
some symplectic form w on B. We find a connection 1-form a with doo = Fr*w. In
both cases we set

1
Q= gd(r2a) + 1w.

This is a symplectic form on W, compatible with its orientation, and a Liouville
vector field defined near OW (in fact, everywhere outside the zero section) and
pointing into (resp. out of) W along the boundary is given by X = ((r?¥2)/2r) 0.
This completes the proof. (Il
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4. DECOMPOSITIONS OF SYMPLECTIC FOUR-MANIFOLDS

The following is a special case of Baykur’s result (and with exact symplectic
rather than Stein fillings), but it will be proved by entirely different methods. As
we shall see in Section[B], the decomposition we construct of a symplectic 4-manifold
V' is explicit enough, in specific cases, to allow control over the homotopy type of
the corresponding contact structure on V' x St.

Theorem 4. Suppose that (V,w) is a closed symplectic 4-manifold. Then there are
exact symplectic fillings W1, Wa of a contact 3-manifold (M, ) with the property
that Wi Uy Wy is diffeomorphic to V, where we glue using a contactomorphism of
the boundaries OW1 and OWs.

Before turning to the proof of this theorem, we collect a few observations. By
(possibly) perturbing and rescaling the symplectic form w we can assume that w/27
represents an integral cohomology class in H2(V;R). According to a famous result
of Donaldson [7], for k € N sufficiently large the Poincaré dual of the cohomology
class k[w/27] can be represented by a 2-dimensional connected symplectic submani-
fold X C V.

Proposition 5. Suppose that the connected symplectic surface ¥ in the symplectic
4-manifold (V,w) represents the Poincaré dual of klw/27] in the second homology
group Ho(V'). Then there is a closed tubular neighbourhood v of ¥ with w-concave
boundary O(vX). Write M for this boundary, oriented as the boundary of the closure
W1 of the complement of v¥. With & denoting the induced contact structure on M,
the symplectic manifold (W1,w) is — after a suitable modification of the symplectic
form in a neighbourhood of M in W1 — an exact filling of the contact 3-manifold
(M, ).

Proof. Since the self-intersection [X]? = k? [[, w A w/4xw? is positive, the stipulated
w-concave neighbourhood vY exists by Lemma[Bland the symplectic neighbourhood
theorem [29, Theorem 3.30], cf. [10, Corollary 6].

The class k[w/27], being Poincaré dual to the homology class represented by X,
may be represented by a differential form with support in the interior of v% (this
is known as the localisation principle, see [5]). It follows that, under the inclusion
W1 C V, the class [w/27] pulls back to the zero class in H?(W7;R). This means
that w|w, = dB for some 1-form 8 on Wj.

A priori, (W1, df) is not an exact filling of (M, &), because the Liouville vector
field Y defined by iyw = (8 need not be transverse to M. However, as pointed out
in the remark at the beginning of Section 2 we can modify the symplectic form in
a collar neighbourhood of the boundary so as to obtain an exact filling. (Il

For the proof of the main result of this section we need a more precise un-
derstanding of the positive (and fillable, hence tight) contact structure & on the 3-
manifold M. Notice that with our orientation convention for M (see Proposition ),
this manifold is an S-bundle over X with negative Euler number e = —[X]?.

Write g for the genus of ¥. The adjunction equality 2g — 2 = [£]? — (c1(V), [3]),
cf. [31, Theorem 3.1.9], shows that by choosing k (in the above proposition) suffi-
ciently large, which Donaldson’s theorem allows us to do, we may always assume
that g > 1.

Recall that tight contact structures on S'-bundles admit a numerical invariant,
called the mazimal twisting t, which measures the maximal contact framing of a
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Legendrian knot smoothly isotopic to the fibre, when measured with respect to the
framing the fibre inherits from the fibration. If the contact framing is non-negative
with respect to the fibration framing, traditionally one declares t = 0. (For more
on twisting see [25].)

According to the proof of Lemma [3] the contact structure £ on M is horizontal,
that is, the contact planes are transverse to the fibres of the S'-fibration. This
property implies that £ has negative maximal twisting, see the proof of [25, Theo-
rem 3.8]. On the other hand, according to the classification of tight contact struc-
tures on a circle bundle with negative Euler number over a surface of genus g > 1,
there are exactly two contact structures (up to isotopy) which are horizontal [25]
Theorem 2.11], and both are universally tight [25, Lemma 3.9].

2g one-handles

FIGURE 2. The surgery diagram for (M, ¢).

We claim that these two contact structures can be described by the contact
surgery diagram of Figure [ (which is taken from [27]) after the surgery curve has
been stabilised in one direction 2g — 2 — e times, i.e., after the dotted ellipse in
Figure 2] has been replaced by the diagram in Figure Bl which contains 2g — 2 — e
additional zigzags on the left, or by the mirror image of that diagram. Indeed,



8 HANSJORG GEIGES AND ANDRAS 1. STIPSICZ

the Legendrian knot K shown in the diagram has Thurston-Bennequin invariant
tb(K) = 2¢g — 1 (and rotation number rot(K) = 0), so contact (—1)-surgery on it
produces the circle bundle over the surface of genus g with Euler number 2g — 2,
cf. [20, Example 11.2.4]. Stabilising K before the surgery has the effect of reducing
the Euler number. It turns out that each of the 2g — 1 — e tight contact structures
on M with negative twisting can be obtained via one of the 2g — 1 — e different
ways of performing 2g — 2 — e stabilisations [25, Section 3.2]. The result will be
universally tight, however, only in case the stabilisations are all of the same sign,
see [20, p. 435].

FIGURE 3. The stabilisations.

Notice that, since contact (—1)-surgery corresponds to attaching a Stein 2-
handle, Figure 2] (with the appropriate stabilisations of K) actually describes a
Stein filling Wy of (M, &) by the disc bundle over ¥ with Euler number e.

Remarks. (1) Lemma[3 also provides a strong symplectic filling of (M, &) with the
topology of W, but this contains the closed surface 3 (i.e. the zero section) as a
symplectic submanifold, so this filling is far from being exact.

(2) An alternative argument for the existence of a Stein structure on W, which
does not rely on the classification of contact structures, can be given by appealing
to a result of Bogomolov and de Oliveira [3]. Consider the holomorphic CP'-
bundle over ¥ associated to the S'-bundle of Euler number —e > 0. This has a
0- and an oo-section. The complement of a neighbourhood of the 0-section gives
a holomorphic filling of (M, ¢) with the desired topology of W5. The main result
from [3] then tells us that a small deformation of that holomorphic filling will be
a Stein filling (or potentially the blow-up of a Stein filling, but this can only occur
forg=0and e=—1.)

(3) For symplectic manifolds (V,w) of higher dimensions 2n > 4, the manifold
W, will be a 2-disc bundle over a (2n — 2)-dimensional symplectic submanifold
> C V, so it has homology in dimension 2n — 2 > n and cannot possibly carry
a Stein structure. Note, however, that in order to extend our result to higher
dimensions it would be enough to find an exact symplectic form (filling the boundary
contact structure). As first observed by McDuff [28] and discussed further in [13]
Section 7], the homological restrictions for Stein fillings do not apply to exact
symplectic fillings.

Proof of Theorem [ Simply take W1 as in Proposition[5] and W5 as in the preced-
ing discussion. ([l
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5. EXAMPLES

Here are a couple of simple cases where we do not need to invoke Donaldson’s
theorem for proving Theoremdl In the second example we also show how to obtain
additional information about the homotopy classification of the contact structures
obtained via Theorem [

(1) If the symplectic manifold V' we want to decompose as W1 U Wy is a ruled
surface, that is, if it admits an S-bundle structure over some surface ¥, then we can
take W1 = W5 to be any disc bundle over ¥ that admits a Stein structure, with even
(resp. odd) Euler number e if V is the trivial (resp. non-trivial) S2-bundle. (The
condition for the existence of a Stein structure is that the sum of the Euler number
e and the Euler characteristic of ¥ be non-positive; see [20, Exercise 11.2.5].)

(2) Now let V be the complex projective plane CP?. Our aim is to show that the
decomposition CP? = W, UW 5 can be chosen in such a way that we can realise every
homotopy class of almost contact structures on CP? x S by a contact structure.

Almost contact structures on N := CP? x ST are determined by their first Chern
class, since H?(N) has no 2-torsion. (In [15, Proposition 8.1.1] this assumption on
2-torsion was erroneously omitted; for a correct proof of the preceding statement
see [22].) The map [zo : 21 : 22] — [Zo : Z1 : Z2] defines an orientation-preserving
diffeomorphism of CP? that acts as minus the identity on H?(CP?). Therefore, since
the second Stiefel-Whitney class wa(N) equals 1 € Zs = H?*(N;Zz), it suffices to
show that for any odd ¢ € N we can realise one of +¢c € Z = H?(N) as the first
Chern class of some contact structure; in other words, we need not worry about
signs.

Choose a smooth complex projective curve Cy C CP? of degree d > 2. Define
W1 to be the complement of an open tubular neighbourhood of Cy, with symplectic
form given by the restriction of the standard Kéhler form on CP? to W, (possibly
adjusted as in the proof of Proposition [{l).

The genus g = g(d) of Cq4 — determined by the adjunction equality — equals
g = (d—1)(d — 2)/2. The manifold W5 in our general construction now is the
normal disc bundle of C4, but with reversed orientation. So the Euler number of
this bundle is e = —[Cy)? = —d?. (The condition for this to admit a Stein structure
is 0 > 2 —2g + e = 3d — 2d?, which is why we have to rule out the case d = 1.)

Proposition 6. The described decomposition of CP? (for any d > 2) leads to a
contact structure on CP? x S' with first Chern class =(2d — 3). This means that
every homotopy class of almost contact structures on CP? x S* can be realised by a
contact structure.

Proof. We begin with the case d > 4. Here g > 1, so we can use the Stein surface
Wy described in Figure [2 of Section @l That is, we attach a 2-handle along the
(29 — 2 — e)-fold positive or negative stabilisation Siq_z_eK of the Legendrian knot

K shown in that figure. In the present situation we have
2g—2—e=(d—1)(d—2)—2+d*=2d* - 3d.

Recall from [20, Section 11.3] that the generator [Cy] of Ho(W2) corresponds to

the 2-handle attached along Sidz*SdK (with framing —1 relative to the contact
framing). Moreover, the first Chern class ¢; (W2) evaluates on that generator as the

; 2d>—3d -\ _ 2 . .
rotation number rot(S3 K) = +2d* — 3d of the attaching circle.
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The second homology of CP? (and of CP? x S') is generated by the class [CP'] =
[C4]/d. Write n = kera for the contact structure on CP? x S* obtained via the
construction in the proof of Theorem[Il Since da = d)\g over Int(W3) x S!, we can
now compute (possibly up to signs)

(e1(n), [CP']) (ex(n),[Ca])/d = (cr(W2),[Ca])/d
= rot(S2F MK /d = +(2d-3).

In the case d = 3 we have ¢ = 1 and e = —9. Lemma 3.9 of [25] still applies
to show that the horizontal contact structure £ we want to realise on M = 0W5 is
universally tight. Since (M, ¢) is symplectically filled by W7, it follows from a result
of Gay [II, Corollary 3] that its torsion in the sense of Giroux [I8] is zero. This
characterises & up to diffeomorphism, see [I8] p. 686]. Therefore, we may again use
the Stein manifold W5 from Figure 2] (with g = 1), and the calculation of the first
Chern class of i goes through as in the case d > 4.

Finally, for d = 2 we have ¢ = 0 and e = —4. So here the separating hy-
persurface M is the lens space L(4,1) with a contact structure ¢ that admits a
symplectic (in fact, Stein) filling by W7, whose interior is diffeomorphic to the com-
plement of a quadric in CP?; the manifold W5 is the disc bundle over S? with Euler
class —4. From the Mayer—Vietoris sequence of the splitting CP? = W1 Uy Wo one
finds H;(W1) = Z2. Moreover, by the Seifert—van Kampen theorem, the inclusion
L(4,1) C Wy must induce a surjective homomorphism on fundamental groups. It
follows that m (Wy) = Zos.

When we pass to the double cover of Wi, we obtain a symplectic filling of the
double cover (RP?,€) of (L(4,1),€). Since there is a unique tight contact structure
on RP?, viz. the one covered by the standard contact structure on S, we conclude
that ¢ is a universally tight contact structure on L(4,1).

From the classification of tight contact structures on L(4,1), see [18] and [24],
we know that there are two (resp. one) such structures up to isotopy (resp. diffeo-
morphism), given by the surgery diagram in Figure 4] and its mirror image. (Here
we appeal again to [20, p. 435] in order to see that only the stabilisations S% Ko
of the Legendrian unknot K| give rise to a universally tight contact structure on
L(4,1), whereas contact (—1)-surgery on S;.S_Kj gives the unique tight but vir-
tually overtwisted contact structure.)

FIGURE 4. The universally tight contact structure on L(4,1).

Read as a Kirby diagram, that figure describes the desired Stein filling Wy
of (L(4,1),€) by the disc bundle over S? with Euler class —4. Finally, we have
rot(S3 Ky)/2 = £1, as desired. O
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6. THE S'-CONNECTED SUM

Let 1;: S x D* — M; (i = 1,2) be two orientation-preserving embeddings into
oriented 5-dimensional manifolds. Choose an orientation-reversing diffeomorphism
¢ of S = 9D*. Then the S'-connected sum of the two manifolds M;, My is defined
as

Mi#gi My := (My \ 11 (S* x Int(D*)) Up (M \ 12(S* x Int(D*)),

where the boundaries are glued by
11(0,p) ~ 12(0,¢(p)) for 6 € S, pe S5

Remark. Given an embedding of S = S! x {0} into an oriented 5-manifold,
there are two possible extensions (up to isotopy) to an embedding of S' x D*,
since normal framings are classified by m1(SO(4)) = Za. So the notation #g:
is slightly ambiguous. In many cases discussed in [2I] the diffeomorphism type
of the resulting manifold does not actually depend on the choice of framing of
the embedded circles. On the other hand, by Cerf’s theorem there is a unique
orientation-reversing diffeomorphism of S3 up to isotopy, so the particular choice
of ¢ is irrelevant. The construction in the following theorem goes through in all
(odd) dimensions, but only with the specific choice of gluing described in the proof.

Theorem 7. Let (M1,&1) and (Ma,&2) be two 5-dimensional contact manifolds.
Given two orientation-preserving embeddings S' x D* — M; (i = 1,2), the corre-
sponding S'-connected sum My# g1 My carries a contact structure. The embeddings

of ST x D* can be isotoped in such a way that the contact structure on MiF g1 My
coincides with & on M; \ S' x D*.

Proof. For the time being, we drop the subscript ¢ and consider only a single embed-
ding as in the theorem. The restriction of ¢ to the embedded S' = S! x {0} C¢ M
is a trivial U(2)-bundle. Therefore, by the h-principle for isotropic immersions [9,
Chapter 16], we may assume that S! is tangent to €.

The conformal symplectic normal bundle (see [15]) of an isotropic S' in a 5-
dimensional contact manifold is a trivial U(1)-bundle. Since the natural homo-
morphism 71 (U(1)) — 71(SO(4)) is surjective, the trivialisation of this conformal
symplectic normal bundle can be chosen in such a way that the corresponding
framing of S' coincides with the one given by the embedding of S* x D* into M.

The neighbourhood theorem for isotropic embeddings [I5, Theorem 2.5.8] then
implies that in a neighbourhood of S the contact structure ¢ can be given by the
contact form

a:=z1dyy — y1dx1 + 2 dys — y2 dz2 + 3 dys — y3 dxs,

where the normal framing of S* given by ,,,9,,, Oxs, dy, corresponds to that of
the given embedding. Here S! is being identified with

St={ai+a3=1 1=y =x3=y3 =0}

the conformal symplectic normal bundle is the trivial bundle spanned by 0, 0y,.
The vector field

1 1
X = ylayl + y28y2 + 5.%3813 + gygayg

is a contact vector field transverse to the boundary ¥ := S! x §3 of a small tubular
neighbourhood of S C M, i.e. the flow of X preserves £&. (So X is a convex
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hypersurface in the sense of Giroux [I7].) Our goal will be to use this information
in order to define a contactomorphism of a neighbourhood of ¥ that sends ¥ to
itself but reverses the normal direction. Such a contactomorphism can then be used
to effect the desired gluing in the theorem.

Use the flow of X to identify a neighbourhood of ¥ in M with a neighbourhood
of ¥ = ¥ x {0} in ¥ x R; the vector field X is then identified with 0, where ¢
denotes the R-coordinate. Write

(x1,22) = (cos b, sinh)
and
(Y1, Y2, 73, Y3) = (etUh eug, et/2v3, et/2w3)-
Thus, 6 is the coordinate on the S!-factor, and (u1,us,v3,ws) may be interpreted
as coordinates on the S3-factor of X.
In these coordinates, the X-invariant contact form aq := e« is given by
ag = (ugcosb+ ugsinb)dt + (ug sind — ug cos ) df

+ cos 0 duq + sin 0 dus + v3 dws — w3 dvs.
Replace the coordinates (uq,uz2) by
(v1,v2) := (u1 cosf + ug sin 6, u; sin f — ug cos f).
Then o is written as
ag = dvy + vy dt + 2vo df + v3 dws — w3 dvs.

As explained in [15] p. 180], we may in fact identify a neighbourhood of ¥ in M
contactomorphically with all of ¥ x R with this R-invariant contact form.
Now consider the following family of R-invariant 1-forms on R x X:

a, = dvy+ (vicosp —vysing)dt
+ 2(v1 sin @ 4 vy cos ) df + v3 dws — w3 dvs, © € [0,7/2].

This is a contact form for each ¢ € [0, /2] since, on the universal cover R x R x $3
of R x 3, this is simply the pull-back of ay under the coordinate transformation

t
(t,0) — (tcosp + 20sin p, —5 sin ¢ + 6 cos ).

Therefore, Gray stability (which applies on the non-compact manifold R x X because
of the R-invariance of our contact forms) gives us an isotopy whose time-(7/2) map
¢ pulls back g to

Ay o = dvr — v dt + 2v1 df + vz dws — w3 dvs,

up to multiplication by some positive function.
The map

d]: (t797U17U27U37w3) — (—t,e,’Ul, —’UQ,’U?,,’U}?,)

is a contactomorphism for ker a,/, that sends ¥ to itself, reversing both the ori-
entation of ¥ and its normal orientation. So ¢ 01 o ¢! is a contactomorphism
for ¢ = ker ap that preserves the isotopic copy ¢(X) of ¥ while reversing its nor-
mal orientation. As explained, such a contactomorphism allows us to perform the
Sl-connected sum of two contact manifolds. ([
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7. FIVE-MANIFOLDS WITH FUNDAMENTAL GROUP OF ORDER TWO

In [I6] it was shown that every closed, orientable 5-manifold M with fundamental
group Zs and second Stiefel-Whitney class wa (M) equal to zero on homology admits
a contact structure. The basis of this result was a structure theorem, also proved
in [I6], according to which any such manifold can be obtained from one of ten
explicit model manifolds by surgery along 2-spheres.

An orientable 5-manifold is said to be of fibred type if the second homotopy
group mo(M) is a trivial Z[m(M)]-module. In [2I] Hambleton and Su give an
explicit description of the fibred type 5-manifolds with fundamental group Z, and
torsion-free second homology. Not all the manifolds discussed in [16] are of fibred
type: one of the ten model manifolds fails to be so, and surgery along 2-spheres will
also destroy that property, in general. On the other hand, the list in [21] contains
manifolds where wy (M) does not vanish on homology.

As Hambleton and Su point out, all the manifolds in their list have vanishing
third integral Stiefel-Whitney class and thus admit an almost contact structure.

Proposition 8. FEvery closed, orientable, fibred type b-manifold with fundamental
group Zs and torsion-free second homology admits a contact structure.

Proof. According to [21, Theorem 3.6], every such manifold is an S*-connected sum
of some of the following manifolds:

(i) one of the nine model manifolds from [I6] with wy # 0,
(i) S? x RP?,

(iii) (#xS5% x §?) x S,

(iv) CP? x S,

By Theorem [7 it suffices to show that these individual manifolds carry a contact
structure. (There is no orientation issue, because all the manifolds in this list
admit an orientation-reversing diffeomorphism.) The manifolds in (i) are covered
by [16]. The manifold in (ii) is the unit cotangent bundle of RP®. The manifolds in
(iii) and (iv) are covered by Corollary 2 (For (iii) one may alternatively think of
S? x §% x St as the unit cotangent bundle of S% x S! and then take S'-connected
sums.) This completes the proof. (I
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