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A B S T R A C T

The theoretical examination of the combined effect of water table configuration and heat transfer is relevant to
improve understanding of deep groundwater systems, not only in siliciclastic sedimentary basins, but also in
fractured rocks or karstified carbonates. Numerical model calculations have been carried out to investigate the
interaction of topography-driven forced and buoyancy-driven free thermal convection in a synthetic, two-di-
mensional model. Effects of numerous model parameters were systematically studied in order to examine their
influence on the Darcy flux, the temperature and the hydraulic head field. It was established that higher geo-
thermal gradients and greater model depths facilitate the evolution of time-dependent free thermal convection in
agreement with changes of the thermal Rayleigh number and the modified Péclet number. However, increasing
water table slope and anisotropy coefficient favor the formation of stationary forced thermal convection. Free
thermal convection mainly affects the deeper part of the midline and the discharge zone of the synthetic model.
In the examined model basins, the position of the maximum hydraulic head is located within the bottom thermal
boundary layer near the recharge zone. This divergent stagnation point underlies a local downwelling zone
characterized by underpressure. These simulations draw attention to the importance of understanding the
combined effect of forced and free thermal convection in sedimentary basins regarding regional groundwater
flow patterns, and temperature distributions.

1. Introduction

On the basis of field observations and analytical considerations, in
the 19th century, the water table configuration was considered as the
unique driving force of regional groundwater flow (e.g. Hubbert, 1940;
Tóth, 1962, 1963) which can be relevant in the case of small drainage
basins with limited depth (1–2 km) (e.g. Zhang et al., 2018; Jiang et al.,
2018). As a first approximation, the water table configuration is con-
trolled by the topography, hereinafter this kind of flow is referred to as
topography-driven groundwater flow (Person et al., 1996). Since pub-
lication of these seminal papers on groundwater flow in sedimentary
basins, it has been perceived that groundwater motion can also be in-
duced by other geological processes, including sedimentary compaction
(e.g. Sharp, 1976; Cathles and Smith, 1983; Bethke, 1985; Harrison and
Summa, 1991), tectonic compression (e.g. Oliver, 1986; Ge and Garven,
1989; Tóth and Almási, 2001), density change by chemical composition
(e.g. Voss and Souza, 1987; Simmons et al., 1999; van Dam et al., 2009;
Voss et al., 2010), or heat transfer (e.g. Horton and Rogers, 1945;
Bredehoeft and Papadopulos, 1965; Rabinowicz et al., 1998; Shojae

Ghias et al., 2017). Beyond these driving forces on basin-scale flow
systems, groundwater flow is also influenced by other physical para-
meters, for instance, model geometry (e.g. Freeze and Witherspoon,
1966, 1967, 1968), permeability or hydraulic conductivity (e.g. Jiang
et al., 2009; Jiang et al., 2010a) and anisotropy (e.g. Winter and
Pfannkuch, 1984; Galsa, 1997; Cardenas and Jiang, 2010; Jiang et al.,
2010b; Wang et al., 2011).

Focusing on the effects of pure heat transfer, Lapwood (1948)
pointed out that in two-dimensional, horizontally infinite, homo-
geneous and isotropic model domains with a permeable surface, no free
thermal convection takes place due to buoyancy forces when the
thermal Rayleigh number (Ra) is lower than the critical value, Ra <
Racr=27.1. At values slightly above the critical Rayleigh number,
stationary, two-dimensional thermal convection forms in a porous layer
(Elder, 1967). As Ra increases, the form of the thermal convection
changes from steady-state to time-dependent periodic, then quasi-per-
iodic states. Numerical investigations suggested the existence of free
thermal convection in sedimentary basins as an explanation for high
surface heat flux (Straus and Schubert, 1977). The high geothermal
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gradient from borehole measurements in the sedimentary basin of
Tiszakécske (Great Hungarian Plain), for example, was explained as an
upwelling part of a thermal convection cell by Lenkey (1993) without
taking into consideration topography-driven groundwater flow.

In their pioneering study, Domenico and Palciauskas (1973) were
the first who investigated the relationship between topography-driven
groundwater flow and heat transfer theoretically. They distinguished
between two types of thermal convection. They focused on only forced
convection which may be taken to mean that flow is driven by an ex-
ternal force, e.g. by topography variation of the water table, while the
effect of thermal buoyancy was neglected. Similarly, An et al. (2015)
investigated temperature distribution in a simple and in a complex
basin model of Tóth (1963), in which groundwater flow was induced
purely by water table variation, that is, they studied the effect of forced
convection.

The interaction of topography-driven forced and buoyancy-driven
free thermal convection on the surface heat flux was analyzed in a
synthetic model by Smith and Chapman (1983) only in steady-state
groundwater flow. Recognizing the importance of time-dependent free
thermal convection, Cserepes and Lenkey (2004) completed a com-
prehensive systematic study to map the groundwater flow pattern as
functions of the slope of the topography and the thermal Rayleigh
number. The increasing effect of topography-driven forced convection
was investigated in a conceptual model at low water table slope and
low Rayleigh number by Yang et al. (2010). They concluded that when
the Darcy flux generated by free thermal convection exceeds the Darcy
flux from forced convection, a mixed free and forced convection evolves
in the system.

The effect of forced and free thermal convection was investigated
numerically by Raffensperger and Vlassopoulos (1999) in a sedimen-
tary basin, where the dominance of steady-state groundwater flow was
noticed because of the low Rayleigh numbers (Ra < 100). For the
Rheingraben, Clauser and Villinger (1990) presented a complete case
study, including forced and free thermal convection by two-dimen-
sional numerical simulations. Based on regional-scale numerical simu-
lations and field observations, Lopez et al. (2016) proved the existence
of time-dependent forced and free (mixed) thermal convection in a
heterogeneous siliciclastic formation of the Lake Chad Basin (Ra <
380). In this case the blocks of the basin were separated by faults which
strongly influencing the location, the path and the intensity of thermal
convection similar to previous studies by Yang et al. (2004, 2006).

In the deeper parts of the carbonate aquifers, the enhanced tem-
perature gradient observations can suggest the presence of forced
convection (e.g. Pasquale et al., 2013). Numerical simulations have
been carried out to compare the temperature distribution caused by
thermal convection with observed temperature-depth profiles and elu-
cidate temperature anomalies and flow patterns in the deep carbonate
platform of Luttelgeest in the Netherlands (Lipsey et al., 2016). The
groundwater flow system in confined and unconfined carbonate regions
has also been studied (e.g. Goldscheider et al., 2010; Mádl-Szőnyi and
Tóth, 2015; Mádl-Szőnyi et al., 2017), where the importance of free
thermal convection was mentioned. Semi-synthetic numerical simula-
tions were carried out on a basin-scale model by Havril et al. (2016) to
qualitatively understand the evolving hydrodynamic flow system of the
Buda Thermal Karst in Hungary. According to this study, in early
evolutionary stages the groundwater flow system was dominated by
free thermal convection (Ra < 360), which was partially overwritten
by topography-driven flow after tectonic uplift of the Buda block.
However the combined effect of the topography-driven external force
and the thermal buoyancy force has not been investigated compre-
hensively.

Based on these preliminary considerations, the main goal of the
present study was the systematic numerical investigation of the com-
bined effects of topography-driven forced and buoyancy-driven free
thermal convection. A simple two-dimensional, homogeneous isotropic
model (Tóth, 1962) was used as a base model in order to focus on the

physics of the phenomenon. The basic questions were as follows: (i)
what is the pattern of the interaction of two driving forces in the model
basin; (ii) how does this interaction influence the flow, the temperature
and the hydraulic head inducing over- and underpressure, stagnation
point ‘skipping’, etc.

Over the course of this theoretical experiment, four model para-
meters were systematically altered: (1) the temperature difference be-
tween the bottom and the surface of the model, (2) the model depth, (3)
the slope of the water table and (4) the anisotropy of the hydraulic
conductivity. For the simulated scenarios, changes in the non-dimen-
sional Rayleigh and modified Péclet number were also followed to
study the transition between stationary forced and time-dependent free
thermal convection.

2. Model description and definition of monitoring parameters

In order to investigate the combined effect of regional-scale forced
and free thermal convection in a synthetic groundwater flow basin, the
equations of continuity, Darcy’s Law and heat transfer (Bear and
Verruijt, 1987; Nield and Bejan, 2017) were coupled and solved nu-
merically, respectively given by
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where q, p and T are the unknown Darcy flux, pressure and tempera-
ture, respectively. K denotes the two-dimensional hydraulic con-
ductivity tensor,
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while other parameters characterizing the numerical model are listed in
Table 1. The temperature-dependent water density, which is given by a
third-degree polynomial of the temperature (Weast, 1980; Molson and
Frind, 2017), is

= + − + − −− −ρ T ρ T T T T( ) { 1 [ 6.562·10 2.166·10 ( )]( ) }w r r r
6 8 2 (5)

where the reference water density is ρr=1000 kg/m3 at a reference
temperature of Tr=4 °C. The effect of the temperature-dependent
viscosity of pore water was not investigated within the framework of
the recent study, but its effect on the phenomena is presented in the

Table 1
Model parameters. Bold marks the studied variables.

Definition Symbol Value Units

Width of the model domain L 6000 m
Depth of the model domain d 500–5000 m
Angle of the water table slope γ 0–5 °
Reference temperature Tr 4 °C
Surface temperature Ts 10 °C
Bottom temperature Tb 10–160 °C
Porosity of the medium φ 0.2 –
Horizontal hydraulic conductivity Kxx 10-5 m/s
Anisotropy coefficient ε 0.1–100 –
Reference water density ρr 1000 kg/m3

Thermal conductivity of water λw 0.6 W/(m∙K)
Specific heat of water cw 4200 J/(kg∙K)
Matrix density ρm 2600 kg/m3

Thermal conductivity of matrix λm 3.6 W/(m∙K)
Specific heat of matrix cm 900 J/(kg∙K)
Gravitational acceleration g 9.81 m/s2
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Supplementary material. Although using Darcy’s Law is conventional in
the case of a siliciclastic porous basin, it can also be used in fractured
rocks and in karstified carbonate systems, where the use of equivalent
porous media (EPM) approach is accepted (e.g. Lapcevic et al., 1999;
Scanlon et al., 2003; Abusaada and Sauter, 2012; Mádl-Szőnyi and
Tóth, 2015; Havril et al., 2016).

A simple two-dimensional basin model (similar to the original
model of Tóth (1962)) was used as the isothermal base model. The
upper boundary was a linear slope of the water table, as in the analy-
tical solution found in Robinson and Love (2013) instead of a horizontal
surface. Fig. 1a illustrates the applied homogeneous and isotropic base
model with depth of d=3000m, width of L=6000m and constant
regional water table slope of γ=1°. A simple linear water table was
applied during the simulations to highlight the pure interaction of two
driving forces, i.e. the topography-driven forced and the buoyancy-
driven free thermal convection. The flow boundary conditions were no-
flow side and bottom boundaries, while the water table was prescribed
on the surface,

=h x γtan( )wt (6)

where x denotes the horizontal coordinate and γ is the slope of the
water table. Furthermore, the side walls were assumed to be thermally
insulated, and an isothermal bottom boundary (Tb) was prescribed. The
surface was considered as a thermally open boundary defined by the
following relations,
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where Ts=10 °C is the initial surface temperature, n is the normal
vector of the upper boundary pointing upward and qh denotes the

surface heat flux. The effect of different thermal boundary conditions
for heat transfer (e.g. Lenkey, 1993; Domenico and Palciauskas, 1973;
An et al., 2015; Han et al., 2015) were tested and presented in the
Supplementary material. The initial condition for the time-dependent
heat transfer problem was the conductive temperature distribution
obtained from the stationary solution of Eq. (3) without the advection
term (q=0).

In the course of the simulation, four model parameters were sys-
tematically altered with the aim of revealing the influence of thermal
convection on the flow system The first investigated parameter was (1)
the temperature difference between the bottom and the surface of the
model (ΔT= Tb-Ts, where ΔT varies from 0 to 50 °C) to study the role of
thermal buoyancy. Further studied parameters were (2) the slope of the
water table (γ=0–5°), (3) the depth of the model (d=500–5000m)
and (4) the anisotropy coefficient of the hydraulic conductivity
(ε= Kxx/Kzz = 0.1–100). The studied parameters are marked in bold in
Table 1. Other model properties were kept constant during the simu-
lation. The effect of these tested model parameters on groundwater flow
was quantified by the monitoring parameters such as average values of
the Darcy flux components, the hydraulic head and the temperature
(Table 2). The monitoring parameters characterize changes in flow
pattern and temperature field, additionally these parameters can be
used to verify numerical models compared to measured head and
temperature data.

The intensity of free thermal convection was characterized by the
thermal non-dimensional Rayleigh number,

=
+ −

−Ra K c d
φ λ φ λ
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where Ra is approximated by the water density difference between the
upper and bottom boundary temperatures (Rabinowicz et al., 1998)
and the average hydraulic conductivity is

=K K Kav xx zz (9)

which represents the geometric mean of diagonal elements of the hy-
draulic conductivity tensor (e.g. Zhang et al., 2007).

The system of partial differential equations given by Eqs. (1)–(3)
was solved using the finite element numerical modeling software
package, COMSOL Multiphysics 5.2 (Zimmermann, 2006) to compute
the pressure, the temperature and the two components of the Darcy
flux. The two-dimensional model domain was discretized by triangular

Fig. 1. (a) The model geometry with boundary conditions for flow (blue) and heat transfer (red). The vertical exaggeration of the slope is 10. (b) Illustration of the
finite element discretization. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 2
Monitoring parameters.

Definition Symbol Units

Average Darcy flux qav m/s
Average temperature Tav °C
Average vertical Darcy flux on the left-hand side ql m/s
Average vertical Darcy flux on the right-hand side qr m/s
Average horizontal Darcy flux at the bottom qb m/s
Average hydraulic head hav m
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elements with non-uniform size (Fig. 1b) The maximum element size
was 10m in the model domain, which was reduced to 5m along the
boundaries to handle the high temperature gradient, for example in the
thermal boundary layer (TBL). The final mesh had 588,521 finite ele-
ments in the base model (Fig. 1). The solution within the elements was
approximated by quadratic Lagrangian polynomial functions. Gen-
erally, time-dependent simulations were performed at time-scales ran-
ging from t=0 to 5⋅106 days [d] (∼13.7 kiloyears [kyr]) except for the
investigation of the effect of anisotropy. This range proved sufficient to
yield a stationary or quasi-stationary solution. In the first period
(t < 105 d=0.274 kyr), the time step increased exponentially, but

thereafter remained constant at 1000 d. The time-dependent calcula-
tion for a given model run required approx. 1–7 days CPU time and
10–20 Gb memory on an Intel 2.79 GHz processor-based workstation.

3. Results and discussion

3.1. Effect of temperature difference

The temperature difference between the bottom and the surface of
the model (ΔT) was systematically increased to investigate the com-
bined effect of the driving forces of water table variation and heat

Fig. 2. (a) Initial conductive temperature field at ΔT=20 °C and (b)–(h) temperature snapshots at a time of t=11 kyr with a water table slope of γ=1°, and
temperature differences ranging from ΔT=20 °C to 140 °C, representing the combined effect of forced and free thermal convection on the temperature field. The
bottom thermal boundary layer (TBL) is illustrated in (b).
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transfer on the groundwater flow. First, this influence on the tem-
perature distribution is displayed in Fig. 2, which shows the conductive
initial temperature field at t=0 d and ΔT=20 °C (Fig. 2a), and tem-
perature snapshots at time t=11 kyr, increasing ΔT from 20 °C to
140 °C (Fig. 2b–h). Fig. 3 (parallel to Fig. 2b, d, f and h) illustrates the
distribution of the hydraulic head (h, left) and the hydraulic head dif-
ference between the calculated and the isothermal head at ΔT=0 °C
(Δh= h-h0, right) to show the influence of free thermal convection on
head values. In the course of the investigation, the hydraulic head was
determined according to the following formula,

= +h
p

ρ T
z

( ) g
,

w (10)

where z denotes the vertical coordinate.
Initially, the temperature of the pore water is determined by con-

duction over the entire numerical model, then is modified by topo-
graphy-driven groundwater flow. With the applied model parameters
(Table 1) the groundwater system converged towards a stationary so-
lution when the temperature difference was ΔT < 60 °C (Fig. 2b and c).
In these cases the heat was advected toward the discharge area dom-
inantly by topography-driven flow, so the effect of free thermal

Fig. 3. Snapshots of the hydraulic head (h, left) and the hydraulic head difference (Δh= h-h0, right) at t=11 kyr, γ=1° and at various temperature differences. Left
(a, c, e, g): the black contour represents a zero horizontal Darcy flux, the head maximum is denoted by a black diamond. Right (b, d, f, h): the grey contours illustrate
the Darcy flux streamlines, the head difference at the position of the maximum head is denoted by a black diamond.
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convection seemed negligible compared to that of forced convection,
which displays a certain similarity to the solution obtained by
Domenico and Palciauskas (1973), and An et al. (2015). Consequently,
the groundwater temperature beneath the recharge area was much
lower than beneath the discharge area, closely approximating the sur-
face temperature. The groundwater flow pattern was also characterized
by a midline separating the recharge and discharge areas in the case of
the isothermal base model, as established by Tóth (1962), and is illu-
strated by streamlines in Fig. 3b at ΔT=20 °C. Due to topography-
driven flow the temperature distribution increases non-linearly with
depth, and forced convection causes continuous hot upwelling beneath
the discharge area, which is in agreement with the steady-state solu-
tions of Smith and Chapman (1983) and An et al. (2015). The flow
system shows a pattern similar to that of the isothermal base model;

thus, the hydraulic head maximum (hmax=104.73m) is located at the
highest point of the water table (Fig. 3a).

At a temperature difference of ΔT=60 °C, a stationary equilibrium
evolved, as a thermal hot upwelling (plume) developed beneath the
recharge area. Here thermal buoyancy is induced by the hot, low-
density water upwelling from the bottom TBL (Elder, 1968; Turcotte
and Schubert, 2002), which is balanced by the topography-driven,
sinking cold water (Eq. (2)). A close relationship can be recognized
between the positive temperature anomaly and the hydraulic head (see
Fig. 2d and 3c, d). Modification of the groundwater flow system was
especially evident within the long-lived right-hand side plume, where a
local stationary convection cell developed. Consequently, the location
of the maximum hydraulic head moved from the water table maximum
to the TBL, and its value increased by about 27m (Fig. 3c). However,

Fig. 4. Time series showing (a) the magnitude of the Darcy flux, (b) the average temperature, the vertical Darcy flux (c) on the left-hand and (d) on the right-hand
side of the model domain, (e) the horizontal Darcy flux at the bottom and (f) the average hydraulic head of the model at various temperature differences.
Temperature and hydraulic head snapshots in Fig. 2 and Fig. 3 are shown at t=11 kyr which is marked with a red dashed arrow. Time-averaged values are
calculated for the quasi-stationary time interval (t > 5.48 kyr). (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 5. Time-averaged values of the time series during the quasi-stationary time interval of (a) the Darcy flux, (b) the average temperature, (c) the vertical Darcy flux
on the left-hand and (d) on the right-hand side, (e) the horizontal Darcyflux at the bottom and (f) the average hydraulic head plotted against the temperature
difference. The standard deviations of the time series are denoted by blue bars. Fitted linear curves are denoted by green lines. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. (a) The horizontal position of the maximum hydraulic head as a function of time at different ΔT and (b) the average and the standard deviation of the
horizontal position of the maximum hydraulic head plotted against temperature difference.

M. Szijártó, et al. Journal of Hydrology 572 (2019) 364–379

370



the development of this steady-state local circulation did not cause any
significant regional change in the flow pattern, except in the deeper
zone of the recharge area. In this model, the approximate value of Ra
was around 960 when the first effect of free thermal convection was
seen.

A time-dependent flow system formed in scenarios in which ΔT
was≥ 70 °C (Ra≥ 1183). A pulsating long-lived hot plume evolved
beneath the recharge area as a result of the formation of a dynamic
equilibrium between the hot, buoyant upwelling and cold, dense
downwelling water. The vertical movement of the plume became faster
and more complex with increasing ΔT, which influenced the instability
of the TBL. Therefore, free thermal convection promoted the formation
of smaller hot upwellings; these, in turn, were swept towards the dis-
charge area by the regional groundwater flow. Due to the open thermal
boundary condition, the heat could transfer across the surface of the
discharge area. Generally, due to the vigorous time-dependent thermal
convection, the hydraulic head, h, and its difference from the solution
in the isothermal base model, Δh, were significantly modified
(Fig. 3e–h), especially in the deeper zone of the model basin and be-
neath the recharge area, where the previously-mentioned large con-
vection cell evolved. Beneath the discharge area, forced and free

thermal convection are superimposed, producing a permanent but time-
variable upwelling. In addition, the maximum point of the hydraulic
head migrated along the bottom of the model (in TBL) under the re-
charge zone, even reaching a value of hmax=276m (at ΔT=140 °C),
approx. 171m higher than in the isothermal base model (Fig. 3g). Free
thermal convection was seen to qualitatively modify the effect of forced
convection, not only through the temperature field but also through the
heads and the flow pattern in some parts of the basin. However, further
calculations were required to investigate the time-dependent behavior
of the numerical model in detail.

In Fig. 4, the analysis of the time series is shown over a time interval
of t=0–13.7 kyr at various temperature differences, ΔT ranging be-
tween 0 and 140 °C. In the isothermal base model (ΔT=0 °C), the
monitoring curves illustrate the steady-state flow system. Similarly,
stationary solutions were obtained for all parameters when ΔT≤ 60 °C
after the transient time period (t > 5.48 kyr), while the initial con-
duction-generated temperature field (Fig. 2a) was considerably altered
by forced thermal convection (e.g. Fig. 2b). As thermal buoyancy was
enhanced with increased ΔT, the average temperature, hydraulic head
and velocity components (except for qr) converged to higher values.

Time-dependent solutions were found when the temperature

Fig. 7. The relative area of the model domain over which the hydraulic head is higher than that in the isothermal base model by at least (a) 10% (A10), (b) 50% (A50)
as a function of the temperature difference. A linear curve was fitted to the values where the relative area exceeds 1%.

Fig. 8. Snapshots of hydraulic head decreases due to the effect of free thermal convection at various temperature differences (Δh < 0 at t=11 kyr). The black
contours illustrate the Darcy flux streamlines, the flow direction is represented by black arrows in the deeper part of the model.
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difference was ΔT > 60 °C. Beyond the transient behavior, the mon-
itoring parameters tended towards a quasi-stationary solution. Higher
ΔT intensified the flow, heated the model up and increased the hy-
draulic head. Fig. 4c and d and e represent the magnitude and the
fluctuation of the Darcy fluxes due to the continuous upwelling beneath
the discharge area, the pulsation of the long-lived plume beneath the
recharge area, and the horizontal drift of the evolving plumes at the
bottom TBL, respectively. The fluctuation of qr is much more pro-
nounced than that of the other time series, which represents the
‘competition’ between the cold downwelling and the rising hot plume.
It should be noted that the quasi-stationary average temperature de-
veloped in the numerical models is much lower than the initial tem-
perature (Fig. 4b) owing to the effective advective cooling furnished by
forced convection. The slight increase in the average temperature also
resulted in an increase in the hydraulic head (Fig. 4f), for instance,
differences from the average hydraulic head in the isothermal base
model (h0= 52m) are about 3m and 10m at ΔT=60 °C and 140 °C,
respectively.

The gradient of the fitted curve changed at about ΔT=60 °C in the
average temperature and hydraulic head when the solution is still sta-
tionary, but a new hot plume emerged beneath the recharge zone
(Fig. 2d). The change in the Darcy flux occurs rather at ΔT≅70 °C, at
which point free convection produces a time-dependent flow. Free
convection induces further hot plumes rising from the bottom TBL,
which can reach the surface before they merge into the left continuous
upwelling, decreasing the buoyancy force and the vertical velocity
along the left-hand side of the model. This mechanism causes the de-
crease in the rate of the curve fitted on ql values (Fig. 5c).

Particular attention was given to the position of maximum hydraulic
head (hmax), which was noticed at the water table maximum when
ΔT≤ 50 °C, that is, when forced thermal convection governs the steady-
state system. In the scenarios in which the temperature and flow field
were considerably modified (ΔT≥ 60 °C), the position of the maximum
head migrated to the bottom of the basin near the right-hand side

upwelling (e.g. Fig. 3c and d). The position of hmax always coincides
with the contours where the horizontal Darcy flux is zero (black con-
tour, left) and the streamline touches the bottom boundary (grey con-
tours, right). This proves that for a regime influenced by free thermal
convection, hmax is situated at a local downwelling within the bottom
TBL which separates the flow toward the recharge and the discharge
zones, as a divergent stagnation point or a zone in the flow system.
Fig. 6a illustrates the horizontal position of the maximum head (x
(hmax)) at several temperature differences as a function of time. Fig. 6b
shows the time-averaged position of x(hmax) with its standard deviation.
As free thermal convection intensifies, the position seems inclined to
move toward the midline zone, which might be the final state with
negligible forced convection (Fig. 3a, c, e, g).

After studying the time series of the monitoring parameters, the
variation in the hydraulic head was used to facilitate the determination
of the rate of the two different driving forces. Fig. 3 (right side) shows
the hydraulic head difference compared to the purely topography-
driven isothermal solution (Δh= h-h0). Generally, Δh reaches
40–100m, or even 100–218m near the TBL, and inside the large
plumes, where significant changes in groundwater flow are also noticed
(e.g. right bottom corner). Fig. 7a and b show the relative area where
the head has increased by at least 10% or 50%, respectively, owing to
temperature. To be more exact, A10 and A50 denote the area related to
the area of the model domain in which

⎜ ⎟= ⎛
⎝

− ⎞
⎠

ξ h
h

100 1
0 (11)

exceeds 10% or 50%, respectively. The thermal convection (forced and/
or free) increases the head difference degrees, and either modifies
(ξ≥ 10%) or dominates (ξ≥ 50%) the flow.

Clearly, in isothermal models there is no head difference, i.e.
A10= A50= 0%. The relative area of the model domain, where the
hydraulic head is higher than that in the isothermal model by at least
10% (A10), is shown in Fig. 7a. The figure indicates that at a

Fig. 9. Temperature snapshots at a time of t=11 kyr and ΔT=100 °C, the water table slope ranges from γ=0° to 5°. The grey contours illustrate the Darcy flux
streamlines, the maximum head is denoted by a black diamond.
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temperature difference of ΔT=20 °C, the hydraulic head increases over
approx. 6% of the area of the model domain due to thermal convection.
This value reaches 37% for ΔT=150 °C. The transition from a forced
convection dominated to a free convection dominated state is seen at
ΔT=60–70 °C, but a linear function can be fitted onto the interval
ΔT=10–150 °C. The relative area of the model dominated by thermal
convection (A50) (Fig. 7b) exceeds 2% at ΔT=40 °C and reaches 21.5%
at ΔT=150 °C. The linear function was fitted over temperature dif-
ferences ranging from 30 °C to 150 °C. The transition between the two
types of convection can be detected only in the increased standard

deviation. The inset in Fig. 7 emphasizes that significant hydraulic head
differences exist around the pulsing plume beneath the recharge area,
in the area surrounding the edge of the discharge zone, and in the
deeper parts of the midline zone. In the upper part of the recharge and
midline areas the water table variation drives the groundwater flow in
the homogeneous, isotropic model.

Finally, it should be noted that thermal convection results not only
in head increases due to the formation of a positive temperature
anomaly (as was shown in Fig. 3, right), but also results in head de-
creases. Fig. 8 illustrates the head differences where these values are
negative (Δh≤ 0), and snapshots were taken of several temperature
differences. In stationary solutions (Fig. 8a and b) the negative
anomalies (0–−1 m) are located near the plume roots (cf. Fig. 2b and d)
due to the conservation of mass. Hot plumes strengthened by thermal
buoyancy need some extra fluid, which is drawn away from the topo-
graphy-driven flow system, producing local head minima. Thus, these
minima represent local downwellings compared to the situation noticed
in the isothermal simulation. This can also be seen in the time-variable
systems (Fig. 8c and d). Hot plumes are fed by local downwellings, and
the necessary extra mass is ‘stolen’ from the topography-driven
groundwater flow system, resulting in head minima in the areas sur-
rounding plume roots. In an evolving strongly time-dependent flow
system (Fig. 8d), the head decrease (0 –−25m) can be explained only
by the dynamic effect of free thermal convection.

3.2. Effect of the water table slope

Both theoretical analyses and field observations suggest that the
variation in water table slope is the most obvious parameter which is
able to influence the hydrogeological processes in sedimentary basins
(e.g. Freeze and Witherspoon, 1966, 1967; Tóth, 2009; Yang et al.,
2010; Robinson and Love, 2013). Therefore, the slope angle of the
linear water table (Eq. (6)) was systematically varied from γ=0° to 5°
while the temperature difference between the bottom and the surface
was fixed at ΔT=100 °C to investigate the impact of increasing re-
gional relief on the groundwater flow system. Fig. 9 depicts tempera-
ture snapshots at time t=11 kyr and different values of γ.

Without any water table differences (Fig. 9a) the effect of forced
convection does not exist, thus the flow pattern is controlled by pure
free thermal convection. In the case of γ=0°, five large plumes with a
characteristic distance of 1200m evolve after the transient period
(t > 5.48 kyr). This value is considerably shorter than the wavelength
of the instability at the onset of free thermal convection
(2.73d≈ 8190m) determined by Lapwood (1948). The discrepancy is
explained by (1) the Rayleigh number for the model significantly ex-
ceeds the critical value (Ra=2003> > Racr≈27.1) and (2) the upper
boundary is thermally open. The flow and temperature field is time-
dependent, thermal instabilities initiate from the bottom TBL, drift and
merge into quasi-stationary hot upwellings. With increasing γ, forced
thermal convection appears and can modify the temperature and Darcy
velocity field, plumes are retained and a cold domain widens in the
midline zone. For the model of γ=5°, forced thermal convection
dominates the system, producing two stationary upwellings along the
model sides. This solution is analogous to the model of γ=1° and
ΔT=60 °C (Fig. 2d). The flow system is similar to the isothermal so-
lution apart from the bottom corners of the model domain, and the
maximum hydraulic head jumps back to the highest point of the water
table (hmax=525m for γ=5°).

Fig. 10 shows the time-averaged value and the standard deviation of
the time series of the Darcy flux (qav), the average temperature (Tav) and
the average hydraulic head difference between the numerical and the
isothermal model (Δhav). For a horizontal water table (γ=0°) the Darcy
flux is approx. 5⋅10-8 m/s and is generated purely by buoyancy forces
(Fig. 10a). As γ increases, the role of forced convection increases, Darcy
flux values tend to a linear curve, which is in agreement with
qav∼|grad p|∼γ in Eq. (2), at least for small values of γ. A higher water

Fig. 10. Time-averaged values of the time series during the quasi-stationary
time interval of (a) the Darcy flux, (b) the average temperature and (c) the
difference between calculated and isothermal hydraulic head as a function of
the water table slope (γ). The standard deviations of the time series are denoted
by blue bars. The fitted linear curve is denoted by a green line (a). (For inter-
pretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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table slope results in lower average temperature since enhanced forced
thermal convection sweeps out the heat from the model (Fig. 10b). The
average hydraulic head data are not shown because they vary with γ
and so the dynamic effects are overshadowed. Thus Fig. 10c illustrates
the average head difference from the isothermal models. For lower
values of γ the hydraulic head difference increases, suggesting that free
and forced thermal convection act coherently, and Δhav reaches about
8m at γ=1°. However, at values of γ > 1°, Δhav decreases owing to
the reduced plume flux and tends to zero. The standard deviation of the
computed monitoring parameters decreases with γ, as the groundwater
flow system approaches steady-state condition.

3.3. Effect of model depth

Another crucial parameter, which significantly influences the flow
system in a non-isothermal model, is the depth of the model domain. In
our simulations the model depth was varied in the interval of
d=500–5000m, while the temperature gradient between the bottom
and the surface was constant, ΔT/d=33.3 °C/km to keep comparability
with the reference model (d=3000m, γ=1° and ΔT=100 °C, see
Fig. 2f). The water table slope was fixed as well, at γ=1°.

Fig. 11 illustrates the effect of the growing model depth on the
temperature field. For shallower model domains, with d≤ 2000m, the
solution is steady-state, where forced thermal convection due to

topography-driven flow prevails over the system, resulting in one hot
upwelling within the discharge zone. As the model deepens (and Ra
increases owing to the growing water density difference and model
depth), time-dependent free thermal convection appears, then starts
dominating the groundwater flow, at least qualitatively.

The averaged time series of qav, Tav, and hav quantify the impact of
the model depth on the monitoring parameters (Fig. 12). First, the
Darcy flux decreases with d since the flow is less intense in a deeper
model domain (Fig. 12a and b). However, when free thermal convec-
tion appears (d=2500m, Ra=1284), the rate of the decrease slows,
then reverts to a slight increase, because thermal buoyancy pre-
dominates over a greater proportion of the model domain, especially in
the deep zones (Fig. 11c and d).

The average model temperature increases slightly in the stationary,
forced thermal convection regime (d≤ 2000m) (Fig. 12b). When free
thermal convection begins, the gradient of the fitted linear curve be-
comes steeper, reflecting warming in the deep mid-line zone and be-
neath the recharge area. The trend of average hydraulic head is similar
to the temperature variation (Fig. 12c), which confirms that the re-
duction in water density due to the temperature increase is responsible
for the head growth. Nevertheless, the standard deviation of the time
series reflects the variability of the system due to time-dependent free
thermal convection.

Fig. 11. Temperature snapshots at a time of t=11 kyr, γ=1° and increasing model depth with a uniform geothermal gradient (33.3 °C/km). The grey contours
represent the Darcy flux streamlines, the head maximum is denoted by a black diamond.
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3.4. Effect of anisotropy of hydraulic conductivity

The anisotropy of the hydraulic conductivity (ε=Kxx/Kzz) can
reach 100–1000 in siliciclastic sedimentary basins, depending on the
stratification of clayey and sandy layers, grain orientation etc.
However, the anisotropy in fractured carbonates is usually quite dif-
ferent because (1) large anisotropy rates are less probable due to the
more homogeneous matrix composition, and (2) a ratio of ε < 1 can
occur as well owing to vertical fracturing. Thus, the effect of the ani-
sotropy ratio was studied in the range of ε=0.1–100. Since an increase
of anisotropy slows down the flow considerably, the length of simula-
tions was increased depending on ε to obtain a quasi-stationary solu-
tion. Other parameters correspond to the reference model (Fig. 2f).

It is clear based on Fig. 13 that an anisotropy of ε < 1 facilitates

vertical groundwater flow, which favors buoyancy-driven free thermal
convection over forced convection. As ε increases (i.e. vertical hy-
draulic conductivity decreases), free thermal convection is repressed by
topography-driven flow. The high Darcy flux zone narrows toward the
surface, where the flow is dominantly horizontal. In the deeper domain,
sluggish, periodic (ε=20, Fig. 13e) or almost stationary convection
(ε=100, Fig. 13f) forms. The two flow systems separate in the
homogeneous model, where the upper part of the model is controlled by
topography-driven flow, while the lower part is governed by buoyancy-
driven flow. With increasing ε, the head maxima decrease as a dynamic
consequence of the slowing flow.

The averaged Darcy flux time series support the qualitative ob-
servation that the high anisotropy retains the flow (Fig. 14). On the
average Darcy flux data, a 1/√ε function was fitted, since
qav∼Kav∼Kxx/√ε (see Eqs. (2) and (9)). The average temperature and
— in parallel— the average hydraulic head, both increase with ε. The
model domain becomes warmer owing to the sluggish flow in the
deeper zone. Separation of the topography- and buoyancy-driven flow
system at about ε≥ 5 is distinctly visible in Fig. 14b and c. The values
of Tav and hav depend strongly on the type of flow regime which evolves
in the deep zone, either quasi-periodic characterized with lower tem-
peratures and heads (ε=5, 20), a slow-moving, sluggish with system
higher temperatures and heads (ε=10, 50), or an almost stationary
system with low standard deviation (ε=100). Last, we note that, on
the one hand the maximum head decreases with ε due to the slowing
flow (dynamic effect, Fig. 13), on the other hand the average head
increases with ε (thermal effect, Fig. 14c).

3.5. Modified Péclet number

Where the equivalent porous media approach is valid, the quanti-
tative evaluation of the combined effect of forced and free thermal
convection requires the use (e.g. Patankar, 1980; Clauser and Villinger,
1990) and/or the definition of a non-dimensional number. Therefore
besides the thermal Rayleigh number, the non-dimensional modified
Péclet number was defined which facilitates the classification of the
flow systems into forced and free thermal convection-dominated state,
with respect to advective/convective and conductive transport pro-
cesses:

=
+ −
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ρ T c qd

φ λ φ λ
( ) Δ

· (1 )·
w w

w m



(12)

where Δq is the magnitude of Darcy flux reduced by the purely topo-
graphy-driven isothermal (ΔT=0 °C) Darcy flux (Δq= qav− q0).

Fig. 15 illustrates the Rayleigh number (Ra) as a function of the
modified Péclet number (Pe*) for the evaluation of all the simulated
scenarios. Transition from steady-state forced thermal convection to
time-dependent free thermal convection appeared when the Rayleigh
and the modified Péclet number were Ra=500–1100 and
Pe*=10–20, respectively. Below these intervals, the flow systems
converge towards a steady-state solution, and forced convection is the
dominant driving force (Fig. 2b–d; Fig. 9d; Fig. 11a, b; Fig. 13e and f),
but above that, time-dependent free thermal convection intensifies the
flow in the model basin (Fig. 2e–d; Fig. 9a–c; Fig. 11c, d; Fig. 13a–d).

Former interval means that the Rayleigh number is more than one
order of magnitude higher than the critical value determined by
Lapwood (1948). Latter represents that free thermal convection is ex-
pected when the Darcy flux obtained from non-isothermal model ex-
ceeds the Darcy flux obtained from isothermal model by at least one
order of magnitude.

3.6. Effect of no-flow side boundaries

Finally, the influence of the side walls as no-flow boundaries was
investigated. Impermeable side walls stabilize the flow, and facilitate

Fig. 12. Time-averaged values of the time series during the quasi-stationary
time interval of (a) the Darcy flux, (b) the average temperature and (c) the
average hydraulic head plotted against the model depth. The standard devia-
tions of the time series are denoted by blue bars. The fitted linear functions are
denoted by green lines. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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formation of stable upwellings along the boundaries beneath discharge
areas, and often beneath recharge areas. In order to eliminate this effect
three domains were compiled into one model including a divide and a
valley (Fig. 16). Other model parameters were the same as in the
homogeneous, isotropic reference model, γ=1°, d=3000m,
ΔT=100 °C and ε=1 (Fig. 2f).

Beneath the inner divide (x=12000m) neither a permanent nor an
oscillating hot plume forms, but initial upwellings move left or right
toward the inner or the outer valley, respectively. Plumes evolve and
lengthen while they drift toward the discharge zones. Beneath the inner
valley (x=6000m), plumes from the divides group and merge to arise
in the main upwelling zone, however their positions are not fixed.
Plumes forming along no-flow boundaries (x=0 and 18000m) show
similar shapes as in the individual domain models. Clearly, no-flow side
boundaries affect the time-dependent pattern of the flow and tem-
perature field, however their impact on the behavior of the system and
the averaged monitoring parameters is not significant. Fig. 14 shows
the deviation in the averaged Darcy flux, temperature and hydraulic
head values between the complex (black circle) and the reference (red

cross, ε=1) model.

4. Summary and conclusions

Finite element numerical model calculations were performed to
investigate how buoyancy-driven free thermal convection influences
topography-driven forced thermal convection in a synthetic ground-
water basin. In order to focus on the combined process, a simple two-
dimensional, homogeneous model domain was chosen with a linear
water table slope in which the single variable material property was the
water density depending on the temperature. The model simulation
could also be applied as theoretical-physical experiments to understand
processes occurring in siliciclastic sedimentary basins, fractured rocks
or karstified carbonate systems.

First, the temperature difference between the bottom and the sur-
face (ΔT) was varied. Due to increasing geothermal gradient the flow
became more intense, and the change from forced thermal convection
to a free thermal convection regime induced a significant increase in
the gradient of the monitoring parameters (Fig. 5). The relative area

Fig. 13. Temperature snapshots at ΔT=100 °C, γ=1° and various hydraulic conductivity anisotropy values. The grey contours represent the Darcy flux streamlines,
the maximum head is denoted by a black diamond.
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modified/dominated by free thermal convection was enhanced ΔT
(Fig. 7). Compared to the isothermal base model (ΔT=0 °C), the hy-
draulic head increased with ΔT due to the decreasing water density.
Conversely, negative head differences also appeared, which can be
explained only by the dynamic effect of the enhanced plume activity
(Fig. 8). As a result of the increased temperature difference, intensive
time-dependent free thermal convection evolved in the model basin.

The effect of the change of the slope of the water table within the
range of γ=0–5° at a constant temperature difference, ΔT=100 °C
was also investigated. As γ increased, purely free thermal convection-

governed flow transformed into forced thermal convection-dominated
flow. As a consequence, the topography-driven groundwater flow in-
tensified the Darcy flux resulting in effective advective cooling
(Fig. 10). In other words, an increase in the water table slope facilitates
forced thermal convection. Nevertheless, a simple linear water table
was applied in the model, but this simplification helps to highlight the
transition between free and forced thermal convection, and likely does
not affect the transitional behavior.

The influence of depth of the model domain (d) was next in-
vestigated, while maintaining a uniform geothermal gradient (100 °C/
km). For shallower model depths (d≤ 2500m) stationary topography-
driven thermal convection characterized the system, however, for
deeper models the groundwater flow system became time-dependent
due to the appearance of free thermal convection. Deeper models at
constant geothermal gradient favor free thermal convection.

The anisotropy of the hydraulic conductivity (ε=Kxx/Kzz) was
varied within ε=0.1–100 including both values of ε < 1 representing
e.g. carbonates with vertical fractures, and values of ε > 1 character-
izing e.g. siliciclastic basins with mild and moderate anisotropy. On the
one hand, increasing ε hinders vertical flow and suppresses free thermal
convection due to reduced vertical hydraulic conductivity. On the other
hand, higher anisotropy enforces topography-driven groundwater flow
into the shallower region, which helps the separation of the two flow
regimes (Fig. 13).

In this study, the flow system was investigated within a wide range
of ΔT, γ, d, and ε values corresponding to the thermal Rayleigh numbers
(Ra=0–6336), and the modified Péclet numbers (Pe*= 0–323). The
effect of time-dependent free thermal convection only appeared in our
simulations when Ra≥ 500–1100 and Pe*≥ 10–20 (Fig. 15). Never-
theless, in sedimentary basins, combined topography- and buoyancy-
driven groundwater flow system evolves at even infinitesimally low
temperature differences, if the water table slope is γ > 0.

The removing of artificial no-flow boundaries at the side walls
helped to elucidate their effect on the flow and temperature pattern by
horizontally connecting the individual model domains. Although the
flow and the temperature patterns changed in the complex model, the
dynamics of the flow system and the quantitative character remained
uniform (Fig. 16).

In the homogeneous model the position of the maximum hydraulic
head (hmax) is always located at the highest point of the water level or
within the bottom TBL. In the latter case the position of hmax corre-
sponds to a divergent stagnation point (Tóth, 1988, 1999; Jiang et al.,
2011; Wang et al., 2011) which moves and/or skips in the time-de-
pendent system. A local downwelling overlies this point which is
characterized by a local head minimum as a zone through which hot

Fig. 14. Time-averaged values of the time series during the quasi-stationary
time interval of (a) the Darcy flux, (b) the average temperature and (c) the
average hydraulic head as a function of the increasing anisotropy coefficient.
The standard deviations of the time series are denoted by blue bars. Fitted 1/√ε
function is denoted by green lines (a). Black circles illustrate the solution of the
complex model at ε=1 (see Fig. 14). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this
article.)

Fig. 15. Rayleigh number (Ra) versus modified Péclet number (Pe*) for simu-
lations with varying temperature difference (ΔT), water table slope (γ), model
depth (d) and anisotropy of hydraulic conductivity (ε=Kxx/Kzz). The steady-
state solutions are denoted by diamonds, the time-dependent solutions are
denoted by crosses. Grey shading indicated the dominancy of free thermal
convection.
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plumes are fed by water.
Finally, we need to mention that the effects of numerous parameters

and phenomena could not be investigated in this paper, which could
modify the conclusions (e.g. model geometry, dispersion, hetero-
geneity, temperature-dependent viscosity, boundary conditions etc.).
Some of these effects are discussed in the Supplementary material. We
found that the effect of temperature-dependent viscosity intensifies the
flow and facilitates free thermal convection. On the other hand, con-
stant heat flux prescribed at the bottom boundary reduces flow system
complexity, and favors forced thermal convection. Moreover we noted
that the recharge rate in the simple base model is overestimated
(≈5 m/yr), however the decrease of water table slope and the increase
of anisotropy coefficient significantly reduces this recharge to an ac-
ceptable real range (e.g. 0.1–0.3 m/yr for γ=0.1° and ε=10, see
Table S2 in the Supplementary material).

If we adapt the model results for real geological situations, the ap-
pearance of time-dependent thermal convection cannot be excluded in
inverted basins beside the effect of gravity-driven groundwater flow. In
areas where the geothermal gradient exceeds the mean value (e.g. due
to the thin lithosphere approx. 50 °C/km in the Pannonian Basin
(Lenkey et al., 2002, 2017) unsteady free thermal convection is likely to
occur in deep karstified carbonates (Havril et al., 2016) or in faulted
siliciclastic basins (Lopez et al., 2016).

The effect of free thermal convection can be observed in the vertical
temperature distribution of deep carbonate regions (e.g. in the Buda
Thermal Karst), where the temperature anomalies cannot be explained
by either conduction or pure forced thermal convection (Mádl-Szőnyi
et al., 2018). The results of the numerical simulations, for the combined
effect of forced and free thermal convection, can be validated using
basin-scale data evaluation methods, such as temperature elevation
(T(z)), pressure elevation (p(z)) and total dissolved solids elevation
(TDS(z)) profile, (e.g. Tóth, 2009; Mádl-Szőnyi and Tóth, 2015; Mádl-
Szőnyi et al., 2017).

Combined topography- and buoyancy-driven groundwater flow in
sedimentary basins can thus be characterized by very complex and
time-dependent head and temperature patterns which complicate the
processes, e.g. planning of an optimal geothermal well system.
Geothermal studies in sedimentary basins cannot therefore focus only
on the presence of a free or forced thermal convection as a single
driving force.
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