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Abstract. In this paper, we consider the following perturbed second-order Hamiltonian
system
—1i(t) + L(t)u = VW(t,u(t)) + VG(t, u(t)), VteR,

where W(t,u) is subquadratic near origin with respect to u; the perturbation term
G(t,u) is only locally defined near the origin and may not be even in u. By using the
variant Rabinowitz’s perturbation method, we establish a new criterion for guarantee-
ing that this perturbed second-order Hamiltonian system has infinitely many homo-
clinic solutions under broken symmetry situations. Our result improves some related
results in the literature.

Keywords: broken symmetry, Hamiltonian system, homoclinic solutions, subquadratic
potential, Rabinowitz’s perturbation method.

2010 Mathematics Subject Classification: 34C37, 37]45.
1 Introduction
Consider the following second-order Hamiltonian system
—ii(t) + L(H)u(t) = VW(t,u(t)) + VG(tu(t)), VteR, (1.1)

where u = (uq,uy,...,uy) € RN and L € C(R,RN*VN) is a symmetric matrix-valued function.
As usual, a solution u of problem (1.1) is homoclinic (to 0), if |u(t)] — 0 as || — 4o0. In
addition, if u # 0 then u is called a nontrivial homoclinic solution.

When G = 0, (1.1) reduces to the second-order Hamiltonian system
—ii(t) + L(H)u(t) = VW(t,u(t)), VteR. (1.2)

In the past twenty years, the existence and multiplicity of homoclinic solutions for problem
(1.2) have been extensively investigated by variational methods. Next we recall some results in
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this aspect. For problem (1.2), under the assumption that L(f) and W(t, x) are T-periodic in f,
Rabinowitz [16] proved the existence of homoclinic orbits as a limit of 2kT-periodic solutions
of problem (1.2). Then this trick has been developed to study the existence and multiplicity of
homoclinic solutions for more general Hamiltonian systems (see, e.g., [8,21,28]).

When L(t) and W(t, x) are not periodic in ¢, the problem of existence of homoclinic solu-
tions for (1.2) is quite different from the one just described, since the Sobolev embedding is
no longer compact. To overcome this difficulty, Rabinowitz and Tanaka [17] introduced the
following coercive condition:

(Lo) L € C(R,RN*N) is a positive definite symmetric matrix for all + € R and there is a
continuous function / : R — R such that [(¢) > 0 for all t € R and (L(t)u, u) > I(t)|u|?,
Vue€RNand I(t) = +o0 as |t| — +oo.

The condition (Lo) implies that the self-adjoint operator of —d?/dt? + L(t) in L*(R,RN) has a
sequence of eigenvalues A, (counted with multiplicity) and

D<M <A< - <Ay <o = 00, (1.3)

Under this assumption on L, they obtained the existence of a nontrivial homoclinic solution
for problem (1.2) by using a variant of the Mountain Pass Theorem without the Palais-Smale
condition. Subsequently, Omana and Willem [13] showed that the Palais-Smale condition is
satisfied under the coercive condition (Lp), and they used the usual Mountain Pass Theorem
to prove the same result as in [17]. Since then, the coercive condition (L¢) and its variants have
been used in a number of papers, and we refer the readers to [10,23,25-27] and the references
therein.

Assume that W(t, x) is of subquadratic growth as |x| — 0 for all t € R, Ding [6] considered
this case and presented the following condition

(Lp) there is a constant & < 2 such that

I(H)[t]*2 = +oo as [t| — Foo,

where [(f) is given in (Lg). The main purpose of (L;) is to guarantee some better properties of
Sobolev embedding in the subquadratic case. If W(t, x) is even in x, Ding proved a sequence
of homoclinic solutions for problem (1.2). After the work of Ding [6], there are many papers
concerning the existence of infinitely many homoclinic solutions in the subquadratic case (see,
e.g., [20,22,34,35]). It is worth pointing out that most of these mentioned papers assumed that
W(t,x) is even with respect to x. Actually, the approaches used in these works depend on
the notion of genus for symmetric sets. Therefore, the condition that W(t, x) is even with
respect to x is crucial in the application of these methods. When W(t, x) is not even in x,
the symmetry of the corresponding functional for problem (1.2) is broken. It is natural to ask
whether an infinite number of homoclinic solutions can be maintained in broken symmetry
case, and such a problem is often called perturbation from symmetry problem.

Since 1980s, many scholars have developed different methods to study the perturbation
from symmetry problem for elliptic equations and Hamiltonian systems (see, e.g., [1,3,9,
11,18,19,24,31-33]. If G(t,x) is not even in x, problem (1.1) loses its symmetry under the
assumption that W(t,x) is even in x, and the authors [30] studied the perturbation from
symmetry problem for (1.1). Specifically speaking, when W(t, x) is locally superquadratic as
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|x| — 400, we obtained an unbounded sequence of homoclinic solutions by means of Bolle’s
perturbation method introduced in [3].

If W(t,x) is subquadratic near origin with respect to x, i.e., lim,_,o W(t,x)/|x]*> = +oo
for all t € R, an interesting question is whether the infinite number of homoclinic solutions
persists under symmetry breaking situations. To the best of our knowledge, there are very
few results on this topic. The main purpose of this paper is to give a positive answer to this
question. To be precise, if the non-even perturbation term G is locally defined and satisfies
some growth conditions near the origin, the existence of infinitely many homoclinic solutions
for (1.1) can be preserved. Our tool is a variant of the perturbation method developed by
Rabinowitz in [14]. The main idea of our proof is to introduce a modified functional by subtle
truncation of the original functional, then the nonsymmetric part of this modified functional
can be estimated. Then we can prove that the modified functional has almost the same small
critical values as the original functional. Next we state the main result of this paper.

Theorem 1.1. Let the condition (Ly) hold. Moreover, assume that the following condition hold:

(Hy) W(t,x) = Wyi(t,x) +Wa(t,x), Wi, Wo € CH(R x RN, R) and there exist a constant 1 < p < 2
such that
VWi (t,x)| <a(t)x]P~!,  V(tx) e RxRV, (1.4)

2

where a : R — RY is a continuous function such that a € L7 (R);
(Hz) Wi(t,0) = 0 and there exist constants C; > 0,1 < p < 2 and aq > 2 such that

— Cp|x|™ < (VWi (t,x),x) —uWi(t,x) <0, V¥ (tx) € RxRY; (1.5)

(H3) there exist constants C; > 0,1 < ap < 2 and az > 2 such that
Wi(t,x) > b(t)|x|2 — Co|x|®, ¥V (t,x) e Rx RV, (1.6)
where b : R — RY is a continuous function such that b € L7 (R);
(Hy) Ws(t,0) = 0 and there exist constants C3 > 0 and ay > 2 such that
VW, (8, x)| < Ga|x[%,  V (tx) € RxRY, (1.7)
(Hs) Wi(t,x) = Wi(t,—x),i=1,2, V (t,x) € Rx RY;
(G1) G € CY(R x B, (0),R), G(t,0) = 0 and there exist constants C4 > 0 and ¢ > 2 such that
IVG(t,x)| < Calx|”!, V¥ (tx) € Rx By(0), (1.8)
where By,(0) denotes the open ball in RN centred at 0 with radius ro;

(Go) there exist constants Cs > 0, B >
eigenvalues A, are given in (1.3).

;EZ:’;) and ng € N such that A, > CsnP, n > no, where the

0-2)

Then problem (1.1) has a sequence of homoclinic solutions {u,} such that maxier |u,(t)| — 0 as
n — oo.

Notation. Throughout the paper, we denote by C,, various positive constants which may vary
from line to line and are not essential to the proof.
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2 Variational setting and preliminaries

Let
E= {u € HY(R,RN) : /]R [ (8) > + (L(t)u(t), u(t))]dt < +oo}

endowed with the inner product

(,0) = /R [(1(6), 8(1)) + (L(Du(t), u(1)) |t

Then E is a Hilbert space with this inner product and we denote by || - || the induced norm.
As usual, for 1 < v < 400, let

ul]y = (/R |u(t>|th)1/”, i LY(R,RV).

It is evident that E is continuously embedded into H'(IR,IRY), so E is continuously embedded
into LV(R, RN) for any v € [2,00], i.e., there exists 7, > 0 such that

Jully < llul], VuekE. (2.1)

Moreover, E is compactly embedded into LY. (R, RN) for all v € [1, 0]

loc
Next we introduce a useful result proved in Lemma 2.3 of [21] by Tang and Xiao.

Lemma 2.1. For any u € E, the following inequalities hold:

o 1/2
u(t)] < { | wl(is)[m(s)yu (L(s)u(s),u(s))]ds} ,  teR, 2.2)
and
; 1 1/2
lu(t)] < {/wm[m(s)m (L(s)u(s),u(s))]ds} ., teR (2.3)

In view of condition (G;) in Theorem 1.1, the perturbation term G is only locally defined,
so we can’t apply the variational methods directly. To overcome this difficulty, we use cut-off
method to modify G(t,x) for x outside a neighbourhood of the origin. In detail, we have the
following lemma.

Lemma 2.2. Suppose that (Gy) is satisfied. Then there exists a new function G possessing the following
properties:

(i) G € CH(R x RN, R), G(£,0) = 0 and

IVG(t,x)| <16C4|x|7!, ¥V (tx) e RxRY; (2.4)

(ii) there exists a positive constant r1 < min{ry/2,1/2} such that

G(t,x) = G(tx), VY (Lx)€R x By, (0); (2.5)

where B,,(0) denotes the open ball in RN centred at 0 with radius r1.
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Proof. Since G(t,0) = 0, by (1.8) and direct computation we have
|G(t,x)| < Calx|?, V (t,x) € R x By, (0). (2.6)

Choose a constant r; = min{ro/2,1/2} and define a cut-off function 1 € C!(R,R) such that
h(t) =1fort <1,h(t)=0fort>2and —2 <h'(t) <0forl <t < 2. Set

G(t,x) = h(|x*/r})G(t,x), V (t,x) €RxB 4, (0), 27
G(t,x) =0, V (t,x) € R x (RN\B 5, (0)). '
In view of (2.7), fori =1,2,..., N, we have
oG 2x; , [|x? |x[* \2 G
= <V% G +h () 5 Yn eRxBg, 0, @8

and 9G/dx; = 0, V(t,x) € R x (RM\B 4, (0)). By (27) and (28), G € C'(R x RV, R),
G(t,0) = 0 and G(t,x) = G(t,x), ¥ (t,x) € R x By, (0). Moreover, it is easy to verify (2.4) by
(1.8), (2.6) and (2.8). 0

Next we introduce the following modified Hamiltonian system
—ii(t) + L(Hu(t) = VW(tu(t)) + VG(tu(t)), VteR (2.9)
Let I : E — R be defined by
() = 2flul? - [ Wit = [ Wae,wde— [ Gty (2.10)
2 R R R
Under assumptions (Lg), (H1), (Ha), (Hy) and (Gy), I € C}(E,R) and
(I'(1),0) = (u,0) — / VWi (t u)odt — / VW (t, u)odt — / VG (t u)odt 2.11)
R R R

for all u,v € E. The critical points of I in E are solutions of (2.9). Moreover, by the coercivity
of I, (2.2) and (2.3), these solutions are homoclinic to 0.

Next we introduce a cut-off function ,, € C®(RR,R) satisfying

<
0 Qy ) te (A/2,A/4), 2.12)
Cu(t) =0, t e [A/4,00),
()] < —8A7!, teR,
where A := (4u) 1 (u — 2) < 0. Setting Ty := min{Ty, T», T3, 1/2}, where
—
T, = 2-p ) (2.13)
8 (CrTi + 10C3 7ot + 16(10 — 32A-1)Cy1?)

2
=2
1 A |77
I = ay+d o+12 and T3 = { 718 } ’ (2.14)
12(277 Gamat — 277 CutgAY) 272 Gy
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a := min{a, a4,0} and 7,,, T, and T, are embedding constants given in (2.1). By the defini-
tion of Ty, Tp is a fixed positive constant.

With the help of Ty and the cut-off function / introduced in Lemma 2.2, define

[Ei§

kTO()_h( ) VuceL. (2.15)
Tp

Lemma 2.3. The functional kg, defined by (2.15) is of C}(E,R) and
|k, (1), u)| <8, VueeE.

Proof. By (2.15) and direct calculation we have
2
(K (u),0) = 21’ <”;ﬂl| ) (”TOU) Vu,veL. (2.16)

Assume that u, — u¢ in E. In view of (2.16), for any v € E, we obtain

K0y (1) — Ky (10,
o (M) )y (1l G0
(L) i, — o (L) (L0 g,

which implies that [|k7 (un) — K7, (40)||= — 0, n = co. So kg, € C'(E,R). By the definition of
h and (2.16), we get [(ky (u),u)| <8,V u € E. O

=2

szn-wvn[

With the help of this functional k7,, we define a new functional Ir, on E by
Ir, (1) = fHuHZ / Wit u)dt — kr (u </ Wt u dt+/ (t, 1) dt> VuekE (217)
By (2.16), I, € C!(E,R) and one can easily check that
(It (u),0) = (u,v) / VWi (t, u)vdt — kr, (u (/ VW, (t,u vdt+/ VG(t, u)vdt>

) (/IR Wo(t, u)dt + /]R G(t,u)dt) , Vu,veE. (2.18)

We will give some prior bounds for critical points of I, based on the corresponding critical
values in the following lemma, which is useful to introduce a modified functional.

Lemma 2.4. Assume that (Hy), (Hy) and (Gy) are satisfied, if u is a critical point of Ir,, then

- -2
I () < Fp =l (2.19)

Proof. When u is a critical point of Ir, and ||u||?> > 2Ty, by (2.16) and (2.17), kr,(u) = 0 and
k7 (1) = 0. In view of (2.18) and (2.19), we conclude that

Try (1) = ;HuHZ—/]Rwl(t,u)dt, (I (w),u) = ul® = [ (TWa(tu),wdt. (@220)
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By (1.5) and (2.20), we get
I () = Iy 1) = 0 ), )
= I [ (T ), ) — oW )

H— 2
<EE P @21)

If u is a critical point of Iy, with ||u||?> < 2Ty, by Lemma 2.2, Lemma 2.3, (1.5), (1.7), (2.17) and
(2.18) we have

Iy (u) = Iy (u) — p = (T, (), )
2
SV \\M\!2+C1 [+ 10(Cayg [[uf|** +16Ca 77 [|u]|”). (2.22)

By the definition of Ty and (2.13), we get
2 _
Crrat|Jul|™ + 10Cs Tt ||u]|™ + 16(10 — 324~ 1) Cyt [|ul|” < 4y”||u||2. (2.23)

In both cases, it follows from (2.21)—(2.23) that (2.19) holds. O

By the cut-off function ¢, and I_TO, define a functional as follows

Li(u) = éy(’|“”72TTO(”))I Vu € E\{0}. (2.24)

By direct computation, for any u € E\{0} and any v € E,

(L (), 0) = CL(GTU(M))I\MH*LL(HM|\2<T%O(M)IU> - 21—%(“)(”,0))/ (2.25)
where 07, (1) := |lu|~2I5,(u), ¥ u € E\{0}. Under assumptions of Theorem 1.1, it is easy to

check that I, is continuously differentiable at any u € E\{0}.

By these functionals k7, and /,, we can introduce a modified functional ], as follows:

1
Jro() = 5 ] - /]Rwl(t,u)dt kg, (1) /sz(t,u)dt —y(u), Vucek, (2.26)
where
k l E
IP(M) — { To(u) ]l(u) Q(u)l uc \{O}/ (227)
0, u=0,
and Q(u flR (t,u)dt, ¥V u € E. It follows from (2.1) and (2.4) that
/ G(t,u)|dt < 16Cs7||u||”, VY ueE. (2.28)
R
Moreover, it is easy to check that Q € C}(E,R) and
(Q'(u),0) = / VG(tu)odt,  Vu, veE. (2.29)
R

Next we give a bound on |(¢'(u),u)|, V u € E, which is used to obtain the estimate of
|J1,(u) — Jr,(—u)|, YV u € E. Then we show that ], has no critical point with positive critical
value on E.
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Lemma 2.5. Assume that (Ly), (Hy), (H>), (Hy), (Hs) and (Gy) holds. Then
(i) the functional  defined by (2.27) is of class C'(E,R) and

(g (1), u)| < 16(9 — 32A"1)Cy0||ull?, VueE (2.30)

(ii) J1, € C1(E,R) and there exists a constant C¢ > 0 independent of u such that

|1y (1) = J1y (—u)| < Ce|Jr, ()2, VuekE (2.31)

(iii) J1, has no critical point with positive critical value on E and Ky = {0}, where Ky := {u € E:

Jr, (1) = 0, ]'To(u) =0}.
Proof. For u = 0 and any v € E, by (2.4), (2.15), (2.24) and (2.27) we have

9'(0),0)] = [1im LA =ON <6, 1im 1171 [ Joto) e = o,

so ¢’ (0) = 0. Combining (2.16), (2.25), (2.27) and (2.29), for u € E\ {0} and v € E, we obtain
(@' (u),0) = (kg (), ) () Q1) + ke () (I, (u), v) Q(u) + ke () (u)(Q' (w), v).  (2.32)

Next we prove ¢’ € C'(E,R). Suppose that u, — g in E. We consider two possible cases.
Case 1. uy # 0. In view of Lemma 2.3, (2.25), (2.29) and (2.32), ¢/ (u,) — ¢'(ug), n — oo.

Case 2. ug = 0. Without loss of generality, we can assume ||u,||?> < Tp. It follows from (2.15)
and (2.16) that k7, (uy) = 0 and kr, (4,) = 1. Then (2.32) reduces to

(@' (un),v) = (1, (n), 0) Q(un) + Ly (un)(Q'(un),v), ~ Vo€E. (2.33)
By (2.25), we can divide (I}, (ux),v) Q(uy) into two parts as follows
(I, (), 0) Q(un) = Q1(n,v) — Qa(ttn, v), (2.34)
where
Q1 (tn, 0) = L3 (0r, ()| unl| (I, (1), 0)Q(utn) V0 €E, (2.35)
and

Qa (1t 0) = 28} (O, () 10| Ty (1) (1, 0) Q1)
— 203,01, ()91, () 10al| (100, 0)Q(u) V0 € E. (2:36)

In view of (2.12), (2.28), (2.35) and (2.36), we deduce that
Q1 (11, 0)| < Gl T (1) [ - |1t | 72 [0, (2.37)

and
Q2 (14, 0)| < Cslfutn ||| (2.38)

Since k7, (un) = 0, kr,(un) =1 and u, — 0, by (1.4), (1.7), (2.4), (2.18) and (2.29),

||T’T0(un)||1.;* —0 and ||Q (un)|le- — 0, n — oo. (2.39)
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In combination with (2.24)-(2.25), (2.33), (2.34), (2.37)-(2.39), we have

[ (un) = 9" (O)[[p- = sup |1 (un), 0)Q(n) + L (un)(Q' (un), 0)| =0, 1 — co,

[[oll<1

which implies the continuity of ¢’ at 0. So we have ¢ € C!(E,R).

If |[u]|> > 2Ty or u = 0, by (2.15), (2.16) and (2.26), it is easy to see that (¢'(u),u) = 0.
Otherwise, ||u||* < 2Ty and u # 0. Arguing similarly as in (2.22), we obtain

[y (1) — = (I, (), ) | < 2| Al |l + Crrg |+ 10(Cagf ]| + 16Ca77 [[u| 7). (2.40)
Since ||u||? < 2Ty, by (2.13), (2.23) and (2.40) we get
(T, (), u)| < w3 A[Jul® + Iy (u)]). (241)

In combination with (2.12) and (2.25), if 0r,(u) ¢ [A/2, A/4], we have I, (1) = 0. Otherwise,
A/2 < 0r,(u) < A/4, then the definition of 67, imply that

[ Iy ()| < | Al[fu] % (2.42)
When ||u|?> < 2Ty and u # 0, it follows from (2.25), (2.28), (2.41)—(2.42) that

ey (1) (15, (1), 1) Q(ut) | < —=16A Jual| 72 (| Ty ()] + [ (T, (), ) |) | Q(u) |
< —512A71Cyt7|ull°. (2.43)

In view of Lemma 2.3, (2.4), (2.12), (2.15), (2.24), (2.28) and (2.29), we have
| (K, (1), 1)1 () Q (1) + ey (1) 1y () (Q' (), )| < 144Cy7] |Jull”,  Vu € EN{0}.  (244)

It follows from (2.32), (2.43) and (2.44) that (2.30) holds.

Next we prove (ii). By (1.4), (1.7), Lemma 2.3 and (i) in Lemma 2.5, we deduce that
J1, € CY(E,R) and

(T (1), 0) = (1,0) — /]R VWi (t, u)vdt — kg, (1) /IR Y Walt, u)odt
—{ ’To(u),v>/IRWz(t,u)dt— (¢'(u),v), VYu, veeE. (2.45)

When ||u||?> > 2Ty or 05,(u) > A/4, by (2.15) or (2.24) and (2.27) we have i, (u) = 0. Then
(2.31) holds by (Hs) and (2.26). If 67, (1) < A/4, then the definition of 07, imply that

- A
()] 2 A2 .46

When ||u]|? < 2Ty and 07, (u) < A/4, by (2.13), (2.17), (2.26), (2.28) and (2.46) we get

_ A A
)] = [ ()~ 21Q(0)| = Al — sl > D @47
In view of (Hs), (2.15), (2.24), (2.26)—(2.28), we obtain that
UTO(M) _]To(_u)’ < 32C4TgHMHU, VueeE. (2.48)

So (2.31) holds by (2.47) and (2.48).
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Next we prove (iii) by contradiction. If ug is a critical point of J1, with Jz,(ug) > 0, by (Hp),
(Hy), (2.26) and (2.27) we have uy # 0. Without loss of generality, we assume |u]|> < 2Tp.
Otherwise, (2.15)~(2.16) and (2.32) imply that kr,(u9) = 0, k7, (4o) = 0 and ¢'(up) = 0. By
(2.26), (2.27) and (2.45), we get

(o) = 310l = [ Wa(t, uo)d, (249)

and
U (o), m0) = ol = [ (VW (t,0), o)l 250)

In combination with (1.5), (2.49) and (2.50), it is easy to verify that
0 < Jr,(u0) = Jr,(uo0) — P‘71<]'TO(“0),M0>
= 240wl + it [ ((TWa(t,u0),u0) — Wi (1)t
< 2A|ug* <0,

which is a contradiction, so [|ugl|? < 2T.
It follows from Lemma 2.3, (2.26)—(2.28), (2.30) and (2.45) that

1
Jry (u0) < = luol|* — /]R Wi (t, uo)dt + Catyd||uo||** + 16C477 [|uol|”,

and

(1, (10), o) > [uol® — /R(le(f/ o), uo)dt — 9CsT [[ug||* — 16(9 — 32A™)Catf |Juo]|”.

Since ||ug||*> < 2Tp, by (1.5), (2.13) and two inequalities above, we have

0 < Jr,(uo) = Jr,(uo) — ]"71<H“0(“0)/u0>
< 2Al|uo|l* + Crg} [[uol|* + 10CsTg4[uol|™ + 16(10 — 32A7") Caty || u0]|”
< AHM()HZ <0,

which is also a contradiction. Moreover, by a similar proof, we have Ky = {0}. O

3 Proofs of main results

Lemma 3.1. Suppose that (L), (Hy), (Hy) and (Gq) are satisfied. Then the functional ], satisfies the
Palais—Smale condition.

Proof. First we prove that |7, is bounded from below. From Holder’s inequality, (1.4), (2.15),
(2.26) and (2.27), if ||u||*> > 2Ty,

1
Jro(u) > S ull* = Colfu]”. (3.1)

Since 1 < p < 2, (3.1) implies that Jr, (1) — 400 as ||u]| — +oo.

Next we show that |, satisfies the Palais-Smale condition. Let {u,},en C E be a Palais—
Smale sequence, i.e., {Jx,(un)}nen is bounded and J; (uy) — 0 as n — +oo. Since Jr, is
coercive, {u,} is bounded in E. Then there is a positive constant A such that [ju,| < A,
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n € NN, passing to subsequence, also denoted by {u,}, it can be assumed that u,
n — oo for some uy € E.

2
Since a € L>7 (R), for any given number ¢ > 0, we can choose T, > 0 such that

(2-p)/2
< / la(t) >/ <2P>dt> <e
|¢[>Te

By (1.4) and the Holder inequality, we have

Te T: 172
[ 19w () a6~ w00t < (22 ey ([ i = o)

By Sobolev embedding theorem, we also get
u, = uy inL? (R,RY), n— oo.

loc

Consequently, in view of (3.3) and (3.4),

/TT VWi (F, 1t (E)) |1 (8) — 1o ()] dE — 0, 11— co.

On the other hand, it follows from (1.4), (3.2) and the Holder inequality that

S/ |a(E)|uen (£) [P (Jun (£)] + 1o (8)]) dt
[t|>Te
<2 |a ()| (lun ()P + [uo(t)|P)dt
(2-p)/2
<o ([ e EPar) " (unl? + uoll”)
[¢[>Te
<2t (AP + ||lug||P)e, n € NN.
Note that ¢ is arbitrary, combining (3.5) with (3.6),
/ VW (8, 10 (8)) |1 () — g (£)|dE =0, 1 — co.
R
Since [ is coercive, for any given number ¢ > 0, there exists T, > 0 such that
el(t) > 1, |t| > T..

It follows from (1.7), (3.4) and the Holder inequality that
T:
/ (VWi (¢, 1t (1)) |1 () — g (£)|dE — 0, 1 — co.
_TE/

Since E is continuously embedded into L® (R, RN) and ||u,|| < A, we get

|ttn]|oo < T A, n € IN.

11

— Uy,

(3.3)

(3.4)

(3.5)

(3.6)

(3.8)

(3.10)
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By (Lo), (1.7), (3.8) and (3.10), we have
o 17 Wt ()] (1) = (1)
< Gl [ (0] (1 (1) + Jo(r) )t
< 2C3(TwA)" % /Mé 1) (|t (D)2 + o (£)[2) dt
<203 (rod) e [ (L 1), 10(6) + (LO(e), 0(0)) [
< 2C3(TewA) 2 (A2 + |luol|?)e, n € NN.
Since ¢ is arbitrary, it follows from (3.9) and (3.11) that
/]R (VW (4, 1t (1)) |1 () — o (£)|dE — 0, 1 — co.
By a similar proof as (3.9) and (3.11), we also have
/R VGt 1 ()|t (1) — uo(£)|dE — 0, 1 — oo,

Next we consider the following two possible cases.

(3.11)

(3.12)

(3.13)

Case 1. ||uy||?> > 2Ty or u, = 0. From (2.15), (2.16) and (2.32), kr,(u,) = O, kt,(un) = 0 and

¢ (1) = 0. Therefore, by (2.45), we have
| (T (), i = 110)] > |1t — o ||* + (uto, . — o) — /]R | VWi (t, un)||un — uoldt.

Case 2. ||uy||? < 2Ty and u, # 0. In combination with (2.16) and (2.28), we get

un 12\ (U, uy — u
K0y (1), 16— 1) Q1) < szcﬂ:;h/(” ;0” )t =20

12
2% C4T‘7T (Hun — ug||® + (uo, tty — up)).

In view of (2.12) and (2.24), |I(u,)| < 1. Arguing as in (3.15), we also have

[k (), 10— 1)1 (1) Q1)
It follows from (1.7) and (2.10) that

-2
<29 CytITy % (J|un — uol® + (uo, ttn — up)).

un |2\ (uy, 14y — 1t
'( ’To(un),un—u0>/]RW2(t,un)dt‘ §2C3T£‘fh/<’| ;OH )( n ;O O)HHHHM

wg—2

wg+4 44 <
< 24TC3T§‘fTo 2 (Jlun — uol|? + (uo, uy — up)).

y (2.16) and (2.34), we have
‘kTO un l (un)/un - MQ>Q(L£”)| < ‘Ql(un/un - MO)‘ + ‘QZ(unzun - Llo)‘.
In view of (2.12), (2.28) and (2.35), we obtain

| Q1 (ttn, 1 — 10) | = 123,(0m, (1)) | 1tnl| =2 [(Tr, (), 1 — 10)1Q (1t )|

o+12 o2 _
2 ATICTI T, T (T (), n — o))

< =272

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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It follows from (2.18), (3.7), (3.12), (3.13), (3.15) and (3.17) that

|(I7, (un), un — uo)| < [Jun — uol|? + ‘(k’TO(un),un — 1) /RWZ(t, un)dt‘

|ty () s = 100} Q1) | + (1)
< (Cro + 1)1 — uo]|? + 0, (1). (3.20)
« ay-2 - =2
where Cjg = 227 CoT, 7 — 2552 A-1C, 10T, .
By (3.19) and (3.20), we obtain
| Q1 (ttn, 1w — 10) | < Ca1l|un — uo||* + 04 (1), (3.21)

o412 ”T*Z

where Cy1 = —272° A71C4td T,

(C10+1). In view of (2.12), (2.28) and (2.36),

| Q2 (14, 1t — )| < 21, (O, (1)) 11607, (t0) 10| > Q 1t ) (i, 1t — 1)

o+12

-2
<272 Gl Ty? (|Jun — uo||* + (1o, un — g)). (3.22)

In combination with (3.18), (3.21) and (3.22), we have
ey (1)1 (), 10 — 10) Q1) | < (C1 4 Cao) [[n — uio|* + 04 (1). (3.23)
By (2.15), (2.24) and (2.29), we conclude that
[k (10 )1 (10 )(Q' (1), 11w — o) | < /R VGt ()] |10 (£) — uo(#) |d2. (3.24)
It follows from (2.32), (3.7), (3.16), (3.23) and (3.24) that
(@' (), 1 — 110} | < (C11 +2Ca0) ||t — 110 |* + 0u(1). (3.25)

In view of (2.45), (3.7), (3.12), (3.13), (3.17) and (3.25), we get

3 ) = )] 2 it = 0 = (K5 ) = ) [ W)

- }<¢I(”n)r”n - ”0>‘ +0a(1)

> (1 —Cn1 —3C10)Hun —M()H2—|—On(1). (3.26)
By (2.14) and (3.26), we have
| (U, (1), 1 = w10) | > 27 [ — wo||* + 04 (1). (3.27)

In both cases, from (3.14) and (3.27), we get u, — ug, n — oo. Thus 7, satisfies Palais-Smale
condition. O]

In view of (Lg), the self-adjoint operator of —d?/dt?> + L(t) in L*(R,IRN) has a sequence
of eigenvalues A,, — co. Moreover, the corresponding system of normalized eigenfunctions
{ex : n € N} forms an orthogonal basis in E. Hereafter, set E, = span{ey,...,e,} and E;- be
the orthogonal complement of E,; in E. With the help of the normalized orthogonal sequence
{en}5"_,, define some subspaces as follows:

By={u€Ey ul <1}, S"={u€kEy |ul|=1}
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and
Sttt ={u=w+sen; [ull =1, we B, 0<s <1}

By these subspaces, we can introduce some continuous maps and minimax sequences of | as
follows

Ap = {7 € C(S"E); 7 is odd}, T, = {7 € C(S"E); ylsr € An}, (3.28)
and
by = inf max Jp,(y(u)),  cn= inf max, Jry (7 (1)) (3.29)
For any 6 > 0, set
[a(0) = {7 € T I (v()) S by +6, u € 8"}, (330)
cn(6) = inf max Jg,(y(u)). (3.31)

Y€l (9) MESEjl

By (3.28)—(3.31), it is obvious that b, < ¢, < ¢,(6), n € IN. Next we give some useful estimates
for minimax values b, and ¢, (9).

Lemma 3.2. Let (Ly), (H1), (H3), (Hy) and (Gy) be satisfied. Then for any n € IN, b,, < 0.

Proof. By (1.6), for any u € E, we have

/ Wit u)dt > / b(£)[u]2dt — Cs / | dt. (3.32)
R R R

By standard arguments as in [20], for any u € E, \ {0}, there exists ¢; > 0 depending on E,
such that
meas{t eR: b(t)|u| > 81||u||"‘2} > g1 (3.33)

By (1.7), (2.1), (2.15), (2.24), (2.28), (3.32)—(3.33), for any u € E,, \ {0}, we get

1
() = el = [ Wit u)dt = kry(u) [ Wat,u)dt = p()
< Jull® + Crallu]|* + Cusllul|* + Crallue]|” — &f[|ul|. (3.34)

In view of (3.34), there exist €(n) > 0 and x(n) > 0 such that Jr,(xu) < —e, u € S". Then we
set y(u) = xu, u € S". By (3.29), we obtain b, < 0. O

Lemma 3.3. Assume that (Ly), (H1), (Hp), (H3), (Hy) and (Gy) hold. Then for any n € IN and any
5>0,c,(6) <O.

Proof. From (3.30) and (3.31), for fixed n € IN, if 0 < § < &', we have I',(6) C T',(¢') and
cn(8) > ¢n(9"). So we only need to prove c,(6) < 0 for any 6 € (0, |b,|). For any € (0, |b]),
by (3.29), there exists 79 € A, such that max,egr J1, (70(1)) < by + 5. By the fact that 7o(S")
is a compact set in E, there exists a positive integer mg such that
max 1, (P, © 70)1¢) < b +9, (3.35)
where P, denotes the orthogonal projective operator from E to E,,.
For any ¢ € R, let J; = {u € E : J,(u) < c}. Choose & = —(b, +6)/2 > 0. By
a similar proof as in Lemma 3.2, there exists py,+1 > 0 such that if u € B(0,00) N Epy+1,
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J1,(1) < 0, where B(xg,p) denotes the open ball of radius p centred at xo in E, and B(xo, p)
denotes the closure of B(xo, ) in E. Since J1, € C'(E,R) and J,(0) = 0, dist (0, J7%) > 0. Set
Py = min {po, dist (0, ]fo ?) }, then pj, > 0. By Deformation Theorem (see Theorem A.4 in [15]),
there exists ¢ € (0,€) and a continuous map 1 € C([0,1] x E, E) such that

n(Lu) =u, ifJ(u) ¢ [-£8, (3.36)
and
(1,75, \B(0,00)) C Iz, (3.37)

where B(0, o) is a neighbourhood of K, defined by (iii) in Lemma 2.5.
By (3.28), Py, 0 vo € C(S", Ep,). Since E, ;1 is a metric space with the norm || - || and 5"

e~ —

is a closed subset in E, 1, there exists an extension Py, 0 Yo : Ey41 — Em, of (Py, © 0) by
Dugundji extension theorem (see Theorem 4.1 in [7]); furthermore,

P

((Pyg © 70)Ens1) C co((Py ©70)S"), (3.38)

where the symbol co denotes the convex hull. Since (P, © 70)S" is a compact set in E,,,, by
the definition of convex hull, co((Pm0 o 'yo)S”) is a bounded set in E;;,. Then there exists a
constant v such that Jr,(u) < v, u € CO((PmO o 'yO)S”). It follows from (3.38) that

]TO((PmO © ')/0)1/[) <v, Vue ETZ+1' (339)
Next we distinguish two cases.

Case 1. v < ¢. Since meo\;m € C(Ey41, Emy), by (3.39) we have

(Puy ©v0) U € Jiymyr ¥V 1 € Enya, (3.40)

where |7 . :={u € Ew, : J1,(u) < e}. Define a map x as follows:

u, u & B(0,0))NE
A\H) = ” 2\1/2 -( P?) a (341)
u+ (pg — [ull”) " “emy+1, u € B(0,05) N Emy.
It is clear that x € C(Ey,, Emy+1) and
(x © (Pmo©70))u € B(0,pp), Vué€E . (3.42)
If u € E,r1and || (meo\o/'yo)uH > pp, in view of (3.40) and (3.41), we get
(x © (Puyoy0))tt = (Puy 0 y0)th € [y, (3.43)

—_—

Otherwise, when u € E, ;1 and ||(P;O_\;y0)u|\ < pp, by (341) ||(x © (P © 70))u|| = pj- By the
definition of pf, and (3.43), we deduce that

(X o (P, © ’yo))u € Jr,, VuéeckE;1. (3.44)

Define a map Hy : E,+1 — E as follows:

—_—~—

Ho(-) = 11, (x © (P ©70)) ())- (3.45)
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Next we need to prove Hy € I',(d) and max,, g1 Jr,(Ho(u)) < 0. First, it is obvious that
Hy € C(8"1, E). Next we prove Hy|s: € A,. By Dugundji extension theorem, we obtain
(Pog 0 70)tt = (P 0 y0)u, V1 € S". (3.46)
From (3.35), (P, ©70) u € ], %y € S". The definition of p}) and It % I, ¢ imply that
1(Pwg 0 70) ull = po,  VueS" (3.47)

It follows from (3.41), (3.46) and (3.47) that

(Xo (meo\;yo)) u=yxo ((Pm0 °70) u) = (P, © 70) 4, YueS" (3.48)

Since (P, 0 y0) U € ]T_Ozg, YV u € §", in view of (3.35)—(3.36), (3.45) and (3.48)

—_—

Ho(u) = 11(1, (x° (Puy970)) 1) = (Pugoy0) u,  Yues" (3.49)

which implies that Hp|ls» € A,. Moreover, from (3.30), (3.35) and (3.49), we have Hy €
[,(6). Since S"™1 C E,iq, by (3.42) and (3.44), we have (x o (Py,©70))u & B(0,0)), V u €

$"*1 and (x o (P;O\;yo))u € Jn, Vu e S"1. From (3.37) and (3.45), we deduce that
max,, g1 J1,(Ho(u)) < —& < 0, which implies that cn(6) < 0 by (3.31).

Case 2. v > e. Let Jp[g,, denote the restriction of |y, on Ey,. By a similar proof as in
Lemma 2.5 and Lemma 3.1, we can prove that Jr,|g, € C'(En,, R) and satisfies Palais-Smale
condition. Moreover, ]TO|EmO has no critical point with positive critical values on E,,. By
Noncritical interval theorem (see Theorem 5.1.6 in [5]), ]ETo,mo is a strong deformation retraction
of Jf, .- So there exists a map ¢ such that ¢ € C(Jr, ., JT,m,) @and ¢(u) = u, if u € J3 .
Define a map from E,y; — E as follows:

Ao(-) =1(L (xo (60 (Puy 0 70) ) ()

By a similar proof as in Case 1, we also obtain Hy € I',(6) and max, g1 Jr,(Ho(u)) < —e <0,
which leads to ¢, (6) < 0 by (3.31). O

Lemma 3.4. Suppose that (Lo), (H1), (Hy) and (Gy) are satisfied. Then there exists a positive constant
Ci5 independent of n such that for all n large enough

—Pr
2

b, > —Cisnzr. (350)

Proof. For any v € A, (n > 2), when 0 ¢ (S"), the genus IT((S")) is well defined and
I1(y(S")) > II(S") = n. From Proposition 7.8 in [15], we have y(S") N E;+ ; # @. Otherwise,
if 0 € y(S"), then 0 € y(S") NE;- ;. So for any ¥ € Ay, (n > 2), y(S") NE;- | # @. Therefore,
for any v € A, (n > 2), we get

max Jr,(y(u)) > inf J1,(u). (3.51)

n
ues ueEr |

It follows from Holder inequality, (1.4), (1.7), (2.13), (2.15) and (2.26) that

1
J,(u) > 1““”2 — Caelull5, VuekE. (3.52)
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Ifu € E- |, Ayllull3 < |lul|®>. When u € E;- |, by (3.52) we obtain

1 _r
Jro () = S llull® = CioAn  [|ul? (3.53)
By (3.29), (3.51) and (3.53), for n > 2, we conclude that

bn 2 inf {itz — C16)\;gtp}

>0
—P
= —Ciyhy 7, (3.54)

where Cj7 is a positive constant independent of n and A,. From (G;) in Theorem 1.1 and
(3.54), it is easy to verify that (3.50) holds. O

Lemma 3.5. Suppose that ¢, = by, for n > ng, where ny € IN. Then there exists a positive integer n;
such that
2
by| > Cign?e,  n>mny, (3.55)

where Cyg is a positive constant independent of n.

Proof. For any n > ny and any ¢ € (0, |b,|), by (3.29) there exists a map 1 € I', such that

max Jr,(71(u)) <cn+e=b,+e<0. (3.56)

n+1
uesy

In view of "1 = STl U (—S'fl), 71 can be continuously extended to S"*1 as an odd function,
also denoted by 71, then y; € A,41. From (3.29), we have

bu1 < max Jn,(11(u)) = Jm (71 (s0)) (3.57)

for some ug € S"t!. When uy € Siﬂ, in combination with (3.56) and (3.57), b,11 <
J1,(71(10)) < by + €. We have

bus1 < by + e+ Colburtl?, (3.58)
where Cq is given in (2.31). Otherwise, ug € —Sf‘ﬁl. It follows from (2.31) and (3.56) that

T (71(10)) < Jry (71 (—110)) + ColJ1y (71 (10)) |2
< by + &+ Co| I, (71 (0)) |- (3.59)

Next we consider two possible cases.

Case 1. J1,(71(u0)) < |bpy1]. By (3.57) and (3.59), we get

bus1 < by + €+ Colbura 2. (3.60)
Case 2. J1,(71(140)) > |by1|- From (3.56), there exists uy € S such that

J1o(v1(u1)) < by +e < 0. (3.61)

In view of Jr,(71(u0)) > |bp+1] and Jr,(1(u1)) < 0. Since (Jg, 0 y1) € C(S"*!,R) and §"* is
a connected space with the norm || - ||, by the Intermediate Value Theorem (see Theorem 24.3
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in [12]), there exists > € S"*! such that J1,(71(12)) = |bys1|/2. By (3.56), uy € —STl. From
(2.31) and (3.56), we obtain

T (71(12)) < Jry (71 (—12)) + ColJ1 (71 (112)) |2
< by + e+ ColJ1, (11(12)) 2,

which implies that
bpi1 < by 4 €+ Colbysa]?. (3.62)

By Lemma 3.2, b, < 0 for any n € IN. It follows from (3.58), (3.60) and (3.62) that
bu| < |bui1| + Celbusa|z, 1> mny. (3.63)

Next we show that (3.63) implies (3.55). The proof will be done by induction. First, we
introduce a useful inequality as follows:

1+ =1+, xe o), (3.64)

where &, § are positive constants and 6 depends on ag. Set ag = 2(c —2) 1. In view of (3.64),
there exists 7ip € IN such that

1\ 72 1
@+E)2>1+—t—ﬁ n > . (3.65)

Set
. 2 1 =
C18 = min {1’11 4732 |bn1 ‘, (m) ’ } ’ (366)

where n; := max{ny, 7ip}. We claim (3.55) holds. By (3.66), it is obvious that |b,, | > Clgnlﬁ.
Assume that (3.55) holds for j > n;. Then we only need to prove (3.55) also holds for j + 1. If
not, we have

|bj1] < Cis(j +1)77. (3.67)
Since (3.55) holds for j, by (2.31), (3.63) and (3.67), we have

L

Ci8j7 < |bj| < |bjy1| + Colbjia|? < Cis(j+1)77 +C6C1s(]+1) (3.68)

When we divide (3.68) by Cis(j + 1) on both sides, in view of (3.66) we get
1\ 7z o2 ]

1+-)7 7 <14GC <14+CeCyg - <1 )

(1+5) +618]+1 BRI AR )

which contradicts (3.65). So (3.55) holds. O

H
—_

By the fact that b, < 0, (Gz), (3.50) and (3.55), it is impossible that ¢, = b, for all large n.
Next we can construct critical values of |z, as follows.

Lemma 3.6. Suppose that ¢, > b,. Then for any 6 € (0,c, — by), cu(8) given by (3.31) is a critical
value of |t,.
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Proof. We prove this lemma by contradiction. For any § € (0,¢, — by), if ¢,(d) is not a crit-
ical value of Jr,, define & = (¢, — b, — J)/2, by Deformation Theorem, there exist a positive
constant € € (0,¢) and 7 € C([0,1] x E, E) such that

n(Lu) =u, if Jy(u) & [cn(6) — & cn(6) + €, (3.69)
and
n (127 c o (3.70)

By (3.31), there exists 2 € I',(d) such that

msax J1,(72(1)) < cn(0) +e. (3.71)
uesn 1
Define

To(u) = 1(1,72(u)), ue s, (3.72)

It is evident that 9, € C(S"", E). Since 72 € T'4(6), by (3.30) we have
J1,(7v2(1)) < by 406 = ¢y — 28 < ¢,(5) — 28, uesS". (3.73)
By (3.69), (3.72) and (3.73), we have 42 (u) = y2(u), u € S", which yields
Yals, € A and  Jr,(72(u)) = J1,(72(1)) < by +9, ueS" (3.74)

In view of (3.74), we obtain ¥, € T,(J). It follows from (3.70), (3.71) and (3.72) that

max Jr,(72(u)) = max Jr, (7(1,72(1))) < ca(8) —¢,

uesntl ues’t
which contradicts (3.31). So ¢, (d) given by (3.31) is a critical value of Jr,. O

Proof of Theorem 1.1. Since it is impossible that ¢, = b, for all large n, we can choose a sub-
sequence {n]-} C NN such that Cny > bn].. In combination with Lemma 3.3, Lemma 3.4 and
Lemma 3.6, there exists a sequence of critical points {”n,}}il of | such that

pp

where ; € (0, ¢y, — by;). In view of (Hp), (Ha), (2.5), (2.26) and (2.27), un; # 0, j € IN. Next we
consider the following two possible cases.

Case 1. ||un].|\2 > 2Tp. Combining (2.15), (2.16) and (2.32), we have kg, (un;) = 0, k7, (un;) = 0
and ¢’ (uy;) = 0. It follows from (2.17) and (2.45) that

_ 1
Iy (1) = 3l P = [ Waltn)dt, (o), i) = NP = [ (TWa(t 1), ).
By (1.5) and two equalities above, we get
TTo(””j) = TTo(unj) - ]’[71 <]%0(unj)/u”j>
= 2Auy |2+ ! /]R (VWi (t ), tn)) — pWi(t ) ) dt
< Alluy % (3.76)
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Case 2. ||un, |> < 2Tp. It follows from Lemma 2.3, (2.17), (2.26)—(2.28) and (2.45) that

TTO(un].) < %||u0||2 - /]R Wi (t, up, )dt + Cay) [[un |* + 16Ca7g [|un ||,
and
(I, (), ) > a1 — /IR(le(f, )ty )t — 9C3 T | || — 16(9 — B2A7H) Ca] || ||
By (1.5), (2.13), and two equalities above, we obtain

ITO(””/‘) = I_TO (ui’lj> - l’lil <]§"0 (unj)/unj>
< ZAHunsz +C17y) HunjH"‘1 + 1OC3T§‘f|\unjH“4 +16(10 — 32A_1)C4Tg||unj||‘7
< Al % (3.77)

In both cases, by (2.12), (2.24), (3.76) or (3.77), we get I, (un;) = 1 and I}, (u,;) = 0. Moreover,
it follows from (2.26) and (2.27) that Jr,(un,) = Ir,(tn;) < Afluy||* < 0, which implies that
[t — 0, j — oo by (3.75). So there exists jo € N such that Hunsz < Ty, j > jo. By (2.15)-
(2.16), we have kr, (uy,) = 1 and ky (uy,) = 0 for all j > jo, which leads to {uy, } are also critical
points of I for all j > jo by (2.5) and (2.11).

Since E is continuously embedded into L*(R,RY) and [uy]| — 0 as j — oo, then
maxeR |un;(t)] — 0 as j — oo. Thus, there exists j; € N such that maxer |un, ()| < 1
for all j > j1. Set j» = max{jo,j1}. By (2.5) and (2.11), uy, are also homoclinic solutions of
problem (1.1) for each j > j,. This completes the proof. ]

4 Examples

In this section, we give an example to illustrate our result.
Example 4.1. In problem (1.1), let L(t) = >+ 1 and W(t,x) = a(t)In(1 + |x[3/2), (t,x) €
R x R, where 2 : R — R™ is a continuous function such that a(t) € L*(R). Moreover, the
perturbation term G is given by

G(t,x) = b(t)]|x|"x, (t,x) € R x (—12,12),

where b is a bounded continuous function on R and ¢ > 8/3. Let Wy(t, x) = a(t)|x|*/? and
Wa(t,x) = a(t) (In(1 + |x|3/2) — |x|*/2). Then we choose p = y = 3/2 and

0612063:[)(4:3, a2:3/2, N=1.

Since —d?/dt? + L(t) has eigenvalues A, = 2n + 2 with multiplicity 1 (see [2]), we can choose
B = 1. By Theorem 1.1, problem (1.1) has infinitely many homoclinic solutions. Since the
perturbation term G breaks the symmetry of the energy functional, the results in [20,22,34,35]
cannot be applied to this example.
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