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Abstract

We study an iterated temporal and contemporaneous aggregation of N independent
copies of a strongly stationary subcritical Galton—Watson branching process with regularly
varying immigration having index « € (0,2). Limits of finite dimensional distributions
of appropriately centered and scaled aggregated partial sum processes are shown to exist
when first taking the limit as N — oo and then the time scale n — oo. The limit
process is an a-stable process if « € (0,1) U(1,2), and a deterministic line with slope
1if a=1.

1 Introduction

The field of temporal and contemporaneous (also called cross-sectional) aggregations of inde-
pendent stationary stochastic processes is an important and very active research area in the
empirical and theoretical statistics and in other areas as well. Robinson [26] and Granger [9]
started to investigate the scheme of contemporaneous aggregation of random-coefficient autore-
gressive processes of order 1 in order to obtain the long memory phenomenon in aggregated
time series. For surveys on aggregation of different kinds of stochastic processes, see, e.g.,
Pilipauskaité and Surgailis [19], Jirak [12], page 512] or the arXiv version of Barczy et al. [3].

Recently, Puplinskaité and Surgailis [21] 22] studied iterated aggregation of random coeffi-
cient autoregressive processes of order 1 with common innovations and with so-called idiosyn-
cratic innovations, respectively, belonging to the domain of attraction of an a-stable law. Limits
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of finite dimensional distributions of appropriately centered and scaled aggregated partial sum
processes are shown to exist when first the number of copies N — oo and then the time scale
n — oo. Very recently, Pilipauskaité et al. [18] extended the results of Puplinskaité and Sur-
gailis [22] (idiosyncratic case) deriving limits of finite dimensional distributions of appropriately
centered and scaled aggregated partial sum processes when first the time scale n — co and
then the number of copies N — oo, and when n — oo and N — oo simultaneously with
possibly different rates.

The above listed references are all about aggregation procedures for times series, mainly
for randomized autoregressive processes. According to our knowledge this question has not
been studied before in the literature. The present paper investigates aggregation schemes for
some branching processes with low moment condition. Branching processes, especially Galton—
Watson branching processes with immigration, have attracted a lot of attention due to the fact
that they are widely used in mathematical biology for modelling the growth of a population
in time. In Barczy et al. [4], we started to investigate the limit behavior of temporal and
contemporaneous aggregations of independent copies of a stationary multitype Galton—Watson
branching process with immigration under third order moment conditions on the offspring and
immigration distributions in the iterated and simultaneous cases as well. In both cases, the
limit process is a zero mean Brownian motion with the same covariance function. As of 2020,
modeling the COVID-19 contamination of the population of a certain region or country is of
great importance. Multitype Galton—Watson processes with immigration have been frequently
used to model the spreading of a number of diseases, and they can be applied for this new
disease as well. For example, Yanev et al. [29] applied a two-type Galton-Watson process with
immigration to model the number of detected, COVID-19-infected and undetected, COVID-
19-infected people in a population. The temporal and contemporaneous aggregation of the first
coordinate process of the two-type branching process in question would mean the total number
of detected, infected people up to some given time point across several regions.

In this paper we study the limit behavior of temporal and contemporaneous aggregations of
independent copies of a strongly stationary Galton—Watson branching process (Xj)r=o with
regularly varying immigration having index in (0,2) (yielding infinite variance) in an iterated,
idiosyncratic case, namely, when first the number of copies N — oo and then the time scale
n — 0o. Our results are analogous to those of Puplinskaité and Surgailis [22].

The present paper is organized as follows. In Section 2] first we collect our assumptions that
are valid for the whole paper, namely, we consider a sequence of independent copies of (Xj)x=0
such that the expectation of the offspring distribution is less than 1 (so-called subcritical
case). In case of a € [1,2), we additionally suppose the finiteness of the second moment of
the offspring distribution. Under our assumptions, by Basrak et al. [5 Theorem 2.1.1] (see also
Theorem [E.]), the unique stationary distribution of (Xj).=o is also regularly varying with the
same index a.

In Theorem 2.1, we show that the appropriately centered and scaled partial sum process
of finite segments of independent copies of (Xj)rso converges to an «-stable process. The



characteristic function of the a-stable limit process is given explicitly as well. In Remarks
and[2.3] we collect some properties of the a-stable limit process in question, such as the support
of its Lévy measure. The proof of Theorem [2.I] is based on a slight modification of Theorem
7.1 in Resnick [25], namely, on a result of weak convergence of partial sum processes towards
Lévy processes, see Theorem [D.I], where we consider a different centering. In the course of the
proof of Theorem 2.1l one needs to verify that the so-called limit measures of finite segments of
(Xk)r=0 arein fact Lévy measures. We determine these limit measures explicitly (see part (i) of
Proposition [E.3]) applying an expression for the so-called tail measure of a strongly stationary
regularly varying sequence based on the corresponding (whole) spectral tail process given in
Planini¢ and Soulier |20, Theorem 3.1].

While the centering in Theorem [21] is the so-called truncated mean, in Corollary 2.4] we
consider no-centering if « € (0,1), and centering with the mean if « € (1,2). In both
cases the limit process is an a-stable process, the same one as in Theorem 2.1 plus some
deterministic drift depending on «. Theorem 2] and Corollary 2.4 together yield the weak
convergence of finite dimensional distributions of appropriately centered and scaled contem-
poraneous aggregations of independent copies of (Xj)rs0 towards the corresponding finite
dimensional distributions of a strongly stationary, subcritical autoregressive process of order
1 with a-stable innovations as the number of copies tends to infinity, see Corollary 2.7 and
Proposition 2.6l

Theorem 2.8 contains our main result, namely, we determine the weak limit of appropri-
ately centered and scaled finite dimensional distributions of temporal and contemporaneous
aggregations of independent copies of (Xj)r>0, where the limit is taken in a way that first the
number of copies tends to infinity and then the time corresponding to temporal aggregation
tends to infinity. It turns out that the limit process is an a-stable process if a € (0,1)U(1,2),
and a deterministic line with slope 1 if a = 1. We consider different kinds of centerings,
and we give the explicit characteristic function of the limit process as well. In Remark 2.9, we
rewrite this characteristic function in case of « € (0,1) in terms of the spectral tail process of

(Xk)k>0-

We close the paper with five appendices. In Appendix [A]l we recall a version of the contin-
uous mapping theorem due to Kallenberg [I4, Theorem 3.27]. Appendix [Blis devoted to some
properties of the underlying punctured space R?\ {0} and vague convergence. In Appendix
we recall the notion of a regularly varying random vector and its limit measure, and, in Propo-
sition [C.I0, the limit measure of an appropriate positively homogeneous real-valued function of
a regularly varying random vector. In Appendix [Dl we formulate a result on weak convergence
of partial sum processes towards Lévy processes by slightly modifying Theorem 7.1 in Resnick
[25] with a different centering. In the end, we recall a result on the tail behavior and forward
tail process of (Xj)r=0 due to Basrak et al. [5], and we determine the limit measures of finite
segments of (Xj)r=0, see Appendix [El

Finally, we summarize the novelties of the paper. According to our knowledge, studying
aggregation of regularly varying Galton—Watson branching processes with immigration has not



been considered before. In the proofs we make use of the explicit form of the (whole) spectral
tail process and a very recent result of Planini¢ and Soulier |20, Theorem 3.1] about the tail
measure of strongly stationary sequences. We explicitly determine the limit measures of finite
segments of (Xj)r=0, see part (i) of Proposition [E.3l

In a companion paper, we will study the other iterated, idiosyncratic aggregation scheme,
namely, when first the time scale n — oo and then the number of copies N — cc.

2 Main results

Let Z,, N, Q, R, R, R,,, R, R_._ and C denote the set of non-negative integers,
positive integers, rational numbers, real numbers, non-negative real numbers, positive real
numbers, non-positive real numbers, negative real numbers and complex numbers, respectively.
For each d € N, the natural basis in R? will be denoted by ey, ..., e;. Put 14:= (1,...,1)"

and S¥1:={x e R?: ||| =1}, where |z denotes the Euclidean norm of x € R? and
denote by B(S?!) the Borel o-field of S%!. For a probability measure p on RY, 7 will
denote its characteristic function, ie., 7i(0) :== [o, @) ;i (dx) for @ € RY.  Convergence

in distributions and almost sure convergence of random variables, and weak convergence of
probability measures will be denoted by i>, 2% and 5, respectively. Equality in
distribution will be denoted by 2 We will use =% or Dy-lim  for weak convergence of finite
dimensional distributions. A function f : R, — R? is called cadlag if it is right continuous
with left limits. Let D(R,,R%) and C(R,,R%) denote the space of all Ré-valued cadlag and
continuous functions on R, respectively. Let B(D(R,,R%)) denote the Borel o-algebra on
D(R,,R?) for the metric defined in Chapter VI, (1.26) of Jacod and Shiryaev [I0]. With this
metric D(R,,RY) is a complete and separable metric space and the topology induced by this
metric is the so-called Skorokhod topology. For R?-valued stochastic processes (Y;)icr, and

(yt”))te&, n € N, with cadlag paths we write Y™ 2, Y as n — oo if the distribution of
Y™ on the space (D(Ry,R%), B(D(R,,R?))) converges weakly to the distribution of ) on
the space (D(R,,RY), B(D(R,,R%))) as n — oo.

Let (Xi)rez, be a Galton-Watson branching process with immigration. For each k,j €
Z., the number of individuals in the ™ generation will be denoted by X, the number
of offsprings produced by the j* individual belonging to the (k — 1) generation will be
denoted by & ;, and the number of immigrants in the k™ generation will be denoted by &y.

Then we have
Xp-1

szzgk,j—i_gk? ]{?EN,
j=1

where we define 22:1 :=0. Here {XO, i €k k,j € N} are supposed to be independent
non-negative integer-valued random variables. Moreover, {{;;:k,j € N} and {g; : k € N}
are supposed to consist of identically distributed random variables, respectively. For notational
convenience, let ¢ and e be independent random variables such that & 2 &1 and € 2 £1.



If me:=E() €(0,1) and > 2, log(¢)P(e = ¢) < oo, then the Markov chain (Xj)kez,
admits a unique stationary distribution m, see, e.g., Quine [23]. Note that if m¢ € [0,1) and
P(e =0) =1, then Y ,° log({)P(e =¢) =0 and = is the Dirac measure d, concentrated
at the point 0. In fact, 7 =d if and only if P(e =0) = 1. Moreover, if m¢ =0 (which is
equivalent to P({ =0) =1), then = is the distribution of e.

In what follows, we formulate our assumptions valid for the whole paper. We assume that
me € [0,1) (so-called subcritical case) and ¢ is regularly varying with index « € (0,2), ie.,
Ple >z) e Ry, forall z € Ry, and

wh_}rgo % =q “ forall ¢ e Ry,.

Then P(e =0) <1 and Y 2 log({)P(c = {) < 0o, see, e.g., Barczy et al. [2 Lemma E.5],
hence the Markov process (Xj)rez, admits a unique stationary distribution 7. We suppose
that X 2 7, yielding that the Markov chain (Xj)rez, is strongly stationary. In case of

€ [1,2), we suppose additionally that E(£?) < co. By Basrak et al. [5, Theorem 2.1.1]
(see also Theorem [ELIl), X is regularly varying with index «, yielding the existence of a
sequence (an)yey in Ry, with NP(Xg>any) — 1 as N — 0o, see, e.g., LemmalCHl Let
us fix an arbitrary sequence (ay)yeny in Ry, with this property. In fact, ay = N éL(N ),
N € N, for some slowly varying continuous function L :R,, — R, see, e.g., Araujo and
Giné [T, Exercise 6 on page 90]. Let XU) = (Xff))ke@, j €N, be a sequence of independent
copies of (Xg)rez .- We mention that we consider so-called idiosyncratic immigrations, i.e.,
the immigrations (6,(3));461\;, j € N, belonging to (X,g ))k€Z+, j € N, are independent. One

could study the case of common immigrations as well, i.e., when (c":‘,(.C ))keN = (»s,i ))keN, JjeN

2.1 Theorem. For each k € 7Z,,

| Nt] 0 ) ) ) T
(_ Z(XOJ ~E(XY I{Xéj)@w})’ XY —E(XY ]l{X,(f)@N})) )
1

teRy

teRy

1 - » Nt )
_ (_ Sy - E(XOI{XO@N})MH) 2, ()

an teR

as N — oo, where (XE’““))teM

characteristic function of the distribution (. of ng’a) has the form

is a (k+ 1)-dimensional «-stable process such that the

Fik.o(6)
ko oo "y k+1

- exp{ (1 —mg Z/ ( —1—iu Z er, 0) (e, v; )>1(0,1](u<eg,v§-k)>)) au” e du}
j=0v0 f=j+1



for @ € R¥L with the (k + 1)-dimensional vectors

(1] [0 ] [0 ] 0]
me 1 0
o = (1 —mg‘)_é mg |, o= me |, 0P =] 1 |, ., o=
0
g e LA 1
Moreover, for 6 € RFt!,
(
exp{ ~Ca(1 = mg) Y24 18,0 (1~ itan (%) sign((6, v))
(0, L) | if a1,
Fira(0) = eXp{ —C1(1—mg) S5 10, v\)|(1 + 12 sign((0, v")) log(| (8, v\")]))
+iC(0, 14s1)
+i(1 = me) Y X4 (e, O)er, v} log((er, v |, if a=1,

with the convention 0log(0) := 0,

and
(2.2) C:= / 2 sin(u) du + /01 w2 (sin(u) — u) du.

Note that C' exists and is finite, since [~ u™?|sin(u)|du < [[Tu?du = 1, and, by
L’Hospital’s rule, lim,_ou~2(sin(u) —u) = 0, hence the integrand u2(sin(u) — u) can be
extended to [0,1] continuously, yielding that its integral on [0, 1] is finite.

Note that the scaling and the centering in (2.I) do not depend on j or £k, since the
copies are independent and the process (Xj)rez, is strongly stationary, and especially,
E(Xﬁ]l{xg)w}) = E(Xol{xy<ayy) forall je€N and ke Z,.

The next two remarks are devoted to the study of some properties of jix 4.
2.2 Remark. By the proof of Theorem 2] (see (34)), it turns out that the Lévy measure of
Mk, is

(%)

k 00
v
Via(B) = (L=mg) Y [|v”| / 1y (W) au'du,  BeBR{T,
j=0 0 Y;



RET .= R¥1\ {0} and its topological properties are discussed in Appendix

where the space
Bl The radial part of 14, is uw * 'du, and the spherical part of 1y, is any positive
constant multiple of the measure Z?:o ||’U§-k)||a€v(_k)/”v(_k)” on S*, where for any x € RFHL
€z denotes the Dirac measure concentrated at the pOiIJlt x. Particularly, the support of v,
is Ufzo(]RJrJrvg.k)). The vectors o, ..., 'vl(f) form a basis in R¥T!, hence there is no
proper linear subspace V' of RFFf! covering the support of vy,. Consequently, i, is a
nondegenerate measure in the sense that there are no a € R¥*! and a proper linear subspace

V' of R¥! such that a+V covers the support of py .., see, e.g., Sato [27, Proposition 24.17
(ii)]. O
2.3 Remark. If « € (0,1), then, for each 6 € RFF1

[a(0) = exp{ 1 —mg Z/ v} Y —1)au " *du—i

see the proof of Theorem 2.1l Consequently, the drift of jio is —7%1x41, see, e.g., Sato
[27, Remark 14.6]. This drift is nonzero, hence py, is not strictly a-stable, see, e.g., Sato
[27, Theorem 14.7 (iv) and Definition 13.2].

(6%
—a <0a 1k+l>}a

The 1-stable probability measure 1 is not strictly 1-stable, since the spherical part of
its nonzero Lévy measure v is concentrated on R¥™'NS¥  and hence the condition (14.12)
in Sato [27, Theorem 14.7 (v)] is not satisfied.

If o€ (1,2), then, for each € RFL,

() —exp{ 1—mg) Z/ o1 -1, v®)u)au " du + i (0, 1k+1>}

a —

see the proof of Theorem LTl Consequently, the center of ji; o is =%31x41, which is, in fact,

the expectation of i, and it is nonzero, and hence i, is not strictly stable, see, e.g., Sato
[27, Theorem 14.7 (vi) and Definition 13.2].

All in all, py, is not strictly a-stable, but a-stable for any « € (0,2). We also note
that .. is absolutely continuous, see, e.g., Sato [27, Theorem 27.4 and Proposition 14.5]. O

The centering in Theorem 2] can be simplified in case of a # 1. Namely, if a € (0, 1],
then for each ¢t € Ry, , by Lemma [C.0

LNtJ LNtJ E(XOJJ'{X0<GN})
E(Xy1 o = = NP(Xy >
an ( 0*{Xo< N}) N an ]P)(X() > aN) ( 0 aN)
(2:3) t f 0,1
o c , ,
— {1« or € (0,1) as N — oo.
00 for a =1
In a similar way, if « € (1,2), then for each t € R, ,
Nt Nt Nt
Vi) E(Xol{xo<an}) = i) E(Xo) — vt} E(XoL{xo>an}):
an an an



where, limy_ oo % = limy oo tNT"a L(N)™! = 00, and, by Lemma [C6]

[ Nt]
i E(Xo]l{X0>CLN}) — o

o

(2.4) 1t as N — oo.

This shows that in case of « € (0,1), there is no need for centering, in case of a € (1,2)
one can center with the expectation as well, while in case of «a =1, neither non-centering nor
centering with the expectation works even if the expectation does exist. More precisely, without
centering in case of a € (0,1) or with centering with the expectation in case of a € (1,2),
we have the following convergences.

2.4 Corollary. In case of «a € (0,1), for each k€ Zy, we have

[Nt
1 . . N
(_ S (9 ,X,gﬂf) 2 (2 1 )
teR4 1 -«

aN ]:1 t€R+
as N — oo, and, in case of « € (1,2), for each k€ Zy, we have
1 [Nt
. . . LT
(2 S B X~ B
N j=1 teR
(2.5)
1 () GNT LV D (k,a) a
— (=S (P X = EE B 1 2, (Xt ’ +—t1k+1)
an = an teR, 11—« teR .y

as N — oco. Moreover, (ng’a) + ﬁtlkﬂ)teﬂh is a (k+ 1)-dimensional «-stable process

such that the characteristic function of ng’a) + %= 1ky1 has the form

S{onfi(0.47 4 12 100)

exp{(l —mg) Z?:o I (ei<e’”§'k)>“ —1aut"* du}, if a€(0,1),

exp{(l —mg) Zf:o I (eiw’”;k))“ —1-1i(0, v§k)>u)au_1_a du}, if a€(1,2),

k
= exp{—Ca(l —mg) Z (0, v§k))|a (1 —itan <?) sign((0, vgk)>)> }, if a#1,
=0
for 6 € RFL,

Note that in case of « € (1,2), the scaling and the centering in (2.5 do not depend on j
or k, since the copies are independent and the process (Xj)rez, is strongly stationary, and
especially, E(X,gj)) =E(Xy) = 1:”;% forall j €N and k€ Z, with m.:=E(e), see, e.g.,
Barczy et al. [4 formula (14)].

The next remark is devoted to study some distributional properties of the «a-stable process

(ng,a) + ﬁtlkﬂ)teﬂh in case of a # 1.



2.5 Remark. The Lévy measure of the distribution of X §’“°‘) + 1251k 41 is the same as that
of 2% namely, vy o given in Remark

If a € (0,1), then the drift of the distribution of A+ =141 is 0, hence the process

(X(ka + —1/L1;€J,1)t€R+ is strictly a-stable, see, e.g., Sato [27, Theorem 14.7 (iv)].

If a€(1,2), then the center, i.e., the expectation of ng’a) + 21341 is 0, hence the

process (X(k @) 4 —t1k+1)t R, is strictly a-stable see, e.g., Sato [27, Theorem 14.7 (vi)].

All in all, (X(k @) 4 —t1k+1) is strictly a-stable for any « # 1. We also note that

teR
for each t € R,,, the distribution of X ) 4 To=t1gy1 is absolutely continuous, see, e.g.,
Sato [27, Theorem 27.4 and Proposition 14.5]. 0
Let ( ,ga)) heZ, be a strongly stationary process such that

(2.6) (y,f))ke{ov___,K} A for each K € Z,.

The existence of (;)/,fl))keZ+ follows from the Kolmogorov extension theorem. Its strong
stationarity is a consequence of (Z1I) together with the strong stationarity of (Xj)ez,. We
note that the common distribution of y,ga’, k € Z,, depends only on «, it does not depend
on mg, since its characteristic function has the form

E( 119)2(")) E (ewx;‘)’a))

o L )
= exp{“ —mg) / (e““l‘mé’ 01— qud(1 — m) " L (u(l — mg)—%))au—l—a du}
0

:eXp{/ ( W 1-119’0]].01]( )) 1_O[d’U}, ¥ e R.
0

2.6 Proposition. For each « € (0,2), the strongly stationary process (y,ﬁ“’)k% s a
subcritical autoregressive process of order 1 with autoregressive coefficient me and with «-
stable innovations, namely,

yka) - mgylgo_l)l + ggﬁa)a k c N7
where
a2 =0 -m Y, keN,

1s a sequence of independent, identically distributed «-stable random variables such that for
all 'k €N, E](f‘) is independent of (yoa), . ,gi)l)T. Therefore, (y,ﬁ‘”)k% is a strongly
stationary, time homogeneous Markov process.

Theorem 1] and Corollary 2.4] have the following consequences for a contemporaneous
aggregation of independent copies with different centerings.



2.7 Corollary. (i) For each « € (0,2),

1 N . . 1 N N
(E Z<X’9) a E(Xlgj)]l{xlijkw})))kez (a Zl X - E(XOE{XNN}))
J

Jj=1 k€Zy

Dy ( (@)

— (W )keZ+ as N — oo,

(i1) n case of « € (0,1),

N
1 ; o
(—EX,EJ)) &(,g)—i- “ ) as N — oo,
— keZ, 1 —a/kez,
(iii) 4n case of « € (1,2),

(e ) | - (i - Fee)

a a
N]1 N

&(y,ﬁ“’jt “ ) as N — oo,
1—a/kez,

where (Y ®) ez, is given by [2.0).

Limit theorems will be presented for the aggregated stochastic process (ZWJ i 1 X ,ﬁj )) 1R,

with different centerings and scalings. We will provide limit theorems in an iterated manner
such that first NV, and then n converges to infinity.

2.8 Theorem. In case of a € (0,1), we have

[nt] N
. . (4) ©))
Pty i (35300 - 50 ﬂ{xww)

NeaN —1 j—1 teRy
[nt] N
(2.7) . . ( t|N )
— Di-lim Dy-lim | — E(XoLx,cu
Timoo T Novoo neay g; naaN ( P N}) teRy
— (Zt(a) + -2 t) ,
1—a /ter,
and
1 nt] N
2.8 Di-lim ;- lim X(j)>) = (Z(O‘) + t) :
(2.8) oo T NS0 (niaN ;; F _— ¢ 1 —a /Jter,

10



i case of a=1, we have
[nt]

N
D;-lim Ds- lim (nlog EZQX(J (X(J {X(J)< })))teR+

n—00 N—o0
1 j=1
(2.9) S |nt| N
= Dy-lim Dy- i X9 - E(Xolix,<a
fnl_{go le_{I(l)o (nlog ;]Zl nlOg ) ( 0+{Xo< N}))teR+
- (t)t€R+7

and in case of a € (1,2), we have

[nt] N
1 . .
Detim et ZZ(X;J>—E<XS>>>))
— - teRy

n— 00 N—oo

[nt] N
2.10 t|N
(2.10) = D;-lim Dy- lim ( YN xY - E(XO))
n—00 N—o00 naaNk 1 =1 aN teRy
= (2 + —==1)
( ! +1—oz teR,

where (Zt(a))te]R+ 1s an «-stable process such that the characteristic function of the distribution

of Zl(o‘) has the form

(e L—mg [
E(elﬂz{ )) _ exp{ibaﬁ—i- 75/ (e — 1 —iuly(u))au 1_o‘du}, v e R,

(1 —mg)>
where
by e (g € (0,1)U(1,2)
(0% - (]__mg)a 1_a7 a M M )

and (Z(a) + —t)teR 1s an «-stable process such that the characteristic function of the

distribution of Zl + 12 has the form

1=mg oo, :
. o o B exp{m fo (e — 1)au~1~ du}, if a€(0,1),
E(exp{lﬁ(fﬁ + 1— oz) }> exp{% 2 (e — 1 — iu)au—!—o du}, if ac(1,2),
= exp{—Ca%Ma (1 —itan (%) sign(ﬁ))} if a€(0,1)U(1,2),
for ¥ e R.

2.9 Remark. Note that, in accordance with Basrak and Segers [0, Remark 4.8] and Mikosch

11



and Wintenberger [I7, page 171], in case of a € (0,1), we have
B(exn{io (27 + 725 })
= exp {— /000 E |exp (iuﬁg @g) — exp <iuﬁg (9@)] au ! du}

for ¥ € R, where (O©/)scz, 1is the (forward) spectral tail process of (Xy)rez, given in ([B.7)

and ([B.8). Indeed, by ([B.10),
—OOE '19006)— '19006) —olg

exp { /0 exp <1u ; g) exp <1u ; g)] au u}
{ exp (mz?ng) — exp (1u192m§>] au ! du}
{— /000 (exp (iuﬁl ﬁljng) — exp 1u19 - ) au 1 du}
= exp {— /000 (exp (iulﬁ_m;rbg) — 1) au tdu + /000 (exp (iul _ﬁm5> — 1) au~ ! du}
“ , Ty | Img
{ (1—1tan<7) s1gn<1_m§))

(1 —itan <?) sign (1 —ﬁmg)) }

1 —

= exp {—Caﬁhﬂa ( —itan (%) sign (1 —ﬁmg)) } :

as desired. We also remark that, using (8.I3]), one can check that (Z.I1]) does not hold in case
of a € (1,2), which is somewhat unexpected in view of page 171 in Mikosch and Wintenberger

[17]. 0

2.10 Remark. If a € (0,1), then the drift of the distribution of Zl(a) + %= is 0, hence

the process (Z( @) 4 —t) is strictly a-stable, see, e.g., Sato [27, Theorem 14.7 (iv) and
Definition 13.2].

(2.11)

1977’l§

¢ 1—m5

%

1—m§

—C,

teR

If a€(1,2), then the center, i.e., the expectation of Zla) + 1%, is 0, hence the process

(Z(a + 1) is strictly a-stable see, e.g., Sato [27, Theorem 14.7 (vi) and Definition
13.2].

All in all, the process (Zt( + —t)

teR

teR, is strictly a-stable for any « # 1. O

12



3 Proofs

Proof of Theorem 211 Let k € Z,. We are going to apply Theorem [D.Il with d =k + 1
and Xy = ay' (Xé ), . X(J)) , N,j € N. The aim of the following discussion is to check
condition (D)) of Theorem [D.] namely

(31) NP(Xyi€-)=NPay(X”,.... X)) €) S uma()  on REFD as N — oo,
where v, is a Lévy measure on R{™. Foreach N € N and B € B(Ri'), we can write

Play' (Xo,.... X)) € B)

NP(Xy,: € B) = NP(X > ay) P(Xo > ay)
0

By the assumption, we have NP(X, > ay) - 1 as N — oo, yielding also ay — oo as
N — 00, consequently, it is enough to show that

Ple—(Xo,.. ., Xe)T €4) &
P(Xo > 2) — vhal)

(3.2) n R&T

as T — 00,

where v, is a Lévy measure on RE™. In fact, by Theorem [E2 (Xo,..., X;)" is regularly
varying with index «, hence, by Proposition [C.8] we know that

P(l’_l(Xo, . ,Xk)T S )
P(||(Xo, ..., Xp) "] > 2)

where 7y, is the so-called limit measure of (Xo,...,X;)". Applying Proposition for

(3.3) 3 ea(r)  on RET as @ — oo,

the canonical projection pg: RE*1 — R given by po(x) := 29 for = = (xg,...,2;)" € RFFL
which is continuous and positively homogeneous of degree 1, we obtain
]P)(XQ > l’)
IP)(H(XOu SRR Xk)TH > ZI}')

with 7} := {x € RET! : po(x) > 1}, where we have 7j.(T)) € (0,1]. Indeed, P(X, >
r) < P(||(Xo,...,X5)"|| > z), hence 7po(T1) < 1. Moreover, by the strong stationarity of

— Uko(Th) as T — 00,

(Xk)kGZJr, we have
k
P([|(Xo, ... Xp) T[> 2) <D P(X; > a/VEk+1) = (k+ 1) P(Xo > z/VEk+ 1),
7=0

thus

P(|(Xo, -, Xe) T > 2) = (k+ 1) P(Xo > 2/VE+1)

since X, is regularly varying with index «, hence j(71) € (0,1}, as desired. Consequently,

— (k+1)7172 as T — 00,

(B2) holds with v} 4 = Vk.o/Vka(T1). In general, one does not know whether vy, is a Lévy
measure on Rg“ or not. So, additional work is needed. We will determine vy, explicitly,
using a result of Planini¢ and Soulier [20].

13



The aim of the following discussion is to apply Theorem 3.1 in Planini¢ and Soulier [20]
in order to determine 14,, namely, we will prove that for each Borel measurable function
f : RIS—H — R-‘m

k 0
(3.4) () Vo(dz) = (1 —mg) Z/o f(uvg-k))au_"_l du.

f
REH

Let (X¢)eez be a strongly stationary extension of (X;)eez,. For each i,j € Z with i < j,
by Theorem [E2] (X;,...,X;)" is regularly varying with index «, hence, by the strong
stationarity of (Xj)rez and the discussion above, we know that

Pl Y (X;,....X;)T € Pl '(Xo...,X;)" €)

- i 7,5,00\" Rj_i—l—l
P(Xo > 7) P(X, > z) — Vijal)  on Ry as x — 00,

where v; ;4 = Vj_io is a non-null locally finite measure on Ré_iﬂ. According to Basrak
and Segers [0, Theorem 2.1], there exists a sequence (Y7)sez of random variables, called the
(whole) tail process of (Xy)eez, such that

Pla M (X,,...,X;)" €1 Xo>2) = P((Y;,...,Y;))  €) as z— 0.
Let K be a random variable with geometric distribution
P(K = k) =mg"(1 —mg), keZ,.

Especially, if m¢ =0, then P(K =0)=1. If m¢ € (0,1), then we have

ry,, it >0,

ngb]].{K>_g}, if <0,
where Y is a random variable independent of K with Pareto distribution

y~ o, if y € l,00),
1, if ye(—o0,1).

W%>w={

Indeed, as shown in Basrak et al. [3, Lemma 3.1}, (Y;)¢ez, is the forward tail process of (X)ez.
On the other hand, by Janssen and Segers [11, Example 6.2], (Y;)sez is the tail process of the
stationary solution (Xj)eez to the stochastic recurrence equation Xj; = paX; | + By, ¢ € Z.
Since the distribution of the forward tail process determines the distribution of the (whole) tail
process (see Basrak and Segers [0, Theorem 3.1 (ii)]), it follows that (Y7)eez represents the
tail process of (X;)pez. If me =0, then one can easily check that

Yo, it £=0
(3'6) }/é — 0 1 )
0, if £#£0.

By B.3) and (36), we have Y, > 0 as ¢ — oo or { — —oo, hence condition (3.1) in
Planini¢ and Soulier [20] is satisfied.
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Moreover, there exists a unique measure v, on RZ endowed with the cylindrical o-algebra
B(R)Q@Z such that v,({0}) =0 and for each i,j € Z with ¢ <j, we have Va Op;jl =Vija
on R{)_ZH, where p;; denotes the canonical projection p;; : R? — RI="1 given by
pii(Y) == (yi,...,y;) for y = (y)ecz € R?, see, e.g., Planini¢ and Soulier [20]. The measure
Vo s called the tail measure of (X)sez.

If me € (0,1), then, by (B3], the (whole) spectral tail process © = (O)cz of (Xy¢)eez
is given by

(3.7) o, ::ﬁ: m, if £>0
Yol | méLigs_g, if €<0.

If me =0, then, by (B4),

v, [1, if ¢=0,
(3.8) 0, = :{ '

Yol o, if ¢#0.

Let us introduce the so called infargmax functional [ : RZ? — Z U {—o0,00}. For y =
(Ye)eez € RZ, the value I(y) is the first time when the supremum sup,cy |ye| is achieved,
more precisely,

CeZ, if sup |ym| <|ye| and sup |ym| < |y,

m<l—1 m>=l+1
I(y) := ¢ —o0, if sup Y| = SUp |ym| for all ¢ € Z,
m</
o0, if sup |ym| < sup [ym| for all ¢ e Z.
m<t

We have P(I(®) = —K) = 1, hence the condition P(I(®) € Z) = 1 of Theorem 3.1 in
Planini¢ and Soulier [20] is satisfied.

Consequently, we may apply Theorem 3.1 in Planini¢ and Soulier [20] for the nonnegative
measurable function H : RZ — R, given by H(y) = fopox, where f:R! SR, isa
measurable function with f(0) = 0. By (3.2) in Planini¢ and Soulier [20], we obtain

f(@) v o(de) = f(@) voralde) = f(@) (va o pop)(da) = sz(po,k(y))va(dy)

Rg+1 RE+1 RE+1

= H l/a dy Z/ ))]l{j(@):o})au_o‘_l du,

Lel

where L denotes the backshift operator L : RZ — RZ given by L(y) = (L(Y)p)rez =
(Yr—1)rez for y = (yp)rez € RZ. Using P(I(©) = —K) =1, we obtain

Vk.o(d uL ® _o)au—" ! du.
RE+1 f( k w Z/ pOk ( )))]]-{K 0})

el
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For each k€ Z, and w € Ry, on the event {K =0}, by (3.7) and ([B.8), we have

0 € RM1, it 0>k,
por(uL’(©)) = < uvl), if (e{1,... k},

(1 —mg)emg ‘v, if €<0

hence, using P(K =0) =1 —mg, we obtain

f(x) vg.o(dx)
REFL
1—m€ Z/ f( 1—m€ am§ u"’o) aldu—l— l—m6 Z/ fuvg w1 du
£<0

1_m£ Zm—ﬁa/ fu’UO —a— 1du—|— 1—m§ Z/ fU’Ué a—ldu

(<0
k 00
= (1 —mg) Z/ f(uvék))au_o‘_l du.
=00

The measure v, is a Lévy measure on RE™ since (3:4) implies

k o0
[ minG el () = (1= m) 3 [ mingL v o du
Rg+1 par 0

k) [e% a— k? (0%
= (1 —mg) ZH’U( I / min{1, w*}aw™ 1dw— ZH’U( 1% < o0.

Consequently, we obtain ([3.2), and hence ([B.1), so condition (D.I]) is satisfied.
The aim of the following discussion is to check condition (D.2)) of Theorem [D.1], namely

(3.9) lim lim supNIE(a]_\f(Xéj))Q]l

el0 Nooo

= lim lim sup NIE(aZ_VQXgll{XO@Ne}) =0

{Xéj)gaNE}) SJ/O N—oo

foreach j €N and ¢ € {0,...,k}. By Lemmal[C.6l with § =2, we have

?’P(Xy>12) 2-a
lim = ,
T—00 E(X ]l{X0<x}) «

hence, for all ¢ € R, ., using again that X, is regularly varying with index «, we have

E(X21lix <aner) P(X
( 0 {X0< N }) ( 0 > aNg)c?zNP(XO > aN) SN « 62—(:|z

NE(ay*XJ1 ey) =
(ay" XL {xo<ane}) (ane)?P(Xo > ane) P(Xo > ay) 2-a

as N — oo, and, as € ] 0, we conclude (3.9).
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Consequently, we may apply Theorem [D.I and we obtain (1)), where (X §k’°‘))tem+ is
an a-stable process such that the characteristic function of the distribution j, of X §’“°‘)
has the form given in Theorem 21l Indeed, ([34) is valid for each Borel measurable function
f ]R’g“ — C as well, for which the real and imaginary parts of the right hand side of (3.4))
are well defined. Hence for all 8 € R¥"! by (D3),

(@) = e [ (91~ e 0)er vt (e v i)

/=1

k+1
oy
—exp{ 1 —mg) Z/ ( —iu Z er, 0)(es, v; )>:ﬂ.(0’1](u<65,’U§-k)>))0éu_1_a du},

since it will turn out that the real and imaginary parts of the exponent in the last expression
are well defined. If « € (0,1), then

/ (e:l:ix . 1)1,—1—01 dr = F(_a)e:Fiﬂoc/2’
0

see, e.g., (14.18) in Sato [27] and its complex conjugate, thus for each ¥ € R, .,

/ (e — D " du = 19“/ (e — Do~ 17 dv = 9T (—a)e~ /2
0 0

= ﬁa% coS (%) (1 — itan (%)) = —%190‘ (1 — itan (%)) .

In a similar way, for each v € R__,

/0 (@™ - 1 du = (—0)° /0 e = 1o do = (—0)"T(—a)d™?

- (_W% cos (%) (1 +1itan (?)) = —%(—19)“ (1 +itan (%)) ,
Thus, for each ¥ € R,

(3.10) /Ooo(ew“ —Du " du = —%WO‘ (1 —itan <%) sign(ﬂ)) )

and hence, for each 0 € R¥*! and j € {0,...,k},

o k41
) 1w
/0 <e< —iu E (e, 0) (e, v; )>]l(0,1](u(eg,v§»k)>))au o qu

l=j+1
(k)
C (k)y | oo (TN (k) N awy [
— —C.[(6,v™")] (1—1tan (7) sign((0, ' )))—1a 3 (e, 0) (e v u du
(=j+1 0
— OO vV (1 it TN 0 " @ \- 0 (k) 1 e
= =Cal(6,v;")* (1= itan (= ) sien((0,v;”)) ) —i— > len0)env)”) | ——-
(=j+1 (e, v;7)
— —C.1(6 (k)\ | 1—it o 0 (k) L@ — 0 (F)\
= —Col(0. 0 (1 —itan (57 ) sign((6,v1))) —im=— 3" (en O)(er v,
t=j+1
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Consequently,

Toa(0) = exp{ W(1—mg) Zk: (6 ( —itan (%) sign((@, ’ng)»)
(3.11)

o ngZ% e@va)>}

for all @ € R¥! where

('b
i\
('0
i\
M
\;’
||
5
®
S
D
~
—~
®
i‘
b/-\
?r
r‘\
M+

since (eq, v{”) = (1 — mg)~', and, for each € {2,...,k+1}, we have

-1 D (Va4 éz Da ]

(k)ya (t—j—1a _ M _
Z(eg,'v] )" = 1—m5+zm 1—mgth 1L —mg 1—m?'
7=0 J=1

Hence we obtain

k+1

(3.12) (1—m?) Z > (e, 0)(en, ) = (0, 1111),

7=0 l=j+1

yielding the statement in case of « € (0,1). Note that the above calculation shows that (B.12))
is valid for each « € (0,2).

If ae(1,2), then
/ ( +iz —17F 1!13') —l-a dr = F(—Oé) e:Fi7ra/2’
0
see, e.g., (14.19) in Sato [27] and its complex conjugate, thus for each ¥ € R, .,

/ (e —1 —idu)u™ " *du = 190‘/ (e — 1 —iz)z~ " dz = 9T (—a)e /2
0 0

= ﬂa% coS <%) (1 — itan (%)) = —%19“ (1 — itan (%)) .

In a similar way, for each ¥ € R__,

/ (e — 1 —idu)u " du = (—19)“/ (7 — 1 +iz)z~ " dz = (—0)°T(—a)e™/?
0 0

o () (e () =St (1 ()
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Thus, for each 9 € R,

. C T
e 1 - —l-a — _ 9|« 3 i
(3.13) /0 (7" 1~ u)u " du = || (1 i tan ( 5 ) &gn(ﬁ)) ,

and hence, for each 0 € R¥*! and j € {0,...,k},

o k41
(0,0 )y : -«
/0 (e Ov e 1 — iy E <€g,0)(6@,’U§»k)>]l(0’1](u<€g,’0§»k)>)) au” " du

(=j+1
o k+1 ~
_ (k) | : : (k) : (k) —a
= —Cu[(0,v;")| (1—1tan (7) sign((0, v; ))) +ia Z (er,0) (e, v; )/1/< o U du
(=j+1 env;’)
o a k+1 1 11—
_ (B)\ | : . (k) . (k)
= —Cal(0,v;7)| (1 —itan <7) sign((0, v; ))) —ir— Z (€r,0) (e, v; )(m)
l=j+1 » Yj
o o
)\ o . . k . )\
= —Cal (0.0 (1 —itan (5F) sign((6,0{"))) +i—= 3" (e O) (e v)"
(=j+1

Consequently, we obtain (B.II) for all 8 € R¥! and, applying again (3.12), we conclude the
statement in case of « € (1,2).

Finally, we consider the case a=1. For each ¥ € R, .,
. ou . ) T .
(e — 1 —1dulgqy(u))u = du = -5 - i log () +1C,
0
where C' is given in (22), see, e.g., (14.20) in Sato [27]. Its complex conjugate has the form
 iu . -2 LA .
(e =1+ 1dul(gq(u)u " du = —5 + 10 log () — iC'¥, v e Ry,
0
thus

o (=9
| @ =1 =iy au = -T2 i) og(—(-a)) +ic(-0)
0
for ¥ € R,,, and hence
/ (€7 — 1 — idul gy (u))u > du = —@ — idlog(|9]) +iCY
0

= —Cy Y| (1 +i2 sign(9) log(|19|)) +icW, Y eER.
s

19



Consequently, for each @ € R¥*! and j € {0,...,k},
. " k1
/ <e1<9’”j "1 iy Z (eg, 0)(ey, ’Ug-k)>]l(0,1](u<€g, 'vg-k)>)>u_2 du
0

l=j+1

2
= Cul0.0)] (1412 st (0,0 (0. ) ) +iC10. 1)
k+1

1
+1 Z <‘94"9><eé’v§k)>/1/( *) u du

(=j+1 ecv; )

2. .
= il )] (1412 sizn(6,0) (6. ) ) + 10,01

k+1 1
—i ) <e£,0><ew(-k)>10g(7)
(=j+1 ! (e, ”§k)>

2
= 0.0 (1452 sgnl(. o)) (1. 00} ) + 100,

k+1

+i ) (er, 0)(er, v\") log((eg, v™)).

(=j+1
Applying again ([BI2]), we have the statement in case of a = 1. 0
Proof of Corollary 2.4l In case of a € (0,1), by (23) with ¢ =1, we have

. N «
(3.14) Jim EE(XOR{XO@N}) =T
Next, we may apply Lemma with
|V
1 ; ; Nt
u™ = — STP, L x) - Lt E(Xolixocan}) 1, N €N,
N an
[Vt
On(f)(t) = f(t) + Tan E(Xol{xo<an}) Li+1, N eN,
N
(k) o
U, = ;77 O(f)(t) = f(t) + 1okt

for t €e R, and f € D(R,,RF). Indeed, in order to show ®y(fy) — ®(f) in D(R,, RF1)
as N — oo whenever fy — f in DR, R¥!) as N — oo with f, fx € D(R,, RFF),
N € N, by Propositions VI.1.17 and VI.1.23 in Jacod and Shiryaev [I0], it is enough to check
that for each 7'€ Ry, we have

[Vt]
an E(XO:“-{XoéaN})lk—i-l T 1_a

o

sup
te[0,T

t1p1|| — 0 as N — .
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This follows, since, by ([B.14), we obtain

Nt Q@
sup VE] E(Xol{xo<an}) Lot — 1141
te0,7]|| AN 1—«
|Nt] [ N a a [ |Nt]
< —— | —E(Xpl a — 1 — —t 1
BN o el e (XoLixocan)) = 77 ) Liew N ol (e b1

+\/l{;+1 «Q

—0 as N — o0.

N o
<TVEk+ 1‘—@ E(Xo]l{xogaN}) —
N

11—« N 1—-«a
Applying Lemma [A2] we obtain
1 [Nt
(— S ,X,ﬁ”)) = oyUM) 5 dU)  as N — oo,
an j=1 teRy

where ®U), = X" 4 2-t1,q, t € Ry, is a (k4 1)-dimensional a-stable process. By

Theorem 211 and Remark 23], the characteristic function of X §’“°‘) + %141 has the form
given in the theorem, and hence we conclude the statement in case of « € (0,1).

In case of a € (1,2), by (Z4) with ¢t =1, we have

«

N
(3.15) ]\}%OEE(XOI{XPGN}) —

Next, we may apply Lemma A2 with U, ® and U, N €N, as defined above, and with

[Vt]

an

On(f)(E) = f(t) — E(Xolixpsan})ler1, N €N, feDRy, R, teR,.

Indeed, in order to show ®y(fy) — ®(f) in D(R;,RF¥!) as N — oo whenever fy — f
in D(R,,REY) as N — oo with f, fy € D(R.,R¥Y) N € N, by Propositions VI.1.17
and VI.1.23 in Jacod and Shiryaev [10], it is enough to check that for each 7" € Ry, we have

Nt

an

— 0 as N — oo.

sup
te[0,7

o
E (Xo]l{Xo>aN}) g1 — Etlkﬂ

This follows, since, by (BI5), we obtain

Nt Q
sup LVE) E(XoLi{xo>an}) Lig1r — ——t1pp1
te[o,7]|] AN a—1
|INt] [ N a a [ |Nt]
< P B (Xl ixmany) — —— )1 e ()
< SN (XoLixosaxy) = =7 ) kst Rl k1

—0 as N — oo.

o vk+1 «
<TVk + '—E XOJl{XO>aN}) ‘ +

a—1 N o-1
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Applying Lemma [A.2] we obtain

A N
(— S xY) - E(Xo)lkﬂ) = oyUM) 2 dU)  as N — oo,
aN i—0 CLN teR

7= +
where ®U), = x ke t—21;41, t € Ry, is a (kK + 1)-dimensional a-stable process. By
Theorem 2.I] and Remark 2.3] the characteristic function of X §’W’ — =% 1341 has the form
given in the theorem, and hence we conclude the statement in case of « € (1,2) as well. O

Proof of Proposition 2.6l The sequence (Elgo‘)) ren consists of identically distributed random
variables, since the strong stationarity of (yff’) yields that (yff’, ,§°_‘)1) pey Comsists of
identically distributed random variables.

keZy

In what follows, let k& € N be fixed. By (26), the characteristic function of
(y(ga)7 ey y]go_[)l, gk) haS the fOI'm

IE(ei(ﬂoyéa)+'"+19k—13’£°i)1+v9k€£‘”)) _ E(ei(ﬂoyé“)+-~-+(19k71—mgﬁk)y;iﬂwky,i“)>) — E( i<ek,x§’““>>)

e
for (Jo,...,0%)" € R¥1 where
0 := (Vo - ., 9, Vp1 — ey, 03) " € RFFL
We can write 0, = 0121) + 0,(3) with
0 = (Do, ... Vp0, 91,007, 0P :=(0,...,0,—mety, 0)) "

We have <01(€2),'u(-k)) =0 foreach je€{0,...,k—1}, and <0S),vl(€k)) =0, hence

J

(0, v(k)> _ (9,(:),11516)) if j€{0,...,k—1},
e ) it =k

In case of a € (0,1)U(1,2), by Theorem 2.I], we have

E(ei(ﬂoyé“)+---+ﬁk71y,§‘i)1+ﬁk€§f)>)

k
. iye’ . e
_ exp{—C’a(l —mg) Y (0 o) (1 —itan (7) sign((0y, v§k>>)) — i (0. 1k+1>}
=0
k—1
. yiyes . e
- exp{—cau —mg) DO ) (1= itan (5) sign((6” v")) ) = im—(6}", 1ua)

<
Il
o

. yyes . e’
— Ca(L =)0 o) (1= itan () sign((617 v}")) ) —im——(6}7. 1k+1>}

= B (00 Y)Y (),
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where we used that

(0,0 = (o, 0h) o), =01 k-

<0]E;1)7 1k+1> = <(1907 cee aﬁk—l)—r’ 1k>’

(0, v") = Uy, (07, 1411) = Uy,

and Yg=v;=... =91 =0 yields 0,21) = 0 € R**!. Thus we obtain the independence of
(yé“’, o J/,g‘i)l)T and Etff), and the characteristic function of é‘fﬁa) has the form
E(c”) = exp{_caa — )| (1 —itan (%) sign(ﬁk)) ~ i faﬁk}, 9, € R,

hence 5560‘) is a-stable (see, e.g., Sato [27, Theorem 14.10]). In fact, E,(f‘) + = L (1—
m@)e (V™ + 12), k €N, since for all J; € R, we have

. ay L (a) o L a o l/\ 1
(o0 O 20) ) = detahtiomt) By (0,1 — mg) %)

= exp{ —~Ca(1 = m) | (D1 — m)%, (1 —mg) "#)|°
X (1 —itan (%) sign( (Vg (1 — mg‘)é, (1- m?)_é»)}

= exp{ — Co(1 —mg)[0x " (1 —itan (%) sign(ﬂ@) }

Q) «
Further, (yk + m)keer
process. In fact, it is a subcritical autoregressive process of order 1 with autoregressive coeffi-

is also a strongly stationary a-stable time homogeneous Markov

cient mg such that the distribution of its innovations satisfies

«

@ «@ « «Q ~
(y]g )_'_E) —mg(y,g_)ﬁm) :€k—|—(1—m5)

11—«

= (1—mg) (Jfé“" +

In case of « =1, by Theorem 2.1, we have
E(eiwoyé”+---+ﬂk71y1§121+z9k€§j>>)
k
2
= exp{—cn(l = me) 1000 (14 sign((01, o) log ({81, v ) )
0

j=

+1C(Ok, L) +i(1—me) D D (e, 0x)(er, v)7) log((ey, v§“>>}.

§=0 f=j+1
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If «=1 and mg =0, then for each j € {0,...,k}, we have 'vg»k) = e;;+1, and hence

(Bk,'vy“)> =1, and <€g,’0§»k)> =1if /=45+41 and <€g,’l)§-k)> =0 if £# j+1. Consequently,

E(e 10V 449y Y 1+v9k€“))>

k k
2 .
= exp{—C’1 E \ﬁj\(l +i- 81gn(19j)log(|19j|)) +iC E 19]}
=0 §=0

= E(P0%") . E (%) B (),

thus we obtain the independence of yé”, e y,gl_)l and 5}61), and the characteristic function
of §§j) has the form
i, e 2. .
E(e”") = exp{—C’1|19k|<1 +i-— 51gn(19k)log(|19k|)) + 1Cz9k}, Uy € R,
T
hence Etfcl) is 1-stable (see, e.g., Sato [27, Theorem 14.10]). In fact, yo , and (yk )k€Z+

is a sequence of independent, identically distributed 1-stable random variables.
If «=1 and m¢ € (0,1), then, by Theorem 2]

B (¢i00%0”++ a0 +0:50))
k-1 )
k
:exp{ Ci(1 —me) Z‘ Y g ] <1+1 81gn(<0,(fl7 v; >)10g(\<0](€1),v§- )>|))
7=0
IC<0k s Lper) +1(1 = me) Z Z 65’0( ARy >10g(<e£7'”§k)>)

2
— Ca(1 =m0, o[ (1 +i= sign((617, v{")) log(| (6, o))

k+1

OO 1) im0 Y 3 (0ot 1)
J=0 f=j+1
— B (0038 0V B (0
where we used that (e;,8\") =0 if (=k+1, and dp=10, =... =04 =0 yields that
9,(61) = 0 € R¥1. Thus we obtain the independence of ( él "“7yigl_)1)T and Eﬁ), and the

~(1)

characteristic function of &, ’ has the form

L1 2
E(elﬁkgfc )) — exp{—cl(l — m§)|19k| (1 + 1; mgn(ﬁk) 10g(|’l9k|)) + 1019]6

=m0 S S e 8 e v log( e v ]

7=0 l=j+1
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_ exp{—Cl(l e~ (1 + i% sign () log(|19k|)> +i04(C + me log(mg))}

for 9, € R, since

k+1 k+1 -1
k
}{j > (e, 0)(er, ) log((er, 7)) = > (er, 07) > (es, vi) log((er, v))
J=0 f=j+1 (=1 j=0
k—1 mlg 1 —1
k—j—1 k—j—1
= (—meV) (1 —— log(1 — m&) + ;n% log(my ))

me
= ﬁk 1 log(mg)

Hence é‘g) is 1-stable (see, e.g., Sato [27, Theorem 14.10]). In fact,

2l = me(C +log(me)) 2 (1 —me) (V" +log(1 —me)), k€N,

since for all vy € R,
: 1 2
B(e 70 9%) = exp { = Cu(L = me) Wl (1 + 1= sign(9) log (V4] )
+IC(1 — me)dy, — 1W5(1 — me) log(1 — mg)}.

O

Proof of Corollary 2.7l It follows from Theorem 2.1 and Corollary 2.4] using the continuous
mapping theorem. O

Proof of Theorem [2.8l In case of « € (0,1), by (B.I4]), we have

_ [nt|N Int]  «
A nan E(Xolixocant) = 1 7, 20 8 oo,

hence, by Slutsky’s lemma, (2.7) will be a consequence of ([2.8).

For each n € N, by Corollary 2.7 and by the continuous mapping theorem, we obtain

1 :n::N: Z)f ]_ :n: o (6% AT
+ +

naaN k=1 j=1 Ne 1
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in case of a € (0,1), and

Rt () () o (1 (@) ol
1 ZZ(XR — E(X, )) — |\ T Yy +1_a as N — oo
tER k=1 teR |

NeanN gy j=1

e
Pl

in case of « € (1,2). Consequently, in order to prove (28) and (ZI0), we need to show that
for each « € (0,1) U (1,2), we have

Lnt]
1 a a
(3.16) <—1Z<3}k NE )) N <Zt( Yy 2 t) as n — 0.
ne 1—« teR, 1—a /ier,

For each o« € (0,1)U(1,2), n € N, d €N, t,...,t4 € Ry, with t; < ... <ty and
P1,...,Y%4 € R, we have

[nt,]
« (0% . _1 n « (0%
(exp{ Z Z (yk )+1—oz> }) :E<exp{1<n aen,xﬁ tal, )+1—a1WdJ+1>}>

= 1” k=|nte_q]+1

with #5:=0 and
d [nte]

0, = Zﬁg Z €41 € RLnth-H.

(=1 k=nty_]+1

For each a € (0,1) U (1,2), by the explicit form of the characteristic function of A ("))
given in Theorem 2.1]

. —_ = n o «@
E(exp{1<n ien,xg fale) 4 1= aanth+1>}>

Lt
= eXp{ 1 — mg zd: ‘<7’L aen’v]Lnth >}04 ( —itan (77-2 ) Slgn(<n aen’ v! nth)>)>}

[ntal
= exp{ —Co(l=mg)n" Zd ‘<0n,vj [ntal) )° (1 —itan ( 5 ) 81gn(<9n,’vj de)>)> }

7=0
We have
d [nt; ] d |nt;] mk
nt nt
TREUED NS SR CWIRITURS ST e
=1 k:LntiflJ“l‘l i=1 k:LntiflJ“l‘l (1 - mg)a
1 d
[nti—1|+1 [nt; |+1
- a)+ Z ﬁl(mﬁ - mg )a
(L —=mg@)a (1 —me) o

hence for each a € (0,1) U (1,2),
_1}<0n>’00 [nta)) >}a <1 — itan ( 5 ) 51gn(<9n,'v0 "th)>)> —0 as n — 00.
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The aim of the following discussion is to show that for each o € (0,1)U(1,2) and ¢ € {1,...,d},

[nt,]

n o t - t — /19 «
(3.17) n~! Z ‘<9n,’v§-L t‘iJ)>} — (te 1 ¢ 1)|(f| as n — 00.
j=lnter )41 (1= me)

Here, for each ¢ € {1,...,d} and j € {|nte_1] +1,..., |nt]},

d LntlJ d LntlJ
<9n’ vgtntdj)> _ Z ¥ Z <ek+17 'Ug‘mth)> _ Z 9; Z mlg_J]]-{k>j}
=1 k=|nt;—1]+1 =1 k=|nt;—1]+1
(3.18)
d
1 ity | —i b1 —i nts |—i
_ - (19[(1 . mé te] ]-I—l) + Z ﬁz(mé ti—1]—j+1 . méL t;) J+1))'
LS i=0+1

In case of « € (0,1], we have
(3.19) 2] =yl < e +y[* <2|*+yl* 2zyeR
In case of « € (1,2), by the mean value theorem and by (3.19), we have
||z +y[* = [2]*] < alylmax{lz +y[* " [2]* 7} < alyl(lz[*7" +[y1*7h), wyeR
Hence for each « € (0,2) and x,y € R, we obtain
2] = 2Jy[(|=[*7 + [y < o+ y|* < 2]+ 2ly[([=]*7 + Jy]*7),

so, by ([BI8) and the squeeze theorem, to prove ([B.I7), it is enough to check that

[nt,]

1 .
(3.20) LSS gl g
J=Inte_1]+1
1 \_nth d . ' «
(321) — Z Z ﬁi(méntifﬂ—]-l-l . mg\_ntiJ—]—H) 0,
K j=|nte_1]+1li=t+1
(322) — Z Z ﬁi(mgm‘»i—l —Jj+1 msnti —]+1> (1 B mgntg —j+1)a_1 0
" j=[nte_q|+1li=(+1

as n — oo. Since (1—1)*=1—at+o(t) as t | 0, there exists jo € N such that
[(1—=m{)* =1+ amg| <mi forall j=>j,. Hence

1 [nte] . 1 [nte|—[nte—1]
nty|—7 e} j
- E (1—m£L ‘! 7 - (1 —amj)
J=Inte—1]+1 J=1
1 [nte]—|nte—1] ‘ [nte|—|nte—1] ‘
= |= 1—ml)> - = 1— J
J=1 J=1
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1 Jo—1 ' ' 1 [nte]—[nte—1] '
S BRI P s
Jj=1 J=Jjo
1 Jo—1 - ' 1 mjo
< EZ((I—mé) —1+amé) +El—5m§_>0 as n — 00.
j=1
Thus
1 [nte] ] . 1 [nte]—[nte—1]
. nty —j—|— a . J
Jwn X (lem Y=l o 3 (- am
Jj=Inte—1]+1 j=1
1 me — mgmtzJ—LntZAJ'l'l
= 11_>II1 5 Lntd — Lntg_1J — 1 m = tg — tg_l,
n—oo — 5

yielding [B20). In case of a € (1,2), for all xq,...,2, € R, we have |x;+ - 4 z4]* <
ko (Jaq |+ -+ - + ax]®), hence, by (BI9), for each « € (0,2), we obtain

o1+t <Rl ]+ ), m, o R

Consequently, we have

1 X - [nti1] [t ] ’
nt;—1|—j+1 nt; |—j+1
— > |2 Yilmg —mg"
J=Inte_1]+1li=t+1
1 X - [nti1] [nt;]
« nti—1]—j+1 nt; |—j+1\ o
S5 Do [@=0 Y [ (m" — M )
j=[nte—1]+1 i=0+1
d d [nte] d d 00
o nti—1]—j+1)a o o
<5Z|ﬁz| Z mg A <EZ|19Z| Zm]g —0 as n— oo,
=041 j=|nte_1]+1 =041 k=0

yielding (B2I)). For each n € N and for each j € {|nt,—1] +1,...,|nt,]}, we have

(1 _ ménte]—j-i—l)a—l < {(1 - mf)a_l if « - (O’ 1]’

1 if ae(1,2),
and hence

[nt,]

d
1 nt;—1|—7+1 nt; |—7+1
E Z Z ﬁz(mé 1]—i+ _mél I=i+ )

j=|nte_1 |+11i=0+1

(1 _ mflntzj—j-i-l)a—l

1— Oc—l\/l [t ] d - . i
< ( mg) Z Z |19,|(m5L ti—1]—j+1 mgL ti) ]+1)

n .
J=[nte_q]4+1i=0+1

d [nte] d

(1—mg)* V1 nti1)—jr1 _ (L=mg)* 1 V1 S
< U5 A < 9y p —0
ISy S IS S

=041 j=|nte_1]+1 i=0+1
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as n — oo, yielding (3:22). Thus we obtain (B3.17).
Next we show that for each ¢ € {1,...,d}, we have

[nt,]

-1 [ntal) [ntq]) (tg_t£_1>|79£|a .
D I O (e

as n — oo. If ¥, =0, then this readily follows from (BI8) and B21)). If ¥, # 0, then we
show that there exists Cy € Ry, such that

(3.23) sign ((6,,, ngnt‘iJ)» = sign (V)

for each n € N and for each j € {|nte_1] 4+ 1,..., [nt]} with j < [nt;] +1—C,. First,
observe that, by ([B.I8]), the inequality

d
Z 192 (ménti,ﬂ—j-i-l . méntﬂ—j-ﬁ-l)

i=0+1

implies ([3.23). Then we have

d
Z D, (ms\_ntiflj_j‘f‘l . mgLntiJ—j-i-l)

i=0+1

d
_ ( Z |?9z|) (m%md_jﬂ . m%de_jH ( Z 19; |> [nte] ]+1

1=0+1 1=0+1

(3.24) < [Pe(1 — m" )

d
[nti—1]—j+1 [nt; | —j+1
< _
= (éﬂ?ﬁdw |) Z (m5 e )

i=0+1

hence ([3.24) is satisfied if

d
< Z ‘19@|> mé’ntd—j-ﬁ-l < ‘19@‘(1 . ménteJ—j-ﬁ-l),

1={+1

which is satisfied if 194
LntZJ—j-i-l Y4
m < ,
€ [P + -+ - + |¥4]

or equivalently, if

: =~ - %
Jj<|nt]+1-0C with Cy := log(wg| +|‘ .Z‘|+ |ﬁd|)/log(m§) eR,,.

Hence, for 9, #0, n €N, and j e {|nti_y|+1,..., |nt,|} with j < |nt,] +1—Cy, we
have ([8.23). Moreover, for each n € N and j € {[nt;_1] +1,..., |nt,|}, by [BI8), we have

d
nt 1 nte]—j+1 nt;_ 1 |nti]—j+1
(80, 0] < e (wem—mg TN ST | (gt I It >)

1 —
i=0+1

1 d
< 192'7
\1—m§;| |
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yielding that

[nte] It
n-1 Z ‘<9m,vg_Lmth)MaSign«em,vg_Lnth)>) <nt Z ‘<9mv§_mtdj)>‘a
j=|nte]+1-Cy i inte]s1-Gy
C, d “
<m<;|ﬁzl> — 0 as n — 0o.

Consequently, by (B17),

[nte]

Y [(8 0" (0, v

n—0o0
Jj=Inti_1]+1
= Jim 2 (8, 0" sign (6, v "))
[nto_1 |+1<j<nte|+1—Cy
= lim o7 > (8, 04D " sign(9,)

[nte—1 | +1<5< nte| +1-Cy

[nte] a
= lim n* Z ‘<0n,v§-tntd”>‘asign(w) = (b — te-1) V] sign(vy),

T jlate )+ (1= me)

as desired. We conclude for all « € (0,1) U (1, 2),

d [nte]
. (@) @
E(exp{lgna Z (yk + 1—a>})

=[nte_1|+1
= E(exp{i<n_§0n, thde’a) + 1o - 1|_nth+l>}>
-«
Cl_mfdttﬁlta'ﬁ
— expy — (1_7&2 ¢ — toim1) |0 ( —i an<2>s1gn( g))

=1
a tg>—(Zt(fi)1 + a tg_1>> }) as n — 0o.
—« 1—a

=E (exp{i Zd: 194((2,}(( )
=1

By the continuity theorem, we obtain for all « € (0,1) U (1,2),

[nte]

1 (@), O ) D (( (@), O (@) o
LS 2 (204 2 0) (2 i)
<ni <yk +1—oz >5{1 N te +1—az t‘*1+1—a51 ee{1,...,d}
S

k:Lnt[,1J+1 7777

.....

as n — 00, hence the continuous mapping theorem yields ([B.I0]), and we finished the proofs

of (1), (Z8) and (ZI0).
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Now we turn to prove ([29). For each n € N, by Corollary 2.7 and by the continuous
mapping theorem, in case of o =1, we obtain

1 Int] N ) ) » 1 |nt] "
—— X —E(X1, D,
<n10g na Z( ' ( ' {X’(“])gaN}))>teR+ nlog(n) kz:;yk teRy

as N — oo. Consequently, in order to prove (2.9)), we need to show that

[nt)
1 1) D¢
(3.25) < E V! ) — (t)ter as n — oo.
nlog(n) — k — relts

Since the limit in (3:27]) is deterministic, by van der Vaart [28, Theorem 2.7, part (vi)], it is
enough to show that for each ¢t € R,, we have

Lnt)

1 1 D
3.26 YV, —t as n — o0.
(3:26) nlog(n) ; k

Foreach ne€ N, t e R,, and ¢ € R, we have

B exnd iV %y(n _ B exnd i/ Pt (et
P nlog(n) k -\ nlog(n)’ "1 '

k=1

[nt],1)

By the explicit form of the characteristic function of X § given in Theorem [2.7],

U1 n n
E| expqi —_ne 4L tJH,XgL 1
nlog(n)

[nt]

B U1 )41 (e 2 UL jntj+1 (e
_exp{—C’l(l—mg); <nlog( 5 v; 1+1;51gn Tog(n)’ v;

Vling)41 (It
1 v .
) Og('<nlog<n>""f

nlog(n)

[nt| |nt|+1
U1, n n
=m0y Y- (e 2 e o) og((en o)

J=0 f=j5+1

91,
+iC< L tJ+171\_ntJ+1>
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[nt]

oGl o

nlog(n

2. U n
X (1 + i sign(19) log<#g|(n)<1WJ+1,'U§-L 2‘/J)>>)

v

+1 ‘CWCL [nt]+1> 1L"tJ+1>

|_ntJ [nt]+1

(1 —myg)

PO ST S Cenol ™) log((er o)) }
7=0 f=5+1

_)eitﬁ

as n — oo for each 1 € R. Indeed,

1 |nt] +1
———— (L nt)41, 1n = — 0 — 00,
nlog(n)< ) 1> L) nlog(n) as T eo
and
[nt| |nt|+1 [nt] |nt]+1
ntJ) {—j—1 l—j5—1
ngZMwa%>Mmgzzwl% )
J=0 £=j5+1 j=0 f=j+1
[nt]| [nt]+1 Int] o~
“Ogms\zz z]1 |10gm5\zz z]1
nlog 7=0 ¢=5+1 nlog 7=0 l=j+1
1 t]+1) 1 t]+1
_ Jlog(me)l(|nt] + kag melog(mol(lnt) 1)
nlog(n) (1 — mg)?nlog(n)
and
[nt| [nt| [nt]—j+1
1 1—m |nt] +1
3.27 ila1, 04D £ < 0
(3:27) nlog Z< Lnt] +15 05 )= nlog(n) ; 1 —mg (1 — mg¢)nlog(n)
as n — 0o, and
[nt]
Gi(1- mf )9 9] (Lnt)) :
nlog Z<1 ntJ+1> j >l— Slgn 19) lOg Fg(/n)<1\_ntj+1, ’Uj > — 1t’l9

as n — oo, since
[nt]—j+1
i (nt)) 9] 1—me
1 i, 0 —
0g<log(n)< %) ©8 log(n) 1 —mg
|nt]—j+1

= [log(|9]) — log(log(n)) + log(_g—g)‘ < [log(|9])] + log(log(n)) + |log(1 — me)],

1—m
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hence, by [327)),

[nt]

nlog Z< |nt]+1, YV ]LmJ>10g(log < LntJ+1,’U§»\‘ntJ)>))

|nt] +1
= (1 — mg)nlog(n)

(Hog(|9])| +log(log(n)) + [log(1 —mg)]) =0 as n — oo,

and

Lnt] [nt|—j+1

[nt]
C1(1 — mg)|v 2 . 1 —mge)V I .
S 'Z<1 e 012 sign(9) log(n) =1Ly

nlog(n n = 1 —me

as n — 00. By the continuity theorem, we obtain (3.26]), hence we finished the proof of ([2.9]).
O

Appendices

A A version of the continuous mapping theorem

If & and &,, n €N, are random elements with values in a metric space (F,d), then we also
denote by &, BN ¢ the weak convergence of the distributions of &, on the space (E,B(FE))
towards the distribution of ¢ on the space (E,B(E)) as n — oo, where B(F) denotes the
Borel o-algebra on FE induced by the given metric d.

The following version of the continuous mapping theorem can be found for example in
Theorem 3.27 of Kallenberg [14].

A.1 Lemma. Let (S,dg) and (T,dr) be metric spaces and (&,)nen, & be random elements
with values in S such that fni)§ as n—oo. Let f:S—T and f,: S —T, neN, be
measurable mappings and C € B(S) such that P(§ € C) =1 and lim,, o dr(fn(sn), f(s)) =0
if limy, o0 ds(Sp,s) =0 and s€C, s, €S, neN. Then f,(&) 2, f(&) as n— .

We will use the following corollary of this lemma several times.

A.2 Lemma. Let d € N, and let (Uyp)er, , (uﬁ"))teR+, n € N, be Re-valued stochastic
processes with cadlag paths such that U™ 25U asn — co. Let ® : D(R,,RY) — D(R,, RY)
and ®, DR, RY) — D(R,,RY), neN, be measurable mappings such that ®,(f,) — ®(f)
in D(R.,RY) as n — oo whenever f, — f in DR,,RY) as n — oo with f f, €
D(R,,R%), neN. Then &,(UM) 25 dU) as n — oo.
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B The underlying space and vague convergence

For each d € N, put RZ:= R?\ {0}, and denote by B(RZ) the Borel o-algebra of RY
induced by the metric ¢: R¢ x RS — R, given by

B.1) ol y) = minflle — yl 1) + | - L

B.1 Lemma. The set RY furnished with the metric o given in (BI) is a complete separable

a:,yE]Rg.

metric space, and B C R& is bounded with respect to the metric o if and only if B s
separated from the origin 0 € RY, i.e., there exists ¢ € Ry, such that B C {x € R : ||z| >
e}. Moreover, the topology and the Borel o-algebra B(R3) on RE induced by the metric
o coincides with the topology and the Borel o-algebra on RE induced by the usual metric
d(z,y) = |z —y|, =, yecR: respectively.

Proof. First, we check that RZ furnished with the metric ¢ is a complete separable
metric space. If (x,).eny is a Cauchy sequence in R¢, then for all ¢ € (0,1), there

exists an N. € N such that o(x,,x,) < ¢ for n,m > N.. Hence ||z, — x| < ¢ and

1
ll2nl

- M’ < e for n,m > N_, ie., (€,)nen and (1/|x,||)nen are Cauchy sequences in R?
and in R, respectively. Consequently, there exists an & € R? such that lim,_,« ||z, — x| = 0
and ||m—1n|| being convergent as n — oo, yielding that & # 0, and so « € R¢. By the continuity of
the norm, lim,, s, o(,, x) = 0, as desired. The separability of R¢ readily follows, since RZNQ?
is a countable everywhere dense subset of RY.

Next, we check that B C R¢ is bounded with respect to the metric o if and only if there exists
e € Ry, such that B C {x € RY : ||z|| > €}. If B C RY is bounded, then there exists r>0

such that o(x,e;) < r, € B, yielding that |”1|| 1] <r, x € B, and then ||x| > F’ x € DB,
so one can choose ¢ = ﬁ If there exists ¢ > 0 such that B C {x € R¢ : ||z| > €}, then
g(m,el):min{||m—el||,1}+|”—ja”—1|<1+§+1,meB. 0

Since RY s locally compact, second countable and Hausdorff, one could choose a metric
such that the relatively compact sets are precisely the bounded ones, see Kallenberg [I5], page
18]. The metric o does not have this property, but we do not need it.

Write (RZ)™ for the class of bounded Borel sets with respect to the metric ¢ given in (B).
A measure v on (R, B(R%)) is said to be locally finite if v(B) < co for every B € (RIY,
and write M(RZ) for the class of locally finite measures on (RZ, B(RY)).

Write éRg for the class of bounded, continuous functions f : RZ — R, with bounded
support. Hence, if f € éRg, then there exist an ¢ € R, such that f(x) =0 for all = € RY
with ||z|| <e. The vague topology on M(RY) is constructed as in Chapter 4 in Kallenberg
[15]. The associated notion of vague convergence of a sequence (vy,)neny in M(RZ) towards
v € M(R{), denoted by v, — v as n — oo, is defined by the condition v, (f) — v(f) as
n— oo forall fe 6Rg, where k( fRd k(dx) for each k€ M(RY).

If v is a measure on (Rg,B( 0)), then B € B(RY) is called a v-continuity set if
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v(0B) = 0, and the class of bounded v-continuity sets will be denoted by (R%),. The
following statement is an analogue of the portmanteau theorem for vague convergence, see,
e.g., Kallenberg [13] 15.7.2].

B.2 Lemma. Let v,v, € M(R3), n € N. Then the following statements are equivalent:

(i) vy —= v as n— oo,

(ii) v,(B) = v(B) as n— oo forall B e (RI),.

The following statement is an analogue of the continuous mapping theorem for vague con-
vergence, see, e.g., Kallenberg [13, 15.7.3]. Write D, for the set of discontinuities of a function
f RIS R,

B.3 Lemma. Let v,v, € M(RY), n €N, with v, —>v as n— 0co. Then v,(f) — v(f)
as n — oo for every bounded measurable function f : RE — R, with bounded support
satisfying v(Dy) = 0.

C Regularly varying distributions

First, we recall the notions of slowly varying and regularly varying functions, respectively.

C.1 Definition. A measurable function U : R, — R | s called reqularly varying at infinity
with index p € R if for all c € Ry,
Ul(cx)

lim =c’.

s U(2)

In case of p=0, we call U slowly varying at infinity.

C.2 Definition. A random wvariable Y s called reqularly varying with indexr o € Ry, if
P(|Y| > x) e Ry forall x € Ryy, the function Ry, > x+— P(|Y|>2z) € Ry, is reqularly
varying at infinity with index —a, and a tail-balance condition holds:

. P(Y >ux) . P(Y < —x)
C.1 1 S S A 1 S S S
(€1 S T =3 T

where p+q=1.

C.3 Remark. In the tail-balance condition (C.I), the second convergence can be replaced by

. PY <-x)
) SRV S )

Indeed, if Y is regularly varying with index « € R, then

PY < — P(Y < —
lim sup (¥ < —x) 1 ( z)

et B(Y[> 1) S ao B(Y[>2) O
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and
P(Y < —x) PY <—x—-1)

N 1 s N
oo P(YV[>a) ~ e P(Y]>2)
< —p —
T (e V) (A (VD) B
i P(Y[>z+1)  P(Y]> )

since, by the uniform convergence theorem for regularly varying functions (see, e.g., Bingham
et al. [, Theorem 1.5.2]) together with the fact that 1+ 1/z € [1,2] for x € [1,00), we

obtain Py )
L E(Y] > (14 1/x)

zo00 (Y] > )

=1,

and hence, we conclude (C2)).

On the other hand, if Y is a random variable such that P(|Y| > z) € R,, for all
x € Ry, the function Ry, 3 2 — P(]Y| > z) € R, is regularly varying at infinity with
index —c«, and (C2]) holds, then the second convergence in the tail-balance condition (C.IJ)
can be derived in a similar way. O

C.4 Lemma. (i) A non-negative random variable Y is reqularly varying with index o €
Ry, if and only if P(Y > x) € Ryy forall x € Ryy, and the function R,y 3 x>
P(Y > z) € Ry, is regularly varying at infinity with index —«.

(ii) If Y s a reqularly varying random variable with index « € Ry, then for each f € Ry,
Y|P is regularly varying with index /3.

C.5 Lemma. If Y s a reqularly varying random variable with index o € Ry, then there
exists a sequence (an)nen in Riy such that nP(|Y]|>a,) — 1 as n—o00. If (ap)nen 1S
such a sequence, then a, — 00 as n — Q.

Proof. We are going to show that one can choose a, := max{a,,1}, n € N, where a,
denotes the 1 — % lower quantile of |Y|, namely,

1 1
an ::inf{xeR: 1——<P(Y] <:c)} :inf{xER:P(|Y| > 1) < —}, n € N.
n n

For each n € N, by the definition of the infimum, there exists a sequence (x,,)men in R
such that z,, | @, as m — oo and P(|Y| > z,) <+, m e N. Letting m — oo, using
that the distribution function of [Y| is right-continuous, we obtain P(|Y| > @,) < , thus
nP(]Y] >a,) <1, and hence

(C.3) limsupnP(|Y] > a,) < 1.

n—oo

Moreover, for each n € N, again by the definition of the infimum, we have 1 < P(|Y| > @,—1),
thus nP(|Y| > a, —1) > 1, and hence

(C.4) liminfnP(|Y] > @, — 1) > 1.

n—o0
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We have a, — oo as n — oo, since |Y| is regularly variable with index o € Ry (see
part (ii) of Lemma [C4]), yielding that |Y| is unbounded. Thus for each ¢ € (0,1) and
for sufficiently large n € N, we have a, > 1%(1, and then a, —1 > qa,, and hence
P(Y| > a, —1) < P(|Y| > ga,). Consequently, for each ¢ € (0,1), using (C4) and that |Y|

is regularly varying with index o« € R, ,, we obtain
1 <liminfnP(|Y]| > a, — 1) <liminf n P(|Y| > ga,)
n—oo n—oo
L POY] > gan)
s P(Y| > an)

Hence for each ¢ € (0,1), we have liminf, .. nP(|Y] > a,) > ¢*. Letting ¢ 11, we get
liminf, . nP(|Y] > a,) > 1, and hence by (C3)), we conclude lim, . nP(|Y]>a,) = 1.

nP(|Y| > @) = ¢~ liminf n P(|Y| > @,).
n—oo

If (an)nen is asequence in Ry such that nP(|Y| > a,) -+ 1 as n — oo, then a, — oo
as nm — oo, since |Y| is unbounded. O

C.6 Lemma. (Karamata’s theorem for truncated moments) Consider a non-negative
reqularly varying random variable 'Y with index o € R.,. Then
. 2PPY >2) B-a
lim =
T—00 E(Yﬁl{ygx}) Q

for B € [a,00),

. PPY>z) a-8
lim =
r—00 E(Yﬁ]l{y>x}) (6%

for B € (—o0,a).

For Lemma[C.0] see, e.g., Bingham et al. [T, pages 26-27] or Buraczewski et al. [8, Appendix
B.4].

Next, based on Buraczewski et al. [8, Appendix C], we recall the definition and some prop-
erties of regularly varying random vectors.

C.7 Definition. A d-dimensional random vector 'Y and its distribution are called regularly
varying with index o € Ry, if there exists a probability measure v on S* ' such that for

all ce Ry,
P(IY| > ez, 37 € )

P(IY] > )

where — denotes the weak convergence of finite measures on S%~'.  The probability measure

w

— cYYP(+) as T — 00,

1 1s called the spectral measure of 'Y .

The following equivalent characterization of multivariate regular variation can be derived,
e.g., from Resnick |24, page 69].

C.8 Proposition. A d-dimensional random vector 'Y is reqularly varying with some index
a € Ry, if and only if there exists a non-null locally finite measure u on RY satisfying the
limat relation

(c3) ) i= B )
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where —— denotes vague convergence of locally finite measures on RE  (see Appendiz[B for
the notion ——). Further, p satisfies the property u(cB) = c *u(B) for any ¢ € Ry, and
B € B(RY) (see, e.g., Theorem 1.1 and 1.15 and Remark 1.16 in Lindskog [16]).

The measure g in Proposition is called the limit measure of Y.

Proof of Proposition[C.8 Recall that a d-dimensional random vector Y is regularly varying
with some index « € R, if and only if on (Kff, B(Rg)), furnished with an appropriate metric
0 (see, e.g., Kallenberg [15], page 125]), the vague convergence i, — @i as & — oo holds
with some non-null locally finite measure 7 with ﬁ(ﬁg \RY) = 0, where Rff = R* \ {0}
with R :=R U {—00, 0}, see, e.g., Resnick [24, page 69]. It remains to check that s, — i
as T — 00 on (Kﬁ,B(Eﬁ)) holds if and only if s, — p as x — oo on (RE B(RY)) with
o= H‘Rg. By Lemma B2, ., (BNRY) = p(B) — @w(B) = @(BNRY) as = — oo for
any bounded Jfi-continuity Borel set B of E’f. By Kallenberg [15, page 125] and Lemma
B a subset B of Eﬁ is bounded with respect to the metric o if and only if B N RY
(as a subset of RY) is bounded with respect to the metric o. Further, for any B € B(Kﬁ),
(8E§B) NRE = Oga(B N R), where 8@33 and Oga(B N R¢) denotes the boundary of B in
Eﬁ and that of (BNRY) in RY, respetively, since a set G C Eﬁ is open with respect to o
if and only if GNRY is open with respect to o. Thus ﬁ(aﬁgB) = ﬁ((%gB) NRY) =0 if and
only if 41(Opa (BNRY)) =0. Hence p,(B)— u(B) as x — oo for any bounded Ji-continuity
set B of R‘f if and only if p.(B) — u(B) as x — oo for any bounded p-continuity set B

of RZ. Consequently, by Lemma B2, p, — I as = — 0o on @g if and only if 1, —
as x — oo on R 0

The next statement follows, e.g., from part (i) in Lemma C.3.1 in Buraczewski et al. [§].

C.9 Lemma. If Y s a reqularly varying d-dimensional random vector with index o € Ry,
then for each ¢ € R%, the random vector Y — ¢ is reqularly varying with index o.

Recall that if Y is a regularly varying d-dimensional random vector with index a € R,
and with limit measure g given in (C3), and f : RY — R is a continuous function with
f71({0}) = {0} and it is positively homogeneous of degree S € R,, (i.e., f(cv) =P f(v)
for every ¢ € R;, and v € RY), then f(Y) is regularly varying with index 5 and with
limit measure u(f71(+)), see, e.g., Buraczewski et al. [8, page 282]. Next we describe the tail
behavior of f(Y') for appropriate positively homogeneous functions f:R? — R.

C.10 Proposition. Let 'Y be a regularly varying d-dimensional random vector with index
a€Ryy andlet f:R?— R be a measurable function which is positively homogeneous of
degree € Ryy, continuous at 0 and p(Dy) =0, where p is the limit measure of Y given
in (CH) and Dy denotes the set of discontinuities of f. Then u(@Rg(f_l((l,oo)))) =0,
where 8Rg(f_1((1, ))) denotes the boundary of f~1((1,00)) in RY. Consequently,

i BV > )

e P([Y]P > 2) = pu(f71((1,00))),
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and f(Y) is reqularly varying with tail index 3

Proof. For all z € R,,, we have

PU(Y)>a) Pl f(¥)>1) _PUEPY)>1) B PY € (1 o))
PIYIP >0~ B(Y[><7)  P(Y]>27) P(YT>7)

Next, we check that f~'((1,00)) is a p-continuity set being bounded with respect to the
metric o given in (B.)). Since f(0) =0 (following from the positive homogeneity of f), we
have f~1((1,00)) € B(RZ). The continuity of f at 0 implies the existence of an ¢ € R,
such that for all x € R? with |x| <& we have |f(z)| <1, thus = ¢ f~*((1,00)), hence
1 ((1,00) C {x € R : ||z|| > ¢}, ie, f'((1,00)) is separated from 0, and hence, by
Lemma B, f~1((1,00)) is bounded in RZ with respect to the metric o. Further, we have

Ogg (f((1,00))) € fH(Or((1,00))) U Dy = f7H({1}) U Dy,

and hence
11(Fra (FH((1,00)))) < u(f T ({13) + w(Dy) = u(fH({1})).

Here u(f~'({1})) =0, since if, on the contrary, we suppose that u(f~'({1})) € (0,00], then
for all w,v € Ry, with u < v, we have

p(f ozl U ) ) = Y s Ea) = Y m@ H{)

q€QN(u,v) q€QN(u,v) q€QN(u,v)
= > ¢ Fuf{1) =
q€QN(u,v)

where we used that u(cB) =c*u(B), ce R,y, B e B(R%) (see Proposition[Cq), and that
“({a) ={z R} f(@) =g} = {z € R}: flg Tz) =1}
= {0y eR): fly) =1 =¢ /T ({1),  qeRy.

This leads us to a contradiction, since f~((u,v)) is separated from 0 (can be seen similarly
as for f71((1,00))), so, by Lemma[B.] it is bounded with respect to the metric o, and hence
w(f~((u,v))) < oo due to the local finiteness of u. Hence u(@Rg(f_l((l,oo)))) =0, as
desired.

Consequently, by portmanteau theorem for vague convergence (see Lemma [B.2), we have

P(z 7Y € f~'((1,00)))

P s o) AT (o)) as oo,

as desired. O
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D Weak convergence of partial sum processes towards
Lévy processes

We formulate a slight modification of Theorem 7.1 in Resnick [25] with a different centering.

D.1 Theorem. Suppose that for each N € N, Xy, j € N, are independent and identically
distributed d-dimensional random vectors such that

(D.1) NP(Xyi1€-) > v() on RS as N — oo,

where v is a Lévy measure on RE such that v({x € R : |{es, )| = 1}) = 0 for every
tef{l,...,d}, and that

(DQ) limlimsupNE((eg,XN71)21{|<627XN’1>‘<5}) = O, (e {1,,d}

el Nooo

Then we have

Nt d
(Z (XN,j - ZE«@Z,XNJ)I{@Z,XNJ)gl})@)) 2 (X1)ier, as N — o0,
—1

Jj=1 teR4

where (Xy)ier, 15 a Lévy process such that the characteristic function of the distribution p
of X1 has the form

d

03) 76 = e [ g (610 =1 =13 en B) e L lferal) Jolde) ). 6 € e

(=1

Proof. There exists r € R, such that v({z € Rl : ||| = r}) = 0, since the function

R,, >t v({x e Re: ||z| >t}) is decreasing. By an appropriate modification of Theorem
7.1 in Resnick [25], we obtain

[Nt]
<Z(XN,J' - E(XN,j1{||XN,jll<r}))> > (Xi)er.  as N = oo,
teRy

J=1

where (i’ t)ier, 1s a Lévy process such that the characteristic function of X, has the form

E(H0%) = exp{/
R

Let us consider the decomposition

(ei<9,w> —1-1(8, a:>1(0,r}(||a:||))u(da:)}, 0 € R%

d
0

| Nt| d

> (XNJ - E({es, XN,j>]l{<ee,XN,j><1})ee>

j=1 =1
[N d |Nt]

= > (Xny = E(XwyLuxalan) 2 D E(len Xng) (Lixa, et = Litenxwpi<i))) e
j=1 (=1 j=1
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for each t € R, .. Here for each ¢ € {1,...,d}, we have

N1
D E((er, Xng) (Liix s li<rt — Lijgerxw)1<1}))

J=1

[Vt]

= [Nt E({er, X n.1) (Lgixpali<rt — Lijtenxnn)i<1})) = N ——NE(g,/(X 1)),

where gr Rd — R, gg(:c) = Ig(]l{”w”gr} — 1{\xe\<1})7 r = (a:l,...,xd)T S Rd. For
each ¢ € {1,...,d}, the positive and negative parts ¢/ and g, of the function g,
are bounded, measurable with a bounded support (following from Lemma [B.I)), and, due to
v({z € RE : [{ey, )| = 1}) =0, £ € {l,...,d}, and v({z € Rd : ||z| = r}) = 0, the
sets of discontinuity points D+ and D, have v-measure 0, i.e., V(Dg;) = V(D ) = 0.
Consequently, by (D.I]) and LemmalEil7 we have

NE(9(Xn1)) = NE(g/ (Xn1)) — NE(9, (Xn1)) = vlg/) —v(g;) =v(ge) €R

as N — oo, since v(g,/),v(g,;) € Ry due to the fact that v is a Lévy measure. Next, we
may apply Lemma with

[N
N
U =3 (Xng —E(Xwlyxy,ien)),  NEN,
j=1
d
(I)N(f)(t) = ZE gg XNl eg, N e N,
/=1

]~

U =X, DN =FfO)+t> v(g)e

=1

for t€e R, and f € D(R;,R?%). Indeed, in order to show ®n(fy) — ®(f) in D(R,, RF)
as N — oo whenever fy — f in DR, R¥!) as N — oo with f, fx € D(R,, RFF),
N € N, by Propositions VI.1.17 and VI.1.23 in Jacod and Shiryaev [10], it is enough to check
that for each 7'€ Ry, we have

d

—0 as N — oo.

sup > || Nt]E(g¢(Xn1)) — tv(ge)

t€[0,7] )=

This follows, since for each ¢ € {1,...,d},

t:}éﬁc’p] [Nt] E(ge(X 1)) — tr(ge)
[Vt | Nt]
S t:}é’% T(NE(QZ(XNJ)) - V(ge))‘ +t23% v(gr) (T — t) ‘

v(gr)

N —0 as N — oo.

STINE(g(Xn1)) —v(ge)| +
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Applying Lemma [A.2] we obtain

Nt d
(Z <Xij_ZE(<e€7XN7j>:“‘{<357XN,J’><1})65)) =oyUM) 2 0U)  as N oo,
j=1 =1 tER+

where ®U), = X, + 130 v(g)e, = Xy, t € Ry, is a d-dimensional Lévy process, since

d
E (ei<0,x1+25:1 u(gz)eﬁ) — exp{/ (ei(O,m> —1-1(0, $>1(o,r}(||33’|)) v(de) + iZ(B, €g>V(gg>}
R

d
0 /=1

—en{ [ g (¢10 =1~ i(6.2) 10, (Il )v(de)

(6, e) /Rd<ez,:v>(ll{||m||<r} — Ljer.a)i<1y) V(dw)},

0

yielding ([D.3)). 0

+1

&~
Il Q
—

E Tail behavior of (Xj)iez,

Due to Basrak et al. [5, Theorem 2.1.1], we have the following tail behavior.

E.1 Theorem. We have

(5.00) 1

lim £ =T,
1—mg‘

r—oo Ple > ) —
where m denotes the unique stationary distribution of the Markov chain (Xy)rez,, and

consequently, m 1s also reqularly varying with inder «.

Note that in case of o = 1 and m. = oo Basrak et al. [5] Theorem 2.1.1] assume
additionally that e is consistently varying (or in other words intermediate varying), but,
eventually, it follows from the fact that ¢ is regularly varying.

Let (Xj)rez be astrongly stationary extension of (Xj)rez,. Basrak et al. [5, Lemma 3.1]
described the so-called forward tail process of the strongly stationary process (Xj)kez, and
hence, due to Basrak and Segers [0, Theorem 2.1], the strongly stationary process (Xy)irez is
jointly regularly varying.

E.2 Theorem. The finite dimensional conditional distributions of (x7'Xy)gez, with respect
to the condition Xo > x converge weakly to the corresponding finite dimensional distributions
of (MY )rez, as x— oo, where Y is a random variable with Pareto distribution P(Y <
y) = (1 =y ) peo)(y), y € R, Consequently, the strongly stationary process (Xy)pez s
jointly reqularly varying with index «, 1i.e., all its finite dimensional distributions are reqularly
varying with index «. The process (m'gY)kGZ+ is the so called forward tail process of (Xy)kez-
Moreover, there exists a (whole) tail process of (Xi)rez as well.
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By the proof of Theorem 2.1 and Proposition [C.10], we obtain the following results.
E.3 Proposition. For each k € Z,,

(i) the limit measure Uyo of (Xo,...,Xy)" given in B3) takes the form

Vi o
Vio({z € RET ¢ [lzf| > 1})

Vo =

where vy o is given by [B.4) and

1 — mo 1 — m2t)ya/2 k -
vial{w € RET -] > 1)) = f <( D B ””)C“”);

2\« ot
(1 —mg)e/? 1 —mg e
(i) the tail behavior of Xo+ -+ Xy is given by
o k 1 k
hmIP’(XO_|_..-+Xk>x): L—mg ((1—m" Z k]H |
T—00 P(Xy > x) (1 —myg) 1-— mg =

Proof. (i). In the proof of Theorem Il we derived vy, = Upo/Uko({x € RET 29 > 11}).
Consequently,
ea({z € RGT : |z > 1})

vha{z € RET ¢ 2] > 1})

Dea({x € RET 1 3g > 1)) =

where, using Proposition [CI0 with the 1-homogeneous function R**! > x s |||, we have

_ P([|(Xo,..., X) "] > x)
Do € Rk—i—l zll > 1 lim ) 9 = 1,
ka({ ]l >1}) = z—oo P(||(Xo, ..., Xp)T| > )

and, by B.4),

vra({z € RG] > 1}) = /k L{jaf/>1} Via(da)
RyT!

0

k 00
— a —a—1
= (1 —mg) E /0 ]].{”uv;k)”>1}0éu du
=0

k

o k
a —a— « k)«
mm [ e s -3 1ol

j=0 /v

k
= () (=) ) YLk )

a 2(k+1)\a/2 k
o 1 - m§ (1 - m£ ) / " Z k j+1 )a/2
(11— mg)e/? 1 —mg ’

Jj=1
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(ii).

Applying Proposition for the 1-homogeneous functions RFf! 5 z +— z, and

R S 2+ 29 + -+ + 25, and formula ([B.4), we obtain

p Bt Xe>a) L P([(Xoy o X))l > @) P+ + X > )
s P(Xo > ) = P(X, > 7) P(|(Xo, ..., Xp) || > 2)

Dkoe({il)E]Ré"‘l cxo o > 1}) .
== 3 =o{x €R cxg x> 1
Uko({T G]R’g“ cxo > 1}) kol 0 0 k 3

= Vk,a(‘{w S RIOH_1 : <1k+17 w> > 1}) - /k+1 ]l{<1k+17m>>1} Vk,a(dm)
RO
k 00
= @ —a—1
=(1- mg) Z/o ]l{<1k+1’m;§k)>>1}au du
=0
(1 —mg Z/

1k+1 ’U

k
aldu— 1_m5 Zlk+1? ]
7=0

k
:(1—m?)((l—m?)_l(l+m5+---+m’g)°‘+2(1+m5+ +m ]) )

J=1

1 — m& (1_ k—i—l) k .
— g My k—j+1\a
e (T T

j=1
as desired. O
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