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Abstract. In this work, we give some new properties of Rad-supplement and g-radical supple-
ment submodules. Let V be a g-radical supplement of U in M and U or V be essential submodule
of M. Then Rad,V =V NRad,M. Let V be a g-radical supplement of U in M, U or V be es-
sential submodule of M and x € V. Then Rx <, V if and only if Rx <z M. In this work, some
relations between Rad-supplement, g-radical supplement, * and B; relations are also studied.
Let X B;Y in M. If V is a g-radical supplement of X in M and V < M, then V is also a g-radical
supplement of Y in M. Let M be an R-module. It is proved that M is semilocal (g-semilocal) if
every submodule of M B* equivalent to a Rad-supplement (g-radical supplement) submodule in
M.
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1. INTRODUCTION

Throughout this paper all rings will be associative with identity and all modules
will be unital left modules.

Let R be a ring and M be an R-module. We will denote a submodule N of M by
N <M. Let M be an R-module and N < M. If L = M for every submodule L of
M such that M = N + L, then N is called a small submodule of M and denoted by
N < M. Let M be an R-module and N < M. If there exists a submodule K of M
such that M = N+ K and NN K = 0, then N is called a direct summand of M and it
is denoted by M = N ® K. A submodule N of an R-module M is called an essential
submodule of M, denoted by N < M, in case KN N # 0 for every submodule K # 0,
or equivalently, NN K = 0 implies that K = 0. Let M be an R-module and K be a
submodule of M. K is called a generalized small (briefly, g-small) submodule of M
if for every T < M with M = K+ T implies that T = M, this is written by K <¢ M
(in [13], it is called an e-small submodule of M and denoted by K <, M). It is clear
that every small submodule is a generalized small submodule but the converse is not
true generally. Let U and V be submodules of M. If M = U +V and V is minimal
with respect to this property, or equivalently, M = U +V and UNV <<V, then
V is called a supplement of U in M. M is called a supplemented module if every
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submodule of M has a supplement in M. Let M be an R-module and U,V < M.
IEM=U+V and M =U+T with T <V implies that T =V, or equivalently,
M=U+VandUNV <, V, thenV is called a g-supplement of U in M. M is said to
be g-supplemented if every submodule of M has a g-supplement in M. The intersec-
tion of all maximal submodules of an R-module M is called the radical of M and de-
noted by RadM. If M have no maximal submodules, then we denote RadM =M. M is
said to be semilocal if M /RadM is semisimple, i. e. every submodule of M /RadM is
a direct summand of M /RadM. Let M be an R-module and U,V <M. IfM =U+V
and UNV < RadV, then V is called a generalized (radical) supplement (briefly
Rad-supplement) of U in M. M is said to be generalized (radical) supplemented
(briefly Rad-supplemented) if every submodule of M has a Rad-supplement in M.
The intersection of all essential maximal submodules of an R-module M is called
the generalized radical (briefly g-radical) of M and denoted by Rad,M (in [13], it
is denoted by Rad.M). If M have no essential maximal submodules, then we denote
Rad,M = M. If M /Rad,M is semisimple, i. e. every submodule of M/Rad,M is a
direct summand of M/Rad,M, then M is called a g-semilocal module. Let M be an
R-module. We say submodules X and Y of M are B* equivalent, X*Y, if and only if
Y+K=Mforevery K<Msuchthat X + K =M and X +T =M forevery T <M
such that Y + 7 = M. We say submodules X and Y of M are B;ﬁ equivalent, X BZ,Y ,
if and only if Y + K = M for every K <M suchthat X+ K =M and X+7T =M
for every T <M such that Y +7 = M. Let M be an R-module and X <Y < M. If
Y/X < M/X, then we say Y lies above X in M.

More informations about supplemented modules are in [2, 8, 12]. More informa-
tions about g-small submodules and g-supplemented modules are in [3, 7, 10]. The
definition of generalized supplemented modules and some properties of them are in
[11]. The definition of g-semilocal modules and some properties of them are in [5].
The definition of B* relation and some results of this relation are in [1]. The definition
of B; relation and some results of this relation are in [9].

Lemma 1. Let M be an R-module. The following assertions hold.

(1) For every m € Rad,M, Rm <¢ M.
(2) If N <M, then Rad,N < Rad,M.
(3) RadgM = ZL<<gML‘

Proof. See [4, Lemma 2 and Lemma 3]. O

2. G-RADICAL SUPPLEMENT SUBMODULES

Definition 1. Let M be an R-module and U,V <M. f M =U+V and UNV <
Rad,V, then V is called a g-radical supplement of U in M. If every submodule of M
has a g-radical supplement in M, then M is called a g-radical supplemented module.

(See [4,6].)
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Clearly we can see that every g-supplemented module is g-radical supplemented.
But the converse is not true in general. Every Rad-supplemented module is g-radical
supplemented.

Lemma 2. Let V be a g-radical supplement of U in M and U < M. Then
Rad,V =V NRad,M.

Proof. By Lemma 1, Rad,V <V NRad,M. Let T be an essential maximal sub-

module of V. Then UNV < Rad,V < T holds. By U’KT = UZJ;JTFJTFV = VH(Z”) =

= #JFT = % and U+T < M, U+T is an essential maximal submodule of M
and Rad,M < U +T. Hence VNRad,M <VN(U+T)=UNV+T =T. Thus
Rad,V =V NRadgM, as desired. O

Theorem 1. Let V be a g-radical supplement of U in M, U <M and x € V. Then
Rx <,V if and only if Rx < M.

Proof.

— Clear.

<= Since Rx <, M, by Lemma 1, Rx < Rad,M and x € Rad,M. Then
x € VNRad,M. By Lemma 2, Rad,V =V NRad,M. Hence x € Rad,V
and by Lemma I, Rx < V. We can also prove this part as follows:

Let T be an essential maximal submodule of V. Here UNV < Rad,V <T.
Assume that Rx £ T. Then Rx+T7 =V and M =U +V =U +Rx+T. Since
RxKeMandU+T <M, U+T =M. ThenV=VNM=VNU+T) =
=UNV+T =T, acontradiction. Hence Rx < T for every essential maximal
submodule T of V and Rx < Rad,V. Thus x € Rad,V and by Lemma 1,
Rx <, V.

0

Corollary 1. Let V be a Rad-supplement of U in M and U I M. Then
Rad,V =V NRadM.

Proof. Clear from Lemma 2. O

Corollary 2. Let V be a Rad-supplement of U in M, U <M and x € V. Then
Rx <, V if and only if Rx <, M.

Proof. Clear from Theorem 1. O

Theorem 2. Let V be a g-radical supplement of U in M, V <M and x € V. The
following assertions hold.

(1) Rad,V =V NRad,M.
(2) Rx <,V ifand only if Rx <, M.

Proof.
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(1) By Lemma 1, Rad,V <V NRad,M. Let T be an essential maximal submo-
dule of V. Then UNV < Rad,V < T holds. Since T <V and V < M, then
I'dMand U +T I M. Then by UL—‘FT = UZJTFJTFV = Vﬁ(g+T) = Um¥+T =¥
U +T is an essential maximal submodule of M and Rad,M < U +T. Hence
VNRadM <VN({U+T)=UNV+T =T. Thus Rad,V =V NRad,M, as
desired.

(2) = Clear.
<= Since Rx <, M, by Lemma 1, Rx < Rad,M and x € Rad,M. Then

x € VNRad,M. By Theorem 2 (1), Rad,V =V NRad,M. Hence
X € Rad,V and by Lemma 1, Rx <, V. We can also prove this part
as follows:

Let T be an essential maximal submodule of V. Here U NV < Rad,V <
< T. Assume that Rx £ T. Then Rx+ T =V and M =U +V =
=U+Rx+T.SinceT <VandV <M,thenT <M and U+T <M.
Since Rx <, M, U+T =M. Then V=VNM=VNU+T) =
=UNV +T =T, a contradiction. Hence Rx < T for every essential
maximal submodule 7" of V and Rx < Rad,V. Thus x € Rad,V and by
Lemma I, Rx <, V.

O

Corollary 3. Let V be a Rad-supplement of U in M and V I M. Then
Rad,V =V NRad,M.

Proof. Clear from Theorem 2 (1). O

Corollary 4. Let V be a Rad-supplement of U in M, V I M and x € V. Then
Rx <,V if and only if Rx <, M.

Proof. Clear from Theorem 2 (2). O

Example 1. Consider the Z-module Q. For 7Z <7 Q, RadyZ = RadZ = 0. Since
Rad,Q = RadQ = Q, ZNRad,Q = ZNQ = 7Z. Hence Rad,7. # 7N Rad,Q.

Proposition 1. Ler X B;Y in M. If V is a g-radical supplement of X in M and
V A M, thenV is also a g-radical supplement of Y in M.

Proof. By hypothesis, M =X +V and XNV < Rad,V. Since XB;Y and V I M,
Y+V =M. Let T be any essential maximal submodule of V. Since 77 <V and
V <M, then T <M. Assume that Y NV ﬁ T. Then YNV +T =V. Here M =
=Y+V=Y+YNV+T=Y+T and sinceXB;Y andT <M,X+T =M. ThenV =
VAM=VN(X+T)=VNX+Tandsince XNV <Rad,V <T,V=VNX+T=T.
This is a contradiction. Hence Y NV < T for every essential maximal submodule of
Vand Y NV < Rad,V. Thus V is a g-radical supplement of ¥ in M. U

Lemma 3. Let XB*Y in M. If X and Y have Rad-supplements in M, then they have
the same Rad-supplements in M.
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Proof. Let C be a Rad-supplement of X in M. Then M = X +C and X NC < RadC.
Since XB*Y, Y +C = M. Let T be any maximal submodule of C. Assume that
YNCLT. ThenYNC+T =C. Here M =Y +C=Y+YNC+T =Y +T and
since XB*Y, X+T =M. ThenC=CNM=CN(X+T)=XNC+T and since
XNC<RadC<T,C=XNC+T =T. This is a contradiction. Hence YNC < T
for every maximal submodule of C and Y NC < RadC. Thus C is a Rad-supplement
of Y in M. Similarly, the interchanging the roles of X and Y, we can prove that every
Rad-supplement of Y in M is also a Rad-supplement of X in M. t

Corollary 5. Let X lies above Y in M. If X and Y have Rad-supplements in M,
then they have the same Rad-supplements in M.

Proof. Clear from Lemma 3. O

Lemmad. Let XB*Y in M. If X has a g-radical supplement V in M, then 'V is also
a g-radical supplement of Y in M.

Proof. By hypothesis, M =X +V and XNV < Rad,V. Since XB*Y,Y +V =M.
Let T be any essential maximal submodule of V. Assume that Y NV £ T. Then
YNV+T =V. Here M=Y+V =Y+YNV+T =Y +T and since XB'Y,
X+T=M. Then V=VNM=VNX+T)=XNV+T and since XNV <
<Rad,V <T,V=VNX+T=T. This is a contradiction. Hence Y NV < T for
every essential maximal submodule of V and Y NV < Rad,V. Thus V is a g-radical
supplement of Y in M. U

Corollary 6. Let X lies above Y in M. If X and Y have g-radical supplements in
M, then they have the same g-radical supplements in M.

Proof. Clear from Lemma 4. ]
Lemma 5. Let XB*Y and Y be a Rad-supplement of U in M. Then UNX < RadM.

Proof. Since Y is a Rad-supplement of U in M, M =U +Y and UNY < RadY <
< RadM. Since M =U +Y and XB*Y, M =U +X. Let T be any maximal submodule
of M. Here U NY < RadM < T. Assume that U N X ﬁ T. ThenUNX+T =M and
sinceM =U +X,by [2,Lemma 1.24], X +UNT =M. Since XB*Y,Y+UNT =M
and since U +7T =M, by [2, Lemma 1.24] again, UNY +T7T =M. ThenbyUNY <T,
M =UNY+T =T. This is a contradiction. Hence U NX < T for every maximal
submodule 7 of M and U N X < RadM. O

Corollary 7. Let X lies above Y and Y be a Rad-supplement of U in M. Then
UNX < RadM.

Proof. Clear from Lemma 5. O

Lemma 6. Let M be an R-module. If every submodule of M is B* equivalent to a
Rad-supplement submodule in M, then M is semilocal.
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Proof. Let X /RadM < M/RadM. Since X < M, by hypothesis, there exists a
Rad-supplement submodule Y in M such that X*Y. Let Y be a Rad-supplement of U

inM. By Lemma 5, UNX < RadM. Since XB*Y andY +U =M, X +U = M. Then
M X+U _ U+RadM oo q X ~ U+RadM _ XN(U+RadM) _ UNX+RadM __

_ X
RadM ~— RadM ~— RadM + RadM RadM RadM RadM - RadM

_ RadM __ M _ X U+RadM . . .
= RadM = 0. Hence Radii = Rodti © “Radit and M /RadM is semisimple. Thus M is

semilocal. O

Corollary 8. Let M be an R-module. If every submodule of M lies above a
Rad-supplement submodule in M, then M is semilocal.

Proof. Clear from Lemma 6. ]

Theorem 3. Let XB*Y and Y be a g-radical supplement of U in M. Then
UNX < Rad,M.

Proof. Since Y is a g-radical supplement of U in M, M =U+Y and UNY <
< Rad,Y < Rad,M. Since M = U +Y and XB*Y,M =U+X. Let T be any essen-
tial maximal submodule of M. Here U NY < Rad,M < T. Assume that U NX f_ T.
Then UNX +T =M and since M = U + X, by [2, Lemma 1.24], X+ UNT =M.
Since XB*Y, Y +UNT =M and since U+ T = M, by [2, Lemma 1.24] again,
UNY+T =M. Thenby UNY <T,M=UNY+T =T. This is a contra-
diction. Hence U NX < T for every essential maximal submodule 7 of M and
UNX < Rad,M. O

Corollary 9. Let X lies above Y and Y be a g-radical supplement of U in M. Then
UNX < Rad,M.

Proof. Clear from Theorem 3. O

Theorem 4. Let M be an R-module. If every submodule of M is B* equivalent to a
g-radical supplement submodule in M, then M is g-semilocal.

Proof. Let X /Rad,M < M /Rad,M. Since X < M, by hypothesis, there exists a
g-radical supplement submodule Y in M such that XB*Y. Let Y be a g-radical supp-
lement of U in M. By Theorem 3, UNX < Rad,M. Since XB*Y and Y +U =M,

. M _ X+U _ X U+Rad,M X U+Rad,M
X+U=M. Then piyi = Reai = Raai T Radpr 9 Ragmr O ~Radm
_ XN(U+RadsM) — UNX+Rad,M — Rad,M M X U-+Rad,M
= " RadM =  Radm = Raam — O Hence piiw = peami © “Raapr and
M /Rad,M is semisimple. Thus M is g-semilocal. U

Corollary 10. Let M be an R-module. If every submodule of M lies above a g-
radical supplement submodule in M, then M is g-semilocal.

Proof. Clear from Theorem 4. ]
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