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NOVEL INVARIANTS FOR ALMOST GEODESIC MAPPINGS OF
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Abstract. Two kinds of invariance for geometrical objects under transformations are involved in
this paper. Based on these kinds, we obtained new invariants for almost geodesic mappings of
the third type of a non-symmetric affine connection space in this paper. Our results are presented
in two sections. In the Section 3, we obtained the invariants for the equitorsion almost geodesic
mappings which do not have the property of reciprocity.
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1. INTRODUCTION

Many authors have obtained invariants for different mappings between symmetric
and non-symmetric affine connection spaces. Some of them are J. MikeS§ and his
research group [1-3,5, 15], N. S. Sinyukov [14], M. S. Stankovi¢ [13, 18, 19,21],
M. L. Zlatanovié [22,23], M. Z. Petrovié [12, 1 3] and many others.

1.1. Affine connection spaces

An N-dimensional manifold equipped with non-symmetric affine connection
\Y (see Eisenhart [ ]) is the non-symmetric affine connection space GAy (in Ei-
senhart’s sense).

Affine connection coefficients of the space GAy are L;k, ;k £Li ; for at least one
pair (j,k) € {1,...,N} x {1,...,N}. For this reason, symmetric and anti-symmetric
parts of affine connection coefficients L’jk are

. 1, . . . 1, . .
L’Lkzi(L‘jk—i—L;(j) and L‘jvk:E(L’jk—L}(j). (1.1)
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0
The N-dimensional manifold equipped with torsion-free affine connection V whose
coefficients are L’jk is associated space Ay (of space GAN) [20,21].
0
Based on affine connection V, one kind of covariant derivative exists [2,3,5, 14,15]
a’j‘k = alj’k—i—L&ika?—sza&, (1.2)
for partial derivative d/dx* denoted by comma.
In this case, one Ricci identity a’j‘mn — a’j‘nm = aj?‘R&mn — a&R?‘mn exists. Curvature
tensor K7, of associated space Ay is
Riyn = Lljﬁ,n - L’an + LjinL&l — LGLiLm. (1.3)
Geometrical object
R;; :R%-a, (1.4)

is the Ricci tensor.
Based on non-symmetric affine connection V, S. M. Minci¢ defined four kinds of
covariant derivatives [7, 8]

i i i 0 go i [ A | i 0 go 0
aj‘k—ajk—i-Lakaj ijaa, ajlk—aj7k+Lkaaj ijaa,
! 2 1.5
o (1.5)
jl

3

_ i i 0o i i i i 0 _ go 0
=g —i—Lakaj ijaa, A = g +Lkaaj ijaa.
4

Explanation of covariant derivatives [10]:

Two kinds of parallel displacement of vectors in GAy exist. For a vector field
vl =vi(t), defined along a curve C: x' = xi(¢), V' is a field of k-th, k = 1,2, parallel
transport if for the differential one has

i i kpi
ilv =—( wp— (—1) L%B)v“dxﬁ. (1.6)

After considering a surface element at the tangent space determined by two in-
finitesimal vectors whose origin is the point P(x'). The ends of these vectors are
Q(x' +dx') and R(x' + &x%).

If we make the parallel displacement of the first kind of the vector dx’ along &x'
and 8x’ along dx', we obtain different points S and T for the ends. The coordinates of
these points are

i i _ i (ri i a8 B _nri .08 B
x gc—cli(ﬁx) E?(dx)—(LaB Ly, )dx*dx —2Lav5dx oxP.

From the last equation, we can conclude that the points S and T are different if
Lk #£0.
Jk
Vv
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i i
Based on Ricci identities a’, i ‘n \n|m’ p,q,rs €{0,...,4}, aj(l)k = djy» the fam-

ily of curvature tensors for the space GAN is obtained [6—8]

Iri
—l—uLjn‘m
\

K: =R. 4ul

jmn jmn ]m\n

+vL°‘ L’ LtV LO‘L’ +wL°‘ L&J, (1.7)

for curvature tensor R’ of associated space Ay and scalars u, u’, v, V', w.

jmn
Family of Ricci-curvatures K;; = K; JOL of space GAy is
Kij = Rij + ulfjq + WLy + vL?;Lg6 (v +w)L BLﬁa. (1.8)
\

1.2. Geodesic and almost geodesic lines and almost geodesic mappings

drl
Curve ¢ = /(¢) in associated space Ay whose tangential vector A = m satisfies the

system of differential equations [5, 14]

o +L’ AP = OV, (1.9)

for scalar C, is the geodesic line of space Ay.

Definition 1. [2,3,5, 14, 15] A curve 7= ?(t) in associated space Ay whose tan-

. = dh :
gential vector A = I satisfies the system of equations

2 =a(Ok +b(r)A, A =1, A=A 1A%, (1.10)

loc 1o

for functions a(t), b(t) and covariant derivative with respect to the affine connection

Mapping f: Ay — Ay is an almost geodesic mapping if any geodesic line of Ay
transforms to an almost geodesic line in Ay (see [2,3,5,14, ]).

Sinjukov proved [14] that three types of almost geodesic mappings of a space Ay
exist. These types are 7y, T, 3.

It was proved [14] that the inverse mapping of almost geodesic one f: Ay — Ay
of the type 73 is almost geodesic mapping of the type 73. Almost geodesic mappings
of the third type whose inverse transformations are almost geodesic mappings of the
third type have the property of reciprocity (see [14], page 191).

M. S. Stankovi¢ [16-18] generalized the Sinyukov’s concept of almost geodesic

mappings. A curve ¢ = /(t) whose tangential vector A = I is solution of the system

[ s s - s ]
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oy =qON+BOMy, My =MA® N = Mokt (1D

HOt

k€ {1,2}, of differential equations is an almost geodesic line of the k-th kind of space
GAy.

Mapping f: GAy — GAy that any geodesic line of space GAy transforms to an
almost geodesic line of the k-th type, k = 1,2, of space GAy is almost geodesic
mapping of space GAy.

A mapping f: GAy — GAy is equitorsion [9] if anti-symmetric parts L;k and

\

Z;k of affine connection coefficients L;k and Z;k é L;k of spaces GAy and GAy are

eqvual. In this paper, we will stay focused on equitorsion almost geodesic mappings
of the third type and first kind.

Motivated by the Sinyukov’s research [14], M. S. Stankovi¢ [16—18] determined
two types of almost geodesic lines. Any of three types of almost geodesic mappings
can be divided into two subtypes. These subtypes of almost geodesic mappings are
71t,, 725,, r=1,2,3.

An almost geodesic mapping of a subtype 7]}:3, k = 1,2, has the property of recipro-

city if its inverse mapping is almost geodesic mapping of the same subtype. Unlike
almost geodesic mappings of symmetric affine connection spaces, almost geodesic
mappings of a non-symmetric affine connection space of the third type do not have
the property of reciprocity in general.

We will obtain invariants for almost geodesic mappings of the third type of space
GAy which have or do not have the property of reciprocity below.

1.3. Two kinds of invariants for transformations

Invariants for mappings between symmetric and non-symmetric affine connection
spaces are such geometric objects whose values and forms do not change under the
acting of the corresponding mapping. If almost geodesic mappings f: GAy — GAy
or f: Ay — Ay do not have the property of reciprocity, invariants for these mappings
of the common values and forms cannot be obtained. For this reason, to obtain the
invariants for almost geodesic mappings based on changes of the curvature tensors
under almost geodesic mappings, authors assume that these mappings have the pro-
perty of reciprocity.

Two kinds of invariance are important in physics (taken from the textbook
b. Musicki, B. Mili¢, Mathematical Foundations of Theoretical Physics With a Col-
lection of Solved Problems [11], page 103):

— The invariant of a mapping f is an object whose value stays saved but form changes
under transformation of coordinates under this mapping.
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— The total invariant of a mapping f is an object whose value and form stay saved
under the transformation of coordinates under this mapping.

Invariants for geometric mappings that have been obtained so far are analogies
to the total invariants from physics. To debilitate this condition for invariance of
geometrical objects, we give the following definition.

Definition 2. Let f: GAy — GAy be a mapping and let U ” be a geometrical
object of the type (p,q).

— If the transformation f preserves the value of the object U i "'i” but changes its form

to Vll '” , then the invariance for geometrical object U under transformation f
is valued

— If the transformation f preserves both the value and the form of the geometrical
object U;, i l" , then the invariance for the geometrical object U l?’ under trans-
formatlon f is total.

Example 1. An invariant for geodesic mapping f: Ay — Ay is the Weyl projective
tensor

Wi = Rl + S’R[mn 77O Rin + 3z SR (1.12)
for R[mn] = Ryun — Rum, S[ijn] = Sijn — SHij, S[mRn]j =d! an -8 R j.
The geodesic mapping f transforms Weyl projective tensor lemn
W = Rl + Nt 5’ (mn] 51,[ N 18@,11?,,] i (1.13)

Itholds Wi =W  and the forms of the tensors W! and lemn are equal. For this

Jmn Jmn jmn

reason, the invariant lemn is total.

If R;; # Rj; and R;; ij = Rﬁ as it is the case in [23], the form of invariant W'

i STAYS

same but the invariant W’]mn changes to

jmn Jjmn

1 , :
W. =R +m(8;,1Rjn—8;1ij). (1.14)
The equality Wj,,, = W’]mn holds (the values of geometrical objects W Jmn and W’]mn

are equal) but their forms are different. For this reason, the invariant Wj‘mn is valued.

The transformations which are the main subject of research in this paper are almost
geodesic mappings of the third type.
1.4. Motivation

The transformation rules for affine connection coefficients under the third type
almost geodesic mappings of symmetric and non-symmetric affine connection spaces
are
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je = L+ W8+ Wi+ o ke 115)
ik = L+ ;8 + yid + 0,k¢" + &Y,

for the 1-form \y;, the contravariant vector ¢' and the tensors ¢ jk and ﬁ’lk symmetric

and anti-symmetric in the covariant indices j and k, respectively.

To generalize the Weyl projective tensor by an invariant for a third type almost
geodesic mapping of symmetric affine connection space Ay, N. S. Sinyukov involved
(see [14], page 193) geometrical object g; so that go@* = e, e = £1. After some
computations, Sinyukov generalized the Thomas projective parameter and the Weyl
projective tensor as invariants for almost geodesic mapping f.

M. S. Stankovié (see [ ]) continued Sinyukov’s research about invariants for al-
most geodesic mappings of the third type. Motivated by the results presented in [ 18],
N. O. Vesié, Lj. S. Velimirovi¢ and M. S. Stankovi¢ [21] obtained the family of in-
variants for the equitorsion third type almost geodesic mappings of a non-symmetric
affine connection space. We will generalize this result below.

N. S. Sinyukov [14] generalized the Weyl projective tensor as invariant for the
third type almost geodesic mappings of a symmetric affine connection space. M. S.
Stankovié [ 18] obtained one generalization of the Weyl projective tensor as invariant
for the third type almost geodesic mapping of a non-symmetric affine connection
space based on the change of the curvature tensor of the corresponding associated
space. N. O. Vesié, Lj. S. Velimirovié¢, M. S. Stankovi¢ [21] obtained one family
of invariants for the third type almost geodesic mappings of a non-symmetric affine
connection space which generalizes the Weyl projective tensor.

In [20], two invariants for mappings of an associated space analogue to the Weyl
projective tensor (called the invariants of the Weyl type) are obtained. That mo-
tivated us to obtain invariants for almost geodesic mappings of the third type of a
non-symmetric affine connection space.

The formulae of invariants for mappings between symmetric and non-symmetric
affine connection spaces are obtained in [20]. We will use these formulae to meet the
main goals of this paper. These goals are:

(1) To obtain invariants for equitorsion almost geodesic mappings of a non-
symmetric affine connection space.
(2) To obtain necessary and sufficient conditions for these invariants to be total.

2. REVIEW OF BASIC INVARIANTS

In [20], invariants for mappings f: GAy — GAy are obtained. If deformation
tensor P} = LY — L of mapping f is

i _Ti i i i A i
jk—ij— =0 — 05+ Ty — Ty, (2.1)
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for 0)3.,( = m};j, 63.,( = 6};]., r;k = —r;'(j, f;k = —f;;j, basic associated invariants of
Thomas and Weyl type for mapping f are
z i i
i _ pi o i (VAP
W]mn R]mn ]m\n + wjn\m + wjm('o(xn - ('Ojn(’)(xm' (2.3)

Remark 1. The geometrical object 0) depends of a mapping f. If the mapping

f: GAy — GAy is geodesic, this object is @ =L & —i—L,?aS’J If the mapping

f: GAy — GRy is almost geodesic of the third type, the object o', will be different
as we will se below.

To simplify these formulae, the next geometrical object is used [20]

]mln = Ltjm n + Léan;xm - La Lixm Lgml‘ljoc (2-4)
In case of
oy = 8p; +8jpi+ Sy, 2.5)

for G’k = Gk i the invariants for the mapping f given by the equations (2.2, 2.3)
transform to

i i i 1 i i p
= ﬂ—ﬁﬂ—ﬁzi(@ﬁ—c%ﬁw+@&—G%ﬁﬁ, (2.2))
Win = Rinn = 80P 1) = 8P lmin) — Ot — Sl P

) (2.6)
i o

o i
JlmCan)

The derived invariant of Weyl type for mapping f is [20]

1 .
W = R 2785 R+ 0%1) + 77+ 7 S
]m\n + G]n\m + G?mcétn - GjnGOLm (2.37)
p p
N Sl ( aljln] (N + 1) ( jnloo G?oc\n G?ncaﬁ + G?B¢n0c)>
p p
TN N2 — Sl < o j|m] (N + 1) ( jmlow 6?0(\ G]moqﬁ + G?ﬁcma)>

The basic invariant for equitorsion mapping f: GAy — GAy obtained from the

transformation of anti-symmetric part L’ of affine connection coefficient L. G 18
\/

= ;k. 2.7)
Let be 0)’(1).].,( = Lljj’ 6( )]k L,k, 0)( 2).jk co’jk, 6’( ) = E’J.k. Based on equal-
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6’(2)_jk — col(z)_jk, we obtain [20]
O p).jmn = (). jrn>
where p = (p1,p2,p3), p1,p2,p3 € {1,2}, and

G Tonln = 1) cn L o1+ ) jnL oo+ Oy n L (2.8)

i
p).jmn chn\n p2)-

The family of invariants of for equitorsion mapping f obtained based on the trans-
formation of family Kj-mn of curvature tensors for space GAy is [20]

— W+ ubl +u'8] (2.9)

i
w jnn T UO (1) oy TUO(2)

(P")-(p?)-jmn
for p! = (pl, p. L), p* = (P?,p3,P3), pi- € {1,2} and the corresponding invariants

o o

(1), jmn* ©(p2). o given by (2.8).

3. INVARIANTS FOR EQUITORSION ALMOST GEODESIC MAPPINGS

Let f: GAy — GAy be an equitorsion almost geodesic mapping of the third type.
Its basic equations are [ 18]

Ly =L +w,8, + yid + 20 19

[ — V.o ' 3.1
@)=Y+ 1) G-D
Let us rewrite the first of last basic equations as
73-7k:L;7k+\|fj8;;+Wk6§‘+Di'ka (.17

for tensor DYy, Dy = Dj,; = 26 x¢'. In case of inverse mapping f~': GAy — GAy,
tensor D',,, D', = D' ., D\, = —D'. _ exists, so that
Jjk> = jk kj> =k Jk

Liy = Ly — ;8 — 8 — Dl = Ly — ;8 — 8 + Dy (3.2)
Therefore, the equation (3.1”) transforms to
I = ;i+wj52+wk5§—%(5§k— ) (3.17)
After contracting the last equation by i and &, we obtain
1 To 17(1 1 o 1 (0
\uj:N—H(LE+EDN)—N—H(LB+§DN). (3.3)

If we substitute the expression (3.3) in (3.17) and use expression D;k =20 jk(pi, we
will obtain

) 1 . 1
oy = ——8 (L% + 6a0”) + ——

N1k (L N+18;(L,‘3‘7a+6ka(p“) —op9. (34
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The second of basic equations (3.1) is equivalent to

o = —L 50"+ +u5’ (3.5)
After comparing the equations (2.5) and (3.5), we read

pj:Nil(L%jLGja(p“) and of = —o;¢'. (3.6)

Therefore, we obtain

~G iy = (Oim®) , = O’ — Gij%n(Pa + Gjm\l’n(Pi + Gjmlllsiv

*Guloc (GU(P o = Gij|oc(Pa*GingB(Pa+Gij\l’a(P“+N,lllﬁij,
a1y = (0u0")), = (0u0") =

\ Gl j 9% — Op; %j@a+0ain@ +,lllGij-

3.7
—o%

After substituting the expressions (3.4, 3.6, 3.7) in (2.2°, 2.37, 2.9), we obtain

I =Lj— N+18k( ot 0jaf”) - N+18’,(L,‘§;a+cka<p°‘)+cjk<p", (3.8)

lemn = lemn N+1 81] ( - (G[modn] - G[mBLE\L/n] + G[moc\l}n])(Pa>

+ O )@’ + O O 97" — Gj[mL%n] 0% + O jmYn) ¢ — Sfmillﬁjn] (3.9)
1 i i i B i i
- N+1 (8[ijioc\n] + (S[mcja‘"] B 8[mGjBLogn] + 8[m6.ia\1}"])(pa + S[m'lllcjn])

[ p
+ OO (Lo +0ap”) 0°

1 i i
- W (L% +0/09%) (3}, Lpjs +81,0,p9°)

Wllmn Rtjmn N_,_lslj [ } N
+0min) ' — Ol n]<P +6jmY @ +G,[m0an]<p ¢’

6{ Jn] + [mR 1j

B

- mﬁj (Sainls) = OpinLoy) +OainYn) 0
1 i i B i

+ 7 8Gna— Bl Lag + 8in0 V) 0 (3.10)
1

+ m (Sfmcj”} Cap — Slt'ncjacn]ﬁ) (Pa(pﬁ

N i
B N2 _—1 (5[111(5“]\"] 6[ GB]LB ]+6[mGOUV })(P
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—;(8" Gl — O G LP +8 o Vi) e*
N2 —1 [mPan]|j [m©Bn] o [m (m]lJ ¢
\%
Let us express invariant W', V imn in the form

N
Wi = Ry + N+18; 1 O T

+ 83X ) + 80, +z;m,l,

[m

for tensors

)lfij = _N}i-l (Caifj — GBiL%j + G(xi\l/j)(Paa
Ylvij = ﬁ (Gijlo — Gz‘ngvB + Gij\l’oc)(POC

+ 57 (0ij0up — Gia0 ) 9P

- % (Coilj — GﬁiLE\L/j + Gou'\lfj) ¢*

1
N1 (Cajii — GBJ’LEu' + Gocjvi) 0%,

i

%.ijmnzcj[mhz](p Gjim Ll ](P +0; jlm n](p +G[ Gom](p ¢

After contracting equality 0 = W Vimn — by i and j, we obtain

1 Jmn

— l 1

where
1 B
Yo = = 7 (Geitn — Ol + G ) 0"
After substituting the equations (3.12, 3.13, 3.14, 3.15) in
0= Wl]mn - Wl]mn
N

= R~ Ripnn + NHS’J (Rim] = Ri) + 37—
1 o
+ N2 —1 (S[mR"]j - 6[mRn]j) + 8]‘ ()l([mn] _)l([mn])

+ (81[m¥jﬂ] o Sl[mil]j"]) +?l]mn o %t]mn’

(80, R jn) — 8, R )

(3.10")

3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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we obtain Wi, = W'

V imn V mn> where
Wi o—R. 4 _§R t T N Rjy+-——08 R
| Jmn Jmn N + 1 j [mn] [m Jjn] N2 1 [m n)j

+Gj[m|”](p - j[m o\c/n](P +Gj[mln](p +Gj[mcom](Pa(pi

N B
= 5519 (Caimin) = OpinLe) + Oain¥n)0°
1 i i B i
+ 57 Gina = 8,0 n L + 8,0 juVe) 9 (3.17)
1 i i
+ 57— (8O Oap — 8),,0/00p) 9”9

o

N ; ; B ;
N2 —1 (SI[mGOCﬂ"] B 6l[mGBJ'L%n] + St[m\l)n])(p
1 B ,
N2—1 ( [mc(m” S[mGB"]L%j + Bl[mcom]\{j)(p(x'
Based on invariants Wi.mn and W’jmn, we can conclude that geometrical object

(Gam j]—Opji Em —G—Ga[ ])(p is an invariant for mapping f. For this reason, invariant

V??mn given by (3.10) reduces to

1 .
Winn = Rimn + 37 +15JR[an+ 8[m i)+ 3 OB

+ O] @ — Gj[mL%nﬂ’ + oj[myn]cp +6 (G 9*¢'

i i B i
1 . ; o B (3.18)
+ 7 (811000 — 8),,0/a01jp) 0“0
- N2 —1 ( ltmoaj|n] - 8ltmcsl?’JLom] +8 ) *
1

=577 BnOa S[mGBn]L%j+5fm0an1Yj)¢“~

If contract equality 0 = W —W (equivalent to the equation (3.16)) by i and n

Jjmn 1 Jmn
and anti-symmetrize the contracted equation by j and m, we will obtain

N—-1

— 1 —
X =Xt = === Vuim) =Y i) + 5 (Zfiia = Z5inga)- (3-19)
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After substituting the expression (3.19) in (3.16), we obtain W V imn V?

for

mn’

Wl =R -l- SJR[W,] + 8[m j,,] 51

N [m n] J

| Jmn jmn
+ Gj[m|n](p - Gj[mLo\g/n](P + Gj[m 1 n](p + Gj[mG(xn](P (P

N—1 ;
ST 1)5 (Oainia) = OpinLey) +OainYn)0°

1 5
- 551 (Otmedn) — OlmpLy) + Ol )0
(3.20)
i i B i
31 Oniie = 8L ag T SinCinYa) 9
1 . .
+ 71 (840 Oap — 8,0 jaCup) 0"¢"

N i i
B N2—1 ( [mG(XjM - 8[mGBJLom] +8 GOUVn])(P

1 B i
=571 OnOa S[mGBn]LOy+8[m60m]\1)j)(pa'

i

Vimn for mapping f, we obtain that invariant

After comparing invariants W V imn and W'

V]V;mn given by (3.20) reduces to invariant VIV’Jmn given by (3.18).

Based on the transformation of family (1.7) of curvature tensors of space GAy
under mapping f, we obtain:

Woph).2)jon = Wllm" + “ij|n tu Unlm
—u (o (p})- OmL?m ?p )-jnLé‘v’" N w?ﬂ%)-mnq’v“) (3.21)
—u (mzp%)-amﬂfi” N m?p%)jml‘g@” B wapi)mnﬂf‘x) ’
vlvé)-(P‘)(pz)-jmn = ‘?IJW! + ”L%nln + ”,L;vn\m
— (@1 anLin = O 1) juLogn = 1) L) (3.22)
— ' (@2, anlin 2y Lo = @2 anJOc)

for p%: .- 7p% S {172}5 mé]).jk = Ll]j and (!)1(2)
given in (3.4).
The next theorem holds.

Jk, for geometrical object @' ik
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Theorem 1. Let f: GAy — GAy be an equitorsion almost geodesic mapping of
the type 7153.

The geometrical object T 3.,( given by (3.8) is basic invariant of Thomas type for
mapping f. The invariance of this geometrical object is total.

Geometrical object ‘Wi»mn given by (3.9) is basic associated invariant of Weyl type
for mapping f. The invariance of this geometrical object is valued. It is total if and
only if mapping f has the property of reciprocity.

The geometrical object Wi-mn given by (3.18) is associated derived invariant of the
Weyl type for mapping f. The invariance of this geometrical object is valued. It is
total if and only if the mapping f has the property of reciprocity.

Geometrical objects ‘Pll/z-mn, V]V;mn, given by (3.21, 3.22), are invariants for the
equitorsion third type almost geodesic mapping f. The invariance of these geomet-
rical objects is valued. This invariance is total if and only if mapping f has the

property of reciprocity. O

4. CONCLUSION

We have obtained new invariants for the almost geodesic mappings of the third
type of a non-symmetric affine connection space in this paper.

In Section 3, the invariants for equitorsion almost geodesic mappings of the third
type are presented. The method used for obtaining these invariants (see [ ]) , simpli-
fied the corresponding method presented by Sinyukov [14] and used latter in [19,21].

The results obtained in this paper motivate the authors to continue their research
about invariants for almost geodesic mappings of non-symmetric affine connection
spaces.
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