
Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 22 (2021), No. 2, pp. 961–975 DOI: 10.18514/MMN.2021.3482

NOVEL INVARIANTS FOR ALMOST GEODESIC MAPPINGS OF
THE THIRD TYPE
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Abstract. Two kinds of invariance for geometrical objects under transformations are involved in
this paper. Based on these kinds, we obtained new invariants for almost geodesic mappings of
the third type of a non-symmetric affine connection space in this paper. Our results are presented
in two sections. In the Section 3, we obtained the invariants for the equitorsion almost geodesic
mappings which do not have the property of reciprocity.

2010 Mathematics Subject Classification: 53B05; 15A72; 53A55; 53A25

Keywords: mapping, invariance, almost geodesics

1. INTRODUCTION

Many authors have obtained invariants for different mappings between symmetric
and non-symmetric affine connection spaces. Some of them are J. Mikeš and his
research group [1–3, 5, 15], N. S. Sinyukov [14], M. S. Stanković [13, 18, 19, 21],
M. Lj. Zlatanović [22, 23], M. Z. Petrović [12, 13] and many others.

1.1. Affine connection spaces

An N-dimensional manifold equipped with non-symmetric affine connection
∇

(
see Eisenhart [4]

)
is the non-symmetric affine connection space GAN

(
in Ei-

senhart’s sense
)
.

Affine connection coefficients of the space GAN are Li
jk, Li

jk ̸≡ Li
k j for at least one

pair ( j,k) ∈ {1, . . . ,N}×{1, . . . ,N}. For this reason, symmetric and anti-symmetric
parts of affine connection coefficients Li

jk are

Li
jk =

1
2
(
Li

jk +Li
k j

)
and Li

jk
∨
=

1
2
(
Li

jk−Li
k j

)
. (1.1)
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The N-dimensional manifold equipped with torsion-free affine connection
0
∇ whose

coefficients are Li
jk is associated space AN

(
of space GAN

)
[20, 21].

Based on affine connection
0
∇, one kind of covariant derivative exists [2,3,5,14,15]

ai
j|k = ai

j,k +Li
αkaα

j −Lα

jkai
α, (1.2)

for partial derivative ∂/∂xk denoted by comma.
In this case, one Ricci identity ai

j|mn−ai
j|nm = aα

j Ri
αmn−ai

αRα
jmn exists. Curvature

tensor Ri
jmn of associated space AN is

Ri
jmn = Li

jm,n−Li
jn,m +Lα

jmLi
αn−Lα

jnLi
αm. (1.3)

Geometrical object

Ri j = Rα
i jα, (1.4)

is the Ricci tensor.
Based on non-symmetric affine connection ∇, S. M. Minčić defined four kinds of

covariant derivatives [7, 8]

ai
j|
1
k = ai

j,k +Li
αkaα

j −Lα

jkai
α, ai

j|
2
k = ai

j,k +Li
kα

aα
j −Lα

k ja
i
α,

ai
j|
3
k = ai

j,k +Li
αkaα

j −Lα

k ja
i
α, ai

j|
4
k = ai

j,k +Li
kα

aα
j −Lα

jkai
α.

(1.5)

Explanation of covariant derivatives [10]:
Two kinds of parallel displacement of vectors in GAN exist. For a vector field

vi = vi(t), defined along a curve C : xi = xi(t), vi is a field of k-th, k = 1,2, parallel
transport if for the differential one has

d
k
vi =−

(
Li

αβ
− (−1)kLi

αβ
∨

)
vαdxβ. (1.6)

After considering a surface element at the tangent space determined by two in-
finitesimal vectors whose origin is the point P(xi). The ends of these vectors are
Q(xi +dxi) and R(xi +δxi).

If we make the parallel displacement of the first kind of the vector dxi along δxi

and δxi along dxi, we obtain different points S and T for the ends. The coordinates of
these points are

x
T

i− x
S

i = d
1
(δxi)−δ

1
(dxi) = (Li

αβ
−Li

βα
)dxα

δxβ = 2Li
αβ
∨

dxα
δxβ.

From the last equation, we can conclude that the points S and T are different if
Li

jk
∨
̸= 0.
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Based on Ricci identities ai
j |
p
m|

q
n−ai

j|
r
n|

s
m, p,q,r,s ∈ {0, . . . ,4}, ai

j|
0
k = ai

j|k, the fam-

ily of curvature tensors for the space GAN is obtained [6–8]

Ki
jmn = Ri

jmn +uLi
jm
∨
|n +u′Li

jn
∨
|m + vLα

jm
∨

Li
αn
∨
+ v′Lα

jn
∨

Li
αm
∨
+wLα

mn
∨

Li
α j
∨
, (1.7)

for curvature tensor Ri
jmn of associated space AN and scalars u, u′, v, v′, w.

Family of Ricci-curvatures Ki j = Kα
i jα of space GAN is

Ki j = Ri j +uLα

i j
∨
|α +u′Lα

iα
∨
| j + vLα

i j
∨
Lβ

αβ
∨

− (v′+w)Lα

iβ
∨

Lβ

jα
∨
. (1.8)

1.2. Geodesic and almost geodesic lines and almost geodesic mappings

Curve ℓ= ℓ(t) in associated space AN whose tangential vector λ =
dℓ
dt

satisfies the
system of differential equations [5, 14]

dλi

dt
+Li

αβ
λ

α
λ

β = ζλ
i, (1.9)

for scalar ζ, is the geodesic line of space AN .

Definition 1. [2, 3, 5, 14, 15] A curve ℓ̃ = ℓ̃(t) in associated space AN whose tan-

gential vector λ̃ =
dλ̃

dt
satisfies the system of equations

λ̃
i
2 = a(t)λ̃i +b(t)λ̃i

1, λ̃
i
1 = λ̃

i
∥αλ̃

α, λ̃
i
2 = λ̃

i
(1)∥αλ̃

α, (1.10)

for functions a(t), b(t) and covariant derivative with respect to the affine connection
of the space AN denoted by ∥, is almost geodesic line of space AN .

Mapping f : AN → AN is an almost geodesic mapping if any geodesic line of AN
transforms to an almost geodesic line in AN

(
see [2, 3, 5, 14, 15]

)
.

Sinjukov proved [14] that three types of almost geodesic mappings of a space AN
exist. These types are π1, π2, π3.

It was proved [14] that the inverse mapping of almost geodesic one f : AN → AN
of the type π3 is almost geodesic mapping of the type π3. Almost geodesic mappings
of the third type whose inverse transformations are almost geodesic mappings of the
third type have the property of reciprocity

(
see [14], page 191

)
.

M. S. Stanković [16–18] generalized the Sinyukov’s concept of almost geodesic

mappings. A curve ℓ̃= ℓ̃(t) whose tangential vector λ̃ =
dℓ̃
dt

is solution of the system
[12, 13, 16–19, 21]
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λ̃
k

i
(2) = a

k
(t)λ̃i +b

k
(t)λ̃

k

i
(1), λ̃

k

i
(1) = λ̃

i
∥
k
α

λ̃
α, λ̃

k

i
(2) = λ̃

k

i
(1)∥

k
α

λ̃
α, (1.11)

k∈ {1,2}, of differential equations is an almost geodesic line of the k-th kind of space
GAN .

Mapping f : GAN → GAN that any geodesic line of space GAN transforms to an
almost geodesic line of the k-th type, k = 1,2, of space GAN is almost geodesic
mapping of space GAN .

A mapping f : GAN → GAN is equitorsion [9] if anti-symmetric parts Li
jk
∨

and

Li
jk
∨

of affine connection coefficients Li
jk and Li

jk
f← Li

jk of spaces GAN and GAN are

equal. In this paper, we will stay focused on equitorsion almost geodesic mappings
of the third type and first kind.

Motivated by the Sinyukov’s research [14], M. S. Stanković [16–18] determined
two types of almost geodesic lines. Any of three types of almost geodesic mappings
can be divided into two subtypes. These subtypes of almost geodesic mappings are
π
1

r, π
2

r, r = 1,2,3.

An almost geodesic mapping of a subtype π
k

3, k = 1,2, has the property of recipro-

city if its inverse mapping is almost geodesic mapping of the same subtype. Unlike
almost geodesic mappings of symmetric affine connection spaces, almost geodesic
mappings of a non-symmetric affine connection space of the third type do not have
the property of reciprocity in general.

We will obtain invariants for almost geodesic mappings of the third type of space
GAN which have or do not have the property of reciprocity below.

1.3. Two kinds of invariants for transformations

Invariants for mappings between symmetric and non-symmetric affine connection
spaces are such geometric objects whose values and forms do not change under the
acting of the corresponding mapping. If almost geodesic mappings f : GAN →GAN
or f : AN→AN do not have the property of reciprocity, invariants for these mappings
of the common values and forms cannot be obtained. For this reason, to obtain the
invariants for almost geodesic mappings based on changes of the curvature tensors
under almost geodesic mappings, authors assume that these mappings have the pro-
perty of reciprocity.

Two kinds of invariance are important in physics
(
taken from the textbook

D. Mušicki, B. Milić, Mathematical Foundations of Theoretical Physics With a Col-
lection of Solved Problems [11], page 103

)
:

– The invariant of a mapping f is an object whose value stays saved but form changes
under transformation of coordinates under this mapping.
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– The total invariant of a mapping f is an object whose value and form stay saved
under the transformation of coordinates under this mapping.
Invariants for geometric mappings that have been obtained so far are analogies

to the total invariants from physics. To debilitate this condition for invariance of
geometrical objects, we give the following definition.

Definition 2. Let f : GAN → GAN be a mapping and let U i1...ip
j1... jq be a geometrical

object of the type (p,q).

– If the transformation f preserves the value of the object U i1...ip
j1... jq but changes its form

to V i1...ip
j1... jq , then the invariance for geometrical object U i1...ip

j1... jq under transformation f
is valued.

– If the transformation f preserves both the value and the form of the geometrical
object U i1...ip

j1... jq , then the invariance for the geometrical object U i1...ip
j1... jq under trans-

formation f is total.

Example 1. An invariant for geodesic mapping f : AN→AN is the Weyl projective
tensor

W i
jmn = Ri

jmn +
1

N +1
δ

i
jR[mn]+

N
N2−1

δ
i
[mR jn]+

1
N2−1

δ
i
[mRn] j, (1.12)

for R[mn] = Rmn−Rnm, δi
[mR jn] = δi

mR jn−δi
nR jm, δi

[mRn] j = δi
mRn j−δi

nRm j.
The geodesic mapping f transforms Weyl projective tensor W i

jmn to

W i
jmn = Ri

jmn +
1

N +1
δ

i
jR[mn]+

N
N2−1

δ
i
[mR jn]+

1
N2−1

δ
i
[mRn] j. (1.13)

It holds W i
jmn =W i

jmn and the forms of the tensors W i
jmn and W i

jmn are equal. For this
reason, the invariant W i

jmn is total.
If Ri j ̸≡ R ji and Ri j ≡ R ji as it is the case in [23], the form of invariant W i

jmn stays
same but the invariant W i

jmn changes to

W i
jmn = Ri

jmn +
1

N−1
(
δ

i
mR jn−δ

i
nR jm

)
. (1.14)

The equality W i
jmn = W i

jmn holds (the values of geometrical objects W i
jmn and W i

jmn
are equal) but their forms are different. For this reason, the invariant W i

jmn is valued.

The transformations which are the main subject of research in this paper are almost
geodesic mappings of the third type.

1.4. Motivation

The transformation rules for affine connection coefficients under the third type
almost geodesic mappings of symmetric and non-symmetric affine connection spaces
are
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Li
jk = Li

jk +ψ jδ
i
k +ψkδ

i
j +σ jkϕ

i,

Li
jk = Li

jk +ψ jδ
i
k +ψkδ

i
j +σ jkϕ

i +ξ
i
jk,

(1.15)

for the 1-form ψi, the contravariant vector ϕi and the tensors σ jk and ξi
jk symmetric

and anti-symmetric in the covariant indices j and k, respectively.
To generalize the Weyl projective tensor by an invariant for a third type almost

geodesic mapping of symmetric affine connection space AN , N. S. Sinyukov involved(
see [14], page 193

)
geometrical object qi so that qαϕα = e, e = ±1. After some

computations, Sinyukov generalized the Thomas projective parameter and the Weyl
projective tensor as invariants for almost geodesic mapping f .

M. S. Stanković
(
see [18]

)
continued Sinyukov’s research about invariants for al-

most geodesic mappings of the third type. Motivated by the results presented in [18],
N. O. Vesić, Lj. S. Velimirović and M. S. Stanković [21] obtained the family of in-
variants for the equitorsion third type almost geodesic mappings of a non-symmetric
affine connection space. We will generalize this result below.

N. S. Sinyukov [14] generalized the Weyl projective tensor as invariant for the
third type almost geodesic mappings of a symmetric affine connection space. M. S.
Stanković [18] obtained one generalization of the Weyl projective tensor as invariant
for the third type almost geodesic mapping of a non-symmetric affine connection
space based on the change of the curvature tensor of the corresponding associated
space. N. O. Vesić, Lj. S. Velimirović, M. S. Stanković [21] obtained one family
of invariants for the third type almost geodesic mappings of a non-symmetric affine
connection space which generalizes the Weyl projective tensor.

In [20], two invariants for mappings of an associated space analogue to the Weyl
projective tensor

(
called the invariants of the Weyl type

)
are obtained. That mo-

tivated us to obtain invariants for almost geodesic mappings of the third type of a
non-symmetric affine connection space.

The formulae of invariants for mappings between symmetric and non-symmetric
affine connection spaces are obtained in [20]. We will use these formulae to meet the
main goals of this paper. These goals are:

(1) To obtain invariants for equitorsion almost geodesic mappings of a non-
symmetric affine connection space.

(2) To obtain necessary and sufficient conditions for these invariants to be total.

2. REVIEW OF BASIC INVARIANTS

In [20], invariants for mappings f : GAN → GAN are obtained. If deformation
tensor Pi

jk = Li
jk−Li

jk of mapping f is

Pi
jk = Li

jk−Li
jk = ω

i
jk−ω

i
jk + τ

i
jk− τ

i
jk, (2.1)
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for ωi
jk = ωi

k j, ωi
jk = ωi

k j, τi
jk = −τi

k j, τi
jk = −τi

k j, basic associated invariants of
Thomas and Weyl type for mapping f are

T̃ i
jk = Li

jk−ω
i
jk, (2.2)

W̃ i
jmn = Ri

jmn−ω
i
jm|n +ω

i
jn|m +ω

α
jmω

i
αn−ω

α
jnω

i
αm. (2.3)

Remark 1. The geometrical object ωi
jk depends of a mapping f . If the mapping

f : GAN → GAN is geodesic, this object is ωi
jk = Lα

jαδi
k + Lα

kα
δi

j. If the mapping

f : GAN →GRN is almost geodesic of the third type, the object ωi
jk will be different

as we will se below.

To simplify these formulae, the next geometrical object is used [20]

Li
jm|n = Li

jm,n +Li
αnLα

jm−Lα
jnLi

αm−Lα
mnLi

jα. (2.4)

In case of

ω
i
jk = δ

i
kρ j +δ

i
jρk +σ

i
jk, (2.5)

for σi
jk = σi

k j, the invariants for the mapping f given by the equations (2.2, 2.3)
transform to

T̃ i
jk = Li

jk−σ
i
jk−

1
N +1

((
Lα

jα−σ
α
jα
)
δ

i
k +

(
Lα

kα−σ
α

kα

)
δ

i
j

)
, (2.2’)

W̃ i
jmn = Ri

jmn−δ
i
[mρ j|n]−δ

i
jρ[m|n]−σ

i
j[m|n]−δ

i
[mρ jρn]

+δ
i
[mρασ

α

jn]+σ
α

j[mσ
i
αn],

(2.6)

The derived invariant of Weyl type for mapping f is [20]

W̃ i
jmn = Ri

jmn +
1

N +1
δ

i
j
(
R[mn]+σ

α

α[m|n]
)
+

N
N2−1

δ
i
[mR jn]+

1
N2−1

δ
i
[mRn] j

−σ
i
jm|n +σ

i
jn|m +σ

α
jmσ

i
αn−σ

α
jnσ

i
αm (2.3’)

− 1
N2−1

δ
i
m

(
σ

α

α[ j|n]+(N +1)
(
σ

α

jn|α−σ
α

jα|n−σ
α
jnσ

β

αβ
+σ

α

jβσ
β

nα

))
+

1
N2−1

δ
i
n

(
σ

α

α[ j|m]+(N +1)
(
σ

α

jm|α−σ
α

jα|m−σ
α
jmσ

β

αβ
+σ

α

jβσ
β

mα

))
.

The basic invariant for equitorsion mapping f : GAN → GAN obtained from the
transformation of anti-symmetric part Li

jk
∨

of affine connection coefficient Li
jk is

T̂ i
jk = Li

jk
∨
. (2.7)

Let be ωi
(1). jk = Li

jk, ωi
(1). jk = Li

jk, ωi
(2). jk = ωi

jk, ωi
(2). jk = ωi

jk. Based on equal-

ities T̂ i
jm∥n − T̂ i

jm|n = Pi
αnT̂ α

jm − Pα
jnT̂ i

αn − Pα
mnT̂ i

jα, Pi
jk = ωi

(1). jk − ωi
(1). jk, Pi

jk =
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ωi
(2). jk−ωi

(2). jk, we obtain [20]

θ
i
(p). jmn = θ

i
(p). jmn,

where p = (p1, p2, p3), p1, p2, p3 ∈ {1,2}, and

θ
i
(p). jmn = Li

jm
∨
|n− τ

i
jm|n−ω

i
(p1).αnT̂ α

jm +ω
α

(p2). jnT̂ i
αm +ω

α

(p3).mnT̂ i
jα. (2.8)

The family of invariants of for equitorsion mapping f obtained based on the trans-
formation of family Ki

jmn of curvature tensors for space GAN is [20]

W i
(p1).(p2). jmn = W̃ i

jmn +uθ
i
(p1). jmn +u′θi

(p2). jmn, (2.9)

for p1 = (p1
1, p1

2, p1
3), p2 = (p2

1, p2
2, p2

3), pi
j ∈ {1,2} and the corresponding invariants

θi
(p1). jmn, θi

(p2). jmn, given by (2.8).

3. INVARIANTS FOR EQUITORSION ALMOST GEODESIC MAPPINGS

Let f : GAN→GAN be an equitorsion almost geodesic mapping of the third type.
Its basic equations are [18] Li

jk = Li
jk +ψ jδ

i
k +ψkδi

j +2σ jkϕi,

ϕi
|
1

j = ν
1

jϕ
i +µ

1
δi

j.
(3.1)

Let us rewrite the first of last basic equations as

Li
jk = Li

jk +ψ jδ
i
k +ψkδ

i
j +Di

jk, (3.1’)

for tensor Di
jk, Di

jk = Di
k j = 2σ jkϕi. In case of inverse mapping f−1 : GAN →GAN ,

tensor Di
jk, Di

jk = Di
k j, Di

jk =−Di
jk, exists, so that

Li
jk = Li

jk−ψ jδ
i
k−ψkδ

i
j−Di

jk = Li
jk−ψ jδ

i
k−ψkδ

i
j +Di

jk. (3.2)

Therefore, the equation (3.1’) transforms to

Li
jk = Li

jk +ψ jδ
i
k +ψkδ

i
j−

1
2
(
Di

jk−Di
jk
)
. (3.1”)

After contracting the last equation by i and k, we obtain

ψ j =
1

N +1
(
Lα

jα +
1
2

Dα
jα
)
− 1

N +1
(
Lα

jα +
1
2

Dα
jα
)
. (3.3)

If we substitute the expression (3.3) in (3.1”) and use expression Di
jk = 2σ jkϕi, we

will obtain

ω
i
jk =

1
N +1

δ
i
k
(
Lα

jα +σ jαϕ
α
)
+

1
N +1

δ
i
j
(
Lα

kα +σkαϕ
α
)
−σ jkϕ

i. (3.4)
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The second of basic equations (3.1) is equivalent to

ϕ
i
| j =−Li

α j
∨

ϕ
α +ν

1
jϕ

i +µ
1
δ

i
j. (3.5)

After comparing the equations (2.5) and (3.5), we read

ρ j =
1

N +1
(
Lα

jα +σ jαϕα
)

and σi
jk =−σ jkϕi. (3.6)

Therefore, we obtain

−σi
jm|n =

(
σ jmϕi

)
|n = σ jm|nϕi−σ jmLi

αn
∨

ϕα +σ jmν
1

nϕi +σ jmµ
1
δi

n,

−σα

i j|α =
(
σi jϕ

α)|α = σi j|αϕα−σi jL
β

αβ
∨

ϕα +σi jν
1

αϕα +Nµ
1
σi j,

−σα

αi| j =
(
σαiϕ

α
)
| j =

(
σiαϕα

)
| j =

σαi| jϕ
α−σβiL

β

α j
∨

ϕα +σαiν
1

jϕ
α +µ

1
σi j.

(3.7)

After substituting the expressions (3.4, 3.6, 3.7) in (2.2’, 2.3’, 2.9), we obtain

T̃
1

i
jk = Li

jk−
1

N +1
δ

i
k
(
Lα

jα +σ jαϕ
α
)
− 1

N +1
δ

i
j
(
Lα

kα +σkαϕ
α
)
+σ jkϕ

i, (3.8)

W̃
1

i
jmn = Ri

jmn +
1

N +1
δ

i
j

(
R[mn]−

(
σ[mα|n]−σ[mβLβ

αn
∨
]+σ[mαν

1
n]
)
ϕ

α

)
+σ j[m|n]ϕ

i +σ j[mσαn]ϕ
α

ϕ
i−σ j[mLi

αn
∨
]ϕ

α +σ j[mν
1

n]ϕ
i−δ

i
[mµ

1
σ jn] (3.9)

− 1
N +1

(
δ

i
[mLα

jα|n]+
(
δ

i
[mσ jα|n]−δ

i
[mσ jβLβ

αn
∨
]+δ

i
[mσ jαν

1
n]
)
ϕ

α +δ
i
[mµ

1
σ jn]

)
+

1
N +1

δ
i
[mσ jn]

(
Lβ

αβ
+σαβϕ

β
)
ϕ

α

− 1
(N +1)2

(
Lα

jα +σ jαϕ
α
)(

δ
i
[mLβ

n]β +δ
i
[mσn]βϕ

β
)
,

W̃
1

i
jmn = Ri

jmn +
1

N +1
δ

i
jR[mn]+

N
N2−1

δ
i
[mR jn]+

1
N2−1

δ
i
[mRn] j

+σ j[m|n]ϕ
i−σ j[mLi

αn
∨
]ϕ

α +σ j[mν
1

n]ϕ
i +σ j[mσαn]ϕ

α
ϕ

i

− 1
N +1

δ
i
j
(
σα[m|n]−σβ[mLβ

αn
∨
]+σα[mν

1
n]
)
ϕ

α

+
1

N−1
(
δ

i
[mσ jn]|α−δ

i
[mσ jn]L

β

αβ
∨

+δ
i
[mσ jn]ν

1
α

)
ϕ

α (3.10)

+
1

N−1
(
δ

i
[mσ jn]σαβ−δ

i
[mσ jασn]β

)
ϕ

α
ϕ

β

− N
N2−1

(
δ

i
[mσα j|n]−δ

i
[mσβ jL

β

αn
∨
]+δ

i
[mσα jν

1
n]
)
ϕ

α
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− 1
N2−1

(
δ

i
[mσαn]| j−δ

i
[mσβn]L

β

α j
∨
+δ

i
[mσαn]ν

1
j
)
ϕ

α.

Let us express invariant W̃
1

i
jmn in the form

W̃
1

i
jmn = Ri

jmn +
1

N +1
δ

i
jR[mn]+

N
N2−1

δ
i
[mR jn]+

1
N2−1

δ
i
[mRn] j

+δ
i
jX1 [mn]+δ

i
[mY

1
jn]+Z

1
i
jmn,

(3.10’)

for tensors

X
1

i j =−
1

N +1
(
σαi| j−σβiL

β

α j
∨
+σαiν

1
j
)
ϕ

α, (3.11)

Y
1

i j =
1

N−1
(
σi j|α−σi jL

β

αβ
∨

+σi jν
1

α

)
ϕ

α

+
1

N−1
(
σi jσαβ−σiασ jβ

)
ϕ

α
ϕ

β

− N
N2−1

(
σαi| j−σβiL

β

α j
∨
+σαiν

1
j
)
ϕ

α

− 1
N2−1

(
σα j|i−σβ jL

β

αi
∨
+σα jν

1
i
)
ϕ

α,

(3.12)

Z
1

i
jmn = σ j[m|n]ϕ

i−σ j[mLi
αn
∨
]ϕ

α +σ j[mν
1

n]ϕ
i +σ j[mσαn]ϕ

α
ϕ

i. (3.13)

After contracting equality 0 = W̃
1

i
jmn−W̃

1
i
jmn by i and j, we obtain

X
1
[mn]−X

1
[mn] =−

1
N

(
Y
1
[mn]+Z

1
α
αmn

)
+

1
N

(
Y
1
[mn]+Z

1
α
αmn

)
, (3.14)

where

Y
1
[i j] =−

1
N +1

(
σα[i| j]−σβ[iL

β

α j
∨
]+σα[iν

1
j]
)
ϕ

α. (3.15)

After substituting the equations (3.12, 3.13, 3.14, 3.15) in

0 = W̃
1

i
jmn−W̃

1
i
jmn

= Ri
jmn−Ri

jmn +
1

N +1
δ

i
j
(
R[mn]−R[mn]

)
+

N
N2−1

(
δ

i
[mR jn]−δ

i
[mR jn]

)
+

1
N2−1

(
δ

i
[mRn] j−δ

i
[mRn] j

)
+δ

i
j
(
X
1
[mn]−X

1
[mn]

)
+
(
δ

i
[mY

1
jn]−δ

i
[mY

1
jn]
)
+Z

1
i
jmn−Z

1
i
jmn,

(3.16)
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we obtain
˜̃
W
1

i
jmn =

˜̃W
1

i
jmn, where

˜̃W
1

i
jmn = Ri

jmn +
1

N +1
δ

i
jR[mn]+

N
N2−1

δ
i
[mR jn]+

1
N2−1

δ
i
[mRn] j

+σ j[m|n]ϕ
i−σ j[mLi

αn
∨
]ϕ

α +σ j[mν
1

n]ϕ
i +σ j[mσαn]ϕ

α
ϕ

i

− N
N +1

δ
i
j
(
σα[m|n]−σβ[mLβ

αn
∨
]+σα[mν

1
n]
)
ϕ

α

+
1

N−1
(
δ

i
[mσ jn]|α−δ

i
[mσ jn]L

β

αβ
∨

+δ
i
[mσ jn]ν

1
α

)
ϕ

α

+
1

N−1
(
δ

i
[mσ jn]σαβ−δ

i
[mσ jασn]β

)
ϕ

α
ϕ

β

− N
N2−1

(
δ

i
[mσα j|n]−δ

i
[mσβ jL

β

αn
∨
]+δ

i
[mν

1
n]
)
ϕ

α

− 1
N2−1

(
δ

i
[mσαn]| j−δ

i
[mσβn]L

β

α j
∨
+δ

i
[mσαn]ν

1
j
)
ϕ

α.

(3.17)

Based on invariants W̃
1

i
jmn and ˜̃W

1
i
jmn, we can conclude that geometrical object(

σα[i| j]−σβ[iL
β

α j
∨
]+σα[iν

1
j]
)
ϕα is an invariant for mapping f . For this reason, invariant

W̃
1

i
jmn given by (3.10) reduces to

W̃
1

i
jmn = Ri

jmn +
1

N +1
δ

i
jR[mn]+

N
N2−1

δ
i
[mR jn]+

1
N2−1

δ
i
[mRn] j

+σ j[m|n]ϕ
i−σ j[mLi

αn
∨
]ϕ

α +σ j[mν
1

n]ϕ
i +σ j[mσαn]ϕ

α
ϕ

i

+
1

N−1
(
δ

i
[mσ jn]|α−δ

i
[mσ jn]L

β

αβ
∨

+δ
i
[mσ jn]ν

1
α

)
ϕ

α

+
1

N−1
(
δ

i
[mσ jn]σαβ−δ

i
[mσ jασn]β

)
ϕ

α
ϕ

β

− N
N2−1

(
δ

i
[mσα j|n]−δ

i
[mσβ jL

β

αn
∨
]+δ

i
[mν

1
n]
)
ϕ

α

− 1
N2−1

(
δ

i
[mσαn]| j−δ

i
[mσβn]L

β

α j
∨
+δ

i
[mσαn]ν

1
j
)
ϕ

α.

(3.18)

If contract equality 0 = W̃
1

i
jmn−W̃

1
i
jmn

(
equivalent to the equation (3.16)

)
by i and n

and anti-symmetrize the contracted equation by j and m, we will obtain

X
1
[ jm]−X

1
[ jm] =−

N−1
2

(
Y
1
[ jm]−Y

1
[ jm]

)
+

1
2
(
Z
1

α

[ jm]α−Z
1

α

[ jm]α

)
. (3.19)
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After substituting the expression (3.19) in (3.16), we obtain
˜̃̃
W
1

i
jmn =

˜̃̃
W
1

i
jmn, for

˜̃̃
W
1

i
jmn = Ri

jmn +
1

N +1
δ

i
jR[mn]+

N
N2−1

δ
i
[mR jn]+

1
N2−1

δ
i
[mRn] j

+σ j[m|n]ϕ
i−σ j[mLi

αn
∨
]ϕ

α +σ j[mν
1

n]ϕ
i +σ j[mσαn]ϕ

α
ϕ

i

+
N−1

2(N +1)
δ

i
j
(
σα[m|n]−σβ[mLβ

αn
∨
]+σα[mν

1
n]
)
ϕ

α

− 1
2

δ
i
j
(
σ[mα|n]−σ[mβLβ

αn
∨
]+σ[mαν

1
n]
)
ϕ

α

+
1

N−1
(
δ

i
[mσ jn]|α−δ

i
[mσ jn]L

β

αβ
∨

+δ
i
[mσ jn]ν

1
α

)
ϕ

α

+
1

N−1
(
δ

i
[mσ jn]σαβ−δ

i
[mσ jασn]β

)
ϕ

α
ϕ

β

− N
N2−1

(
δ

i
[mσα j|n]−δ

i
[mσβ jL

β

αn
∨
]+δ

i
[mσα jν

1
n]
)
ϕ

α

− 1
N2−1

(
δ

i
[mσαn]| j−δ

i
[mσβn]L

β

α j
∨
+δ

i
[mσαn]ν

1
j
)
ϕ

α.

(3.20)

After comparing invariants
˜̃̃
W
1

i
jmn and W̃

1
i
jmn for mapping f , we obtain that invariant˜̃̃

W
1

i
jmn given by (3.20) reduces to invariant W̃

1
i
jmn given by (3.18).

Based on the transformation of family (1.7) of curvature tensors of space GAN
under mapping f , we obtain:

W
1

i
0.(p1).(p2). jmn = W̃

1
i
jmn +uLi

jm
∨
|n +u′Li

jn
∨
|m

−u
(
ω

i
(p1

1).αnLα
jm
∨
−ω

α

(p1
2). jn

Li
αm
∨
−ω

α

(p1
3).mnLi

jα
∨

)
−u′

(
ω

i
(p2

1).αmLα
jn
∨
−ω

α

(p2
2). jm

Li
αn
∨
−ω

α

(p2
3).mnLi

jα
∨

)
,

(3.21)

W
1

i
0.(p1).(p2). jmn = W̃

1
i
jmn +uLi

jm
∨
|n +u′Li

jn
∨
|m

−u
(
ω

i
(p1

1).αnLα
jm
∨
−ω

α

(p1
2). jn

Li
αm
∨
−ω

α

(p1
3).mnLi

jα
∨

)
−u′

(
ω

i
(p2

1).αmLα
jn
∨
−ω

α

(p2
2). jm

Li
αn
∨
−ω

α

(p2
3).mnLi

jα
∨

)
,

(3.22)

for p1
1, . . . , p2

3 ∈ {1,2}, ωi
(1). jk = Li

jk and ωi
(2). jk = ωi

jk, for geometrical object ωi
jk

given in (3.4).
The next theorem holds.
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Theorem 1. Let f : GAN → GAN be an equitorsion almost geodesic mapping of
the type π

1
3.

The geometrical object T̃ i
jk given by (3.8) is basic invariant of Thomas type for

mapping f . The invariance of this geometrical object is total.
Geometrical object W̃ i

jmn given by (3.9) is basic associated invariant of Weyl type
for mapping f . The invariance of this geometrical object is valued. It is total if and
only if mapping f has the property of reciprocity.

The geometrical object W̃ i
jmn given by (3.18) is associated derived invariant of the

Weyl type for mapping f . The invariance of this geometrical object is valued. It is
total if and only if the mapping f has the property of reciprocity.

Geometrical objects W
1

i
jmn, W

1
i
jmn, given by (3.21, 3.22), are invariants for the

equitorsion third type almost geodesic mapping f . The invariance of these geomet-
rical objects is valued. This invariance is total if and only if mapping f has the
property of reciprocity. □

4. CONCLUSION

We have obtained new invariants for the almost geodesic mappings of the third
type of a non-symmetric affine connection space in this paper.

In Section 3, the invariants for equitorsion almost geodesic mappings of the third
type are presented. The method used for obtaining these invariants

(
see [20]

)
, simpli-

fied the corresponding method presented by Sinyukov [14] and used latter in [19,21].
The results obtained in this paper motivate the authors to continue their research

about invariants for almost geodesic mappings of non-symmetric affine connection
spaces.
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[6] S. M. Minčić, “Curvature tensors of the space of non-symmetric affine connexion, obtained from
the curvature pseudotensors.” Mat. Vesn., N. Ser., vol. 13, no. 28, pp. 421–435, 1976.
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