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ABSTRACT

Many of the engineering applications have faced the delicate contact problem in the area close to the
forces where it is very difficult to experimentally carry out various measurements and draw important
conclusions on the condition of the contact points. In this paper the forced state in the vicinity of the
forces for the half-plane will be studied. Furthermore, the qualities displayed by the half-plane under the
action of normal forces, tangential forces and the moment caused by a pair of forces will be analyzed, as
well as changes in the elastic characteristics for the forced plane state and the deformed plane state.
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1. INTRODUCTION

Many interests of the engineering researchers have been focused in the delicate contact
problem in the area close to the forces for different engineering applications [1–10]. Contact
mechanics has its application in many engineering problems. Some examples of the small
deformation contact problems come from interaction between soil and foundations in civil
engineering or general bearing problems as well as bolt and screw joints in mechanical en-
gineering [1, 5, 10]. From the other side an example for large deformation contact has been
come from the impact of cars through car tire-road interaction and metal forming [10].

These important examples that have been mentioned above in relation to the defor-
mation contact problems have increased interest to focused in current research work at the
most delicate problem in the area close to the forces due to the difficulties for carrying out
various measurements and draw important conclusions on the condition of the contact
points. The aim of this paper is to study the forced state in the vicinity of the forces for the
half-plane. Furthermore, the qualities displayed by the half-plane under the action of
normal forces, tangential forces and the moment caused by a pair of forces should be
analyzed as well as the changes in the elastic characteristics for the forced plane state and
the deformed plane state.

2. SYMMETRICAL AND ANTI-METRIC LOADING WITH NORMAL CONTACT
PRESSURE

The representation of the symmetric and anti-metric load is given in Fig. 1.
For external anti-metric loading, broken down into trigonometric series of form [1]:
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pðxÞ ¼
X∞
n¼1

pn$sin anx: (1)

It has been chosen the harmonic function of the form:

Fðx; yÞ ¼
X∞
n¼1

RðyÞ$e−an$y$sinanx; (2)
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From the static conditions in the contour (y 5 0), we
obtain the relations:

σyy ¼ −a2
n$sin anx$

�
C4 þ C1

4$a2
n
� C2

4$a3
n

�
¼ pn$sin anx; (4)

σxy ¼ −an$cos anx$ð−an$RðyÞ þ R0ðyÞÞ$e−an$y ¼ 0: (5)

Accepting C1 ¼ C2 ¼ 0; take C3 ¼ −pn=a and
C4 ¼ −pn=a2.

Finally, the harmonic function comes out of shape:

Fnðx; yÞ ¼ ða$y � 1Þ$e
−an$y$sin anx

a2
$pn: (6)

In contrast, for the symmetric load [11], it will have the
expressions:

pðxÞ ¼ p0 þ
X∞
n¼1

pn$cos anx: (7)

Fnðx; yÞ ¼ −ð1þ a$yÞ$e
−an$y$cos anx

a2
$pn: (8)

3. FOURIER INTEGRALS IN LOCAL LOAD
DECOMPOSITION

In the contour area 0≤ q≤ 2p, the function pðqÞ decomposes
into Fourier series to form:

pðqÞ ¼ p0 þ
X∞
n¼1

pn$cos nqþ tn$sin nq: (9)

pn ¼ −
1
p

Z
pðqÞcos nqdq; tn ¼ −

1
p

Z
pðqÞsin nqdq: (10)

Substituting according to Euler: einq ¼ cos nqþ i$sin nq,
cos nq ¼ ðeinq þ e−inqÞ=2, i$sin nq ¼ ðeinq − e−inqÞ=2. It will
get the other presentation form of equation (9):

pðqÞ ¼ p0 þ
X∞
n¼1

pn$e
inq þ tn$e

−inq: (11)

Knowing that
R 2p
0 einqdq ¼

�
0; for n integers;
2p; for n ¼ 0;

�
, takes:

pn ¼ 1
2p

Z 2p

0
pðqÞeinqdq: (12)

The local charge is presented in the form:

pðxÞ ¼
X∞
−∞

pn$e
ianq; pn ¼ 1

2p

Z 2p

0
pðξÞeianξdξ; (13)

and

pðxÞ ¼ 1
2p

Z
∞

−∞

Z
∞

−∞

pðξÞeiaðξ−xÞda dξ: (14)

For the symmetric local charge and for the anti-metric
charge, would have reciprocal expressions in Eqs (14) and
(15):

bðaÞ ¼ 2
p

Z
∞

0
pðξÞcos aξ dξ; pðxÞ ¼

Z
∞

0
bðaÞcos ax da;

(15)

aðaÞ ¼ 2
p

Z
∞

0
pðξÞsin aξ dξ; pðxÞ ¼

Z
∞

0
aðaÞsin ax da:

(16)

4. THE FORCED STATE FOR THE HALF-PLANE
WITH NORMAL FORCE

Concentrated force is seen in Fig. 2 as the limit of a uni-
formly distributed load over an infinitesimally small area
2$«. Then the load turns out to be a normal symmetric local
[1, 11], so it has the ready solution (16).

After performing the actions, have:

bðaÞ ¼ lim
«→0

2
p

Z∞

0

pðξÞcos aξ dξ ¼ 2
p
lim
«→0

Z∞

0

F
2«

cos aξ dξ ¼

¼ 2
p
lim
«→0

P
2«

sina«
a

¼ F
p
;

(17)

pðxÞ ¼ P
p

Z
∞

0
cos ax da: (18)

Fig. 1. Distributed symmetrical and anti-metric load

Fig. 2. Compressive force in the infinite half-plane
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For normal symmetric loading the biharmonic function
takes the form:

Fðx; yÞ ¼ −
F
p

Z
ð1þ a$yÞ$e

−a$y$cos ax
a2

$da

¼ F
p
x$arctg

y
x
: (19)

The strains are given by the expressions:

σxx ¼ v2F

vy2
¼ F

p

Z
ð1� a$yÞ$e

−a$y$cos ax
1

$da

¼ −
2F
p

x2y

ðx2 þ y2Þ2 ; (20)

σyy ¼ v2F

vx2
¼ F

p

Z
ð1þ a$yÞ$e

−a$y$cos ax
1

$da ¼ −
2F
p

y3

ðx2 þ y2Þ2 ;

(21)

σxy ¼ −
v2F

vxvy
¼ F

p

Z
ðyÞ$e

−a$y$sin ax
1

$da ¼ −
2F
p

xy2

ðx2 þ y2Þ2 :

(22)

Element taken in the vertical plane x ¼ x0, detects strains
σxx; σyx with their extreme values as it can be seen in Fig. 3:
σmax
xx ¼ 3

ffiffiffi
3

p
F=8px0; in y ¼ x0ffiffi

3
p ; σmax

yx ¼ F=2px0; in y ¼ x0.
Extreme values of σmax

xx are according to the line
emanating from the origin at an angle
tan q ¼ ffiffiffi

3
p � q ¼ 600, whereas the extreme values of σmax

yx

are according to the line emanating from the origin at an
angle tan q ¼ 1 � q ¼ 450:

Element taken in the horizontal plane y ¼ y0, detects
strains σyy; σxy with their extreme values are shown in Fig. 4:

σmax
yy ¼ 2F

py0
; in x ¼ 0; σmax

xy ¼ 3
ffiffiffi
3

p
F

8py0
; in x ¼ y0ffiffiffi

3
p : (23)

The displacements, when the strain function in known,
will be:

E$u ¼ −
P
p

Z
1
a
½1� mþ ayð1þ mÞ�e−ay sin ax da; (24)

E$ðv � cÞ ¼ −
P
p

Z
1
a
½2þ ayð1þ mÞ�e−ay cos ax da; (25)

Fig. 3. Strains in the vertical planes σxx; σxy in N mm−2; x in mm, results are obtained for F ¼ 100 N

Fig. 4. Strains in the horizontal planes σyy; σxy in N mm−1; x in mm, results are obtained for F 5 100 N
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where E in N mm−2 is Young Module and u, v and c are
displacement in horizontal plane in mm.

In Fig. 5, after integration with the conditions
F ¼ 100 N; x ¼ 0 mm; y ¼ 100 mm>v ¼ 0 mm, it has:

E$u ¼ −
100
p

�
ð1� mÞ$arctg x

y
� ð1þ mÞ$ xy

x2 þ y2

�
; (26)

E$v ¼ −
100
p

�
ln
	
x2 þ y2


� ð1þ mÞ$ y2

x2 þ y2

�

þ 252:43 N mm−1: (27)

5. THE FORCED STATE FOR THE HALF-PLANE
WITH TANGENTIAL FORCE

Figure 6 depicts the tangential forces on the half-plane:
Concentrated force is seen as the limit of a uniformly

distributed load over an infinitesimally small area 2$«.
The strains were:

σxx ¼ v2F

vy2
¼ −

2P
p

x3

ðx2 þ y2Þ2;

σxx ¼ v2F

vy2
¼ −

2P
p

x3

ðx2 þ y2Þ2;

σxy ¼ −
v2F

vxvy
¼ −

2P
p

x2y

ðx2 þ y2Þ2:

(28)

Figure 7 shows the horizontal strains.
Element taken in the vertical plane x ¼ x0 detects strains

σxx; σyx with their extreme values of:

σmax
xx ¼ 2F

px0
; in y ¼ 0; σmax

yx ¼ 9$F

8$p$
ffiffiffi
3

p
$x0

; at y ¼ x0ffiffiffi
3

p :

(29)

Extreme values of σmax
xx are according to the line emanating

from the origin at an angle tan q ¼ 0 � q ¼ 00, whereas the
extreme values of σmax

yx are according to the line emanating

from the origin at an angle tan q ¼ ffiffiffi
3

p � q ¼ 600: Elements
that have taken in the horizontal plane y ¼ y0 detects strains
σyy; σxy with their extreme values:

σmax
yy ¼ 9$F

8$p$
ffiffiffi
3

p
$y0

; in x ¼ y0ffiffiffi
3

p ; σmax
xy ¼ F

2py0
; at x ¼ y0:

(30)

Extreme values of σmax
yy are according to the line

emanating from the origin at an angle
tan q ¼ 1 � q ¼ 450, whereas the extreme values of σmax

xy

are according to the line emanating from the origin at an
angle tan q ¼ 1ffiffi

3
p � q ¼ 300:

The displacements will be:

E$u ¼ −
F
p

�
ln
	
x2 þ y2


� ð1þ mÞ$ y2

x2 þ y2

�

� E$ðu0y � u0Þ; (31)

E$v ¼ −
F
p

�
ð1� mÞ$arctg x

y
� ð1þ mÞ$ xy

x2 þ y2

�
þ E$u0x:

(32)

Displacement of points on the surface x ¼ x and y ¼ 0,
will be:

E$ðu� u0Þ ¼ −
2$F
p

$lnðjxjÞ; E$ðv � u0xÞ ¼ −
P
2
$ð1� mÞ:

(33)

Fig. 5. Displacement u and v in the horizontal planes, results are obtained for F 5 100 N, m50.28, x in mm

Fig. 6. Tangential force in the infinite half-plane
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With the conditions F ¼ 100 N; x ¼ 0 mm; y ¼ 100 mm
>u ¼ 0 mm and x ¼ 100 mm; y ¼ 100 mm>v ¼ 0 mm;
have: E$u0 ¼ −0:0237 N mm−1 and E$u0 ¼ 250:05 N mm−1.

From the analysis of point displacements, it is noticed that
the horizontal displacements are all in one direction, while the
vertical displacements close to the force, in front of it rise.

6. THE FORCED STATE FOR THE HALF-PLANE
WITH FORCE PAIR

Figure 8 depicts the couple of forces on the half-plane:

It has been seen the pair of forces as the limit of two
forces, which in turn we see as the limit of a uniformly
distributed load:

p ¼ P
«
¼ M

«2
: (34)

Figure 9 shows the strains in the horizontal plan.
The strains are given by the expressions:

σxx ¼ v2F

vy2
¼ −

4M
p

xyðx2 � y2Þ
ðx2 þ y2Þ3 ; (35)

σyy ¼ v2F

vx2
¼ −

8M
p

xy3

ðx2 þ y2Þ3 ; (36)

σxy ¼ −
v2F

vxvy
¼ −

2M
p

y2ð3x2 � y2Þ
ðx2 þ y2Þ3 : (37)

The displacement will be:

E$u ¼ 2M
p

$
y$ðx2 � y2Þ
ðx2 þ y2Þ2 � E$u0$y; (38)

E$v ¼ 2M
p

$
x$ðx2 þ y2$ð2þ mÞÞ

ðx2 þ y2Þ2 þ E$u0$x: (39)

Fig. 7. Strains in the horizontal planes σyy; σxy in N mm�1, x in mm

Fig. 8. Couple of forces in the half-plane

Fig. 9. Strains in the horizontal planes σyy; σxy, with the conditions M ¼ 100 Nm and x in mm
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7. CONCLUSIONS

Based on analytical research study following conclusions
were drown:

� The plan problem in strains comes down to defining
only one accordion function F (x,y), which satisfies the
static and kinematic conditions in the contour of elastic
bodies;

� The geometric location of the points in semi-plane with
normal force and tangential force half-plane where the
maximum strains take extreme values for horizontal and
vertical planes represent straight lines emanating from the
origin σxx; σyx; σxy; σyy;

� In tangential force half-plane, it has been seen that the
vertical axis Oy consists of points with zero principal
strain where this line separates the half plane in the
traction part from the compression part;

� Isochrones at tangential force half-plane were circles
centered on the Ox axis and tangent to the Oy axis but at
semi-plane in normal force were circles centered on the
Oy axis and tangent to the Ox axis.
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