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ABSTRACT

Many of the engineering applications have faced the delicate contact problem in the area close to the
forces where it is very difficult to experimentally carry out various measurements and draw important

conclusions on the condition of the contact points. In this paper the forced state in the vicinity of the
ORIGINAL RESEARCH forces for the half-plane will be studied. Furthermore, the qualities displayed by the half-plane under the
PAPER action of normal forces, tangential forces and the moment caused by a pair of forces will be analyzed, as

well as changes in the elastic characteristics for the forced plane state and the deformed plane state.
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1. INTRODUCTION

Many interests of the engineering researchers have been focused in the delicate contact
problem in the area close to the forces for different engineering applications [1-10]. Contact
mechanics has its application in many engineering problems. Some examples of the small
deformation contact problems come from interaction between soil and foundations in civil
engineering or general bearing problems as well as bolt and screw joints in mechanical en-
gineering [1, 5, 10]. From the other side an example for large deformation contact has been
come from the impact of cars through car tire-road interaction and metal forming [10].

These important examples that have been mentioned above in relation to the defor-
mation contact problems have increased interest to focused in current research work at the
most delicate problem in the area close to the forces due to the difficulties for carrying out
various measurements and draw important conclusions on the condition of the contact
points. The aim of this paper is to study the forced state in the vicinity of the forces for the
half-plane. Furthermore, the qualities displayed by the half-plane under the action of
normal forces, tangential forces and the moment caused by a pair of forces should be
analyzed as well as the changes in the elastic characteristics for the forced plane state and
the deformed plane state.

) _ 2. SYMMETRICAL AND ANTI-METRIC LOADING WITH NORMAL CONTACT
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The representation of the symmetric and anti-metric load is given in Fig. 1.
For external anti-metric loading, broken down into trigonometric series of form [1]:
’j Journals 8 8
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Fig. 1. Distributed symmetrical and anti-metric load

x) = an'sin QX (1)
n=1

It has been chosen the harmonic function of the form:

“$ o)

e %7 sin ax, (2)

e sin ax.  (3)

From the static conditions in the contour (y = 0), we
obtain the relations:

C G,
4-02 4-0131

Oy = —af, -sin o, x- <C4 +— ) = pu-sin apx, (4)

Oxy = —0y €O ayX - (—0ty-R(y) + R'(y))-e7*? =0. (5)

Accepting C; =C, =0, take C;=-p,/a and
Cy = —pn/az.
Finally, the harmonic function comes out of shape:
e %V -sin ax
Pu(x, y) = (wy = 1) ————Pu. (6)

o2
In contrast, for the symmetric load [11], it will have the
expressions:

p(x) =po + an'cos QX (7)
n=1

e “nV.cos aux

Dy(x, y) = =1+ a-y)- “Pn- (8)

3. FOURIER INTEGRALS IN LOCAL LOAD
DECOMPOSITION

In the contour area 0 < # < 2, the function p(#) decomposes
into Fourier series to form:

p(0) =po+ an -cos nfl + t,-sin nf. 9)

n=1

Pn = —% /p(ﬁ)cos nddd, t,= —% /p(ﬁ)sin nédf. (10)

Substituting according to Euler: ¢’ = cos nfl + i-sin nf,
cos nf = (e + e=%) /2, i-sin nf = (e — =) /2. Tt will

get the other presentation form of equation (9):
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p(e) :po_A'_an.einﬁ_’_tn.e—inﬂ' (11)
n=1

. 2w g 1o ) 0, for m integers, )
Knowing that [, e"’df = { o, forn—0, [’ takes:

1 2w

Pn = p(0)e™do. (12)

2

The local charge is presented in the form:

°° . 1 [ ,
= pa-e’, pn=o- / p(&eede,  (13)
P 0

)= / } / PO dads. (g

For the symmetric local charge and for the anti-metric
charge, would have reciprocal expressions in Eqs (14) and
(15):

b(a) = / p(&)cos aé dE,  p(x) = /000 b(a)cos ax da,
(15)

and

:% /Ooop(f)sin aé dé, p(x) = /Ooo a(a)sin ax da.
(16)

4. THE FORCED STATE FOR THE HALF-PLANE
WITH NORMAL FORCE

Concentrated force is seen in Fig. 2 as the limit of a uni-
formly distributed load over an infinitesimally small area
2-¢&. Then the load turns out to be a normal symmetric local
[1, 11], so it has the ready solution (16).

After performing the actions, have:

b(a) —hm—/p &)cos aé df——hm/—cos af dé =

e—=07T

P sinae F

- ;£—>028 a 7
(17)
P (o)
p(x) =— / cos ax da. (18)
™ Jo
p(x)
rarar e rar oo o e o 28
vy

Fig. 2. Compressive force in the infinite half-plane
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For normal symmetric loading the biharmonic function
takes the form:

ox, y) == [ (1+ay):

F
—x~arctgz.
e x

e “7-cos ax
™ da

o2

(19)

The strains are given by the expressions:
0’ F eV cos ax
= =~ (l—aqy)—— "
]
2F X%y
T (47
_@_E/(Ha. o eos ax _r
R Y Y 1 T (x24y2)%

(21)

Oxx

(20)

2F »?

2F  xp?

Oxy = T (x2 +y2)2'

P F e 7V -sin ax
_mfgf ()’)'f‘d‘x =

O
-06

-1.2
oxx(1.y)_; ¢

oxx(2.y)-24

oxx(3.y) -3
(4 o~ 30
-42
-48
-54
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Fig. 3. Strains in the vertical planes 6y, 6y, in N mm~
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Fig. 4. Strains in the horizontal planes oy, 6y, in N mm~
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Element taken in the vertical plane x = x,, detects strains
Oxx, Oy With their extreme values as it can be seen in Fig. 3:
o = 3\/3F/8mxp, iny= \’;—"5, o = F/27mxy, in y = xo.

Extreme values of on* are according to the line
emanating  from  the origin at an  angle
tan 8 = /3 > 6 = 60°, whereas the extreme values of 6;,‘}{“"
are according to the line emanating from the origin at an
angle tand = 1 >> 0 = 45°.

Element taken in the horizontal plane y = y,, detects
strains 6,,, oy, with their extreme values are shown in Fig. 4:

max __ 3\/§F

¥ 8wy

max
y

_n
NG

The displacements, when the strain function in known,
will be:

2F
=—in x =0, . (23)

i )/()

E-u= —B/ l[1 -t ay(l+ p)]e  sin ax do, (24)
7] «
P[1 _
E-(v—¢) = —7;/ &[2 + oy(1 + W)le ™ cos ax da, (25)
0
—0.6[1\ "
-1.2
oxy(1.y)_, g
oxy(2.y)-2.4
oxy(3.y) -3

oxy(4,y) "3
— % =5

-48
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2 x in mm, results are obtained for F = 100 N
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1. x in mm, results are obtained for F = 100 N
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where E in N mm™ is Young Module and u, v and c are
displacement in horizontal plane in mm.
In Fig. 5, after integration with the conditions
F=100 N, x=0mm, y =100 mm>v =0 mm, it has:
100

x xy
Eu= . [(1 — u)'arCtg;— (1+ H)'xz—-l-yzj|’ (26)

100
Erv=—— {ln(x2 +57) = (1+p)-
+252.43 N mm™!.

y2
x2 + y2
27)

5. THE FORCED STATE FOR THE HALF-PLANE
WITH TANGENTIAL FORCE

Figure 6 depicts the tangential forces on the half-plane:
Concentrated force is seen as the limit of a uniformly
distributed load over an infinitesimally small area 2-&.
The strains were:

_¥e 2P X

¢ 2P X
Oxx = b S ma (28)
. LYo 2P ¥y
xy = ax(')y_ = (x2—+y2)2~

Figure 7 shows the horizontal strains.
Element taken in the vertical plane x = x, detects strains
Oxx, Oyx With their extreme values of:
2 9-F X
=—, iny=0, oo¥=—"—— aty=——.
T O 8-m\3x 4 V3
(29)

Extreme values of 672 are according to the line emanating
from the origin at an angle tan§ = 0 > = 0°, whereas the
extreme values of 6™ are according to the line emanating

max
XX

Eu(x,1)
Eu(x,2)
Eu(x,3)
Eu(x .4)

Fig. 6. Tangential force in the infinite half-plane

from the origin at an angle tan # = v/3 >> 6 = 60°. Elements
that have taken in the horizontal plane y = y, detects strains
)y, Ox With their extreme values:

oF in x =22, gmx

Nl

max __

F
= =—— at x = y,.
YT 83 yo

27y
(30)

Extreme values of o)™ are according to the line
emanating  from the origin at an  angle
tanf =1 > 6 = 45°, whereas the extreme values of o5
are according to the line emanating from the origin at an
angle tan 0 = % > 0 = 30°.

The displacements will be:

max

E-u= _F [ln(x2 +y7) = (1+p)- Y }
T X2+ y2
— E+(woy — uo), 31)
E-v= _E [(1 - u)-arctgf— (1+ H)L} + E-wox.
™ ¥ X2+ y?
(32)

Displacement of points on the surface x = x and y =0,
will be:

(o) = —g-ln(|x|); E-(v — wpx) = —;(1 .

(33)

Ev(x,l)
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Ev(x,3)
Ev(x .4)
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X

Fig. 5. Displacement u and v in the horizontal planes, results are obtained for F = 100 N, 1=0.28, x in mm
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Fig. 7. Strains in the horizontal planes 6y, oy, in N mm ', x in mm

With the conditions F =100 N, x =0 mm, y = 100 mm
>u =0 mmand x =100 mm, y =100 mm>y =0 mm,
have: E-wy = —0.0237 N mm~! and E-uy = 250.05 N mm™.

From the analysis of point displacements, it is noticed that

the horizontal displacements are all in one direction, while the
vertical displacements close to the force, in front of it rise.

6. THE FORCED STATE FOR THE HALF-PLANE
WITH FORCE PAIR

Figure 8 depicts the couple of forces on the half-plane:

p(x)
TN T

x= ; — — —
| 2e |
Vy
Fig. 8. Couple of forces in the half-plane
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It has been seen the pair of forces as the limit of two
forces, which in turn we see as the limit of a uniformly

distributed load:

P M
€ €
Figure 9 shows the strains in the horizontal plan.
The strains are given by the expressions:
0’0 AM xy(x? — y?
Oxx = 5 5 = — Al y3) ) (35)
dy ™ (42
’®  8M  xy?
= =-=_"7 36
G}’,V axz p (xz +y2)3 ) ( )
D 2M y*(3x* — y?
Oy =g = == Y (2 2y3). (37)
y (x* +?)
The displacement will be:
2M y- (x> —y?
Fu=My& =) g (38)
T (4
2M x-(x* +y*(2
Ey— MW TYQEW) g (39)
m )
70
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Fig. 9. Strains in the horizontal planes Oy Oxys with the conditions M = 100 Nm and x in mm
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7. CONCLUSIONS

Based on analytical research study following conclusions
were drown:

¢ The plan problem in strains comes down to defining
only one accordion function @ (x,y), which satisfies the
static and kinematic conditions in the contour of elastic
bodies;

e The geometric location of the points in semi-plane with
normal force and tangential force half-plane where the
maximum strains take extreme values for horizontal and
vertical planes represent straight lines emanating from the
Origin Oyx, Oyx, Oxy, Oy

¢ In tangential force half-plane, it has been seen that the
vertical axis Oy consists of points with zero principal
strain where this line separates the half plane in the
traction part from the compression part;

e Isochrones at tangential force half-plane were circles
centered on the Ox axis and tangent to the Oy axis but at
semi-plane in normal force were circles centered on the
Oy axis and tangent to the Ox axis.
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