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ON MOVING AVERAGE COMPOSITION AND PREDICTIVE DECONVOLUTION 
OF LONG-RUN STATIONARY TIME SERIES

PHAN DANG CAU
Computer and Automation Institute 
Hungarian Academy of Sciences

ABSTRACT

The notion of the time mean or time average of time series 
is widely used in the literature on time series analysis. Analo­
gously, the notion of the time autocorrelation function of the 
time series can be defined as the limit of the sum

M-l
ZU Я: . ,£n s = 0,1,... when N tends to ooN n=o r'ts

However, in standard literature on time series analysis only 
the case when the time meanand. the time autocorrelation function 
coincide with the mean Exn and the autocorrelation function

= Sx X is investigated. In [?] we have shown that the 
seismic signals are not always stationary in usual sense,but they 
are stationary in slight different sense, i.e. they are so-called 
long-run stationary autoregressive time series. We have also shown 
in that for long-run stationary autoregressive time series, 
the time autocorrelation function is not the same as the autocor­
relation function. However, in the predictive deconvolution prob­
lem of this time series , instead of the autocorrelation function, 
the time correlation function plays an important role.

By this reason, in' this paper we propose to consider the time 
mean and the time correlation function as independent notions.
/ They coinside with the mean and the autocorrelation function 
v/hen the process xn is ergodic and stationary, only/.

We also introduce the notion of a long-run stationary process, 
and investigate the moving average composition and predictive
deconvolution of this process.
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§'.l. DEFINITIONS AUD NOTIONS

Definiton 1: The time sei’ies . x.

probability/ if th

n is said to have tlio time, mean 
in the sense of convergence . almost everywhere / in 

urn
>П + л]
И х .N — ' nn = m<i

converges to b'HxnV almost everywhere / in probability /

Definition 2: The time series xn is said to have the time 
autocorrelation function g (s) in the sense of convergence

-Л.
almost everywhere / in probability/ if for 

s=. . .-1,0,1,2,... the sums
vn * N

Л- Y~  X XL— ' n+S nn r-tvifl.

converge to ^ x ($) almost everywhere / in probability/

Remark: The following example shows that the time mean
of some time series may be the same as the mean, while the time 
autocorrelation function may be different from the autocorrelation 
function.

Example 1: Let xn=cosn\7 n-1,2,... where W is a uniformly 

distributed random variable on [_0 ,z.nJ. Then we can see

uK b  Exn = 0
Sx (t)= IcosW ф 0 = Exn+]xn a.s .

Definition 3 : Let xn and yn be two arbitrary time series.
If for s=...-1,0,1,2,... the sums

■t
N

•w* А- /\I
TL ̂- "if i

Xn+i.Уn

converge ina given sense to ^  (S) then g (s) is called the time 
crosscorrelation function between x and yn in the given 
sense of convergence .
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Definition 4 : If the time series xn and yn have the time cross­
correlation function and g^s) = 0, s = 0,1,... then we call they 
are time-uncorrelated.

Definition 5 : If for the time series un , n - 0,1,...

<3uK» = i'2>c , gufs> = o , 4  = V A " -
2where 6 may he random variable, then un is said to be time- 

uncorrelated / in the given sense of convergence /.

Definition 6; If the time series un is time-uncorrelated and 
has the time mean 0 , then we call un a long-run white noise 
/ in the given sense of convergence /

Definition 7 ? The time series xn is called a long-run stationary 
time series / in the given sense of convergence / if it has the 
time mean and the time correlation function / in the given sense 
of convergence /

We would like to notice that the time mean and the time auto­
correlation function may be random variables.

Prom now on, if we do not say else, we always mean that the 
above definitions are given in the sence of convergence almost 
everywhere .

§.2. PROPERTIES OP THE TIME MEAN AND THE TIME -AUTOCORRELATION
PUCTION

1. If xn and yn are long-run stationary time series and there 
exists the time crosscorrelation function between them, then 
Zn - o<Xn + ( ^ h a s  the same property and

М{гД a.4 (i)

Thus if xn and yn are time-uncorrelated then

% (iî = + (z)
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The proof is straightforward.

2. gxy(s)= eyx(-5) a.s. Г4)

3- |SX WI < Gx (0) a.s. (5)

Proof: It is obvious that

M{(*n,s± = |V4 X^  * ix'4« x.i+r"J =

which proves (5) .

4 - g * / 4' *• ‘b l0)V 1
Proof : We can see

0< 14 j (ci£fl + s dby,,) j - M | a ?'x*+S + 2tibxlltS^.v + bayf, \ -

= a2ĉ (o) Ы й Ь ^ Ы  4- b^fc)

(6)

The above quadratic form is nonnegative for any a, b therefore 
its discriminant is nonnegative. Thus ( 6) is proved.

5. g (s') is nonnegative definite a.s. (7)

Proof : Let al* a2 » • •* ’ aM be arbitrary value:
M M

e,-.n .
L M-v-v

.rn + N

s,e=i
b-C) a.- a t = 2_, X I rn+ C ctbag

,7. 4
N->üo ^

N M / M
s,i-l i;Cn + sХ п.(Я

5a( - IV,w i-'ZZ11-l*< ■((z.<3- 1
Thus we have (7) .

, then we have

6. There exists a random function F(a) , which is a spectral 
distribution function a.s. and

( ÍÍTlAS ,
a (*) —  ) -£ 4 F(a) a.s (8)

-O.Ï

We can see that (8) is an immediate consequence of ( 7) .
V/e call F(a ) the time-spectral distribution function of the time 
series x■ .

a _ /If F (л) is absolutely continuous a.s. then (̂л)г Fix) is callei
the time-spectral density function of xn .
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H z

7.
( ,n -<

f'x

_ i 2 П Л K 1
ал r r(>(,) _ г-(Гл) à  s (9)

where the random variables /л,, are the continuity points of pp)

8. Linear operator on long-run stationary time series.
Suppose the sequence ;£r__ ô, -i . ■■ satisfies the following
conditions :

oO
m  к и  <
à Z-to

oo 2
< ° °I -— ■ CC - -oo

(10)
and xn is arbitrary long-run stationary time series then

L. - -‘-О
is also long-run stationary time series with

- Mh'lj

a w  = £  71

(11)

(12)

(13)

Proof : The proof of (12) is strai^htforward . To prove (13)
let us consider

•m + iM•vyh-im ^  ppL л fill41
d_IH ~ " p—  г̂-̂ 'н 7T  ̂M Пггми 0 0=-«o ÍCí-'V njrni + 1:rvi + H

from which vn+isJ
u

OŰ OO
= 2 1  L -  < q J s -*tf')bo-00 4r-(0

V/e notice that by (5) the series on the right hand side of (13) 
converges.

§.3. MOVING AVERAGE COMPOSITION OP LONG-NUN STATIONARY TIME SERIES

Theorem 1: a. If the time series x has the form----------  n
oo

* „  - 21t>- о

where bç^b-^bg,... are random variables for which

И  Ь5г 4  «о
S: о

(14)

(15)
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and u is time-uncorrelated thon x has the time spectral n n
density function ((a) and

-0.5

b. Conversely, if the time series x has the time suectraln
density function -f- (a) , for which (l6) holds then x can be
written in the form (14) , where un is time- uncorrelated.
If u is a long-run white noise, then x is a long-run n n 0
stationary process with = 0 •

Proof: a. By (13) we have''

i.e. the problem is reduced to the theory of analytic functions

o.s

Thus

2/ H classes /
b. For at is f y ing (lő) we can write

where = 1 and b z 1 t  0 for \z\ i? ^О Л:С *'
By the definition of the time specral density we have

Cjx(s)

S et
2

A (2) ■=

and

Then

Now we prove that un is time-uncorrelated.
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To do this let us consider

- Z L s/__ _ я c:) x (4-f+ i0 r
d- Q 4- 0

a 6 'l L
~x- C

'XÎ
Í__
f<z О

a  j l\ • 1__  b л 1г.

■л Г>° o o
-  6 >l---- b ■ч-s-г t— a k b>

- 6  1,

>4-0 его
г-2?

n+s ° О

К- О
6-t
о

'-к
s - о 
St О

where Р (z) = l + гЦг t- Лггг + ... г. AU)0>(/) — L 
Thus the theorem is proved.

§.4. PREDICTIVE DECONVOLUTION OP AUTOREGRESSIVE TIME SERIEE
V/ITH RANDOM COEFFICIENTS

In [7] we have investigated the predictive deconvolution 
problem of long-run stationary autoregressive time series 
which satisfies the following equation:

At n -f- t a - ]_ + ‘■O t ,i. ; ■ - +• At p f — i-l V1 , О - 0, \, £, • ■ ■ (17)

where the u's are independent random variables with mean 0 n )
and variance Eu7 - and

f , _ г r I ̂  .(.‘o-v _i— 1_, Ы<п — 6 1  О

However, it is reasonable to assume that among the u^s there 
may be dependent random variables and variables having non-zero 
mean. Similarly , the coefficients
a^,a2?...>ap may depend on experiment, i.e. they may be random 
variables. In this section we investigate this case.

Theorem 2 : Let be a process satisfying the equation

+ ■ ' 4 °^pA,i-p - U,i >\ -• o, \ ,L) ■ ( * S )

where ,o<p are random variables and the following
three conditions:
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a.Let N  denote the set of non-negative integers, and let H 
be a subset of Ж  such that

' — T ZU Ll,iu-S LVi ®hi ч N 'icv-' (19) '

b. The u's ni Л Ч И  are indenendent variables with mean 0 n <
and

2 -t ̂
E I <  K < o o 1 > £urt = S’ > ö

f\j -*<?0 ’'ci/'.rt
(20)

c. I p1+<хл-г+<кгz+.... + o/ z -f= о for z < 1-r ... r - - -  -  -- - (21)
Then X is a long-run stationary process with - О .
The matrix

'■3*w  ‘jd-’-'-h
ÍU"» ^(0)-.. (22 )

is positive definite a.s. and we have

(23)

Proof: Let

/ V 0* у р - ’Л v , 1'
h * li) \  

т  ‘°^ ,o) ••• b 1?-1' — _

\ f c N  с)Л-г| ••• Çjr(ol /
V pi 1«(t7

0

lu

л е н  

n 4 И

then the sequence vn , n=0,l,2,... satisfies the conditions of
the theorem in \j~\ , hence we have

6-'

. O

s - о

S jro

Now we can write

= Z - h  «»-:

v/here

** - rs1 S=o

t + + PiZ t- l44,z + -+rf Z.P

(г+)

(2.4)
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By (l8) and (24)

Г л Л
У-—-> ^ 2  '̂ *'-1 X4-f<. ~ Í"— ' (̂i L,nг-о

from which we have
p ÛO
«г = ^ P > ‘K (s+4)

Por k= l,2,...,p we get (24) .
Notice that

OO
< \ M  - |\HS4 * \Z  О

then it is well known that (21) and (2 4') provide the positivity of 
the matrix (23) . The proof is complete.

Remark : 1. If II is finite, then (19) is satis f ied.
2. If 1u * l < K  , и 6 H and

rt-* u п e H
-frzi X Hj\j -»CM 1 ̂ » О

(n)= 0 where X  (in)H = lo и 4 н

then (19) is also satisfied .
3. If we know d-o,-,f then cx/s are determined by (23) . In
practice v/e can estimate л (?) by

C (\| (Uu

and then cKiiolzi"' ;(*P “re c3^^r,a“eCx by

N и  • • • Г Р - Д
0  \  ы л í r , \

ь
* V z * 1 —  -

U „ Г Р - 2 • J f i f ï Л. l r f  1
Therefore we can estimate u by 1<л = **n
and we have

Л ^
I ivv ^  ^  ^  *

(25)

Л
4 + ~

Numerical example:
Example 2.» Let xn be a long-run stationary process defined by
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* n  + *  X n - l = u tl <X г О.ъ , Л = С, -1, ■■■, (26)

][ w „ tfn $ 0 .5-
U  r  { n  £  4 , if, 6 , 9П

l 0 ^  >  0 . ъ

U < - U S- Mr - Wq - 0- (27)

where W^s are independently,normally r.v.'s v/ith mean O and 
variance 1, v̂ 's and V- are independenly , uniformly r.v.'s 
on [0,1~) and independent of W s 
Thus Л) - *
E u*. -Eu - Eu« =• о.ь f o  , 4 t EuJ = ^

NJ -b°o ^  n-c

by f25) we get the estimate c< =0.4941 . In table 1 the first 
30 values of un and its estimate are printed.

Table 1: Long-run white noise defined by (2 7 ) and its estimate

long-run 
n white noise

estimated 
long-run 

white noise
long-run 

n v/hite noise

estimated 
long-run 

white noise

0 0.1346 0.1346 15 0.0 -O.OO6I
1 0.2081 0.2073 16 0•0 0.0031
2 -0.1960 -0.1968 17 0.0 -0.0015
3 0•0 0.0016 18 0.0 0.0008
4 O.I5 2 7 O.I5 19 19 0.7724 0.7720
5 0,1527 0.1522 20 0.6930 0.6886
6 0.1527 0.1521 21 0.6723 0.6704
7 0 • 0 -0.0006 22 0.0541 0.0510
8 0«0

0 . 0 0 0 3 23 0.0 0.0012
9 0.1527 O.I5 26 24 0.0 -0.0006

10 0.0 -0.0008 25 0.1007 0.1010
11 0.5493 0.5497 26 0.0 -0.0007
12 0.0 -0.0035 27 0.0 0.0004
13 0•0 0.0017 28 0.3580 0.3579
14 1.1048 1.1040 29 -0.0502 -O . 0 5 2 2
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We can see that u^,u^,Ug and Ug are well estimated inspite of 
their dependence and the fact that they have non-zero mean.

§.5. PREDICTIVE DECOH VOLUTION OP ARI-TIME EERIEfj

It is reasonable to think that in some application::

A(z  ̂= i 4-сЦТ. -P • ••+£>< „7.̂ 4= 0 for |Z| < i

there may be some roots which are close to the unit circle. In this 
section we investigate the predictive deconvolution problem of the 
limiting case, i.e., the case in which there are some roots 

on the unit circle.
It is easy to prove the following theorem:

Theorem 3: Suppose the process x satisfies the conditions
(18) , (19) , (20) and the Z-transforrn
can be written in the form

A(^) - (1 ( 1 + + ■ •• +  ̂ | i ) (2ö)

where + Л r p

^13,2 +---+X,Z(| ф  ü for \z\ £ 1 (29)

Let r j - Л where Лосп =
Then yn is a long-run stationary process with 
The matrix

/ ' V 0'1 D 3‘4-*

д,м-г) -• <331°1

is positive

In practice 
can be done

definite and we have

V ” L 1

4 , M  .. ^

V 1'”

.2) ••fL(o) /

\ b\
a - (30)

/ Ц  i % 4
the predictive deconvolution of ARI _ time series 
as follows :
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1. Compute în - Дс1г п
2. Estimate a (b) bv ru(?-)у У  ̂ _
3. Solve the normal equations to get the estimates ,

A

4. Estimate ыл <хг . o( by
Л A ' p Nt( / У\ Л  Cl 4

■\ -t °< 2. -f . .. 4- ̂ Vp Z rr  ̂4 — /. j ( '1 -f Z. I • • • •+■ St-| 2. J

Л
• ■ / 4£-|

5. Estimate u^s by
i\

un - -*■ *'■ + p ̂  »л - p

Then we have

l Г no. Ц  
i\)

- u, a. s

Numerical example:
Example 3: Let xn be ARI-time series defined, by

s u n .o^r-O.S-^r-tf.Ç, r»; ür ../ W  (31)

where un is defined by (27) .
Then we get the estimates 5 1 =-0.5058 , <Хг = -0.4942 . In table 2 
the first 2.0 values of un and its estimate are printed.

Table 2: Long-run white noise defined by (27) and its estimate

n
long-run 

white noise

estimated 
long-run 

white noise n
long-run 

white noise

estimated 
long-run 

white noise

0 0.1346 0.1346 10 0.0 -0.0008
1 0.2081 0.2073 11 0.5493 0.5497
2 -0.1960 -0.1968 12 о•о -0.0034
3 0.0 0.0016 13 0.0 0.0017
4 0.1527 0.1519 14 1.1048 1.1040
5 0.1527 0.1522 15 0.0 -0.0060
6 0.1527 0.1521 16 0.0 0.0030
7 о

••
о -0.0006 17 0.0 -0.0015

8 0.0 0.0003 18 0.0 0.0008
9 0.1527 0.1526 19 0.7724 0.7720
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§.6. THE DETERI.í IHAT I OH OP THE ORDER OP ARI-TIKE

As we have seen in the previous section, in the predictive 
deconvolution of ARI-time series we need to know 
the parameters d and q , However,in the majority of applications 
the observations x^s are available only , thus we have
to estimate the parameters d and q . In [7 ] we have shown that 
the usual methods for testing statistical hypotheses cannot be 
always applied to the long-run stationary processes. Here we 
propose to estimate d and q as follows:
1. For k-0,1,2,... compute vj 1Л - А
If for some U0 and for fixed S r c, i,zr - the average

1
N

ni-I N
•л

stabilizes for large N then we estimate d bv f<( 
A/ It means that the process à°x„ is long-run stationary 

time series /
2. For j- we solve the equations

I f (о) Г (
Э . j ••• Г ii-И \

0 . [ V ^
" V J'2) •I

•Л .

-  _
*'yhl

г)-- Cj (0 ) / 4 1 (il /'Vi-')
Then we compute

<  = * * «1 <n-.+ • • +

If for some we have

= s V i ,s> = О .

i.e. <Д (О , are negligible compared with
then we estimate q by jQ

. Jc 
C I •A<J U (0 )
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On moving average composition and predictive deconvolution 
of long-run stationary time series

Phan Dang Cau 

Summary

The notions of empirical and long-run stationary 
processes respectively, are introduced.
It is proposed to consider the time mean and the 
time correlation functions as independent notions 
/they coincide with the mean and the autocorrelation 
function when the process is ergodic and stationary, 
only/.
The moving average composition and predictive decon­
volution of the long-run process are investigated.

Empirikusan stacionárius folyamat mozgóátlag felbontása 
és prediktiv dekonvoluciója

Phan Dang Cau

összefoglaló

A cikkben a szerző bevezeti az empirikusan stacionárius 
folyamat fogalmát, vizsgálja e folyamat mozgóátlag fel­
bontását, prediktiv dekonvolucióját.
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