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ABSTRACT

The notion of the time mean or time average of time series
is widely used in the literature on time series analysis. Analo-
gously, the notion of the time autocorrelation function of the
time series X, can be defined as the limit of the sum

N-1

X r

7&n e s 8 = 0,1,,.. when N tends to oo
=

However, in standard literature on time series analysis only
the case when the time meanand the time autocorrclation function
coincide with the mean Exn and the autocorrelation function

W = BEx, %, 1s investigated. In [7] we have shown that the
seismic signals are not always stationary in usual sense,but they
are stationary in slight different sense, i.e. they are so-called
long-run stationary autoregressive time series. We have also shown
in [7] that for long-run stationary autoregressive time series,
the time autocorrelation function is not the same as the autocor-
relation function. However, in the predictive deconvolution prob-
lem of this time series , instead of the autocorrelation function,
the time correlation function plays an important role.

By this reason, in this paper we propose to consider the time
mean and the time correlation function as independent notions.

/ They coinside with the mean and the autocorrelation function
when the process > is erzodic and stationary, only/.

Ve also introduce the notion of a long-run stationary process,

and investigate the moving averaze composition and predictive

deconvolution of this nrocess.



§.1. DEFINITIONS LUD HOTIONS

Definiton 1l: The time geries’. :{n is said to have the time mean

M{x,\} in the sense of convergence . almost everywhere / in

probability/if the sum
A man
g7 Z *n

n=msd

converges to M{xn}t almost everywhere / in probability /

Definition 2: The time series > is said to have the time

autocorrelation function gx(s) in the sense of convergence
almost everywhere / in probability/if for
8&, o o=Ly 0,152 44 % » Hhe sums
A AL,
N_mesxn

I zmpl

converge 1o %x(s) almost everywhere / in probability/

Remarlk: The following example shows that the time mean
of some time series may be the same as the mean, while the time
autocorrelation function may be different from the autocorrelation

function,

Ixample 1l: Let xn=cosn‘.‘.’ n=1,2,... where W is a uniformly

distributed random variable on [O,Z.“]. Then we can see
M{xn3= Exnz 0

1 '
gx('1)= 2_'cos‘.l 4+ 0 = Exn+1xn a.5

Definition 3: Let En and i be two arbitrary time series,

AT Tor g=iee~159:1L:2:5 s Tthe sums

NZmed
converge ina given sense to g, (s) then Eyyls) is called the time
crosscorrelation function between x = and Yy, in the given

sense of convergence .
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Definition 4: If the time series X and T have the time cross-

correlation function and ngs)= 0, 8= 0,1,... then we call they

are time-uncorrelated.

Definition 5: If for the time series U, n o= Oylye'ss

%u(0)252>o ,gu(S):o g = 4.8 2

1SSy A

2
where 6 may be random variable, then Uy is said to be time-
uncorrelated / in the given sense of convergence /.

Definition 6: If the time series u, is time-uncorrelated and
has the time mean O , then we call u, a long-run white noise
/ in the given sense of convergence /

Definition 7: The time series x is called a long-run stationary
time series / in the given sense of convergence / if it has the
time mean and the time correlation function / in the given sense
of convergence /

We would like to notice that the time mean and the time auto-
correlation function may be random variables,

From now on, if we do not say else, we always mean that the
above definitions are given in the sence of convergence almost
everywhere ,

§.2. PROPERTIES OF THE TIME MEAN AND THE TIME -AUTOCORRELATION
FUCTION

1. If X, and y,  are long-run stationary time series and there
exists the time crosscorrelation function between them, then
Z, = XX, + P‘jn has the-same property and

M{z,§ = M{xA] + PM{Y] a.s (4)
g, (s) = oczcg,c(s) o gt\d(s) +o((z~%ax(s) + {’fc(} g(S) a:8. 42)

Thus if X, and y, are time-uncorrelated then

9, (%) :°‘2ﬁx(§‘ + [3233(9) (3)



The nroof is straightforward.

2 gxy“)z gyxbs) 8.8, (4)

]

3y 18, 6e B.(0) .S, (5)

Proof: It is obvious that
2 2
M{ N ) S— Mi Xieg = Zx'n*sxnﬁ»rnj = ZLJX(O) 2 G (9)
which proves (5) .
2 : ' _
4. %"‘3(6) $ ¢y 10) ‘4’»}“” (6)

Proof: Ve can see

2 2 ' DD
OS M{ (a;d“*s “'bLJv\) § = f"\‘(_l )LH+S 4 chbx_,\fs LJ;L -+ l'.)é‘:,” 3 =

2 o il ; 2
a ‘Jx(o) + zang%(s) 4+ b CJ‘J(O)

The above quadratic form is nonnegative for any a, b therefore
its discriminant is nonnegative. Thus (6) is proved.

5. &.(s) is nonnegative definite a.s. (7)

Proof: Let al,a2,...,aM be arbitrary values, then we have

m4+ N

Z, (j, ((3 ()a a.& = L—.—l Q\'n ———-Z_, Ln"s X.'.H_(Ch)((e =

5= s[ L Now® N nzmed

, '“+N J4 4 +IN ™M
{im 7\'( 2 n+$'x"n+€a5a(: tem i—Z. (Z—
N 200 homtd, Tsipo 1 N-)w' nzimeq S

Thus we have (7)

6. There exists a random function F(») , which is a spectral
distribution function a.s. and

AMTLAS -
c‘}x(e) = (-Q c{‘t—()\) - (8)
-0.5
We can see that (8) is an inmediate consequence of (7) .
e call F(r) the time-spectral distribution function of the time
series Ty o
IT [F(\) is absolutely continuous a.s. then {Q):\:?x) is callet
the time-spectral density function of > 45



Mo
N - “ﬂAK Z-

T j 142% X

#y

-~

e 1O B A, (9)
where the random variables M, M, are the continuity points of }?@)_

8. Linear operator on long-run stationary time series.

Suppose the sequence f% ,g:.“_gq{f..satisfies the following
. conditions:
=) = 2
T | he| < o0 e Gy BB - (10)
Co_co ¢ ==0
and Xn is arbitrary long-run stationary time series then
o2
:'2:*‘a?xﬁ-a (11)
C ==
is also long-run stationary time series with
[ s)
I [
MiYay = M L*a (12)
O o
T ey, = 2. EZ; 4 el 15 érk)
%‘a( ) C=-00 L. e (“1 (13)

Proof: The proof of u2) is straichtforward . To prove (13)

let us consider
oo oo a4 N

vm-Q-N A PR,
4 R i o P B e B A T T
T\l-nzmjm_‘Ps ,}ﬂ 2z- Kz-w 'z \K l\l nomel D=t e

from which
m4nN

SO0
I‘WV 2 Z "Jn+sl9n: Z, Z_J {)\-E 9% C}l(s 2’+ﬁ)

N—)oo N wzmet Tzow &=-00

We notice that by (5) the series on the right hand side of (13)

converges,

§.3. MOVING AVERAGE COMPOSITION OF LONG-RUN STATIOHMARY TIME SERIES

Theorem 1: a., If the time series X, has the fornm

o
v ST N @4)
5o
where bO’bl’b2"" are random variables for which
. R
2k e (15)

S=6
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ané u igs time-uncorrelated then e < has the time spectral

i

density function {()and

o.5
[-fn f(.\)cL\ > — %0 a.s
-0.5
b. Conversely, if the time series X has the time svectral
density function {(A), for which (16) ~holds then x_ can be
written in the form (14) , where u, is time- uncorrelated.
15 u is a long-run white noise, then X, is a long-run

stationary process with M{x.j=0

Proof: a. By (13) we have’
oo OO ( 22
LSk - (= U -
%»x(s) ~ g:) %‘_‘; b?:bkcr)“- ¥ Hk) & %—;‘; bnrsbn
Thus

2, 00 IR | A

'F(M:G\Z‘ob"e \

i.e. the problem is reduced to the theory of analytic functions
/ H2‘c1asses /

b. For satisfying (16) we can write
2, .03 U'ﬁv’\'\zf
{Z(,\) =6 IZ_ b,e \ a.s
n=o0

where b =41 and %bnzn 0 . Per fEL&TL
By the definition of the time specral density we have

a0
5 22
gx(S) = 8P \On+gbn

N=¢
Set
2 —
Alz) = d+a,2 +82Z -+ =
and
)
un:Z‘a;tn,s NG R e
Sz-o
Then

ITow we prove that u iy time-uncorrelated.



Nondo this et s consider

S T
b= 5 c A8 £ i
C(},U.(’)) & e / c(a(.l : (]A(> Gty s ) -
L.':Q =0 » .
, @
A I T N :)__ e \7”_‘.( =
LAl ({‘C Y iz op Dl
e = ol ‘
Rn=0. L2 i(;o ‘ =G
g 52 SR
= b Zf—élq+5‘{n = { S =
iz o S «(_ O
D = o AL 5 NCD 3 =0 Ll
where (z) = 4 +wdiZzpedyZ ke = Alz)iBlz) =

Thus the theorem is proved.

$.4. PREDICTIVE DECOIVCLUTIOIl OF AUTOHREGRESSIVE TIME SERIES
WITH RAIDOL: COZFFICILEETS

En [7] we have investigated the predictive deconvolution
problem of long-run stationary autoregressive time series -5
which satisfies the following equation:

:Kn + al":'\—l + d:t,‘.y_ gk (.iplt"-‘-’ P v £k = O: '/7'/"' (\17)

where the uﬁs are indecpendent random voeriavles with mean O
)

: 2 2
and variance Eu = 6, and

[~ A fd gz 2 5
i Bl G020
N oo Wl
However, it is reasonable to assume that among the uﬁs there
may be dependent random variables and variables having non-zero
mean. Similarly , the coefficients
al,a2,...,ap may depend on experiment, i.e. they may be random
variables, In this section we investigate this case.

Theorem 2: Let i be a process satisfying the eauation

ey TR e s 0<P7‘-"—P’: oy IS Oy s (15)

where «ﬂﬁxlp--,xp are rendom variables and the following
three conditions:
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a.Let Jwrdenote the set of non-nerative integers, and let H
be a subset of N suéh that

by A — ;
[ VL —'—\l— Z_ Lty tla == 0 3.6 (19) :
B og AT
b. The uﬁs ,wxeﬁf\k{ are indepencdent variables with mean O
and
2y te ] A = 2 o8 2
Elua (kKoo |, dim 1T Eun =675 0 (20)
N =20 T
l\f,t/‘\H
2 P .
Coe 1+ 2 +0(ZZ +-...+f>(r2 1:0 foxr 2 A (21)

Then X, is a long-run stationary process with Pﬂxﬂﬁz o
The matrix :

Cz}’x(O) (.)7;(4).-. L,]t(f‘_1>
Gt Gy L0} - cat(p—z) (22)

c'hw-') g,le-2) ... QK(O\

is positive definite a.s. and we have

G} gl .- g (pe) ) ety (0
G 9@ - G lp-2) o_-(z = Cd_xu) (23)
R R MU A ST PR
Proof: Let
(6] n€H
it
U V\é'H

then the sequence Vo n=0,1,2,... satisfies the conditions of
the theorem in [7] , hence we have

5t s=o
gy =9y (5) =
o sfo
Wow we can write
n
K = 2 P Unos (24)
where Zz P _;L____——— C24f)
14 B2t P2t = 00,2+ 4ot 2.F

1



SRR o

By (18) and (24)
n-&
idxnz.le&’Lﬂ“nw«s

S

from which we have

Por— k= 1,2,...,p we get (24) .
Notice that

(jx(s) = (Z'.—'J PvHS P

then it is well known that (21)and (24") provide the pos1t1v1tv of
the matrix (23) . The proof is complete.

Remark: 1. If H is finite, then (19) is satisfied.

e 0 i l“ﬂ‘("( ; neH and
1 n € +H
’
e K. ("= 0 vhere (n) = i ‘
i 52 X i T

then (19) is also satisfied .
3. If we know g,(?), 2:0,.¢ then o's are determined by (23)
practice we can estimate qx(a) by

Z;~Xn+?

?
and then &, o, ... ,&, &©Te cstimated bg
\(‘O f,. . FP-' d" r‘
TR C TR ¢ | e (25)
: = A
rP_| rP-Z (‘o o(F V‘F L
A s 2 +..(.D( xn
Therefore we can estimate u_ by By = X F¥a K € o=f
and we have
N
Phn o = 3%,
N X

Numerical example: _
Example 2: Let Xp be a long-run stationary process defined by




X, + X ‘)(j"_1 = X045 ,n=eo4,.-,489 (26)
.\/Vn U‘ns 0.5
i - n :': 4/5— 6 9
n o W 20,5 e
(27)
u4__£.15- = ue = L'a—l).

where Wﬁs are independently,normally r.v.s with mean 0 and
variance 1, vés and YV are independenly , uniformly r.v.s
on [0,1) and independent of L

Thus

4
Eu, sbu,=tug = Eug=0.5 ¥o b L5 Eul = 0.5

N"% N n=go

By (?5) we get the estimate & =0.4941 . In table 1 the first
30 values of u, and its estimate are printed.

Table 1l: Long-run white noise defined by (27) and its estimate

estimated estimated
long~-run long-run long-run long-run
n white noise white noise n white noise white noise

0 0.1346 0.1346 19 0.0 -0.0061
3 0.2081 0.2073 16 0.0 0.0031
2 -0.1960 -0.1968 LT 0.0 -0.0015
3 0.0 0.0016 18 0.0 0.0008
4 0. 1527 0.,1519 1 0.7724 0.7720
5 0, 1327 0.1522 20 0.6930 0.6886
6 0.1527 01521 21 0.6723 0.6704
) 0.0 -0.0006 22 0.0541 0.0510
8 0,0 0.0003 23 0.0 0.0012
2 0.1527 0.1526 24 0.0 -0.0006
10 0.0 -0,0008 25 0.1007 0.1010
11 0.5493 0.5497 2 0.0 -0.0007
12 0.0 -0.0035 27 0.0 0.0004
13 0.0 0.CC17 28 0.3580 0.3579
14 1.1048 1.1040 29 -0.0502 -0.0522
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Uy sy and ug are well estimated
their dependence and the fact that they have non-zero

Ve can see that

inspite of
mean.,
9.5. PREDICTIVE DECOHVOLUTION OF ARI-TILE 4BERIES

It is reasonable to think that

in some applications
Alz) = L +%4Z +~~-+0<F1P-t0 for lTEs A

there may be some roots which are close to the unit circle. In
section we investigate the predictive deconvolution problem of

limiting case, i.e., the case in which there are some roots
on the unit circle.

It is easy to prove the following theorem:
P & L ]

Theorem 3: DSuppose the proc

(18) , (19) , (20) and the
can be written in

e satisfies the conditions
r

the form

C‘ } 9
Ao = e v, 2 (28)
where q-+d =P
- / ‘
145z o +¥%,2 £ 0 for |z| < 1 (29)
d f dng oty
Let v,=Ax, where Axpn = Tney =Xy
Then y  is a long-run stationary process with Fﬂi%n} =0 -
The matrix

'q\j(o\ (Jn(ﬂ)-n c_Jj(q-q)
Gyl 944-2) ---{;y(o)

is positive definite and we have

9,0 Gy =+ gya-Y [y

%3(1) q“(c)... %j(q-z) b S q%(z\

A 9-2) -+ G, (o) ) 4\
Gyl gylad) - Glod [ [ (g
In practice the predictive deconvolution of ARI - time series
can be done as follows

(30)



i 0

1. Compute thy o= AEIh

2., Estimate %gun by %(8) o 5
3. Solve the normal equations to get the estimates By, 8,0, 8
. %p by

a
4, Estimate oy, %y, -

A ( A /
4+ &\QZ_ B AR T O(PZP:: (4'-23( (4-}517_{“--4*&;.‘24)

5. Estimate uﬁs by

A
Mo . polyLng & 2 RpXalp
Then we have

A~
/('I'W'b L(n, = un 8-5
N —>00

Numerical example:

Example 3: Let X be ARI-time series defined by

xn"—‘x‘\?cn,/\ '+°<2xn_2 = ur\ ,0(4:—0-5*,“2:“()-5"1:()'...’4(4(3 (31)

where u_ is defined by (27}
Then we get the estimates &1 =-0,5058 , &Z = =0.4942 . In table 2
the first 20 values of u, and its estimate are printed.

Table 2: Long-run white noise defined by (27) and its estimate

estimated estimated
long-run long-run long-run long-run
n white noise white noise n white noise white noise

0 0.1346 0.1346 10 0.0 -0.0008
1 0.2081 0.2073 11 0.5493 0.5497
2 -0.1960 -0.1968 12 0.0 -0.0034
3 Qg 0.0016 13 0.0 0.0017
4 0.1527 0.1519 14 1.1048 1.1040
5 0.1527 0.1522 15 0.0 ~-0.0060
6 0.1527 0.1521 16 0.0 0.0030
T 0,0 -0.0006 17 0.0 -0.0015
8 0,0 0.0003 18 0.0 0.0008
9 0.1527 0.1526 19 0.7724 0.7720
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§.6. THE DETERIMINATION OF THE ORDER OF ARI-TIME SERIES

As we have seen in the previous section, in the predictive
deconvolution of ARI-time series we need to know
the parameters d aend q ,However,in the majority of applications
the observations x,S are available only 5 thus we have
to estimate the pa :ametero bt smnds g e i [7] we have shown that
the usual methods for testing statistical hypotheses cannot be
always applied :to the long-run stationary processes. Here we
propose to estimate d and q as fol%ows:
l. For k=0,1,2,... compute y,= AXa

If for some f, and for fixed ¢ 5 8,2 the average
4N
|
g 1% L t
N n:nul‘ln*s j
stabilizes for large N then we estimate d by 4k,

/ It means that the process %n:K%xn is long-run stationary
time series /

2.5 TorsJ 24,2 - ve solve the equations
(o) f{*)---ffi”) 5% r, (4]
v (o) e 3 ro(2)
j(ﬂ (o) ?(J -2) %y - it
H(J-4)  o-2) T (o) 5; ru (5)
Then we compute
,\), 3 A).
s = A& 4Xn Tt 4'“j+d n-j d
: g o ol
5 - T u’
C‘)a )"' N 2"?; N4 g n
If for some J, we have
. i 5 )
J r: . ): =L . .
94 (e = 6 o 838 270 s
2oe, qt(%\, 5-4,2,.. are negligible compared with CJE (o)

then we estimate q by jo .
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On moving average composition and predictive deconvolution

of long-run stationary time series

Phan Dang Cau

Summary

The notions of empirical and long-run stationary
processes respectively, are introduced.

It is proposed to consider the time mean and the
time correlation functions as independent notions
/they coincide with the mean and the autocorrelation
function when the process is ergodic and stationary,
only/.

The moving average composition and predictive decon-

volution of the long-run process are investigated.

Empirikusan stacionérius folyamat mozgdatlag felbontdsa

és prediktiv dekonvolucidja

Phan Dang Cau

Usszefoglald

A cikkben a szerz0 bevezeti az empirikusan stacionéarius
folyamat fogalmat, vizsgalja e folyamat mozgdatlag fel-
bontasat, prediktiv dekonvolucidjat.



	Phan Dang Cau: On moving average composition and predictive deconvolution of long-run stationary time series�������������������������������������������������������������������������������������������������������������������
	Oldalszámok������������������
	5��������
	6��������
	7��������
	8��������
	9��������
	10���������
	11���������
	12���������
	13���������
	14���������
	15���������
	16���������
	17���������
	18���������
	19���������


