MTA SZTAKI Koézlemények 37/1987 pp. 63-96

SCALING OF RANCOM VARIABLES AND ARRANGEMENT PROBLEMS IN
LAYOUT DESIGN

B. GOETZE and W. NEHRLICH

Dept. of Appl. Discrete Math.
Karl-Weierstrass-Inst. of Math.
Acad. Sci. of the GDR
Mohrenstr. 39, Berlin, DDR-1086

1 Introduction

A key problem in Design Automation is the arrangement of com-
ponents of a large and complicated system. As an important
example consider the placement problem, where the modules of
a oircuit have to be assigned to favourable locations on a
placement media. At the strongly idealized level of topologi-
cal design large systems can be represented by graph- or hy-
pergraph models, Moreover, in many cases it is also adequate
to represent the one-, two- or multidimensional placement me-
dia by special graphs. (An important example is a grid graph.)
Using such models placement problems can be considered as dis-
crete optimization problems, in particular as embedding prob-
lems for graphs or hypergraphs. Some examples of embedding
problems of this kind are the following NP-hard problems

(see /GaJo/, /Jo/):

OPTIMAL LINEAR ARRANGEMENT OF GRAPHS,

MIN CUT LINEAR ARRANGEMENT OF GRAPHS,

MINIMUM BANDWITH, CROSSING NUMBER,

EDGE~-EMBEDDING ON A GRID,

MINIMUM AREA EMBEDDING OF PLANAR GRAPHS,

WEIGHTED GRAPH EMBEDDABILITY.

Stimulated by the practical importance of such problems many
attempts and different approaches have been made in order to find
approximative solutions or solutions for subproblems., Among
the numerous heuristic solution procedures for the various
kinds of problems one can find greedy strategies, iterative
and Monte-Carlo-procedures and even such kinds of solution
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methods which are founded on non-discrete mathematical meth-
ods. Different from those discrete strategies which proceed
stepwise on the basis of local decision, the non-discrete
models represent global optimization criteria. Examples of
non-discrete approaches and strategies concerning one-~ and
two-dimensional arrangement problems can be found in /QuiBr/,
/0tten1/, /Otten2/, /Fuku1/, /May/. In our paper we deal with
a non-discrete heuristic approach which is based on a model
of mathematical statistics -~ the scaling of random variables
by optimization of the correlation coefficient.

Starting from an idea of /Fuku/ we shall apply this model to
various arrangement problems, where the two-dimensional em-
bedding of hypergraphs is in the oentre of our attention.

The mathematical treatment of this approach is explained in
detail. Furthermore, the embedding algorithm is generalized
to the case of additional placement constraints by incorpora-
ting these constraints into the model from the beginning.

A natural and important application of this approach is the
layout design for electronic circuits.
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2 Scaling by Optimization of Correlation Cocfficient

Here we consider the following problem: Let two discrete ran-
dom variables be given, then we search for a scaling of these
random variables such that the correlation coefficient is maxi-
mum. This problem leads. to the determination of extremal points
of quadratic forms, which is treated in detail in standard 1it-
erature (¢f. /Ga/, /Co/). In subsequent chapters we will apply
scaling theory to the solution of certain arrangement problems.
Though the mathematical solution of the scaling problem appears
in full detail in statistics literature, we shall present a
short derivation of this solution here, so that we can refer

to this derivation in § 5.

Let two random variables X and ¥ be given, which are va-

rying within the sets f:ffc’,l,...,;fm} and T={y1,...,yn§,

respectively. Here ii and §. are arbitrary elementary events.

Let the probability distribution on XxY ©be given by the

matrix P = (pij) . This means that Py 4 is the probabil-
m,n

ity of the event "%:%’i and ¥=F." . For short, we will

J
n m
write TPy = Z pi:j and CPJ = Z Pi;] for row- and
=1 =1

column-sums, respectively. These values represent the proba-
bility of "X '=5‘c’1 " and "Sr’zfj " . respectively.

If we are scaling the %i and ?’ to positions on the x-axis
and the y-axis, then from ¥ and ¥ we obtain real random
variables x and y , respectively. This permits to define
the expectation values:

m m
EX = 2, TDy°X; Ex® = S rD;e xi (the definition for y
i=1 : i=1 '

is ahalogous),

m n
E(x:y) = Z z X4 pij. yj .
: i1 J=1 ;

From this definition we may also define the variances and the
covarianoces :
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Var (x) = Ex? - (Ex)2 (analogous for y) ,
Cov(x,y) = E(x-y) - Ex-Ey .
The correlation coefficient is defined as follows:

g COV(XQY)
Sx,y (Var(x)-Var(y))’ <

The correlation coefficient ranges in size between -1 and +1.
If Ifx, | =1, thén the variables x and y are deterministic-
ally correlated,and the (xi,yj) with Py 4 + 0 are all located

on a straight line. If ¢ = +1 , then this straight line has

a positive slope, for ¢ = -1 the slope is negative.

The value of [gx, | is a measure for the concentration of
the probability density function P around a straight line.
Notice, that the correlation coefficient has the property of
being invariant with respect to linear transformations, i.e.

g(ax+b,cy+d) ’_‘fx,y 5

Our aim is a scaling of the random variables X and ¥ (i.e.
to find values Xy and yj) such that we obtain a maximum
value of ¢ .

First, we can assume without loss of generality, that the
matrix P possesses neither zero-rows nor zero-columns. This
is because an elementary event with zero-probability could be
scaled on any place without influencing the value ¢ .

Since ¢ is invariant with respect to linear transformations,
we can assume the values of x and y to be normalized such

that
Ex = Ey = 0 (2.1.)
Var(x) = Vax(y) =1 . (2.2.)

From (2.,1.) we obtain

2

Var(x) = Ex2 s Var(y) = By“ and Cov(x,y) = E(x-y) .

Thus, from (2.1.) and (2.2.) we conclude the simplified formula

Sx,y = E(x-¥) . (2.3.)



i . ] A

We use the following notations:

A 4 T
X=<x1,--°’xm) g ()’1"“;3’n> Y. P = (b;_\:_'\zj) s
m
and

=
lae
!
(@'
lae
I

Thus, Wwe can write

T

T
EX=X-RP'em ’ Ey:y

'CP'en ’

< |

ExT=x »RP~X and Ey2

= yTu CP. y

The normalization conditions (2.1.) and (2.2.) then read as
follows:

xT-RP-em = yT-CPoen =0 (2.4.9)

XTeRpeX = J%Cpey = r (2.2.8)
Finally, expression (2.3.) has the form

o = xT~P-y : (2:3.8)

Now, the problem is to determine extremal points of $= xT-P-y
under the conditions (2.1.a) and (2.2.a). By the use of

Lagrangian multipliers we obtain necessary conditions for local
extremal points under certain conditions.

First we will consider only the second restriction from
(2:2:8), 1.0,

% Cpey =1 .
Thus we have to define a function
H(x1,ooo,xm?y1’coo,yn) = X ‘P'y - g'.y .CP.y .
Necessary conditions for extremal points are:

oH

— for = 4y00esD
9?3 J geeey
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or, for short,

ox
oy

Hence we obtain

% (x"-P.y) =¢'- 53- (7% Cp 7

PT‘X = 2§'OCP'Y . (2'4)

In order to clarify the meaning of the factor 2§' we multiply
equation (2.4.) by yT and obtain

T
Yy PT'x = 29" y . CP ¥

Under the above condition this leads to

XT-P-J’ = 2‘?' ’ ioeo

§=28' -
Thus, from (2.4.) we obtain

PL. x =.f-CP-y (2.4.a)

Since the matrix P does not contain any zero~rows or zero-
columns, Rp and Cp are regular matrices.

Thus, from (2.4.a) we obtain

ey = 051'PT-x " (2.4.1)
On the other hand, multiplying (2.3.a) by ¢ s We have

92 o S.xT.P.y = xL P-(g-y) i
Substituting (2.4.Db) we oonclude

82 w (p-CplPT)x o (2.5.)

Equation (2.5.) describes ‘g as a quadratic form in x . Our
aim is to find maximum values of g under the conditions
(2.1.a) and (2,2.,a). Thus, we seek for
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max XTI R Canbe)
XT' RP’X = 1
s
X -RP-e =0
m

For this purpose, the well-known theorem about extremal points
of quadratic forms (ef. /Co/, /Ga/) can be used.

Theorem

Let S and D be (m »m)-matrices, S being symmetric and D positive
definite. Let the (real) eigenvalues of

Sex = A+D-x

be 11 Z 12 7 eee zulm , and let x(i) be the eigenvector cor-
responding to 11 » - Then

li = max {xT-'S-xf xT- D:x=1 and xT- D-x(j)=0 for all j=1,...,i—-1},

where the maximum value is assumed for x==x(i) .

Hence, for the special case i= 2 the theorem yields

12 = max xl.S.x
'xTo Dox = 1

x%: DxC 10

where the maximum value is assumed for x = x(z) . For our
purpose the theorem can be applied to (2.6.) with S=(P-C§1-PT)
and D=Rp . The maximum value (2,6.) equals to the second-
largest eigenvalue of

(P~C§1-PT)-x‘= l}RP'X or

-1 -1, T
(RP .p.cP . P )-x =Ad-x . (2.7.)
For the proof of this assumption it remains to show, that
x(?)= e holds.
m
Lemma

The matrix R§1-P-C§1‘PT is a stochastic matrix.
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Proof, Both the matrices N, = R;1-P and N, = C;1-PT are
clearly stochastic, i.e. all items are nonnegative and all row

sums equal to one. Thus, N1-N2 is again a stochastic matrix.

According to the lemma, (2.7.) has the largest eigenvalue A,=1,

with e, as a corresponding eigenvector.

We discuss some more conclusions from the theorem.

Hotioe ;. ket Exb2) o x(z)T-RP-em = x(2)T, RPox(1) Gl 3

The same holds true for the other eigenvectors x(3),...,x(m).
The eigenvalues 7{.5,/\4,... are also extremal points of .gz
under the conditions (2.1.a) and (2.2.a), where the additional
condition of orthogonality of the vectors (with respect to the
matrix RP) holds.

Hence it is evident, that all eigenvalues of (2.7.) are real
and positive: 1 =3,1>,2,2 % eee 7,}Lm 7 0 . Notice that these
properties can also be seen directly from the structure of
(2.7.). First note that (2.7.) is equivalent to

= =i,
P.C 1'PT'RP/2)-Z < O

B

which is a symmetric problem, and therefore all eigenvalues

=) =3
are real ones. Furthermore, let F = RP/Z-PocP/2 s then the

problem has the form
 (FeFD)eg = Qez

Hence A 20 follows from the fact, that this matrix is pos-
itive definite. '

Now we consider a further fact concerning the spectrum of
(2.7:)

Lemma

For the eigenvalue problem (2.7.) the property 1 >J{2 holds
if and only if the matrix P is connected.

A matrix P d1s called unconnected iff there are permutations
of the rows and columns transforming P into
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Given a (mxn) matrix P we can define a corresponding graph
Gp = (V,E) in a canonical way as follows:

V={1,...,m} and (1,k)e€ E<—¢33e{1,...,n}:pij4=0,\pkj=§:o .

The graph defined in this way is conneoted (in the usual sense)
iff the matrix P is connected.

Proof of the lemma

Let GP be the canonical graph corresponding to P. Consider

the matrix B = (R§1°P-CE1-PT) of the eigenvalue problem
(2.7.). Clearly, sgn (B) is the adjacency matrix of Gp. Then
P is connected iff sgn (B) is connected. Now the theorem of
PERRON/FROBENIUS (cf./Ga/) can be applied to the stochastic
matrix B, This yields the assumption of the lemma.

The olaim of P being connected will be natural for our appli-
cations (cf. subsequent chapters). Thus, for the spectrum of
(2.7.) we can presume

1 =A1 72_2 2&3} eoe >/ln>/0 °

Hence, the eigenvalue 4, together with the vector x = x(2)
is a nontrivial solution for the problem (2.6.).

Similarly to (2.7.), one can derive an eigenvalue problem for
the veotor y: '

(3l PL Ry By = Loy (2.8.)

Again, for the eigenvalues the equation A = 92 holds. If we
take

3 o
N1 = RP .'P and Nz = CP 'P ’ (2090)

then the problems (2.7.) and (2.8.) have the form
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(N1-N2)-x =A% and
(NyeN )y =257

Such problems are equivalent with respect to their non-zero
eigenvalues (including the multiplicities). The relations be-
tween equivalent eigenvectors are given by

X = N1-y and y = Nz-x .
In our case we obtain the following formulas:

X

(R;1-P)ny and

(C.}:'j.PT).x : (2.100)

b 4
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3 Bandshape Optimization for Rectangular Matrices

There are numerous practical applications, where bandshape op-
timization for rectangular matrices is a key problem. Bandshape
optimization means to permute rows and columns of a given ma-
trix in such a way that the non-zero elements (and especially
the "heavy" elements) are located as tight as possible around

a diagonal line.

Example
< 5 08 ¢ g < 6 0000
00150 15060 0
1 499 0 0414 08

4wl 07010 AY = 00190
010 900 0..0% 1.8
00600 000 6 1
6 0001 0 003 %

If the row-sequence of A is permuted according to

7To = (6,2,4,5,3,7,1) , and the column-sequence of A is permu-
ted according to d, = (3,4,2,1,5), then we obtain the matrix
A' whioh possesses a very good bandshape.

The fuzzy notion of bandshape can be made precise with the help
of the correlation coefficient, regarding the given matrix as a
probability density function.

Let A = (a ) be a real nonnegative rectangular matrix with
A0, e bbbk, L6 She fhb mtelt |

1
P=g+4 , where a= . a4 - (3.17)
i=1 j=1

Then P is a probability distribution on {x:,...,x }x{y1,...,y }.
The correlation coefficient P for the distribution P under the
special assignment Xy = i and y, = j represents one pos-
sible measure of the bandshape of A (or P respectively). The
closer o is to +1 , the better is the bandshape of A. For

our example, we obtain P = 33 A and [ 2 =-0,5931, The per-

mutation TTO = (6,2,4,5,3,7,1) corresponds to the new assign-
ment Xy = 7, X, = 2, X5 = 5 Xy = 3y Xg = 4y Xg = 1, Xy = 6 .
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The permutation d; = (3,4,2,1,5) corresponds to y =4, Yo=3,
y3=1, y4=2, y5=5. For the new assignment we obtain a correla-
tion coefficient @' a2+0,9712, which expresses the bandshape
quality of A'.

Let us now assume the given matrix A to be connected. Hence,

the matrix A does not have any zero-rows or —columns. Clearly,
P is also connected. The re—arrangement of rows and columns of

A can be determined by scaling of the variables X3 and yj -

The eigenvalue-problem (2.7.) can be reformulated in the fol-
lowing form:

R T e I, R (302D

where R = Ry and C = CA e Then the eigenvector correspond-
ing to the largest nontrivial eigenvalue 12 of (3.2.) yields
the optimal real values for the Xy o According to (2.4.b) or
(2.10.) the corresponding scaling of the Y5 is derived from
the transformation

y = (C-1‘ AT)-X -

Notice, that x and y are of course real vectors and thus in
general do not represent permutations of the rows and columns
of A. The real components of these vectors have to be trans-
formed to discrete ones. This can be performed simply by
sorting the components.,

For our example, the largest nontrivial solution is

A20,9671 with

0.0888 \
-0.0807 0.0773
0.0411 0.0022
x =| -0.0368 y = -0,1014
0.0022 -0.0734
-0,1048 0.0875
0.0815 }

The sorting of the components leads also to the permutations
T, and d; s which produce the above matrix A' .
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The correlation coeffioient is ¥ =V§7Q§O.9834 y Wwhereas the
matrix A' has only a correlation coefficient g' x 0.9712 .
The loss of bandshape quality is connected with the transfor-
mation of the optimal eigensolution to the (discrete) sorted
components. This is the reason why the method described here
does not necessarily produce an optimal permutation of the
given matrix. It is an open problem to evaluate the quality
of approximation of this non-discrete method.

The method described here was presented in various forms and
independently in /Fuku1/, /Otten1/ and /May/ (see also
/Fuku2/, /MaMe/). Note that the derivation of this heuristic
method with the help of the correlation coefficient -~ as
described above - is due to /Fuku1/. In /Otten1/ the prob-
lem MIN CUT LINEAR ARRANGEMENT of hypergraphs was considered.1)
This problem reads as follows:

Let a finite hypergraph H = (V,E) be given. Determine an
embedding (i.e. a one-one-mapping) W : V —9»{1,2,...,YV|} such
that the out-width (or track number)

max |{e:eeE and minW(uw)2£i< max T(v)}| 1s minimum.
16i<(Vi-1 uee vee
This problem is NP-hard. (In 1974 STOCRMEYER proved that the
MINCUT LINEAR ARRANGEMENT problem is NP-hard for graphs, cof.
/GadJo/. This problem is NP-hard even when restricted to graphs
with degree & 3, whereas it becomes solvable in time O(nlog n)
for arbitrary trees, see /CMST/.)

As an example, consider the hypergraph H = ({1,...,7},
{e1,...,e5}), where e, = f1:3,71; e, «{3,4,5}, 93={2,6},
ey =12,4}, e5 = {1,7} together with the embedding (i) = 1.
We have the following figure: . '

1) This problem is often called Board Permutation problem.



The cut-width for MT(i)=1i equals 5. It is assumed for i=3.

Let us consider the incidence matrix of the hypergraph.

100 0 1

g 54 Here the rows correspond

11900 to the vertices, and the
fmis Vet @9 0 columns correspond to

VAR Do the edges of H .

00100

10001

The lines in the above figure (corresponding to the edges)
appear as non-zero intervals, i.e. the regions between the
first and the last non-zero element in the columms of A .
Thus one can expect a reduction of the ocut-width by reducing
the lengths of these intervals. This goal clearly corresponds
to the bandshape optimizatidn for the incidence matrix. For
our example, we obtain the above mentioned permutations ‘ﬁ;

and d; for the rows and ocolumns, respectively. The resulting
matrix is

00

10

11
Al 0 1
01
00
00

PTOHOTO QO = ‘=

0
0
0
0
1
1
1

= & 000 OO0
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The corresponding re-—arranszement of the hypergraph yields

o, cf) ?—{?

The cut-width under this embedding equals 2.

Another arrangement problem is considered in /May/, /MaMe/
where bipartite graphs are investigated.

For an illustration of this problem consider the following
example.

Roughly speaking, the problem
consists of finding permutations
of both columns such that we
obtain a clear and readable rep-
resentation of the graph. This
fuzzy description was made pre-
cize in /May/ by formulating the
following tasks:
a) Minimize the total sum of edge-
lengths'.
b) Minimize the number of edge
crossings.

The heuristio procedure developed in /May/ is based on the
algorithm described above.

This can be seen by describing the given bipartite graph by a
rectangular 0/1—matr;x, whose rows/columns correspond to the
nleft" / "right" vertices of the graph. For our example this
matrix coincides with the incidence matrix A of the hyper-
graph presented above. (This is because hypergraph and bi-
rartite graph are equivalent notions if we identify "right"
vertices with edges and "left" vertices with the vertices of
the hypergraph.) Thus we can expect, that a bandshape opti-
mization will reduce both the total sum and the crossing number
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