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1. INTRODUCTION

In recent years the grammatical inference problem has been
given increasing attention, not primarily in order to find
specific answers to specific questions, but to study various
means by which large, but related, classes of problems can be
approached [1]-[9], [11], [12]. Briefly stated the problem is
this: given a set of finite samples from a language, select,
from a set of grammars, a grammar for the given language.
Although this problem is formulated in the terminology of formal
language theory, it has significant implications for the more
general problem of inductive inference since it is deeply
concerned with larger questions of methodology [3], [4], (6],
Py, f 1239

In (1] a formal model for grammatical inference was proposed
and the concept of "identification in the limit" was introduced .
A sufficient condition under which a class of languages can be
identified in the limit, was shown in [2].

The aim of this paper is to extend the results which were
presented in [2] about identification in the limit from text

presentations.

Section 2 introduces a formal model for grammatical in-

ference which is proposed by Gold [1].



Y A

In section 3 the concept of "weighted metrics" on set of
languages and a special class of "weighted metrics", which are

called ".effective metrics", are defined.

In section 4 the concept of "convergence" of language
sequence is defined and the special convergent forms of
language sequences according to weighted metrics are investiga-
ted. A necessary and sufficient condition for the convergence
of a language sequence is showed and some properties of the
convergent language sequences are presented among which the
invariable property of the convergence of language sequences

according to different weighted metrics is remarkable.

In section 5 we propose two grammar inference algorithms
and show the conditions under which a class of languages can

be identified in the limit from text presentations by these
algorithms.

2. A MODEL FOR LANGUAGE IDENTIFICATION

Definition 2.1: An information sequence, I(L), of a language

L, is an infinite sequence of strings from the set:

{+y|yeL}u{-y|yeT -L}

where T is the technical alphabet.

Definition 2.2: A positive information sequence, Ip(L), is
an information sequence of L, containing only strings of the

form: +y.

Negative information sequence, In(L)' is similarly defined.

Definition 2.3: An information sequence is complete if each

s + ;
stxing in T occurs in the sequence.
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Similarly, a positive information sequence is complete

if each string in L occurs in the sequence.

Definition 2.4: An arbitrary information sequence is one in

which the strings may appear in arbitrary order.

Definition 2.5: A sample St(I) of an information sequence
I(L) is the unordered set:

St(I) = {iy1,?y2,...,tyt}

We distinguish a positive sample:

Sp,t (L) {+y1,+y2,...,+yt}

and a negative sample:

Sn,t(I) = {“y1l—y2ro--1_yt}

Definition 2.6: A class I of grammars over a finite terminal

alphabet T is called acceptable if:

(1) Grammars in the class can be effectively enumerated
(ii) Each grammar in the class is decidable.

Definition 2.7: Let T be any class of grammars over a terminal

alphabet T. Then a grammar inference algorithm is a function:

M. : {finite subsets of T'} » T

: + : .
from sets in T to grammars in the class T.
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Definition 2.8: The algorithm Mp identifies the grammar G, or
the language L(G), Zn the limit if, for any arbitrary complete

information sequence I(L(G)), there is a time t' such that

£ > e implies:
(1) A= At‘
where Ag = MF(St)
Bio= Mp(S,,)
and (ii) L(At.) = L(G).

Definition 2.9: A class I' of grammars or class L(I') of languages,
is called Zdentified in the limit if there is an algorithm that

identifies in the limit any grammar G in T.

Definition 2.10: A grammar A, is called compatible with a
sample S¢ 3f:
L(Ay)

and

—+
S c T = L(At)

We distinguish two fundamental methods of information
presentation: text and information. The text presentation
of a language L is an arbitrary complete positive information
sequence of this language and the iZnformation presentation is

an arbitrary complete information sequence.

LY} 'r'\
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3. A CLASS OF METRICS ON LANGUAGES

The metrics measuring the "distances" between two languages

are defined on the set of all languages A .. over an arbitrary

U
finite terminal vocabulary T. That is:

+
= [ o
Ao {62 7}

AU is called the unZversal class of languages.

Definition 3.1: Let the terminal vocabulary T be in certain
fixed order. Then a unique lexicographic order for T" can be

defined by the following rules:
(i) For any strings x,y€T+, 1f Tx) < 1{x) then %
precedes y in T+, where 1(x) is the length of the

string x.

(ii) For any strings x = ajay...a, and .y = b.,b..«:8

2 THe
where x,yeT+ and 1l(x) = 1l(y) = n, let a; = bi
for 1 =U1,2 s cnpk . -and a1 = bk+1 where
O <k < n. Then x precedes y in ot if ay 41

precedes b in T.

k+1

De finition 3.2: Let the terminal vocabulary T be in certain
fixed order. Then any language Le/\U can be uniquely expressed
as a binary membership sequence FL = <f1,f2,...> where

£y = 1 if the i'th string in the lexicographic ordering of ot

is in L and fi = 0 otherwise.

Definition 3.3: W = W.,Wys...> 1s a sequence of weights if,

for all 4 > ke Wy is positive and rational, and
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The following lemmas can be easily proved.

Lemma 3.1: Consider the universal set on which an

A,
U
associative binary operation is symmetric difference @ .

Let W = <w1,w2,...> be a sequence of weights. Then the

function:

N 8
Fh
5

Iz, = KA

defines a norm on AU.

Lemma 3.2: Let w be a sequence of weights. Then the function

dw(L1’L2) = L ®L2”w.

defines a metric on AU.

Definition 3.4: Let T have the lexicographic order
" = <x1,x2,...>. Then a metric d with a sequence of associated

weights W = Wi Wyrees is called effective if:

) g = Wy for any i,j satisfying l(xi) = l(xj)
(ii) W, > I for any i,j satisfying l(xi) < 1(xj)
k=3

4, THE CONVERGENCE OF A SEQUENCE OF LANGUAGES CORRESPONDING
TO WEIGHTED METRICS

Definition 4.1: Let d be any weighted metric on A,.. Then a

U

sequence of languages in A <L1,‘2,...>, is called

UI
convergent to a language LEAU, corresponding to metric d, if:

for any € > U there exists n such that for all k > n:
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d(Lk,L) < £

Lemma 4.1: A sequence of languages, <L1,L2,...>, converges

to L if and only if for any positive integer 1 there exists

n such that for all A B g l(Lk.C)IJ > 1, where l(Lk GDIJ
1s the length of the shortest string of Lk,CDL“

Proof: Let T be in certain fixed order. Then 7% has the

following lexicographic ordering:

T = <x o o LT R4 A s e oS R
1 2 n, n1+1 ' n, n, ny g
where
1(x ) = 1(x } = e = 1(x ) = k+1.
nk+1 nk+2 ny L4
Let 1 be a positive integer and: ¢ = min Wi
1iiinl+1—1

Since Wy = U then € > O, By the convergence of the

sequence <L1,L2,...>, there exists n such that for all k >n

% f.k 7 o T 2 P min A
1 Pl i Igiany. o=t 04
——="1+1
where
ok
F 8 R T -
LkCDIJ i Sk i
This implies:
f? =0 for all k. >in ‘and
R Ny 1

Conversely, for any € > O 1let p be the smallest index

such that: - & Wi < E. For 1l = 1(xb), there exists n such
i=p

that for all k > n: 1(n, @ L) >1=1(x).
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oo
B W, S

Then d(Lk,L) = || Ly, ®L|| < p Vi

5 |

Definition 4.2: A sequence of languages, <L1,L2,...>,

converging to L, is called convergent from {nside (from sutside)
B Toe L. o L) for @Wll 4 s

Definition 4.3: A sequence of languages, <L1,L2,...>,
converging to L, is called convergent from upside (from underside)
£ flLgll > IEN (gl < B for a1l i > 1.

It is clear that any sequence of languages, converging from
inside (from outside) jis also a convergent from underside

(from upside) sequence. however, the converse is not true.

Lemma 4.2: I1If sequence of languages, <L1,L >, converges

2,—--
to L corresponding to a weighted metric defined by an order of
T, it will converge to L corresponding to metric defined by any

order of T.

Proof: Let metric d have a sequence of associated weights:

W = <w1,w2,...> and T have a certain fixed order. Then T+ has

the lexicographic order _T+ = <Xq,X >. Let <L1,L >

2,--. 2,..-
be a sequence of languages convering to L corresponding to d.
Now let T have another order and thus, T has the lexicographic
+
; L
’

order:- 1" = <x;,x',...>. Let's prove that 2L > also

1l
converges to L corresponding to metric d4' defined by this order
of X,

Since I w. = 1 then for any € > O there exists k

such that T W, 2 €., Tat, 1 l(x;). By the lemma 4.1,

there exists n such that for all m > n:
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1(Lm®h) e B

Then

Wik e

d (Lm,L) < i

™ 8

i=k

>

Lemma 4.3: If a sequence of languages, <L1,L ’

2,-..
converges to L corresponding to metric d with the sequence

of associated weights W = <wl,w2,...>, it also converges to
L corresponding to any other metric d' with the sequence of

associated weights W' = <wi,wé,...>.

Proof: Let both metric d and d' be defined by the same order

of ' Ti.: » With this order of T, let T+ have the lexicographic
+
order T = <x1,x2,...>.
Since z wi =1, for any € > O there exists k such

(e}

that % wi < . Let l = l(xk). By the lemma 4.1, there
i=k

exists n such that for all m > n, l(Lm(3 L) > 1. Then

o

d'(Lm,L) < .Z wi < e
i=k

From the above two lemmas we have the following theorem:

Theorem 4.1: I1If a sequence of languages <L1,L2,...> converges

to L corresponidng to a weighted metric, it also converges to
L corresponding to. any other weighted metric.

The following theorem, similar to the theorem 4.1,
reserves the convergence from upside (from underside) cor-
responding to the effective metric.
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Theorem 4.2: If a sequence of languages <L1,L2,...> converges
from upside (from underside) to L corresponding to an effective
metric it also converges from upside (from underside) to L cor-

responding to any other effective metric.

Proof: By the theorem 4.1, if <L1,L2,...> converges to L cor-
responding to an effective metric, it also converges to L cor-

responding to any effective metric.

Clearly, the definition of the effective metric does not
depend on the order of T. Therefore, assume that T+ has the
lexicographic order tt = <x1,x2,...>, and dw’ dw' are two
distinct effective metrics corresponding to the sequence of

associated weights:
W= W Wopeel>y, w' = <wi,wé,...>
Moreover, assume that:
SRR S D>
Jy T X XL peeapXicgee s

and
Iz ll, > Nl

v

1Al

We shall show that ||Li”
w' w'

Indeed, from the definition of effective metric:

If 1(x; ) < 1(x; ) then HLill > ||L]]
1 I3 w' w'

TE  Alx, ) = 1Lxm. )y Llx, )= €%, Yiesor 1%, ) = Lix. )
i I 1, Ja e I

and l(xi ) < 1(x. )
k+1 Ix+1

(k. > 1) then w! =w! ,w! =w! ,...,w! =w} and
11 J4" “*p Js i, Ix
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w! ) w'
o T p=k+1 Jp

Therefore Il Lﬂl > {jn!
WI w‘

Lemma 4.4: Let <L1,L2,...> <L;, 2,...> and

<H1,H2,...> be sequences of languages such that Lngiii‘g LA
and <L L2,...>, <Li,Lé,...> converge to L. Then the
sequence <H PHypono? also coverges to L.

Proof: For all n:

| ]
d(Hn,L) < d(Hn,Ln) + d(Ln,L)
since Ln c Hn < Lﬁ, d(Hn,Lé) < d(Ln'LA)
- 4 1
Therefore: d(Hn,Ln) = d(Ln,L) + d(L,%ﬁ)

d(H_,L) < d(L_,L) + 2d(L,L_).

By the convergence to L of the sequences <L1,L2,...>.and

<L' 2,...>, d(Ln,L) =+ 0O d(LA,L) + 0 as n. = ‘o

Therefore d(Hn,L) -+ O as n > «» and the sequence

<H1,H2,...> converges to L.
5. THE IDENTIFICATION IN THE LIMIT FROM TEXT PRESENTATION

Wharton [2] has shown that a class of languages which can
be identified in the limit from text presentations is a
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acceptable class of languages which does not contain a
convergent sequence of distinct languages or in which any

convergent sequence of distinct languages converges from
outside.

"In this section we shall propose two grammar inference
algorithms and show the conditions under which a class of
languages can be identified in the limit from text presenta-

tions by these algorithms.

These conditions are weaker than Wharton's, and therefore,

our results may be considered to be more general.

Algorithm &5.1: Let T' be enumerated in the order F==<G1A3,...>
and sample at time t is St = <yl,...,yt>

(i) Determine a sequence of possible solutions at time t:

Ly = By Borenidy Buresy?

Zt is formed by the following process:

= 1 1 1
Let Zt—l <H1'H2"°"Hr(t-1)> and the last grammar in T

that has been examined at time t-1 be Gs(t-l)'

§ = & 1
Let Zt H

: . " ;
17 vHoeqy G (t=1)+1 then I, consists of

that subsequence of I! whose grammars are compatible with St'
It Zp % ¢, the process is complete.

IE zt = @, the next grammar in T , is tested

Cs(t-1)+2
for compatibility with St‘ This process continues untill

Ty # Q.

At t = 0, Zt =0
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(ii) Select a tentative solution A, from the sequence of

t
possible solutions:
Determine Kt:

Let l1 be the length of the longest string of S

be the length of the longest string of K

£ and l2

e Then,' for. S >N

=
Il

{x€T+|1(x) % max{ll,12}+1}

and
{XET+|1(X)

=
Il

11}

I A

At is selected to be the last grammar in the sequence Zt
which has the following property:

¢ in Zt then

and the inclusion is strict.

(1) . If H; is the grammar precedes A

L(At)ﬂKtC L(Hi)ﬂKt

Thus, at each time step of the inference process, one or

more grammars in [ is examined and a finite subsequence I, of

' is selected as a sequence of possible solutions. This i
sequence consists of the grammars already examined in T which
are compatible with St' Since each grammar in I' is decidable,
it is also decidable whether any grammar is compatible with

the sample and so, at each time, the sequence Zt is effectively
formed from T. The selection of tentative solution A, at time
t is carried out in the sequence of possible solutions at this
time and it is the last grammar of the sequence, which has the
property (1). Since each grammar is decidable and Kt is finite,

set L(Hi)ﬂKt can be effectively determined for each Hiezt.

Therefore, the selection of any grammar of such property can
be absolutely carried out. Note that at each time, there is

at least one grammar which has this property.

Theroem 5§.1: Let T be an acceptable class of grammars and d
be an effectively weighted metric on L(I'). Then the grammar

inference algorithm 5.1 identifies in the limit any grammar G
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in I' from any text presentation I(L(G)) if L(T') does not
contain a sequence of distinct languages which is convergent

from underside.

Proof: First, we shall prove that if I(L) is a text presenta-
tion for languages L then the sequence of samples <Sl,Sz,...>
converges from inside to L. Indeed, for any € > O there

exists k such that I w, < €. Since the information sequence
i=k+1
is complete, there exists t' such that for all Eret LS

T A 4% ..,xk}_qs c L with the assumption that T  has

re 1

the lexicographic order: <xl,x2,...,xk,...>. Then for all

o
i d(St,L) < I w, <e.That is, the sequence <Sl,S
i=k+1

2’O.l>

converges t. L. Moreover, the sequence converges from inside

gince s & L.

t——
Now, let T be enumerated in the ordexr T = <G1,G2,...>
and G, be the first grammar in I' such that L(Gg) = L(G).

Let ti be the first time such that GkEZt. Obviously, ti
is finite and ti < k since at each time step, one or more
grammars in I' are examined. Thus, for all t > ti,GkEZt.

Consider the sequence of grammars Gl’GZ""'Gk—l' Each
grammar in this sequence whose language does not include L(G)
will be eliminated from the sequence of possible solutionszt
at some certain time and never be considered again. Indeed,
let Gy be one such grammar and xp be the first string in the
lexicographic order of T@ which belongs to L(G )-LIG,). Let

ti be the first time at which xpest . Since the information
Tk

sequence is complete one, such time exists.
Obviously, at this time, Gi is not compatiblé with the sample

and hence it will never be selected to be possible solution.

Let té be the maximum of the times ty corresponding to

+ = max{e! tl}.

all grammars G, (i < k) as above. Let t3 5
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For all . t3 t%, L, has the following form:

€

I, = <H ,Hy,...,H;,G

5 RS L

where O < j < r(t), j does not depend on t and L(Gk)c:L(Hi).
Moreover, the inclusion is strict since Gk is the first in T
such that L(Gk) = L(G).

From step (ii) of algorithm 5.1, we have K__.C€K and

=18k
Kt_1 # Kt' The sequence <K1,K2,...> is a sequence of
+
distinct languages which converges from inside to T .
Now, let's prove that there exists a time t& such that for
all, &t = ta. Gy has the property (1).
If 3 =07 G has the property (1).
If 1 2 1V Rar all t > t}, consider the grammar HiEZt
with 1 < i < j. We have L(Gy) CTL(Hi) and L(Gy) # L(Hi).

Let y be the first element of tt which belongs to L(Hi)-L(Gk)
and t; be the first time such that yeKt. Since <K1,K2,...>

converges to T+, one such time exists. Then for all

t > max{t,,t{},L(G )INK c L(H;)NK_ and the inclusion is strict.
Let t; = max {t3,tI,...,t§}. Then for all t > tj,G,

has the property (1). Continuely, let's prove that there exists

the time t' such that for all £> B, Gk is the last grammar

in Z, which has the property (1). Indeed, assume the

contrary, that such time does not exist. Then for any arbitrary

great t, there is a grammar HtEZt such that Ht has the

property (1) and Ht‘follows Gy in Z,. We must have

s,c o L(Ht) nKtc‘.L(Gk) NK, < L(Gk) = L(G) and L(Ht) n Kt #

L(Gk)f1Kt.

By the lemma 4.4 and the convergence to L(G) of the sequence
of samples, <S,,S,,...>, the sequence {L(Ht)ert} also con-

verges to L(G).



We have:
d(L(H,),L(G) £ d(L(H,),L(H )NK)+d(L(H )NK ,L(G))

+
< AR, TH)+d(L(H)NK,L(G))

Since the sequence <K1,K2,...> converges to T+, the
sequence {L(Ht)} converges to L(G). Moreover, the sequence
{L(H_)} is a sequence of distinct languages, because any
grammar, following Gk in ', will be eliminated from Zt at some

finite time.

Since L(Ht)r‘thCL(G)ﬂKt and from the definition of the
|. Thus {L(Ht)} is a

effective metric we have HIAHtH]<”L«n
sequence of distinct languages which converges from underside
to L(G). This contradicts to the hyposthesis.

Thus, there exists t' such that for all t > t', Gk is the
last grammar in Zt which has the property (1). According to
the step (ii) of the algorithm 5.1:

For:all “t > &' At = Gk and L(Gk) = L(G).

We receive a stronger result in the case when it is

decidable whether or not any two grammars of I' are equivalent.

Algorithm 5.2: Let T be enumerated in the order €G1,G£}.;;$ and
the sample at time t is St il (TR RT S Y

(i) Determine a sequence of possible solutions at time t:
Ly = SHypeearly 9> a8 Step (i) of algorithm 5.1.

(ii) Select a tentative solution A, from the sequence of pos-
sible solutions:

At is the last grammar in the sequence having the following
property:

{2) If Hy is a grammar preceding A, in Zt then

L(At) C L(Hi)

and the inclusion is strict.
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Theorem 6.2: Let I' be an acceptable class of grammars and d

be an weighted metric on L(I'). Moreover, suppose that it is
decidable whether or not any two grammars of T are equivalent.
Then L(T) can be identified in the limit from text presentations
if and only if L(T') does not contain a sequence of distinct

languages which converges from ‘inside.

Proof: Necessarity: See [2], theorem 2.2.3.
Sufficiency: Consider the grammar inference algorithm 5.2.

We shall show that it identifies in the limit any language L in
L{T) .

Assume that I' enumerated in the order <G1'G2""> and Gk is
the first grammar in I' such that L(Gk) = L.

According to the proof of theorem 5.1, there exists a time

té such that for all ¢t > té, Zt has the following form:

Zt = <H1”'"Hj'Gk""'Hr(t)>' where O < 4 < r(t); J does

not depend on t and L(Gk) c L(Hi). Moreover, the inclusion is
gtrict.

Thus, for all . £ 2 té, Gk is a grammar of Zt which has the
property (2). Now we shall show that there is a time t' such
that for alk ¢t > ti, Gy is the last grammar in Zt which has
the property (2). ;

Indeed, assume the contrary that such time does not exist.
Then for any arbitrary great t, there is a grammar HtEZt such

that H_ has the property (2) and H_ follow G, in L . We have:

t

S, € L(H.) € L(G) = L.

The sequence of samples <Sl’82""> converges to L and by
lemma 4.4 the sequence {L(Ht)} is a sequence of distinct lan-

guages which converges from inside to L, a contradiction.
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