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§1. I n t r o d u c t i o n :
I n  s t u d y i n g  t h e  r e l a t i o n  s c h e m e ,  o n e  i m p o r t a n t  

p r o b l e m  is t h e  d e t e r m i n a t i o n  t h e  s e t  o f  it s  k e y s .

I n  [1] C . L .  L u c c h e s i  a n d  S . L .  O s b o r n  g a v e  a  v e r y  

i n t e r e s t i n g  a l g o r i t h m  t o  fj.nd t h e  s e t  of a l l  k e y s  

f o r  a n y  r e l a t i o n  s c h e m e  S F  . H o  T h u a n  h a s

s o m e  n e w  r e s u l t  a b o u t  k e y s  a n d  s u p e r k e y s  f o r  a 

r e l a t i o n  s c h e m e  i n  (4,5j a n d  J. D e m e t r o v i c s  ( 2 ]  
p r o v e d  t h e  e q u i v a l e n c e  o f  c a n d i d a t e  k e y s  w i t h  

S p e r n e r  S y s t e m  .
I n  m  w e  i n t r o d u c e d  t h e  n o t i o n  o f  s o - c a l l e d  

M - m i n i m a l  c o v e r  f o r  a r e l a t i o n  s c h e m e .  T h e  n e c e s s a r y  

a n d  s u f f i c i e n t  c o n d i t i o n  u n d e r  w h i c h  a s u b s e t  X  

o f  Л .  , JffcylX) is a  1.1-minimal c o v e r  is e s t a b l i s h e d  

w h e n  t h e  s e t  o f  a l l  k e y s  w a s  k n o w n .

B a s i n g  u p o n  t h e s e  r e s u l t s ,  i n  t h i s  p a p e r  w o  

i n v e s t i g a t e  t h e  p r o p e r t i e s  of I I - m i n i m a l  c o v e r  w h e n  

a  f i n i t e  s e t  II a n d  a  S p e r n e r  S y s t e m  o n  II w e r e  
g i v e n .  S p e c i a l l y ,  w e  h a v e  e s t a b l i s h e d  a  n e c e s s a r y  

a n d  s u f f i c i e n t  c o n d i t i o n  f o r  w h i c h  t w o  S p e r n e r  

S y s t e m s  a r e  t h e  se t  o f  a l l  r e p r e s e n t a t i v e  s e t s  o f  

e a c h  o t h e r .  I n  o t h e r  w o r d s ,b e t w e e n  t h e  S p e r n e r  

S y s t e m  tf a n d  t h e  s e t  o f  r e p r e s e n t a t i v e  s e t s  f o r  

tf t h e r e  i s  a c l o s e  r e l a t i o n s h i p  a n d  t h e y  d e t e r m i n e  

e a c h  o t h e r .  T h i s  m e a n s  t h a t  f r o m  t h e  g i v e n  s e t  o f  
a l l  k e y s  f o r  r e l a t i o n  s c h e m e  w e  c a n  c o n s t r u c t  t h e  

s e t  o f  a l l  i t s  r e p r e s e n t a t i v e  s e t s  a n d  c o n v e r s e l y .

T h e  s e t  o f  k e y s  f o r  t h e  r e l a t i o n  s c h e m e  is j u s t  

t h e  s e t  o f  a l l  r e p r e s e n t a t i v e  s e t s  f o r  t h e  set' o f  

a l l  r e p r e s e n t a t i v e  s e t s  f o r  t h e  s e t  o f  k e y s .
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§2. B a s i c  d e f i n i t i o n s  :

I n  t h i s  s e c t i o n  w e  g i v e  s o m e  b a s i c  d e f i n i t i o n s .

L e t  H =  [a-^,..., a ^  I b e  a  f i n i t e  s e t .  T h e  s e t

*3 = {S-,,...,S \ w i l l  b e  c a l l e d  a  B p e r n e r  

S y s t e m  o n  t h e  s e t  H  i f  it s a t i s f i e s  t h e  f o l l o w i n g  

c o n d i t i o n  [ 2 j  :

a) Si -  H  , S ± ф  S..

f o r  i $ j , i , j =  1 , 2 , . . . ,s.

s

b) \ J  S. = И
i = l  1

2 . 1 : W i h o u t  l o s s  o f  g e n e r a l i t y ,  t h e  o r d e r e d  s e t  H

d e t e r m i n e s  a m a t r i x  h a v i n g  h•) "̂d
r o w s  a n d  s c o l u m n s  as f o l l o w s :

<X. .
13

1 if n ± «  S 3

О  o t h e r w i s e .

W e  c a l l  , t h e  i - t h  r o w  o f  t h e  m a t r i x  f ô y C r t )

f o r  a l l  i = l , 2 , . . . , h  a n d  t h e  f o l l o w i n g  n o t i o n  is

used:
i T 1

& ïrï (h > , л ъ у т )  =
V t h

L e t  u s  d e f i n e :  

r i á  r 3 «===> X i k  6  * j k  i , 0 = 1 , 2 ...... h
k=l,2,..., s.

L e t  X  с. H  b e  a n y  o r d e r e d  s u b s e t  o f  H. T h e  s u b ­

set X  d e t e r m i n e s  a  m a t r i x  w h i c h  c o n t a i n s

a l l  r o w s  ar. s u c h  t h a t  a. 6- X. W e  s a y  t h a t  ( x )
к , П к  J

X l yCH)is t h e  s u b m a t y i x  o f a n d  t h e  m e a n i n g  o f  t h e

f o l l o w i n g  n o t i o n s  a r e  o b v i o u s :
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Л ь ч (х) £ л ь  (H) , лъ  U )  =
Г 1 к

Let а. 6 X Ъе any element, the element a. deter- 
3 J

mines the row r. . Let us define :J

- jr,{ := Л % „  (X - |аЛ)

-  л г у (х) := j t í ? (h - x ).

2 . 2 : T h e  r o w  v e c t o r  C ( X ’ * * • ’ * 1 g)
c a l l e d  t h e  c h a r a c t e r i s t i c  v e c t o r  o f  t h e  s u b m a t r i x

£  jrt ( H )  if:

i k
f o i f  0  f o r  j =:L» 2 , . . . , s

У  = j i= ii
V. 1 o t h e r w i s e

Where X = { a . ,..., a . \ Ç=. H .
1 1  V

2 , 3 : L e t  Q b e  s u b s e t  o f  H. T h e  s u b m a t r i x

T l % y C<5) £  Щ у ( Н )  is c a l l  a M - m i n i m a l  c o v e r  i f  
it s a t i s f i e s  t h e  f o l l o w i n g  c o n d i t i o n s :

a) С [ 7 Г Ь у ( 0 ) ]  = ( 1 , 1 , . . . , 1 )

b) 3  Q  ’ C  Q, m ^ Q ’) C  JTÇ (Q)

s u c h  t h a t  C(JJÎ,(Q’) J «  CM. • • • . ! }  •
I f  J7£^(Q) o n l y  s a t i s f i e s  t h e  c o n d i t i o n  (a) , 

w e  s a y  t h a t  J7Î^(Q> is a M - c o v e r .
T h e  s e t  Q с  H  is c a l l e d  a r e p r e s e n t a t i v e  s e t  

o f  t h e  S y s t e m -  i f  t h e  s u b m a t r i x  J7 Ç (.Q) d e t e r -
•J

m i n e d  b y  t h e  s u b s e t  Q  is a  M - m i n i m a l  c o v e r .

L e t  Q  J b e  t h e  s e t  of a l l  r e p r e s e n t a t i v e  s e t s  f o r  

t h e  S y s t e m  if .
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2 . 4 : L e t  Y  b e  p r o p e r  s u b s e t  o f  H  ( Y  c  H  J .

T h e  s e t  Y  is c a l l e d  a  S p - a n t i s e t  f o r  t h e  S y s t e m  if 

if it s a t i s f i e s :

a) •H
CO Y f o r

V  X: U £  H

s u c h t h a t G .

S± 6 if

£  X  .

L e t  t f  b e  t h e  s e t  o f  a l l  S p - a n t i s e t s  f o r  S y s t e m  

. I t  is o b v i o u s  t h a t  C$ ~ A is a l s o  a  S p e r n e r  
S v s t e m  o n  'H.

2.5: E x a m p l e

L e t  H =  [а 1 5 а 2 , а ^ , а 4 , а 5 , а 0  ̂ a n d

у  = {s1,s2,s3,s4 { _
W h e r e  S-^= { a 1 }a 2  ] S 2 _ { а 2 5 & 3 ’а 4 )

S 3 - ia 2 ’a 4 » a 5 ^  S 4 "  1 a 4 ’ a 6  ̂  *

W h e n

Ï Ï l / н )  -

r n 1  0  0  0±
1 1 1 0

T JL 0  1 0  0

r 2 0  1 1 1

Г А 0  0  1  0

r ^  
\ 5  ̂0  0  0  1

is M - c o v e r .

A n d

ж / ® ,  1 = R )

j y o j  = Й )

II
\7?ï
«3i
f

1 4 ]

-  [i r 6 l

f 1 0 0
° 1

[ О 1 1 ij IIO
’ ial>a4 Î

j 1 1 1

u 1 1 ij

IIсо
O
’ l a 2 ’a4 )

I 1 1 1
°]

( 0 0 0
1  ; » Q 3— { в ^ 2 , a 6 ?

/ 1 0 0 0 1I
( 0

1 0 0
0 0 I 0

h > a\ 0 0 0 1  I » V 3 ’ a5
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a r e  M - m i n i m a l  c o v e r s  a n d  t h e  r e p r e s e n t a t i v e  s e t s

f o r S y s t e m  .

S l 1 = {a 2 ’a 3 , a 5 ’ a 6
1  » S g  -£ a - ^ , a ^ , a

S 3  = |a i » a ^ , a ^ , B ß \ » S 4 1 = ( a 2  » a 4 }

a r e S p - a n t i s e t s  f o r •

§3. T h e  p r o p e r t i e s  of t h e M - m i n i m a l  c o v e r

I n  [7jJ w e  h a v e  p r o v e d  s o m e  p r o p e r t i e s  of t h e  

M - m i n i m a l  c o v e r  w h e n  t h e  s e t  of a l l  k e y s  f o r  t h e  

r e l a t i o n  s c h e m e  w a s  g i v e n .  B a s i n g  o n  t h e s e  r e s u l t s ,  

i n  t h i s  s e c t i o n ,  t h e  m o r e  g e n e r a l  p r o p e r t i e s  of 

M - m i n i m a l  c o v e r s .

F i r s t ,  w e  r e c a l l  s o m e  r e s u l t s  t h a t  h a v e  b e e n  

p r e s e n t e d  i n  [7) .

T h e o r e m  3 . 1  [ 7 )  :
L e t  H =  [ a 1 , . . . , a j 1 '̂ b e a  f i n i t e  s e t  a n d

= | S - p . . . , S s j b e  a  S p e r n e r  S y s t e m  o n  H .

T h e n  f o r  a n y  a^ £  H, t h e r e  e x i s t s  a  s e t  X  £  H

s u c h  t h a t  a. e  X  a n d  T f l (*) £  (tf) i s  a  M -  J if if
m i n i m a l  c o v e r .

C o r o l l a r y  3 . 1  C.7J :

L e t  X  b e  a n y  s u b s e t  o f  H  s u c h  t h a t  S У Н ^ ( н ' )

is a  M - c o v e r .  T h e n  t h e r e  e x i s t s  a  s e t  Q  с. X  s u c h  

t h a t  a  T T X ^ ( Y )  is a  M - m i n i m a l  c o v e r .

I n  o t h e r  w o r d s  a n y  M - c o v e r  h a s  a  M - m i n i m a l  c o v e r .

T h e o r e m  3 . 2  C 7 3  :

L e t  H = .  {a-j^,... , a ^ j  b e  a  f i n i t e  s e t  a n d  
= {S-j ,.. • , S s I b e  a S p e r n e r  S y s t e m  o n  H. L e t  

a n y  Q  с  H. T h e n  t h e  m a t r i x  Л Е у ( б )  is a  M - m i n i m a l  
c o v e r  i f  a n d  o n l y  i f  t h e  s e t  Q  s a t i s f i e s  the 

f o l l o w i n g  c o n d i t i o n s :

a )  t / s i  e  t f  Q  A  S ±  t  p
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b) V q * <l  Q  3  ^  ^f s u c h  t h a t

Q  * A  S ± = ? .

'The t h e o r e m  3 . 2  c a n  b e  f o r m u l a t e d  i n  a n  a n o t h e r  f o r m  

as f o l l o w s :

L e t  H  =  $ а ^ , . . . , а ^ }  b e  a f i n i t e  s e t  a n d  
if = . ,Sg 3( b e  a  S p e r n e r  S y s t e m  o n  H. L e t

a n y  Q £  H. T h e n  t h e  s e t  Q is a  r e p r e s e n t a t i v e  

s e t  of t h e  S y s t e m  if i f  a n d  o n l y  i f  t h e  s e t  Q 

s a t i s f i e s  b o t h  t h e  c o n d i t i o n s  (a) a n d  (b) .

C o r o l l a r y  3 . 2  L 73

L e t  Q  b e  a n y  s u b s e t  of H  s u c h  t h a t  

0 П S  И) is a  M - m i n i m a l  c o v e r .  T h e n  f o r  
a n y  s u b s e t  X  £r H, Q  с  X  £  У П ^ ( И )

i s - a  M - c o v e r .

C o r o l l a r y  3 . 3

L e t  H  = { a q , . . . , a ^  ] be a f i n i t e  s e t  a n d  

if = i s lf ... , S g^, (5. = i Q 1 , . . * , Q q \ be a  S p e r n e r  
S y s t e m s  o n  H . T h e n  t h e  s y s t e m  (3£. i s  t h e  s e t  of a l l  

r e p r e s e n t a t i v e  s e t s  f o r  if a n d  o n l y  i f  t h e

S y s t e m  Ö2. s a t i s f i e s  t h e  f o l l o w i n g  c o n d i t i o n s :
a) V  S . €  , Í  Q ^ e  <£L ^  S. Л  Q .  k  0

b )  V Q ’c  Q. S ± b &  s u c h

t h a t  Q ’ Л  S ^  = $  .

T h e o r e m  3 . 3  [ 7 ]

L e t  H  =  { a 1 , . . . , a h | be a f i n i t e  s e t  a n d

, • • • , S j b e  a  S p e r n e r  S y s t e m  o n  H  . L e t  
X  £  H. T h e n  t h e  s e t  X  is a  r e p r e s e n t a t i v e  s e t  f o r  

t h e  S y s t e m  if (i.e. Sr J f l j ( l i ) is t h e

M - m i n i m a l  c o v e r )  i f  a n d  o n l y  if t h e  se t  H  - X  is a. 
S p - a n t i s e t  f o r  if .

C o r o l l a r y  3 . 4  [/7j

A n y  S p - a n t i s e t  f o r  if h a s  t h e  f o l l o w i n g  f o r m :
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S 1  = H  - { a. , . . . ,a. ] .

V/here Q = { a ^  » * , e »a i J  -  ^  i s  i h e  r e p r e s e n t a t i v e  

s e t  f o r  .

C o r o l l a r y  3 . 5  [ï]

I t f ' l  -  1 * * 1

V/here I *3 1 is a c a r d i n a l i t y  o f  3* 

I <$!*'! is a c a r d i n a l i t y  of

T h e o r e m  3 . 4

L e t  H  = { а - ^ , . . . , а ^ |  b e  a  f i n i t e  s e t  a n d  

if =  { , S ^ , . . . , S  } b e  a  S p e r n e r  S y s t e m  o n  H. L e t

&  = { q , ] b e  a  s e t  o f  a l l  r e p r e s e n t a t i v e
-*■ 4. fyl

s e t s  f o r  if . T h e n  t h e  s e t  i s  a  S p e r n e r  S y s t e m
( < 0

o n  H, i . e .  t h e  s e t  (Ç. s a t i s f i e s  t h e  f o l l o w i n g  

r e l a t i o n s  :

a; \f Q ± £  H, ф  Q  ̂  f o r  a l l  i f j ,

q i * j = l > » » » » Q
b) \ J  Q i  = H  .

i=l
P r o o f  : I t  is o b v i o u s  t h a t  t h e  c o n d i t i o n  (a) h o l d s .

V/e h a v e  t o  p r o v e  t h a t  H  S >2-/ CD.i=l 1 *
P o r  a n y  a. t  H, b y  T h e o r e m  3 . 1 ,  J
Q. c. H  s u c h  t h a t  а. ь  Q. a n d

q  J
a. £  Q, . S h o w i n g  t h a t  H  
J t = l  X q

It i s  o b v i o u s  t h a t  H  3  \ J  Q .  .i=l 1
h o l d s .  T h e  p r o o f  is c o m p l e t e .

t h e r e  e x i s t s  a  s e t

Q, e (SC , i.e. 
q

S i=l 1
T h e  c o n d i t i o n  (b)

T h e o r e m  3 . 3

L e t  H  =|a-^,... ,a^| b e  a f i n i t e  s e t  a n d  

= S , , . . . , S _  be a S p e r n e r  S y s t e m  o n  H.
JL S
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Ш  l 7
L e t  (S. = j b e  t h e  s e t  of a l l  r e p r e s e n -

s
t a t i v e  s e t s  f o r  . T h e n  /'N S 4 f  j/ i f  a n d

t = L fÿ)
o n l y  i f  t h e r e  e x i s t s  a s u b s e t  áj. A &  d l  s u c h

JV) s
t h a t  V q , e  ^  : JQ . j = 1  a n d  ^  S. = V _ /  Q i.1 .1 _• T -L fj) Ji = l о

P r o o f : S u p p o s e  t h a t  (~\ S_^ t  ft. W e  n e e d  p r o v e
C<f) ((f)

t h a t  t h e r e  e x i s t s  a  s u b s e t  Ф ,  s  #  s u c h  t h a t  
Af) s

У  С Ь 6  й .  : í Q -í l = 1 a n d  Л  S, = Q .  .

,, , , 1 = 1  ■
L e t  u s  d e f i n e  ü j ^  =  \ {a] \ a  ^  S ^  j . I t  is 

o b v i o u s  t h a t  I M l  =  1  a n d
s { -I

n *  s. = \J U  )
1 = 1  • ! * } * #

S i n c e  a £  S i f o r  a l l  i = l , . . . , s  , it f o l l o w s

t h a t  | a }  is t h e  r e p r e s e n t a t i v e  s e t  o f  • T h i s

m e a n s  { a ]  dZ — 1  ^  -  uZ

C o n v e r s e l y ,  l e t  в ?  £  <tf" b e  a s e t  t h a t

i  Q j Ç Ç f : iQj I = 1

m u s t  p r o v e  t h a t

a n d Г \  S. . W e  
i = l  1

\ - У  g =

a 3 '
S. É S' « B y  t h e  c o n d i t i o n

1 = 1  ív ,/3> J
(a) o f  t h e  C o r o l l a r y  3 . 3  : « Q . £  üj a n d  y S .J -L
£  t f  ==> Q. Л  S. f  (3 . S i n c e  IQ .1 = 1 , it J J
s h o w s  t h a t  C  S ^  f o r  e v e r y  S ^  €  i.e,

О  г  Л .Ь  S ^  f  p  . T h e  p r o o f  i s  c o m p l e t e .

C o r o l l a r y  3 . 6

L e t  H . = j a ^ , . . . » a ^ l  b e  a  f i n i t e  s e t  a n d  

= ^ S 1 , . . . , S s ^ b e  a  S p e r n e r  S y s t e m  o n  H. T h e n  

^а-^Д , ^ a 2 ^ \ а 1г ^  a r e  t h e  r e p r e s e n t a t i v e
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s e t s  o f  i f  a n d  o n l y  if 1 3* j = 1  .

§ 4. T h e  n e c e s s a r y  a n d  s u f f i c i e n t  _c o n d i t  i o n  :

I n  t h i s  s e c t i o n ,  w e  w i l l  g i v e  a n e c e s s a r y  a n d  

s u f f i c i e n t  c o n d i t i o n  f o r  w h i c h  t w o  g i v e n  S p e r n e r  

S y s t e m s  o n  H  a r e  t h e  s e t  of a l l  r e p r e s e n t a t i v e  

s e t s  o f  e a c h  o t h e r .

T h e o r e m  4 . 1 :
L e t  H  = be a f i n i t e  s e t  a n d

= | S - p . . . , S  ] b e  a  S p e r n e r  S y s t e m  o n  H. L e t  

Í Q ^ , . . . , Q  ^ b e  t h e  set o f  a l l  r e p r e s e n t a t i v e
s e t s  f o r  if . T h e n

if a}
I n  o t h e r  w o r d s  t h e  s e t  o f  a l l  r e p r e s e n t a t i v e  s e t s  

f o r  t h e  s e t  o f  a l l  r e p r e s e n t a t i v e  s e t s  f o r  if i s  

j u s t  e q u a l  t o  if .

P r o o f  : W e  p r o v e  t h a t

V  s ± e  if ==?> s_. e (2 _ i . e .  t h e  s e t

is t h e  r e p r e s e n t a t i v e  se t  f o r  <2 p  . W e  n e e d
s i

s h o w  t h a t  t h e  s e t  S ^  

c o n d i t i o n s :

s a t i s f i e s  t h e f o l l o w i n g

a) V  Q i £  (Q. ==»J s ± n  Qj t ?

D Y  S ’ c  S c  ==» 3  q , t  < £ ю s u c h

2 )  V  Q t e

t h a t  S ’ Г \ Q  • =

3 s ä *  ÿ s u c h  t h a t
Q l * 3 i

T h i s  m e a n s  t h a t  t h e  m a t r i x  h a s  e x a c t l y

o n e  c o l u m n  c o r r e s p o n d i n g  to t h e  s e t  
N o w  l e t  u s  s h o w  t h e  s t a t e m e n t  1

a) L e t  a n y  S . ^ e i f .  S i n c e  
r e p r e s e n t a t i v e  s e t s  f o r  if

^  s± e  if , s . A Q .

b) L e t  a n y  S ± £  if a n d  \/s’ C  S ±

6 i ' ,J i s  t h e  s e t  o f  a l l  

, b y  C o r o l l a r y  3 . 3 :

W e  h a v ea n d
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(H - S * ) П  S ^  £ f o r  e v e r y  <6 - tf • A s s u m e
the c o n t r a r y  t h a t  t h e r e  e x i s t s  6  s u c h

that (,H - S ’) О  S^. = p  . I t  is o b v i o u s  t h a t

&  S ’ ^  S^ i . e .  S^. c  S i  . T h i s  c o n t r a d i c t s  
to t h e  d e f i n i t i o n  o f  t h e  S p e r n e r  S y s t e m  tf o n  H. 

S i n c e  (H - S ’] Л  S k  í /  f o r  e v e r y  S ^  e  if , 
it f o l l o w s  t h a t  ?7S^(H -  S ’J i s  a  M - c o v e r .  B y  

C o r o l l a r y  3.1, t h e r e  e x i s t s  Q^. <3- a n d

Qj C  (H -  S ’] . C o n s e q u e n t l y .  S ’ Г \  Q .. = jZf .

T h u s ,  w e  h a v e  if £

N o w  l e t  u s  p r o v e  t h e  s t a t e m e n t  ( 2 ) .

Let a n y  Q t  < 9 ^ ^  . F i r s t  w e  s h o w  t h a t  t h e  m a t r i x  
2 T 5 ^ ( H  _  Q't) is n o t  a  M - c o v e r .  A s s u m e  t h e  c o n t r a r y  

that t h e  m a t r i x  77<S<f(H -  Q't) i s  a  M - c o v e r .  B y  

C o r o l l a r y  3.1, t h e r e  e x i s t s  Q k  &  (H - Q t  ) s u c h  

Q k <c , s h o w i n g  t h a t  Q't r \ Q k  = ft . V/e a r r i v e

to c o n t r a d i c t i o n  t o  t h e  f a c t  t h a t  Q t  is a 

r e p r e s e n t a t i v e  s e t  o f  ф ? >  .
о- I. , . mlt \ i s  n o t  a M - c o v e r ,S i n c e  t h e  m a t r i x  H  - Q ’
the c h a r a c t e r i s t i c  v e c t o r  - CÍJíSyltH -  Q p J  h a s

at l e a s t  o n e  c o m p o n e n t  e q u a l  t o  n u l l .  S u p p o s e  i t s

j - t h  c o m p o n e n t  e q u a l  t o  n u l l .

a) W e  s h a l l  p r o v e  t h a t  f o r  a l l  a €: Q't , j - t h

c o m p o n e n t  of t h e  v e c t o r  с [ л % а  a  m u s t  e q u a l  to
1. T h e  p r o o f  is b y  c o n t r a d i c t i o n .  S u p p o s e  t h e r e

e x i s t s  a  Ç  Q't s u c h  t h a t  t h e  j - t h  c o m p o n e n t  of

the c h a r a c t e r i s t i c  v e c t o r  c C : r % ( l a J ) J  e q u a l  to
n u l l .  C o n s e q u e n t l y ,  t h e  j - t h  c o m p o n e n t  o f  t h e

v e c t o r  ф т с Д н  - Q p  V | a 0 ) i s  e q u a l  t o  n u l l .
O n  t h e  o t h e r  h a n d ,  s i n c e  Q t  €  , it f o l l o w s

that t h e  s e t  (H -  Q't ) is a  S p - a n t i s e t  of

S i n c e  ( H  - Q't) c ( H  - Q t ) v { a ] ,  t h e r e  e x i s t s

Q k <= s u c h  t h a t  Q k  с  (H - Qt)v/fal . S i n c e  Q k

is a r e p r e s e n t a t i v e  s e t  o f  if t h e n ,  b y  C o r o l l a r y  
3.2, t h e  m a t r i x  - Q t )  \j jaj^ is a  M - c o v e r .
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It f o l l o w s  t h a t  a l l  c o m p o n e n t s  o f  t h e  v e c t o r

C [ J T U V H  -  4*i) a r e  e q u a l  t o  1  . W e  a r r i v e
t o  a c o n t r a d i c t i o n  w i t h  t h e  a s s u m p t i o n  t h a t  th e  

j - t h  c o m p o n e n t  o f  t h e  v e c t o r  C [ m a (Ul - Q p  
e q u a l  t o  n u l l .  T h u s ,  w e  h a v e  p r o v e d  t h a t

A l l  e l e m e n t s  i n  t h e  j - t h  c o l u m n  of the 

(Ж) m a t r i x  7 J%y(Q^) a r e  e q u a l  t o  1

A l l  e l e m e n t s  i n  t h e  j - t h  c o l u m n  of t h e  

m a t r i x  TIZtfCH  a r e  e q u a l  to n u l l .

b) L e t  u s  s h o w  t h a t  t h e  m a t r i x  M y (  h ) h a s  
e x a c t l y  o n e  c o l u m n  w h i c h  s a t i s f i e s  (*) . I n  f a c t ,  

a s s u m e  t h e  c o n t r a r y  t h a t  t h e r e  e x i s t s  j - t h  a n d  t - t h  

c o l u m n s  w h i c h  s a t i s f y  c o n d i t i o n  . I t  is c l e a r  

t h a t  S^ = S.J. » a  c o n t r a d i c t i o n  ( b y  t h e  d e f i n i t i o n  
o f  t h e  S p e r n e r  S y s t e m  if o n  H )  .

C o m b i n e d  (a) w i t h  (b) w e  c o n c l u d e d  t h a t  t h e r e  e x i s t s  

e x a c t l y  o n e  c o l u m n  i n  t h e  m a t r i x  J T Ç y ( H )  t h a t  

s a t i s f i e s  ( « 0  a n d  t h i s  c o l u m n  j u s t  t h e  o n e  w h i c h  
c o r r e s p o n d s 1 t o  s e t  Q t  , i . e .  C

T h e  p r o o f  is c o m p l e t e .

C o r o l l a r y  4.1:

L e t  H  = ^ а ^ , . . . , а ^ |  b e  a  f i n i t e  s e t  a n d  

^  - l  S 1 , . . . , S s ? be a S p e r n e r  S y s t e m  o n  H . L e t

= { Q - ^ , . . . , Q q ^  b e  t h e  s e t  o f  a l l  r e p r é s e n t â t  

s e t s  f o r  if . T h e n  t h e  f o l l o w i n g  s t a t e m e n t s  a r e  
e q u i v a l e n t  :

l) a) ^ S i * 3 \  } = = ^  d A n s ± f ß f

Ъ) Vt Q ’ c Q j = = ^  3 s . e S 5

Q* л  s ± s jei.

Ÿ Q j £ < S .  ==-> Q  . 0 3 .  4  /

x v e

s u c h  t h a t

2) a )

b) , f s ’ c. s± ===* 3 Q1 e а

s u c h  t h a t  S ’ r \ Q . = j S
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C o r o l l a r y  4.2:

L e t  H  = | а - ^ , . . . , а ^  b e  a  f i n i t e  s e t  a n d

= b e  a
S p e r n e r  s y s t e m  o n  H. T h e n  t h e  n e c e s s a r y  a n d  

s u f f i c i e n t  c o n d i t i o n  f o r  a n d  d í ^  s y s t e m s

a r e  t h e  s e t  o f  a l l  r e p r e s e n t a t i v e  s e t s  o f  e a c h  o t h e r

is t h a t  the s y s t e m s a n d  a Z  s a t i s f y  e i t h e r

s t a t e m e n t (1 ) o r  s t a t e m e n t  C2  ̂ .

E x a m p l e  4 Л :

L e t H  = 1 a-j^, a 2 } a ^ , a ^ , a ^ , a ^ , a y  ^

a n d  if = ^ S 1 , S 2 ,S 3 , S 4 , S 5  ]

W h e r e Sj - { Oy j — l a ^ » a 4 ’a 5 > a 

S 3  = ^cij»a-}» >a y  ̂  , S 4  = | a 2 , a ^ , a y  j

^ 5  = 1 a 2 , a 6 ’ a 7   ̂ ’
T h e n / 0  1  1  0  0  \

* V H) =

0 0 0 1 1 

1 0  1 0  0 

0 1 0  0 0 
0 1 1 1 0  

! 1 о о о 1 
\ 1 1 1 1 1 /

w

w h e r e

($_ = Q  2 _ »Q 2  4 ’^ 5  * 1

Q]_= 1 a y \ 1 Q 2 =

«3 = Í a5 *a6 1 • 3 4 = 1

'2 ’ ° 3  ’ a 5 1 ,
a l ’a 2 ’a 3 } )

Q 5  = ( a 1 , a 2 , a 6 i )Q 6  = { a 2 ’ B 3 ’ a A  1 

i s  t h e  s e t  of a l l  r e p r e s e n t a t i v e  s e t s  f o r  .
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A n d  / 0 0 0 1 1 0 '

I o  1  0  1 1  1  

0  1 0  1 0  1  

m ,  C h i ) =  o o o o o i
”  (<s)
OL 0 1 1 0 0 0

0  0  1 0  1 0  

'1 0 0 0 0 0
J c p y  ( « * « * « 7Ú2. = \ q 1 ,q 2 îq 3 ,q 4 ,q 5 j

w h e r e

Q4 = ia3»a6’a7l= ^1 * ^2 = I ai,a4’a5’a7j = ^2 ,
Q 3  = 1  a 4  » a 3  > a 3  » a y ”} =  y = { а 2 »а з > а у | =  S ^ ,

Q 5  = {  a 2 , a 6 ,a? J =  .
I q *')

I t  is o b v i o u s  t h a t  x is t h e  s e t  o f  a l l  r e p r e s e n ­

t a t i v e  s e t  f o r  ( Z j y ^  •

§ 5 .  A l g o r i t h m s  :

I n  t h i s  s e c t i o n ,  w e  p r e s e n t  t h e  a l g o r i t h m  t o  
f i n d  t h e  s e t  of a l l  r e p r e s e n t a t i v e  s e t s  o f  a n y  

S p e r n e r  s y s t e m  o n  H, a n d  t h e  a l g o r i t h m  t o

r e c o g n i z e  w h e t h e r  a  g i v e n  s e t  X  с. H  .is o r  i s  n o t  
a  r e p r e s e n t a t i v e  s e t  o f  .

R e m a r k : T h e  a l g o r i t h m  t o  d e t e r m i n e  w h e t h e r  T f ä ^ Q C )  
i s  a  M - c o v e r  is a  s i m p l e  m a t r i x  a l g o r i t h m ,  s o  h e r e  

w e  o m i t  i t s .

5 . 1  A l g o r i t h m  1 :

T h i s  i s  a n  a l g o r i t h m  f o r  t h e  r e c o g n i t i o n  w h e t h e r  
a g i v e n  s e t  X  ç  H  i s  a  r e p r e s e n t a t i v e  s e t  f o r  .

T h e  b l o c k  s c h e m a  of t h e  A l g o r i t h m  1 i a  p r e s e n t e d :  w

P i g .  5 . 1
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F i g .  5 . 1
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5 . 2 :  A l g o r i t h m  2 :

T h i s  is a n  a l g o r i t h m  t o  d e t e r m i n e  t h e  s e t  o f  

a l l  r e p r e s e n t a t i v e  s e t s  f o r  if S y s t e m .

I n p u t  : H  = l a 1 » • • • » a h  1

и СЛ H ’ * * * ’S s ]
o n II.

O u t p u t  : T h e  s e t  (
a v
к  is t h e

s e t s  f o r if .

M e t h o d :

i) L e t i := 1 , Hll>:= H  =

i f 1 = У  = {s1,...,ss j I

= Í :1)
' г г, / •

L e t  Q := 0  w i l l  b e  a  r e p r e s e n t a t i v e  s e t .  

Il) S u p p o s e  t h a t  a t  i - t h  s t e p ,  w e  h a v e
U.1 t .

H  = { j

1 J 1  >

a n d

i +

I D

T h e  s e t  Q i s ^ r e p r e s e n t a t i v e  s e t  of

C a s e  1: I f  n i a  i s  a M - c o v e r .
- . (i).ai) I f  |ií0 | = | í /  l = k  t h e n  { a, Î ,..., ( a , j  a r e

l f<̂) ^ 1
t h e  r e p r e s e n t a t i v e  s e t s  o f  a n d

Q  := Q v ( a J  , Q  :=Qv>{a-. 1 ,..., Q : = Qi/{a, }
- 1 n
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a r e  t h e  r e p r e s e n t a t i v e  s e t s  f o r if w h e r e

.... = 1 r ?  I = lc. H e n c e  w e  o n l y  c o n s i d e r  

П
. V U ]  .
J=4, J J

■ й ' 1 ’ . . ífa )  ,

m Cih  ж ^ , С н " ' ) ,

I r'l I >  ... I ( >  0  .
x rn-l ± t

I f  tliere e x i s t s  if 5  if s u c h  t h a t  l j = 1

f o r  a l l  S lf  e t h e n  U  ^  Q
3  ÿ e « f  " J

I . e .  U  £?? i s  a  c o m m o n  p a r t  o f  a l l  t h e  
i;ç<ln 3

r e p r e s e n t a t i v e  s e t s  f o r  if '' .

H e n c e ,  w e  o n l y  c o n s i d e r  :

Q := Q  \ J  A  is t h e  r e p r e s e n t a t i v e  s e t  o f  

_ „ C i + 1 )
^  , w h e r e  A  := \ J  [ a  [

a  e s 4 ; , б if* J J
I f  e i t h e r  1 r P  j <  o r  -3 * $ "  £  if

s u c h  t h a t  I £ ’/= i  , £ 4  if" t h e n  w e  J J
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( i + 1 )
c o n s t r u c t  t h e  m a t r i x  ITTG a s  f o l l o w s  :

H íl+1> := H (i>- {a. I ,U J J J

w h e r e  a. d e t e r m i n e  t h e  r o w  r'P .
3 J

for all j = l2».«*»l^- j »
L l + D  ( D  с*/ /

:= ^  -  о  , w h e r e

T:= {sf I dfetf“, abi 4’i-

r (i+l) \  . . .  > 1  r (i+ ̂1—
1 

Pa

^  л  p .
О

A n d  Q := Q V  [a-^ \ is t h e  r e p r e s e n t a t i v e  

s e t  o f  < $ \ < 3 C:L+1J  .

L e t  u s  g o  t o  t h e  i: = i + l  - t h  s t e p .

Ci>
C a s e  2: I f  is n o t  a  M - c o v e r ,  i . e .  e i t h e r

= ( o , . . . , o )  o r  С [ Л  * ( l , . . . , l ) .

a) I f  i = l ,  t h e  a l g o r i t h m  s t o p .

b ) I f  i у  1 , l e t  i : =  i - 1 , a n d

G o  to t h e  c a s e  1
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s e t s  d e t e r m i n e d

T h e o r e m  5 . 1 :

L e t  H  =  [ a - p  . . . be f i n i t e  s e t  a n d

tf = l s ^ , . . . , S o I b e  a  S p e r n e r  S y s t e m  o n  H. 

T h e n  t h e  a l g o r i t h m  2 m a k e  a c l e a r n  s w e e p  a l l  t h e  

r e p r e s e n t a t i v e  s e t s  f o r  tf •

P r o o f : L e t  <SL b e  a s e t  of a l l

b y  th e  a l g o r i t h m  2 . W e  m u s t  p r o v e  t h a t

l) V Q 6 6L* ==* Q e
Ctf) *Ÿ Q e 61 ==^ Q c-1 •

N o w ,  w e  p r o v e  (l) :

L e t  a n y  Q t Æ  , Q:= (a. , . . . , a  • ? .
X 1  1 k

a) I t  is- o b v i o u s  t h a t  V  S . £J
9 V a. 6 ft, 3sri6-T ':= ( s t I a± e St \

ÏJ ÎJ
s u c h  t h a t  ( Q  - l a ^ )  C\ S n  = $  .

2) W e  n e e d  p r o v e  t h a t  Q ç- = 4 > Q £  <ÍZ

Sj A  Q £ 0

a) I f  t h e  s e t  Q  s a t i s f i e s  e i t h e r  l^fS^XQ)! = -O

o r (r . 1 = ... = 1 r . } = 1  , it is o b v i o u s  
X 1  1 k

Ъ3

t h a t  Q £ 62 .

S i n c e  Q 6 - 61' , t h e r e  e x i s t s  X  ç  H  s u c h  

t h a t  Q  £  X  a n d  a njaximat r o w ^ o f  a  m a t r i x

T T t u  ( 0 )  is j u s t  a m a x i m a l  r o w  o f  a m a t r i x

Щ  O O

L e t  X

S u p p o s e ,  it. ts r ^

03 = X  ,  Q ü )

h i
c/<>s.e 0 ,

2  1 2
t h e r o w  r^.

. ’/ " = 5 ,

4  ^  S i ’ a ttf D t1 d e t e m m i n e

L e t y (,4 y " .

S i n c e  Q is t h e  r e p r e s e n t a t i v e  s e t  o f  ,

t h e r e  e x i s t s  i  >c P s u c h  t h a t
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q <2> = 4 q q ’ - Ы )  £ X ^  a n d  t h e  m a x i m a l  r o w  o f
Д > ,}2)

a m a t r i x  is j u s t  t h e  m a x i m a l  r o w

o f  a m a t r i x

S i n c e  t h e  s e t  Q h a s  к e l e m e n t s ,  it f o l l o w s  
t h a t  t h e r e  e x i s t s  p }  0  s u c h  t h a t :

Q  ̂  Э  . . O Q

(p- 1 ) -, y Cp )

= /

ГП— 1  j • • • p •

is t h e  m a x i m a l  r o w  o f  )

a n d  It f o l l o w s  t h a t  Q £  (Q.

T h e  p r o o f  is c o m p l e t e .

x (l) ^  x & j  >>#

a n d  Q < m ) C  X ^  

T h e  r o w  r (f  is
a

(mj,

T h e  b l o c k  s c h e m a  o f  t h e  a l g o r i t h m  2 i s  p r e s e n t e d  
i n  P i g .  5 . 2  .

l) T h e  r o w  r . 

t h e  m a t r i x  Tfi- (X)

is c a l l e d  t h e  m a x i m a l  r o w  of 

i f  \ r ± \ = m a x  { ( r-J , . . . ,  (rt lj #
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А'Г : = [ 3 'S"С. 'S9' : Ÿ S j t  З' ISjfcl }

F i g .  5' 2



W e  c l o s e  o u r  p a p e r  w i t h  a n  e x a m p l e .  

5 . 3  E x a m p l e :

L e t  H  = ( a i ’a 2 » a 3

w h e r e

^ 1 =  ̂a 7  ̂  > ^ 2  =

s 4 = S  a i ’a 2 , a 6^ ) S 5 = 1

r l

;з

r5
r 6
r7

a rj i s  a c o m m o n  e l e m e n t  

s e t s  f o r  tf • H e n c e  , 

a n d  < ^  =  <3 -  I s J  .

\ r 2 l >  \r 3 \ ^ l r 1 \ ^  \r5 \>

a 4 ’a 5 ’a 6 ’a 7 l  a n d

s 4 ,s 5 ,s 6  }

а 2 » а з » а з\ > = { a 5 *a 6 ) '

a 1 »a 2 » a 3 ] } S 6 = \ а 2 » а з , а 4 I .

S1 S2 S3 S4 S5 s
0 0 0 1 1 0
0 1 Ü 1 1 1
0 1 0 0 1 1
0 0 0 0 0 1
0 1 1 0 0 0
0 0 1 1 0 0
1 0 0 0 0 0

o f  a l l  t h e  r e p r e s e n t a t i v e  

e c o n s i d e r  o n l y  h f r H  \  [ a

1

• —  • — la7’a2,a6

S3 S4 S5 S6
0 1 1 °\0 0 1 1
0 0 0 1
1 0 0 0

/
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v ' ’* I
r 6

:= í ® y  » a-^5 a i 5 a 5 \

6>

(о■» ' • 
1 *

5

( и

S 3
s

/ 0 1

1 0

4 1 1

, Q 4

S 2 s
r 0 0

0 0

11 1

\ 0 1

S 2 s

1 °
0

1 1

1 ° 1

:= [а 7 a 3 » a 6

,°\

Э Т Ь , ( Н  ) =  4

* 6

Q 5 := \a 7 » a i » a ^ » a ^ j  #

f f t ç f V  (hL1) -  1а1’а2’азО i s  n o t  a M - c o v e r  .

T h u s ,  w e  h a v e  t h e  s e t  o f  a l l  r e p r e s e n t a t i v e  s e t s  

f o r  t f  •

Ql = I ay » a2 »  ̂ > Q2 = f Q3 = ^ д̂_ * a

Q 4 = i a 7 , a 3 , a 6 } » Q 5 = ^ a 7 » a i » a 4 » a 5 ] , .
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M-minimal covers and Spredner systems with application 
to the key finding problem for relation scheme

Phan The Que 

Summary

Based on results in C7D, in this paper the properties 
of M-minimal covers when a finite set H and Sperner system 
^  on H are given are investigated. Specially, the 
necessary and sufficient condition for which two Sperner 
systems are sets of all representative sets of each 
other are established.

This means that from the given set of all keys for a 
relation scheme , its set of all representative sets can 
be constructed and conversely, from the set all represen­
tative sets for the set of keys, the set of keys for the 
relation scheme can be determined.

The set of keys the relation scheme is just the set 
of all representative sets for the set of keys.
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M-miniraális lefedések, Sperner-rendszerek és alkalmazásuk 
a relációs sémák kulcs-keresési problémájára

Phan The Que

Összefoglaló

А CT3 eredményeire alapozva, a szerző az M-minimális 
lefedések tulajdonságait vizsgálja adott véges К halmaz 
és rajta egy Sperner-rendszer esetén. Annak szükséges 
és elégséaes feltételét is megadja, hogy két Sperner- 
-rendszer egymásnak teljes reprezentáló rendszerét al­
kotják. Ennek segítségével, ha adva van egy reláció séma 
kulcsainak halmaza, meg lehet konstruálni a séma teljes 
reprezentáló halmazát és forditva, ha adva van a teljes 
reprezentáló halmaz, akkor a kulcsok halmazát lehet meg­
határozni .
A reláció séma kulcsainak halmaza tehát semmi más, mint 
a kulcsok halmazát reprezentáló teljes halmaz.
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