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1. Introduction

The present paper deals with a logical approach to searching
and retrieval in (relational) databases by trees. We start with
a many-sorted first-order language with functional symbols,
predicate symbols and the symbol = for the identity. Then,
using the notion of signature, we define databases or, in alge-
braic terms, heterogeneous (operational-relational) algebrait
systems. For trees defined on the basis of the many-sorted
first-order language we define two kinds of semantics: trees
working in identification mode and trees working in retrieval
mode. For both of these semantics we introduce the notions
soundness, completeness and (partial) equivalence of trees end
relating to these notions we formulate theorems of decidability
and axiomatizability. The paper concludes with two theorems
giving a basis for a (fast) retrieval algorithm using a proof
system. '

In the following we use the usual set theoretic notions and
notations, in particular, if Y is a collection of sets, then
U7 denotes the union of all sets S €7". The empty set is
denoted by 47. If S is an arbitrary set, then S* is the set
of all finite sequences of elements of S As symbol for the
empty sequence ‘we use e. A binary relation R over S .is an
equivalence relation if it is reflexive over S, symmetric and
trangitive. R is said to be a partial equivalence relation if
it is symmetric and transitive only.
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2. Signatures and syntax of many-sorted first-order languages

The basis of many-sorted first-order languages and of inter-
preting structures is the notion of signature.

DEFINITION 2.4,

A quadruple 2 (s,F,P,TYPE] is said to be a signature if
and only if S, P, P are pairwise disjoint sets and TYPE is a
mapping from FUP into S¥*, where TYPE(f) # e if feF.

REMARKS.

1 The set S, F, P is called the set of sorts, the set of
functional symbols, and the set of predicate symbols, respective-
ly, of the signature 20 Sorts, functional symbols, and predi-
cate symbols are denoted by s, f, p, respectively, possibly
with arbitrary indices.

2. If for S4jeee,8,,5€S (n20), £feFP and peP the
equation TYPE(f) = SqeeeS,8 and TYPE(p) = SqeceS,, Tespec-
tively, holds, then Speees8 8 and Sqeee8y is called the type
of £ and p, respectively. In the case of the functional sym-
bol £ we introduce the input type and the output type of £
by the definition ITYPE(ZL) =4ef S48y and 0TYPE(1’)=def_s°
The output type s of £ is also called output sort of f.

3. If for f£eF. the input type of f is empty then we call
f an individual name (of the sort s if OTYPE(f) = 8). 2 is
said to be operational and relational, respectively, if and
only if P is empty and F contains only individual names,
respectively.

DEFINITION 2,2.

Given a fixed signature 2 = [S,F,P,TYPE]. To every sort
s €S we introduce a fixed infinite set Vj  of individual
variables of the sort s denoted by vs, xs, ys, 2> (possibly

with additional indices). We define V = \U Vv_. Starting
def ges 8
with the variables of V, with the functional and predicate

symbols of 2 and using the logical connections ~, A, V,
—>,e>» V,J, the sign = for the identity, the comma , and the
brackets ( ) we form terms t (possibly with indices) and
formulae A, B, C (possibly with indices) as usual for many-
sorted first-order languages.
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Because of lack of space we do not explicitely formulate
this definition. The many-sorted first-order language defined
above is denoted by &£(2,V).

K Databas'es and semantics of many-sorted first-order languages

Firstly, we define the notion of 2 -database (or, in alge-
braic terms, the notion of Z-algebraic system).

DEFINITION 3.4,

A quadruple D =[Z,A,d,T] is said to be a I -data-
base (or shortly a database) if and only if the following
conditions are satisfied:

1. 2 is e signature, sey X = [S,F,P,TYPE].

2. /A is a mapping assigning a set As to every soxrt seS.

3e @ is a mapping assigning a partial function CI)f from
As4x o e X Asn into As to every functional symbol fE€EF

where TYPE(f) = Sqeees8,s and nzx0.

4, T 1is a mapping assigning a total function TTP from
Xeoox A into $0,1} to every predicate symbol peP
n

A

s
1
where TYPE(p) = 84+..8, and n20.

REMARKS,

1, The set As is called the domain of the sort s €S
(with respect to the database L ). It can be empty. The ele-
ments of As are called individuals of the sort s and
denoted by ¥°.

2. If P is empty, then &£ is called operational. If, ad-
ditionally, for every functional symbol £feF, the function
@r is total, then & is called total-operational.

3. If F contains only individual names (i.e. nullary
functional symbols), then QO is called a relational database.
4. An individual name VY €F is said to be O -proper if
end only if the (nullary) function @, is total, i.e. &,

is an element of A  if OTYPE(Y) = s.

5. The case of relations with nullvalues can be built in as

follows. For every sort s €S we adjoin a new element m11°

to A, where nulls¢AB. Then we replace the term
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S4' Sn >
As4x...x Asn by (As4u { null j)x.“x(ASnuimn 3) in
condition 4 of DEFINITION 3.1. A predicate 1. is said to be

s
nmull-free if and only if for every g 1 e As v i_nulls"j,...,
58 s e s s
£ néAaninull n?, the equation llp( Cihead €N aq
s s
implies &% 16484,...,§n€AS -
n

6. The notion of database introduced by DEFINITION 3.1 does
not formalize any mechanism of accessibility. But that is even
not necessary for the following investigations,

Now, given an arbitrary database & = [,4,D,TT], where
2 = [S,F,P,TYPE], and a & -evaluation o, i. e. for every sort
s€eS, 0 is a mapping from the set Vs of all individual vari-
ables of the sort s into the set A  of all individuals of
the sort s. Let + and A be an arbitrary term and an arbi-
trary formula of the language & (3,V). Then by structural
induction on t+ and A we get the following.

DEFINITION 3.2.

1 BL(t, D,0q) =def the element of the sort OTYPE(t) which
is assigned to the term +t with respect to the interpreting
database ) eand the D-evaluation. o.

2. VAL(A,D,0) =4, the logical value of {0,143 which is
assigned to formula A with respect to the interpreting data-
base L and the D -evaluation o.

Because of lack of space we cannot fully formulate these defi-
nitions, but we will accentuate the following facts.

REMARKS.

1 If the domain As is empty, then the evaluation ¢ is
not defined for any individual variable of the sort s.

2. As the mapping ¢ or the function @r, where f€EF, can
be partial, the functional EL can be partial, too.

3. For equations 1, = 1;2, where t, and 1:2 are terms of
the same sort, we define VAL(t,=t,, D,0) =3e¢ 1 1f eand only if
EL(t4, D,0) and EL(tz,a'),o) exist and EL(t,l,«?D,o):EL(tzﬂ),o).
Note that this interpretation agrees with the interpretation of
so-called Yexistence-equations" t,'gtz (see [1,15 1). Predicate
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formulae pt4o..tn are analogously interpreted.

4, If only the individual variable x5 freely occurs in the
term t and in the formula A then we say that t and A,
respectively, is one-dimensional of the sort s. In this case
the element EL(t,D,c) and the logical value VAL(A,D,o)
depends only on o(x°). Therefore we can denote this element
and this value by EL(%t, D, gs) and VAL(A, D, gs), respec-
tively, it o(x®) = ¥°.

For a given 2 -database L and a collection I of
2. -database we define as usual:

DEFINITION 3.3

1. A is a &®-theorem (shortly D k A) if and only if for
every &L -evaluation o, VAL(A,Dc) = 1.

2. A is a [-theorem (shortly Ik A) if and only if for
every database De ", A is a &L-theorem.

4. The syntax of trees

Let 2 = [S,F,P,TYPE] be en arbitrary signature. Consider
the many-sorted first-order language £(2,V). Now, we intro-
duce the "new" symbol €, i.e. & symbol not occurring among
the symbolsiof &(Z,V)., It is called the empty name and in
contrast to individual names it cannot carry any semantic
meaning (with respect to a given X -database ). Extended
individual names of the sort s are defined as individual
names of the sort s or the empty name €. For an arbitrary
term t the output sort of + is defined as the sort of +
if t+ 4is an individual variable and as the sort OTYPE(L)
if t Dbegins with f£f.

By the following four generation rules we define trees of
the sort s € S. They are denoted by T (possibly with arbi-
trary indices).

DEFINITION 4.1,

4, If ¥V is an extended individual neme of the sort s,
then ¥ 1is a tree of the sort s.

2, If A is a one-dimensional formula of the sort s and
T,» T, are trees of the sort s, then A('l‘o,'l‘,') is a tree of
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the sort s. ‘

3o ET. A, T2 are trees of the sort s, then (T1,T2) is a
tree of the sort s

4, If t is a one-dimensional term ' of the sort s and the
output sort s' and if for m2>1 the symbols vq,...,vm de~
note individual names of the sort s' and T4,...,Tm are trees
of the sort s, then t(91:T4,.oo,Vm:Tm) is a tree of the
sort s

5. Trees working in identification mode

Now, we define the first interpretation of trees which is
called "trees working in identification mode". Given an arbi-
trary database D= [Z,A,P,T], where . £ = [S,F,P,TYPE],
and a collection [T of 3 -databases. Furthermore let T be
a tree of the sort seS and fs € Aso By structural induc-
tion on T we define the set SEIN(T, D, gs) of extended
individual names of the sort s which is computed by the tree
T with respect to the interpreting database £ and the in-
put element fs.

DEFINITION 5.4,

1. SEIN(T, D, €°) =;_, 7§ if T is en extended individual
de!s name (of the sort s)

2. SEIN(A(T,,T,), D, €%)

- SEIN(T,, D, E%) if VAL(A,D, €°) =0
“def ] spIN(T,, D, €5) if VAL(A,D, €°) =1
4’ : g ’ g

3. SEIN((T,4,T,), D, £%)=gs SEIN(T),d, €%)U SEIN(T,, D, €2)
4o SEIN(t(2:Tgye0e,? T ), D, E°)

=der{SEIN(TIu,¢Dégs)‘/u_e{'l,..o,m}, @9/‘_ is tota%.,
EL(t,D, ¢~) exists, and @V/“‘ = EL(%,0, €°)

REMARKS.

1. Using the functional SEIN we can interpret a tree work-
ing in identification mode as an identification algorithm as
follows. Given an "unknown" element ‘gs € AB, i.e. the name of
€% (or any name if several exist) is unknown. To know this
element means to know some (or all) & -proper individual names
of gs, i.e. functional symbols feF with TYPE(f) = s such
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that @f is total and &, = g5,

2. In applications we want to use only such trees T +that do
not compute "wrong" individual names V¥, i.e. L -proper individ-
ual nemes with @, #€° or ¥ is the symbol E. This idea
leads to two notions of soundness for trees working in identi-
fication mode.

3., The claim to know all (D -proper individual) names of an
element gsé As leads to two notions of completeness for
trees T working in identification mode.

4., Trees of the sort s generated by the rules 1 and 2 of
DEFINITION 4.1 are called binary (or logical or deterministic)
trees. As the interpretation shows binary trees working in iden-
tification mode compute at least one extended individual name,
i.e. they cannot catch the phenomenon of synonymy.

5. DEFINITION 5.1.3 shows that the tree construct (T4,T2) :
can be interpreted as an unconditioned branching of the search-
ing algorithm described by (T,,,Tz). This construct gives the
possibility for syntactically describing multiple effects.

6. If for €°¢ A, end lu,e{'l,...,m} there is no -proper
individual name s/u such that EL(t,D, f ) exists and
3y, = EL(t, D, "), then the set SEIN(t(V,,.T,,,..,,?m:Tm),aD,gs)
is ‘empty.

To If fOr p,, Mo €$1,000,m3 with /“’4#/“2 the individual
names V/‘M and v,u, are equal, then we can interpret this fact
as a syntactlcal bra.nchlng of the searching algorithm described
by the tree t(V4: TgseeeyV 3T )e We will speak of semantic
branching in this tree (wn.th respect to &L and f ) it for
ME{, c00,m} there is more thean one P -proper individuael name
vy such that EL(t, D, €°) exists and @9ﬂ= EL(t, D, €°).

DEFINITION 5.2,
1. T is said to be sound with respect to & if and only

if for every §s < A and for every &)-prOper individual
name V (of the sort s), if V€ SEIN(T, D, €°) then §,= 25,
2, T is said to be strongly sound with respect to L 4if
and only if T is sound with respect to & and for every
g’geAs, SEIN(T, D, gs) does not contain the empty name E&.
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3. T is said to be complete with respect to O if and only
if for every gseAS there exists a & -proper individual name
¥ of the sort s such that @,,:ES and YESEIN(T, D, fs).

4, T is said to be strongly complete with respect to L if
and only if T is complete with respect to T and for every
gse As and for every L -proper individual name ¥ of the
sort s, if Fp= €° then PesEIN(T,D, 5.

5 T is said to be sound, ..., strongly complete with re-
spect to [ if and only if for every database De [, T is
sound, ..., strongly complete with respect to &, respectively

6. If [ consists of all arbitrary & -databases, then we
say that T is logically sound, ..., logically strongly com-
plete, respectively, and omit the symbol [.

We now define some (partial) equivalence relations for trees
working in identification mode. These can be used, for instance,
to develop theories of optimization or of inductive inference
for trees (working in identification mode).

Given a database & = [2, A, P, TT] and a collection [
of databases with the signature 2. Let T and T2 be trees
of the sort s €S, '

1

DEFINITION 5,3,

4. T,lg'lf2 if and only if for every fseAs and for every
D -proper individual name ¥ of the sort s, Ve SEIN(T1,«D,§S)
if and only if Ve SEIN(T,, D, g%).

o %Tz if and only if for every gseAS,

SEIN(T,, D, €°) = SEIN(T,, D, €°%)
3. T,'%Tz if and only if ']34%’1‘2 and for every gse As’
SEIN(T,, D ,gs‘) USEIN(Tz, 20, gs) contains only & -proper
individual names.

4., T4'FT2, T,"»FJTz and T4%T2 if and only if for every
database Del, T, %Tos T %'Tz and T,'%Tz, respectively.

5 If [ consgists of all arbitrary 3 -databases, then we .
speak of logical equivalence of trees and omit the symbol [,
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CONCLUSION.

2. YT, S YT, SR,

3. '5:"%’ Mo and Q'F, are reflexive, symmetric and transi-
tive, i.e. equivalence relations.

4., oy and %’2 are symmetric and transitive, i.e. so-called

[

partial equivalence relations.

PROOF,
Use definition 5.3.

THEOREM 5.4.

1, If the set of ["-theorems of the language &(2,V) is
decidable (recursively enumerable), then the sets of trees
characterized by DEFINITION 5.2.5 and the binary relations for
trees characterized by DEFINITION 5.3.4 are decidable (re-
cursively enumerable) too, respectively.

2. If DS is a deductive system (possibly with W -rules)
for characterizing the ["-theorems of &£(3,V), then for each
set of trees characterized by DEFINITION 5.2.5 and for each
binary relation for trees characterized by DEFINITION 5. 3.4,
from DS in a natural way a deductive system (possibly with
@-rules, too) can be derived to characterize this set and
this relation, respectively.

PROOF,

1. Use the definitions under consideration.

2. See the full draft version of this paper which will be
published later elsewhere.

6. Trees working in retrieval mode

Now, we turn over to define retrieval processes described
by trees. :

Given a one-dimensional formula A and a tree T, both of
the sort s &€S. We interpret A as a query or as a request
expression of the given database O, i.e. by definition; we
are interested in knowing at least one (or all) proper individ-
ual names of every element Eseds with VAL(A,J),‘gS) =1,
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Therefore we define the set RET(T,®,A) of all individual
names of the sort s retrieved in the tree T by the query A
with respect to the database & as follows.

DEFINITION 6.4.
RET(T, ,4) =4, U {SEIN(T, D,g°%)| g% A, and VAL(A,D,8°%) =13

Let ® Dbe an arbitrary fixed set of one-dimensional formu-
lae of the sort se€S from &(2,V). In the following a set
of this kind is called request language because only formulae
of R are admitted as queries. Let %x° be the individual
variable (of the sort s) which freely occurs in A.

Analogously to DEFINITION 5.1 we formulate

DEFINITION 6.2.

4. T is said to be retrieval-sound with respect to L and
R if and only if for every A€ R and for every L -proper
individual name ¥ of the sort s, if Y € RET(T,D,A) then
D E AX/p)e

2, T is said to be strongly retrieval-sound with respect
to & and R if and only if T is retrieval sound and for
every A ¢ R, the empty name € 1is not an element of |
RET(T, O,A).

3. T is said to be retrieval-complete with respect to D
and R if and only if for every A€XR and ¥®e A, if
VAL(A, D, fs) = 41, then there exists a L -proper individual
name ¥ of the sort s such that §,=E° and VERET(T,D,4).

4, T is said to be strongly retrieval-complete with re-
spect to ® and R if and only if T is retrieval complete
with respect to O and R and for every A€ R, for every
gSeAS and for every & -proper individual name ¥ of the
sort s, if VAL(4,90,g°) =1 and §,=E°, then VeREI(T,D,A).

5 T is said to be retrieval-sound, ..., strongly re-
trieval-complete with respect to [ and ® if and only if
for every database Del, T is retrieval-sound, ..., strong-
ly retrieval-complete with respect to H and R, respectively.

6. If [ consists of all arbitrary databases (with the
signature 2),then we say that T is logically retrieval=sound,
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oee, logically strongly retrieval-complete, respectively, and
omit the symbol [.

Now, analogously to DEFINITION 5.3, we define the following
binary relations for trees working in retrieval mode.

DEFINITION 6.3.

1 Ty 5}& T, if and only if for every A€ R and for every
£ -proper individual name of the sort ¥,¥ € REW(T,,D,A) if
and only if Y € RET(T2,<§O,A).

2. T4 Q%Ta if and only if for every A€ R,

RET(T,, 0,A4) = REI(T,, D,4).
3. T4 m%mz if end only if T, 51',&’1‘2 and for every Ae R,
RET(T4,@,A) URET(Tz,CD,A) contains only L-proper individual
names.

4e Ty r,"\a Toy T, ,%T2 end T, %Tz if and only if for
every database PDel, T, 3’3’/&'.?2, T4 %Tz and T, %%TT

resgpectively.

5. If M consists of all arbitrary databases with the sig-
nature 2, then we speak of the logical equivalence of trees
and omit the symbol [,

CONCLUSION
~S
40 T,,a%'l‘z =?T1 %Tz @T4 ‘;T’RTZ

,V . .
3e &’)\‘-&, D% r",:/n and % are reflexive, symmetric and
transitive, i.e. equivalence relations.

4, 4 and ’&/,\-%z are symmetric and transitive, i.e.
R P
so-called partial e'quivalence relations.
PROOF

Use definition 6.3,
Analogously to THEOREM 541 we can prove the following theorem.

THEOREM 6.1,

1. If the set of [M-theorems of the language &(S,V) is
decidable (recursively enumerable), then the sets of trees
characterized by DEFINITION 6.2.5 and the binary relations for
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trees characterized by definition 6.3.4 are decidable (recursive-
1y enumerable), too, respectively.

2. If DS is a deductive system (possibly with @ -rules) for
characterizing the ['-theorems of 382, then for each set of
trees characterized by DEFINITION 6.2.5 and for each binary re-
lation for trees characterized by DEFINITION 6.3.4 from DS in a
natural way a deductive system (possibly with @W-rules, too)
can be derived to characterize this set and this relation,
respectively.

PROOF

1. Use the definitions under consideration.

2. See the full draft version of this paper which will be
published later elsewhere.

T. A "logical" retrieval algorithm based on a proof system

By studying the functional properties of the mapping RET we
can develop a "logical" retrieval algorithm which is based on
e theorem tester or a proof system. The basis of this algorithm
is the following theorem formulated with respect to the syntac-
tical definition of trees. Assume that in A, B and t the same
individual variable freely occurs.

THEOREM T.1.

0 if DE~A
1. RET(P,D,A)= 1 if not Dk ~A end ¥ is an extended

individual name.
2. RET(B(T_,T4),D,A)=RET(T,L,Ar~B) U RET(T,,D,A AB)
3a RET((T4,T2),JJ,A) =RET(T,,D,A) URET(TZ,D,A)

m
4o RET($(9g:Tqseeos? T ),P,A) = U4RET(T y D, A At=Pu)
PROOF 2

Use definition 6.1.

To describe the algorithm we have in mind we need the fol-
lowing two mappings WAY(T) and COND(T,w), where weWAY(T). The
first is to be the set of all ways of T, i.e. "connected" se-
quences of edges of T starting in the root of T and ending in
a leaf of T. COND(T,w) describes the logical condition derived
in T along the way ®WeWAY(T).
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