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Introduction
Let Ek = {0,1,...,k=1}. By a k-valued function we shall mean a function
£ EE —-Ek, and by Pk we denote the set of all those functions. If A is a

subset of P, , CAJ] will denote the set of all superpositions over A. The de-

k’
finition of a superposition over A is the following:

1. £f € A is a superposition over A

2. If go(xl...xn), gl(xll,...,x]ml),..., 8n(xnl""’xnmn) are either
superpositions over A, or gi(xil""’ximi) = xij

then go(;_r,l(x”,...,x]m

¥ e gn(xnl"”’xnm ))is a superposition
1 n

over A.

The set A is closed if A = [AJ . Let s be a permutation of 0,1,...,k=1.

We say, that f ePk preserves s, if

f(xl,...,xn) = s_1 [f(s(xl) e s(xn))] .

We shall denote by | the cardinality of the continuum.

Ju. I. Janov and A.A. Mulnik (53] have proved, that if k>3, then the
cardinality of the set of all closed sets in Pk is continuum. E.Post”’s gener-
al result implies that there are countably many closed sets in Pk for k = 2,

It is well known, [see [4J, [8] ], that there exist 6 types of maximal
closed sets in Pk' The characterisation of these sets can be found in [83.
J.Demetrovics and J.Bagyinszki have proved in [ 2] that the linear classes
in Pk (k prime) contain a finite number of closed classes. J.Bagyinszki
and A.Szendrei [1], [ 9] have proved that if k is square-free, then there

are also finitely many closed linear classes in Pk' D.Lau in [61] have shown,
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that the cardinality of the so—-called quasi-linear closed classes is coun-
table. In [3] the authors have proved, that the so-called central, k-regular,

monotonous and equivalence-preserving maximal classes in P, , for k>3 contain

k’
as many as [ closed classes. In this paper it is also shown that the maxi-

mal classes, which preserve a permutation s, conatain I closed classes pro-
vided k is not prime. Marcenkov in [ 7] has proved that for all ke {

13,14,16,17,} and for all permutation S : Ek- Ek there exist a set of

closed classes preserving s with cardinality . In the case k=2. E.Post’s
result ([10]) implies that there are finitely many closed classes pereser-

ving a permutation of EZ'

The purpose of this paper is to show that for all k>3 and for all per-

mutation s: Ek- Ek /except for two cases, namely k=3 and s = (012) or

k=4, s = (0123)/ there exist | closed sets in P ﬁ}eserving s. We shall

k
also prove that for all k>3 there is at least a countable number of closed

sets preserving s, for all permutation s: Ek- Ek'

B=1s

A permutation s of E, can be written as a product of disjoint cycles.

k
Such a cycle will be denoted by Ci' If

G and C, = (all""’anll)

(LR B

a S ey
™ Im’ 2

nmm), then

ICilwill denote the number of the elements of the set

{a)5000053 1}
i
Lemma 1. Let k>3, s a permutation in the form s = C].C2 ..... Cpe If m>1
and there are i,j < m such that i # j, ]Cil - kl’ le] - k2 and k]/k2

then it can be constructed | closed classes preserving s.

Proof. We can assume that s = C,.C C_, where




Ligve.

S (o.....aml) Gy = (1.2.....am2) and lcll/lczl
We shall prove, that there is a set { fi} = F of functions such that for all

f. €F, fié [F\fi] and all f, preserve s. This is sufficient since in

this case all subsets of F generate a closed class, and H]C F, H CFH] # HZ

2

implies [ Hlj # EHZJ.

Let fm(x],xz,...,xm), m>3 be defined as follows:

4 ;
bec,, if (a;,...;a)Cc, |{i/ai =b}| =1
and all a; # b are equal to s(b)}
= 4 . .
fm (al ,...,am) d e C], if {al,...,am}CCl U C2 and the previous
condition does not hold;
a , in all other cases.
L

One can easily see that since /Cl///CZ/’ fm(xl,...,xn) preserves s.
Let us suppose, that fk(xl,...xk)etF\fk]. This means that
£ (X 5eee,x) =ﬂ(x],...,xk)

where{] is a superposition over F\fk'

Let fs(xi seeesXy ) be a function indX .
1 s
If s<k, then we can find an Xp such that xzf {xil,...,xi }
s
TE Xp = 1, and all X, =2 (i # £), then - by the definition - fk(xl,...,x.k)=1.

If we choose (xl,...,xk) as above, then fs(xi R ) € Cl that is @ can-
1 s
v eC, and 1f {al,...,am}ncl#¢

sipBli) € Cl') If s >k, then we have at least one pair X, X

k 2

not be equal to 1. (fm preserves the set C
then fm(a],.. s
such that ik - i[_.
Let xik = xiz = 1, and all xj =2 (3 # ik). In this case fs(xil,...,xis)e C1
and fk(xl""’xk) = 1. This is a contradiction, thus Lemma 1 is proved.

Corollarz:

1. if k is not prime, then in the maximal closed class Sk of Pk there ex-

ists [ closed classes. (S, denotes the class of all functions pre-

k
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serving a permutation m; m is the product of cycles Ci of length p,

where p is prime.)

2. if n is a permutation of the form n = (1) Cl""'cm then there is a

continuum cardinality set of closed classes pereserving T.

Lemma 2. Let k>5, let s be a permutation consisting of one cycle of length
k. Then we can construct a set of closed classes in Pk of cardinality [

which preserves s.
Proof. We can assume, that
s = (01234 ...).

Analogously to the proof of Lemma 1 we shall give a set {gi} = G of func-

tions so that g; ¢ EG\gi] and g; preserves s.

We define g;» i>3 on the set {QLZ}l. It can be easily verified that the

definition does not contradict the assumption that g; preserves s.

Let:
g (a,...,a) = a
g, ({00,117 \ (1,...,10})
RGP 51 )
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and for {0,1,2Y°\{0,13¥\{0,23%\ 11,23%:

1, if /{a /a, = 0}/ =1
gk(a]’--.,ak) = /{ai/ai = 2}/ = ]
/{ai/ai = 1}/ - k_z,

0, in all other cases.

A vector (al,...,ak) E 3g{0,1,2}k is called characteristic if
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/{ai/ai =0} =1,
/{ai/ai =2}/ =1, and
/{ai/ai =1}/ = k-2,

Let us suppose ng [G\gk], that is gk(xl,...,xk) = &(xl,...,xk).

If gk(xl,...,xk) = {4 then there exists at least one superposition over
G\ By such that gk(x],...,xk) is equal to this superposition on the charac-
teristic vectors. Hence we can choose a minimal formula @¥ which equals
gk(xl,. ..,xk) on the characteristic vectors. The minimality of &* means
that if &A* = g (£ 1se-., ¢ ) then Lsens ,»’/’m cannot be equal to g (X,,...,%)

on the characteristic vectors.

We shall prove that such an 4* cannot exist. #* can be written in the

3 N =y o
form gm(.l ],...,_‘/’m) where .‘!i xij or .‘gi 1s a superposition over G\gk.

a./ if all .?’i are superpositions over G\gk then all <z, equal 1 or O
on the characteristic vectors.
gz( {{0,1,2}£ (25:3452) ¥Y£10,T)
Since ¥ is minimal /in the above sence/, there is exists a
characteristic vector ¢ such that «Y’](_c_:_) = 0 that is (ﬂ""(_c_:_) = 0. On

the other hand g,(c) = 1 holds. This is a contradiction;
K —

b./ We have seen, that there is a ,.‘{’K = xq in the superposition
Qa* = gm( L/'],...,-‘/:n).
Let x = X seeesXy be a characteristic vector so that xq = 0, and
= 4 4 < (7
x = 2. If x_ #./], X W vess X # o then all.‘{’i are equal to
1 or O on this characteristic vector, and hence 4’1""(5) = 0.

E(,S!’] (x),...,-‘ll;l(x))]ié (1,1,...,1) and by the definition

gm( {{O,I}m\(l,...,l)}) = 0.) This is also a contradiction.

c./ By a/ and b/#1* can be written in the form

gm( .*J],...,:z’q, xl,...xk) 3

The assumption that 4% is minimal implies that .‘l’l cannot be equal
to 1 on all characteristic vectors. Let x be a characteristic vec-

tor so that .‘l’] = 0.
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In this case,.Tz,... 4 =0 or 1, and there is one><j= 0. Since

(%},... ﬂa, xl,...,xk) i{l,Z}'n and it cannot be characteristic,

@' (x) = #. This implies that & = gm(xi],...,xim). If m<k, then
there is a xqf {xil,...,xim}. On the characteristic vector xq=2,
xi] =0, X, = Wy £ds 3% il), the statements g = 1 and " = 0
hold. If m>k then there exists at least one pair i[’ 1.5 such"that

ip = ij. In this case let xi£ =0, xg = 2 (5 # 1£) and
j2 (e e 1£). On this characteristic vector gk(x]...xk)=]

"
1

and (4% = 0 hold. This is also a contradiction, thus lemma 2 is

completely proved. ‘

Lemma 3. Let k = 5 and 1 a permutation of the formcl.c2 where /C]/ = 2,
/C2/ = 3 or let k = 7 and © be a permutation of the form CI'CZ where

/C]/ = 3, /C2/ = 4. Then there is a set of closed sets in P5 or in P7 pre-

serving 1 which has cardinality .

It is easy to see that it is sufficient to consider the cases when

(03)(124) and
(034) (1256)

A
]

=
I

The definition of 4 in Lemma 2 does not contradict the property &

preserves Tm.

If ;e define hm so that hm(a],...,an) = gm(al,...,an) on the set
{0,1,2} and hm preserves 1, then H = {hm/mZB} is a set with the property
hmf, EH\hm]. Thus analogously to Lemma 1 H¥® ={[S]/ SCH} is a set con-

sisting of closed classes preserving n, and the cardinality of H* is [,

Theorem 1: Let k>2 and 1 be a permutation of Ek' 112
T # (alaza3 for k=3 and
n# (a]a2a3a4) for k=4

then there are as many as [ closed classes in P preserving .

k
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Proof.: If n contains a cycle C such that ICLz 5, the statement is implied

by Lemma 2.
If 1 contains a cycle C such that |C|] = 1 or two cycles with equal
lengths, then the statement follows from Lemma 1. If n contains at least 4

cycles with lengths 2,3,4 then two of them have equal lengths.

Thus we have the following cases:

T = C1°C2’ /CI/ = 2, /CZ/ =3 ‘of
/C]/ = 3’ /Cz/ =4
T =C.Cy.Cq /C1/ =2, /02/ = 3, /c3/ =4

The first case is treated in Lemma 3.
In the second case /Cl/ I/C3/, therefore the assumptions of Lemma 1 hold.

Thus the proof of Theorem 1 is complete.
§. 2.

In §.1. we have seen, that for all but three permutations n [ closed

sets in Pk (k>2) preserving n can be constructed.

In the case k=2 there is only a finite number of closed sets in P2
which preserve (01) (C10]). In the cases k=3, n = (012) and k=4, 1 = (0123)
we cannot give an "independent" set of functions with cardinality *+ How=

ever we can prove.

Theorem 2: For all k>2 and all permutations m there is at least a countably

many closed sets in P, that preserve .

k
Proof: It is sufficient to consider the following two cases: k=3 and
m = (012); k=4 and n = (0123). We will construct a set {ti} = T of functions
such that k. & Eu {t.}1 = T,, and t; preserves T.
i>i
If we have such a family of functions, then the set {Ti[ i€ w}

contains countably many closed classes, and it can be ordered as



We define t:i as follows:

b,. 4f (al,...,am) = b or

@ seeesds_g5a; oy = b and

1 ] j+l
a; = Y OF
(a0 =
g ey, it
a a € {n-l(b) b}™ and
R S : ’
{ai/ai = b} < m-1;
t a otherwise.
A vector a = (ap...@m) is called characteristic, if] {i/ai =0} =1
and I{i/ai|= 1} | =m-1. The definition implies that t  preserves m. Let us

suppose, that

tm(xl,...,xm) =49,

where {4 is a superposition over Ti'

We can choose - analogously to Lemma 2 - a minimal formula &* which
equals | on all characteristic vectors. This 44* cannot be equal to X5

v S (74 "
t ( a{ ] 3eeey ) Whe]:e S > m

Denote by yj the characteristic vector with xj = 0. Let us consider the

matrix

i/'](yl) ‘fs(y])
¢ (yz) " L/"s(yz)

4 (ym) T (ym)

By the minimality of ¢F every column of the matrix contains at least

one 0. s >m implies, that at least one row in the matrix contains two or



5.

more 0"s. If the e“th row in the matrix contains at least two O - elements

then U%*(Yz) = 0. This is a contradiction, since tm(yi) = 1 for all
L® T2 . catly

Thus Theorem 2 is proved.
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Beszefoglalhb

A k-értékii logika 6ndualis osztalyairdl

J.Demetrovics = L. Hannak

A jelen dolgozatban a szerzdk bebizonyitjak, hogy ¥s(x) € Pk’ k>3 =
kivéve, ha s(x) = (0 1 2) ill. s(x) = (0 1 2 3), - (s(x)-permutacid) az

6ndualis zart osztalyok szama kontinuum.

Ha s(x) = (0 1 2) ill. s(x) = (0 1 2 3), akkor is legalabb megszamlal-

hatdo sok dndualis osztaly van.

Pezome
O MOmHOCTAX CaMOIENWCTBEHHBIX 3aMUHYTHHIX KJIACCOB B Pk

. IemerpoBuu, JI. XaHHaK

B HacToaAmer paboTe aBTOPH H3yUYalT CaMOIBOHMCTBEHHBHE 3aMK-—
HYTHBE KJIACCH B Pk (k =2 3). OHM IOOKa3BIBAWT, UYTO

a/ LA J6Oro S(x)ep, /roe S(x) -TmepecTaHOBKa; S(x) # (0 1);
S(x) # (01 2) u S(x) # (01 2 3)/, cymecTBYyeT KOHTHUHYYM
CaAMOIOBOMCTBEHHEX 38MKHYTHIX KJACCOB OTHOCHTEJIBHO S(x);

6/ ecnu S(x) = (0 1 2) us P; WM S(x) = (01 2 3) BB Pys

TO CYmECTBYET IO KpaWHEH Mepe CUETHOE UYWUCJIO CaMOIBOMCTBEH-—
HBEIX 3aMKHYTBIX KJIACCOB OTHOCHUTEJIBHO S(X).
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