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§le. Definitions:

In this section we present some necessary definitions.

ILet S=<{L, F> be a relation shheme and

K, = {Kl,xz,KB,...,Kmi be the set of all keys
FOr- 1S

Let us denote:
m T,
H =i\={ .K.i = {al,az,.oo,ap} g_ ﬂ
M = {'1,2,3,...ﬂn} is set of all index&s for keys.

Recall that X < ] is a key for S if:
) Ratik g e © 1 ,
b) J K ¢ K such that (K4)'+= 0§
The subset K - ¢ )  is called an antikey for S if:
B KL ¥x e K,
B VSR 1 (B RE X) = Jx K :

ool
Let J{. be the set of all antikeys for S .

l.1 We construct the set I. as follows:

-v‘ajeH: Ij={i\ajexi, i{m},jsp.

It is obvious that:
£ M and Ij#o, ’Uljgp
P
b) I‘!'I:.v I' = {1,2,000,111}.

Thus Ij is the set of all indexes for keys containing

aj . For any given aj & H , the set Ij is ccmpletely

determined by aj .
P
Iek. 1000 = {11,12,...,Ipl R i 'y o

The cet .“f is said to be a Ill-minimal cover if
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satisfies the following conditions:

a) M=\ I.

Ije_N’J
ey
b) JN £y N/ T
I.éJ\AIJ
J
g J\,P ’j : LT e y

Thet means, if C y 18 a li=minimal cover then for

sil W , We have L SV el i [
I €N

if J\'P-C-' 'jm'only gatisfies condition (a) , we say
that Jf is a li-cover.

It is easy to see that ﬁjM is a M-cover and
contains at least one k-minimal cover.
l.2 e can define the notion of Ii-minimal cover in
an another way:

Given the set :KS for a relation scheme
S=¢{€., P) , we can determine a matrix m(kf) =(°tg)
having p rows and m columns as foilows:

e -t a; € Kj

1] = _
o otherwise .

We call r; s the i=th row of matrix m (Kg) for every
i £ p, and then

3
m(f}@ = |
*p

Let us define:

B &or em Xy w9y s ale s e

It is obvious that

g
r; & .oy e Lo Lo

Vie say that
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(x) o

6 = is

o
is a submatrix of m(ﬁ;) and the meaning of the following

r.
p o

H ee

notations are obvious:
(k) (x)
e M(K,) y r, e JIE il g
j :

' >
The row vector C(m _] = (11,12,...,lm) is called
the characteristic vector of the submatrix m(ms m(f(,)

tx
if 1;] G{o,l} and l. =0 (== Z o(ij e 0., Le)éle

J ;
‘.:‘. ‘14
)
If we remove any row r'j from the matrix JIG s then
B : s .
the remaining part is denoted by HE - {rji .

The submatrix m(k)& T (fg) is called a M-minimal
cover if m(n satisfies the following conditions:
O
ay c(IMT] =(1,1,000,1)
e 8 (o (k)
) IMTe M (A - (Lieeeent)

(x)
r JT% only satisfies condition (a) then it is czlled a

Ll=-cover.

Let be given a relation scheme S ={{l, F) and
the set of all its keys :KS « Then the matrix JTZ(j(S) .
is completely determined , m(.ks) is a lM=cover ,
r; $#0 and r, £ c[?Tt(J(,)J =(Lylyewis L JNL % n

m(ﬂs) contains at least one M-minimal cover sub-

matrix.

In the followig , we will show that S =<«Q ’ F> %
has at least one an'ikey , OKSC(mMj %ﬁa{' (6‘9)1)¢F‘




- 109 -

1.3 Example:s

Let S =L, F) be a relation scheme
end W, = {0),850K5,5
where Ky = {8,853 4/ Ky = ageqm, 0
Ky = {9.2,a4,a5}’ K, = {8,,25]
a) By definition 1.l :
¥ =41,2,3,41

X &
H =j_\.—_-J]_ Ki = {3«1932,3393418'5’8'6}

! Iy = {31 I = {4}

35,4
. {11,12,13,14,15,163 is an H-cover:

9.

6
M=\ I, = [1,2,3,4} i

_ i=1 *
- e ‘Nol = {11,14} ‘N)a = {12'14{
ng = {12'161 °Af4 iy {11’13’15’161

are lM-minimal covers .

19 By definition l.2

ry = [l,o,o,o) r, = (1si;50) ry = (o,l,o,o)
r, = fer, o L) ry = (0,0,1,0) re = (o,o,u,l)

I, Lo 670

rs I e T

- oL 00

PSR R o

5 = r4 % ol L &

o oo Lo

6 = RS S
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c[m('xs)] el 1,1,1)

8
o)
@)

e R U ST
) = ( iii [m(z)] (t:102,1)

110) LTT’()U

il

(1,1,1,1)

(6]
o]
t._l

mg(“)] sl 1,51

=N
<
i
P T
3 3
Ul W
!
Q DO

@ G o B 10
Q) e OO
(i e FE6 ] o)

are lieninimal covers in natrix representation.

82. Let

H [, #
3 ={m ‘m is a Il=minimal cover, ks Y"} be the

set of all Il-minimal covers.

Theorem 2.1

Let ry (S m(:Ks) be any row. Then there exists a

Meitntna ]l sover M & 078 L)« suon s r; € M- -
Pross:
Let be given any row r; € el ) .
L) Dhe vases Gzt - (U140, 001) then rie Tr 1.
2) Mhe case: AT R T T SR
3) 12 (e 3 then vye T8 (TF(S) :
s3yeome ORI €F 0 - reen (IR IKI] - Bk i )
there exists j # i such that C{JT‘G () {r ]

(l,l,-l,...,l) « In fact, suppose the contrary, that
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Toear: c[JTE(fK;)- irj}} ¥ (1s1,50ns)
On the other hand: m(:}(s)¢ g € 2216 (ZKS)] =
(1,1,000,1) , showing that ¢ (I (¥) - {riﬂ=(;,1,...§y
Because VJ' £1i, C(m(‘KS) - {rjl] = (Vl,l,'Lg,.o.,'Lm)

£ (l,l,...,l} there exists a column qJ. such that Vl/q =

showing that .= ‘. ='1 and Neo =0 for every 4 £
34 v 4
Let j.’l £ do s ‘jk g gk =Y. 2" Then qjl £ qu .
Were this false, and we have q: = q. .
1 e
Consequently . = X =1 1i.e in the
Jﬂ.qjl quaﬂ.

qJ. - th column there are two elements equal to 1.
i |

Hence for tho sabmatrix

m(lj{g - 7, we have qu =1l , a contradiction.
Thits, -£6r Bll 7€ {l 2yeee3i=l ;:l,...,pl we have
different columns ql’q2’""qi—l’q:t+l""’qp such :
that in each column there is onlyone element equal to 1.
It follows .that the vector ry has the qi-th component ;
equal to l. Since C [m,(iﬁ(s)- {ri}] = (l,l,...,l)
then in the qi—th column there are at least two elements

equal to l. Suppose (Xiqi = o(i’qi = Ly FEAEN

It follows that Kq s Kq « We arrive tp a contradiction,
5k 3

(by the definition of ‘a key.).
We have proved that there exists Jj # i such that

CDTE -in. l] o [ T i)

(4)
How, let us consider the submatrix ﬂ% (:}{ ) { 31

C 0L (5L
a) It ma)ﬁ‘ 4 then r; e T8

“w



el b b o

W ON
b) = e ‘#’3 and because C m‘j= (l,l,...,l)

{4 ;
then there exists Jj, ¥ 1 such thav C[qu - {rj l]

Q,l,...,l) o Since the matrix 3TC(3Q> has p rows and
p 4w

s 1t follows that there exists k > o such that

MY /2D e )43?”5“"3 ¢

and m({%ﬂ : ch“’J =(1,1,...,1) Gk e Ecely

(k)
I76 63 = r, € mék)

The theorem 2.l is completely proved.

From Theorem 2.1 , we have the following corollarye.
Corollarvy 2.l:

Any lM-cover has a l=-minimal cover.

Definition:

Pras s
(k) r’-%
Let JTIQ = .12 be a li-minimal cover
*,
WPanine
(OI‘ = {Iil,li2,0..,Iik’£)l

Then the set Q = {ai 185 yeensydy } € H determined
2 4 -

_ o . _.

by the matrix A4 (or ) is called a representative

set of the set of all keys.

Theorem 2.2:

Let S =L, F) be a relation scheme and ,J{s be
the set of all its keys.Let Q € H , and let N & T

)
be the set determined by -Q (or the matrix JTE £ JTE(K,).
Then the set ﬁf

the -set .. Q

is a li=minimal cover if and only if

satisfies following conditions:
s) YikeX, = Jaeq

) 3 G B
= a ¢ K

such that a. . & K

= JxeXK, such that ¥a €q’
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2roof:
Suppose that .N) 5"JM is a l-minimal cover. /e need
prove that the set Q satisfies both conditions (a) and
-
a) Since M =\J I; then for all i€ M there

I,es

exists I;ef such that 1 €I, ¢ forall k € K,

there exists a € Q such that a € K .

b) Let Q' be any proper subset of Q . The set Q°
) )
determines J\f C N . Then there exists j & M and

J 4;— v/ I. . Equivalently, there exists K &'}CS such
1.6 N’
that “for every a-€ Q' : a ¢K .

b
Conversely , let Q Vca set that satisfies both conditions
(a) and (b) . We have to prove that the set ol A o
determiuned by the set Q is a MNM-minimal cover.

i) It is clear that M =2 UI; . We must prove that
I, exN

M& N Iy dee forall iéeM . then ie\_/Ij°

I3 €J¢ ;e
Since for all K € {:KS s there exists a € Q such that
a € K ¢ fprall ieli, there exists I, € N such

J
such that s Sl et AP e

J
IeN ey
/
ii) Let .ND be any proper subset of .J'VD + The

that i € I, ¢ for all i€ M, there exists I, &

set N7 is determined by the set Q’. It is obvious that Q’
.28 a proper subset of Q . Hence by condition (_b) thers
exists K €& ‘:}Cs such that for all a €Q? , a &K ¢=
there exists 1 €& II such that for all IjeN/ b A 4& IJ' -
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Mais shows that M D U -I. .
I.eN”
et

Theorem 2.2 is cpmpletely proved.

Theorem 2.3:

Let S ={{L, F) be a relation scheme and K. be

=]

the set of all of its keys. Let Q be any subset of H.
Then the set XK'= {L - Q ic an antikey for S if and

only if the set J\f deternined by the set Q ;is a

-

li=minimal cover s

Froof:

The only if pert: Let K T

be any antikey for S .
We show that the set J\f determined by the set

o R .
Of= L = is a' k=-minimal cover, i.e we rust prove

ck

that the se Q@ satisfies the following conditions:
a) For all Kef}{s there exists a € Q such
that a &€ X
b) PFor any Q' ¢ Q , therc exists K 63{6 such
that for all a € Q* then o & K .
Now let us show the condition (a) :
Since K-l is an antikey for & , for every KE':KS 3
K ,f.— K-l.= Ll - Q . Then therc exists a € Q such
that a &€ K .,
Ve remain to prove the condition (b) o et Q?  be.any
proper subset of Q . Since Q*c Q@ then (L-Q c
B ¢ Sy L §{=_£l- Q? is an extension for
K'l-:_Q - Q . By %the dcfinition for antikey, there exists
Ke‘.](S such that K & X={) - Q* , i.¢ for all aeQ’ ,
a 4: Koo
The if part: Suppogse Q &€ H satisfies both condition

(@) end (b). Let us show K * =l -Q is.

!
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an antikey for S , i.e we nust rrove that

&) For all k €K, , k & &t

P) For any X ¢ £ is an extensior? of KL

(K-]‘ C X), there exists X &':Ks such that - K &€ X,

Now we prove

) Assume the contrary that there exists X € ':Ks
such that K € K% = {L-Q, i.e for all a & Q then
a ¢ K . This contradicts to the condition (a) .

Thus for all K € X _ then X & % . holda,

b) Let X be a subset of L  such that KT ¢ x5
ice K'P =0l -Q CX. It follows that there exists

a € X and a € Q . Consider Q' =Q - fal ¢ @ . By the
condition (b) there exists X €& ':Ks such that for all
a’ € Q' then a’ ¢ K . That means

B QT Ll - g =(,I).- Q)U{':,'g C XUlal =%:, i.c
ko X v Thusy foriall exfension "X of K-‘, there exists
K éc}(s guch that K'.& X e

The proof is complete.

From Thecrem 2.3 the following corocllaries are obvious.

Corollary 2.2:

5 : ; 2
Let S =<JSLL, F) be a relation scheme and J<,s be
the :get of all of its keys. Then cny antikey K <£for S

has the following form:

K-l = !2 - 131 ,aio,ai ,...,ai‘g .

L s 3
Where Q = {ail,aiz,aiB,...,ai } ¢ H 1is a representative
set of the set '\,}{,S 2

Corollarvy 2.3:

ot =g =€), F> be a relation schene, (3{ he

9]

: P BT
+/ i.e. n superset of K
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-1
the get of 8ll keys f<r 3, {‘Ks be the set of all of
its antikeys, and 3 be the set of all Iil=minimal coverse.
=
Then \(3\ =1 ‘y\q\.
Where ‘3l is the cardinality of 3 and

- -4
\‘,}(;l is the cardinality of ‘XK _ .

Theoren 2.4

et S =4LL, F) Dbe a relation scheme and K. be
ithe set of all keys for S . The set {‘QJ of all represen-
tative sets for . will be denoted by ) ;
Then Hw N/ Ky =00,
K;e K, el
Proof:
It is obvious that \/Q € E .

;€0
e have to prove that

B "8 %

g, e@
By Theorem 2.1 , for any row: rs em(ks) s bthere exists

o

<> k)
a li=minimal cover e ¢ m(KS) such that ry € m( .
This is equévalent to say that, for all ay € H there
exists a lM-minjmal cover N ¢ 'JM such that Ij &J\P .
Let Qt be the repregsentative set which determines J\P o
Obviously 2y € Q. , i.e aje / Q; , showing that

| i€l
H < Q o« The proof is complete.
Q; €0

Definition:

Let S =<£l, F> be a relation scheme. Let us denote

3
AT O SR
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Bl

*

L,

B =T Y

and PR # 60

In - {3) HO THUAT and Lii VAN BAO proved that the set of all

|
r—J
]

keys for S ={LL, F)> is the same as the set of all keys

for Sl =<.(24 ’ F1> ’ i.e (J{"-_' 3(3 == yc 0
&
Thus the set of all Ili=minimal covers cn ﬂ is the

same as the set of all Ill=rniinimal covers on ot
Let us investigate this problem in more detail,
we have the following theorem:

Theorem 2.5

a) Lf K;]‘ is an antikey for S =<, P> then
~1 =1 x

(s, = Kg~ = G is an antikey for 8; =4-Q,, Fy) .
4
b K;]‘ is an antikey for §; -:(_-9.1 s Fl) then

K2b = KCD \/ G is an ontikey for 5 ={JLL, F).
51

é.) ~Let be given K:l an antikey for 8 =<4, F),

=~

: . - *oy : =
We must show that K,,l - G 1is an antikey for

S]_ =<"Q4s Fl> ”

-1 :
$ SLL - e~r o %
i) Ssince Kn]‘ € K ,for all X € W 4hen

i =1 T s S,, =L %
I X « 1t Tollowa that & 4’; K. =G s
S S
Bk fiat: K 'be ‘cosubgesd of 'Q'J. such. that

J * 4 : o
B eliee Ik o Sinee .ﬂ4 =) -G =H and

’ *
KS.XL P - e.‘}(s,we have KO =g .
It is easy to see that K;l CHEVY ane FEE (.KO .

]
Kok " BN G ¢ Constquently s K '& X'
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I ; i - »
e, for X = %whlch is an extension of K ’ B
S

there'exists 'K € :K, such that ) vl 30 S

Combined (i) with (ii) we concluded that

K;i = K;l - G" is an antikey for s, =41y, F4>.

b) Suppose that K;i is an antikey for 8, =<{£,, F,,\).
We pfove that K;l = K;i v G’ is an antikey for S =4, F).
i) Since K;i € U’g;‘(:;gjis the set of all antikeys

for Sl)_,we have K .1: K;l ; Wi da

1
»
Since K¢ \_J K; =H , we have KAG =4 .

ke R

It follows that K & K;l 'V, & ¥ xeXK.
1

— *
1i) Let be given any X & () such that K_,'\ G CX .
1

=
It follows that K;ic X . Since K;:lL B (3‘(51 , there
exists K 63(, such that K < X
ﬁ‘hus for any X ¢ f) which is an extension of K;l, there
exists K € [3‘( such that K & X .

The Theorem is completely proved.

In this paper we do not present the algorithm to
determine the set of all M-minimal covers for any relation’

scheme S =<.-Q, F) also as the algorithm to recognize

whether a given set X¢JSl is or is not a representative set
= - R
In other words, we have not proposed an algorithm to find

all the antikey§of a relation scheme.

They will be presented in a subsequent paper.
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We close our paper with an example.

2.1 Example:

Let S = (fl, F)‘ be a relation scheme and ‘}{s be

the set of all keys for S.

Where ,fl. = {ao,al,az,a3,a4,a5,a6,a7}

U‘s = {Kl,K K K4£

2053
2 {al'a21 K, = {a2'a3'a4l
Ky = {az,a4,a51 Ky = {a4,a6} :
then .J).l = 3= %7 Ki = zal,az,a3,a4,a5,a6§
i=1

G¥= o B {ao,a7} .

The Q. sets of X The antikeys for S; The antikeys for S

2 {ai'a4} L= {az,aB,aS,asg k"1 {ao,az,a3,a5,a6,a_

Q2 — (a2'a61 K_l — {al’a3la4ra51 K—l= {aolalla3la4la5:af

Q3 = {a5,a,{ Xt = {a),a3.25,a] K'= {agsay,a3/25,86,a-

0, = {aysagiagiag] g1 {a,,a,} K i={a_,ay,a,,a,]
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