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1. INTRODUCTION

The prime attributes and minimal keys play essential 
roles for the normalization of relations. In [5], we have 
constructed a combinatorial algorithm that from given rela­
tion scheme, relation or a closure operation determines a 
set of all minimal keys.

The antikeys play important roles for the investigation 
of extremal problems of functional dependencies as well as 
for the construction of concrete relations representing a 
set of minimal keys or finding minimal keys. In [4], we 
constructed a combinatorial algorithm which from given set of 
minimal keys finds the set of all antikeys. In [2], the equi­
valence of sets of minimal keys with Sperner-systems has been 
proved. A set of antikeys is also a Sperner-svstem.

Lucchesi and Osborn [3] proved that the following prime 
attribute problem is NP-complete. Given a'relation scheme S 
and an attribute a, decide whether an attributem a belongs uc 
any minimal key of S. However, in this paper we prove that 
if К = {A^,...,A } is the set of minimal keys over ft and
_ 1К = {B^,...,Bm } is the set of all antikeys of K, then 
a m mU a . =  П \  п B,, i.e, ft\ П в. 

i=1 1 i=1 i=1 1 is the set of all prime
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attributes. Based on this result we are going to construct
an algorithm that decide from a given relation R whether
arbitrary attribute is or isn't prime. We prove that worst- 
-case time of our algorithm is polynomial in the number of rows 
and columns of R. In this paper we give the representation of a 
minimal key through a set of antikeys.

First we give some necessary definitions, and in Section 2
formulate our results.

D e f i n i t i o n  1 . 1 Let R = {h^,...,h } be a relation over 
the finite set of attributes ft and A,B c n, We say that В

ffunctionally depends on A in R (denote A | B) if

(Vh ,h .GR) ( (Va€A) (h (a) = h . (a) ) -* (VbGB) (h (b) =h, (b) ) ) .J J- J 1  J

f
Let FR = { (A ,В): A ^ В}. FR was called the full family 
of functional dependencies in R.

D e f i n i t i o n  1 . 2 Let Í! be a finite set, and denote P(ft)
's power set . Let F с P (ft) X P (ft). We say that F is a
family over ß iff for all A,В, С , D C n

( F1 ) (A,A) 6 F;

(F2) (A,B) 6 F, (B,c) e F -V (А,С) G F;

(F3) (A/B) e f , A C C О lin го (C,D) G F;

(F4 ) ( A , В ) e f , (С, D) G F  -*• (A U C, B ü D) G F,

Clearly, Fr is a f-family over ft.
It is known [l] that if F is an arbitrary f-family, then
there is a relation R over ft such that FD = F.К
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D e f i n i t i o n  1 . 3 The mapping L: P(fi) -*■ P (fi) is called 
a closure operation over fi iff for every A,В a  fi

(1 ) A = L (A) ,
(2) A ? В -»• L(A) ^ L (B ) ,
(3) L (L (A) ) = L (A) .

R e m a r k  1 .1 It is easy to see that if F is a f-familv, 
and for all A ^ fi we set Lp(A) = {b€fi: (A,{b})SF>,
then Lp is a closure operation over fi. Conversely, it is 
proved [l] that if L is a closure operation, there is 
exactly one f-family over fi such that L = Lp, where 
F = { (A, B) : A,BÇfl, В & L (A) } .
Thus, between closure operations and f-families over fi there 
is one-to-one correspondence.
Clearly, for arbitrary closure operation there is a relation
R such that L = Lr. .FR

D e f i n i t i o n  1 . 4 Let R be a relation, L be a closure
operation over fi, and A  fi. A is a key of R (a key of L) i 

fA fi(L(A) = fi). A is a minimal key of R (a minimal kev of L)R
if A is a key of R (a key of L) , but В fi (L(B) ф fi) forR
any proper subset В of A. Denote К (К ) the set of all minima
keys of R(of L). Clearly, KR = Kp and R  ̂ R

R L

fr R' are
Sperner-systems over fi.

D e f i n i t i o n  1 . 5 Let К be a Sperner-system over
-1We define the set of antikeys of K, denoted by К ,

fi. 
as

follows :
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К 1 = {А С П : (Век) (В <fL A) and (ACC) -*■ ( JBGK) (В С С) } .
Ф = Ф

-1It is easy to see that К is also a Sperner-system over ft.

T h e o r e m  1 . 1 ([1,2]). If К is an arbitrary Sperner-
-system, then there is a closure operation L(L') for which 
К = KL (K = К~£.) .

In this paper we always assume that if one Sperner-system 
play the role of the set of minimal keys (antikeys), then 
this Sperner-system is not empty (doesn't contain ft).

2. RESULTS

d e f i n i t i o n  2.1 Let L be a closure operation over ft.

Denote Z(L) = {A 6 P(ft) ; L(A) = A),
T (L) = (A C ft: L (A ) = A and А С В -*■ L (В) = ft}

Ф  Ф

The elements of Z(L) are called closed sets. T(L) is called 
a maximal family of L.

L e m m a  2 . 1 [4] Let L be a closure operation over ft. Then

K~1 = T (L) .

L e m m a  2 . 2 . Let К be a Sperner-system over ft and К  ̂ is 
the set of antikeys of K. Then if A e K, [A| > 2 (that is, A
is a minimal key), then there are В±,В̂  e K-1 , and an attribute
a (a 0 B±) such that A _ B^ U {a}, and a 6 B^.
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If IAI ^ 2  then by Theorem 1.1 there exists a closure
operation L such that К = . Let D be the set for which
D ^ A and A \ D = a ( a 6 fi), i.e. |D| = |A| -1. By Lemma
2.1 and from A 6 K, we have L(D) ф fi, and there is a
Bi(Bi G К 1) such that L (D) c B. It is clear that
A C  B U {a}. From ! A ! >2, we have A U В . .- в ек"1 1 -1 rConsequently, there is B. 6 К such that a 6 B^.
The lemma is proved.

T h e o r e m  2 . 1 . Let К be a Sperner-system over fi and
_ 1К = {В. , . . . ,B } is the set of antikevs of K,A fi.

Then A 6 К holds (that is, A is minimal key) if and only 
if A B^ (Vi = 1,...,m) and for every D (D ^  A) there

is а В . (В. 6 К  ̂) such that D С- В . .i l  = i

P r o o f . We suppose that A is the set for which 
А Ф  B. (Vi = 1 , . . . ,m) and for every D (DCA) there is

* 1 ф
а В. (B̂  G К 1 ) such that D ^ B^. Clearly, if ] A [ = 1, 
then A S K  holds. If IAI > 2  and there is a B. G К ^‘ 1 — l
such that B. Cl A, then A is a key by definition of antike

1 Ф

If there isn't a B. 6 К  ̂ such that В. C  A, then К ^J;A’
1 1 ¥

is a Sperner-system over fi. Then by Theorem 1.1 there exists 
a closure operation L so that К = К , Consequently, if 
L (А) Ф fi then by Lemma 2.1 there is a B^ (B̂  6 К ^) such 
that L (A) C  B^, i.e. A _ B^. This contradicts with the 
fact that А фв. ( Vi = 1 , . . . ,m) . That is, L (A) = Q .
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Because for every set D(D ^  A) there is a (B̂  G К )
such that D ^  B^, it is clear that by the definition of 
minimal key A is a minimal key, i.e. A G К holds.
On the other hand, we suppose that A is a minimal key, i.e.
A G К. It is clear that A ^ B^ (Vi = 1,...,m) (by the 
definition of antikey) and for every D (D ^  A) if D ̂  B^
(Vi = 1,...,m) then by the above proof D is a key, which 
conflicts which the fact that A is a minimal key. Consequently, 
there exists a B. (B. 6 К so that D c B. . The theoreml i = i
is proved.

_ "I

D e f i n i t i o n  2 . 2 Let Q = {A^,...,Am> be a family of 
non-empty sets over £1, and |А̂ | = (Vi = 1 , . , . ,m) . The
following numeration of Q is called primary one:

l lA = {a.,•..,a },•••,A.1 1 T 1 1 a^,...,a ),.*,» A^
i

m
а1 ' . . , a

m
1where we choose â  as follows:

1) Choose a first element a of A^. If there is an
lA^ (1 <_ i <_ m) so that A^ = {a}, then let â  = a. 

Converselv, we mark all elements a, which occur in A.-sl
(1 £ i ^ m) by the star and

2) We choose a following element a of A^. If there is an
И £ i £ m) such that a is a unique element of Ai. 

which was not marked by the star, then let â  = a. 
Conversely, we mark all elements a, which occur in 
A^-s (1 <_ i <_ m) by the star. The 2-th Step is repeated

h 3
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until was chosen.
We choose a^ (p = 2,...,m) as follows:

1

In AP' where P run from 2 to m

3) If there is an a^ such that q < p and a^ G A^,
then let a^ = a^. Conversely, we perforin a following 
step :

4) We choose a first element a of A , which was not markedP
by the star. If there is an Â, (p < i < m) such that a 
is a unique element of A^, which was not marked by the 
star, then a^ = a. Conversely, we mark all elements a 
which occur in A^-s (p i <_ m) by the star. The 4-th 
Step is repeated until a^ was chosen.

5) The 3-th Step is repeated until a™ was chosen.

E x a m p l e  2 . 1 Let Q, = {1,2,3,4,5} and 
A1 = {1,2,5}, A2 = {1,3,6}, A3 = {4,5,6}. Then:

{1 * , 2 ,5 } , { 1 * , 3 ,6 }, { 4 ,5 ,6 };

{1*,2*,5}, {1*,3,6} {4,5,6}; because 5 is a unique
element of Â  which was not marked by the star, we set 
a I = 5 and

{5,1*,2*}, {1*,3*,6}, {4,5,6}; because 6 is a unique 
element of A2 which was not marked by the star, we have 
aij = 6 and

4
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{5,1*,2*}, {6,1*,3*}, {4*,5,6}; because 5 = and
35 G Aj, we have â  = 5. That is, = {5,1,2},

~ {6,1,3} and A3 = {5,4,6} is a primary numeration.

R e m a r k  2 . 1 It is wasy to see that for a given family Q of 
non-empty sets over fi it is possible that there are many 
primary numerations of Q. For the constructing of primary 
numeration we only construct aij'-s (i = 1 , . . . ,m) .
Clearly, the construction of primary numeration depends on the 
order of elements of Ai (i = 1 ,...,m), i.e. if the order 
of elements of A^ (i = 1,...,m) is changed them we can 
obtain a new primary numeration.

R e m a r k  2 . 2 By Theorem 2.1 it is easy to see that if a 6 ft,
m

then {a} e К if and only if a 0 (J B. , where
i—1 1

K-1 = {B1 , . . . ,Bm}.

Theorem 2.2 Let К be a Sperner-system over fi, and
К = {B^,...,B^} is the set of antikeys of K. If a is an
attribute such that there is a sequence (it ,tt ...... ,tt ,) (k > 1)
which is an ordered subset of the indices 1,...,m, and
a 6 B (Vi = 1,...,k), a 0 B . ( v j : j 0 {7r1,...,TTl}), then77 i J I K

1

к
A = U {a. 

i=1
"i } U {a} is an element of K, where

ïïi TTi
{B n ВÏÏ 7Г . 0 1

{ 3. f • • •, aT } } (i = 1 ,...,k) 
*i is primary

numeration. Clearly, I AI >_ 2.
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P r o o f . It is easy to see that by
А П (в П В ) ф 0 (Vi=1,...,i) we have A £ В7T TT . —  IT .0 1 1
(Vi = 1,...,k). From a 0 B_. (Vj : j 0 {ir ̂ , . . . , irv} ) we

-1have A Ç  В . (VB. 6 К \ { B  ,...,В }). Consequently,- 3 1 11 к
А ^ Bi (Vi = 1 , . . . ,m) . Clearly [j { â  } С в holds.

i=1
By the definition of primary numeration for every 
тгi (1 £ i <_ k) there is a tt̂ such that

77 iА П (B̂  П B^ ) = (а Consequently, if D is a proper
" о * j

subset of A such that a 6 A\D, then D Ç в , Clearl'*,—  ТГ0
if D is a proper subset of A so that a G D and 
*iâ  6 A \ D (1 £ i £ k) , then there is a ir̂ so that

71 iА П (В П В  ) = {a. }. Consequently, from a G D and n w . 1
к ° 11
I! {a, } c В we have D С В f Bv Theorem 2.1 A € К. 1  = u - тг ■p=1 о D

holds. The theorem is proved.

Theorem 2 . 3. Let K be a Sperner^-system over Œ and

K-1 = (B.,...,B } is the set of antikeys of K. If A € К 1 m
and IAI £ 2, then there exists an attribute a and a prima

ïïi 71 inumeration {В П В  = а а }, 1 < i < к, к >"о "i 1 Ттг. ” “1
such that (тт , тт. , . . . , ïï, ) is an ordered subset of theО 1 .К
indices 1,...,m, a 6 B^ (Vi = 1,...,k), a 0 B̂

1 к тг
(Vj : j 0 {it. , . . . ,ir, }) , and A = [j (a. } U {a} he Ids.

1 k i=1 1
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P r o o f  If -) AI >_ 2 and A G К, then by Lemma 2.2
_ 1there is a 6 1! and aBi (Bi G К ) such that 

А С b  ̂ U {a}, where a 0 B^.

Denote {B^ } = {В  ̂ G K_1 : a 6 B.).

It can be seen that {B , . ..,B } ф 0 holds, i.e. к > 1.
1 k

We set ïï0 - i • It is clear that (ttq ,тт̂ , . . ., ir̂ ) is an ordered 
subset of the indices 1 , ...,m.

-1By К is a Sperner-system over 0, we have В n В Ф 0.
IT ТГ .О 1

It is clear that a G B^ (Vj : j 0 { ir̂ ,. . . , )  . Because 
A 6 К and by the definition of antikey А Л В Л В Ф  0

TT TT .О 1
(Vi = 1,— ,m). It is easy to see that from A 6 К and by
Theorem 2.1 for every b (b G A\{a}) there is а тт± such that
А П В ^ П В  ={b). Consequently, we can suppose that for о i
every i such that ((В Л В ) Л А) ф  0. В Л В has а

77 о ïïi по ni
following form: В Л В ={а. ,...,а. } andTT ТГ . 1! 10 1 1 Т

А Л В  Л В  = {а. ,а. ,...,а. }, where j < т. Thus, the
"о "i lj+1 1x

elements of A stand in the last places of В Л B After■*- TT TT .O 1

that we construct a primary numeration of {B^ Л В^ : 1 j<i<_k).о 1
к тг •Denote С = [) {а1 } U {a}. It is obvious that a 6 A.
i=1

Clearly, from the construction of primary numeration, we
IT jhave a1 6 A (Vi = 1,...,k). Consequently, C ^ A.

On the other hand by Theorem 2.2 c is a minimal key, i.e,
C G K. Hence С = A holds. The theorem is proved.
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1 ОDenote the element a. From Remark 2,2, Theorem 2.2
and theorem 2.3 we have a following representation of a minimal

к тт •minimal key A, i.e. A e К : A = [} {a^ x } , where к >_ 0.
i=o

* T h e o r e m  2. 4 

over ft and K~ 

Then

Let

= {вг .

iüi **

К - {A^,..., A^} be a Sperner-system 

*',Bm^ is the set of antikeys of K.

m
= n \ П в ..i= 1

£
P r o o f . We suppose that c G U A. (A. 6 K) .

i=1 1 1
Hence ЗА (1 < p < £ and A 6 K) : c G A . By Remark 2.2 p — - P P mit can be seen that if | A | = 1 , then c 0 [j B. , i.e.

P i=1 1
m  - 1c G П B, (B. G К ). If IA I >_ 2, then by Theorem 2.3 
i=1 P

there is on attribute a and a primary numeration

" l 11 i{B^ П В  = {â  r - ' - ' a 1 < i < k, к >_ 1 } such that
71(3 17 i . Tïïi

(ír , ir1 , . . . , тт, ) is an ordered subset of the indices 1 , . . . ,m, О I К
a 6 В (Vi = 1,...,k), a 0 В . (Vj : j 0 { it тт, } ) and7Г . J I Js.

к тт.A = U (a. } U {a}. Then if c = a holds, then c 0 В ,
P i= 1

mi.e. c 0 p B. hold. If 
i= 1  1

ÏÏ .
a. 1 G B fl В we haveтт „ тт .

о
ïïi= â  holds, then by

m
0 , i.e. c 0 П Bii i=1

-1(B. G К ). Hence c 0 f| B. holds. Thus, 
1 i=1
£ m
j* A. C. ft \ p B. holds.

i=1 i=1 1
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It is obvious that 
proved.

£ m
(J A. _ £2 \ П B. . The theorem is 
i=1 1 i=1 1

D e f i n i t i o n  2 . 3 Let Sí be a non-empty finite set, and
R = {h.,...,h } be a relation over £2. Let ED is the 1 m к
equality set of R, i.e. ER = (E^ : 1 £ i £ j £ m) / where
E^j = {a 6 : hi (a) = hj(a)}.

Let MR = (A cz.
+ £2 : ЭЕ. . G E„ : E . . = A and il R il

ЭЕ t X R : A E t : 1 < i < j < m ,  1 < <

MD is called the maximal equality system of R.
ГЧ ""

D e f i n i t i o n  2 . 4 [l] Let F be a f-family over £2, and 
(A,B) 6 F. We say that (A,B) is a maximal right side 
dependency of F iff VB'(BCB') : ( A , В1 ) € F -*■ В ' = В.
Denote by M(F) the set of all maximal right side dependencies 
of F. We say that В is a maximal side of F iff there is an 
A so that (A ,B) G M (F) . Denote 1(F) the set of all maximal 
sides of F.

D e f i n i t i o n  2.5([l,2]) Let К be a non-empty Sperner-
-system and R be a relation over £2. We say that R represents
К if K_ = K, where K0 is the set of all minimal keys of R. К к

T h e o r e m  2.5. Let К be a non-empty Sperner-system, and
-1R be a relation over £2. Then R represents К iff К = MR, 

-1where К antikeys of К and MR is the maximalis the set of
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equality system of R.

P r o o f . Because К is a non-empty Sperner-system, К **
_ 1exists. On the other hand, К and К are uniquely determined

—  1 —  1by each other, we have KR = К holds iff KR = К holds.
-1Consequently, we must proved that К = M„ holds.К к

It is obvious that FR is a f-family. Now, we suppose that
-1A is an antikey of KR, i.e. A 6 KR . It can be seen that

. R fA 7* П. If there exists a В such that A Ç  В and A ■+ B,
f R

then by the definition of antikey we have В ■+ fi. Hence 
fA £ ß holds. This contradicts to Vc 6 KD : c £  a . к к =

So A 6 I(F_) holds. If there is a B' so that B' ^ fi ,R
B' 6 I (Fr) and A _ B', then B' is a key of R. This contra­
dicts to В ' ф il. Consequently, A 6 I(FR)\{$} and 
ЭВ" (B' G I(FR)\n): А С в'. On the other hand, according to 
the definition of relation П 0 MR. It is easy to see that
E.. € I (F ). Thus, M С I(F_) holds. If D is a set so 1J К к — к
that Vc 6 MR : D ^ C, then by the definition of functional

dependency D is a key of R. Consequently, M_ is the set of
maximal distinct elements of I (F̂ ) . So we have A 6 FL,.к к
Consequently, we assume that A G MD. According to the defi-

fnition of relation and M_ we obtain A *■ Q, i.e.
.VB 6 К : В Ч- A. On the other hand because A is a maximal

R f fequality set, for all D (A C  d ) D | Í2 holds. Consequently, 
by the definition of antikey A G KR 
The theorem is proved.

holds.
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D e f i n i t i o n  2 . 6 Let R be a relation over fi and KR be a 
set of minimal keys of R. We say that an attribute a is prime 
of R if there is a A G  KR such that a G A.
Based on Theorem 2.4 and Theorem 2.5 we construct a following 
algorithm.

A l g o r i t h m  2.1 Let R = {h^,...,hm} be a relation 
over П = {a^,...,a }.

S t e p  1 From given a relation R we construct the set
E„ = {E. . : 1 < i < j < m } ,  where E . . = { aGfi : h. (a) = h. (a)} R l] — J — l j

S t e p  2 From ER we construct the set
T = {A C fi: ЭЕ. . G E : E. . = A}.t il R ID

S t e p  3 From T we construct the set
MR = {A G T: ЭВ 6 T: А с в} = {A1f...,AR}.

R к
S t e p  4 We construct the set V = Я \ (1 A. .

i=1 K
R e m a r k  2 . 3 In algorithms we assume that the 

elementary step being counted is the comparison of two 
attributes. Thus, if we assume that subsets of are 
represented as sorted lists of attributes, then a Boolean 
operation on two subsets of requires at most j П| elementary 
steps.

P r o p o s i t i o n  2.1 Let R = {h^,...,hm J be a relation 
over n = {a^,...,am}#

Let KD is the set of. minimal keys of R and к = {в ,... в.}■К К I £

-1K.r = {А̂  , . . . ,А^} is the set of antikeys of R, Then
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Algorithm 2.1 determines the set V = U B., and worst-case
i=1 1

time of this algorithm is polynomial in the number of rows 
and columns of R.

m
P r o o f . Clearly, |MR| <_ |t | £ |ER | = (2) holds.

Consequently, the time complexity of Algorithm 2.1 is
polinomial in the number of rows and columns of R. By

_ 1Theorem 2.3 we have MR = KR . By Theorem 2.4 
к Z

V = Г2\ П A. = U B - holds. The proposition is proved, 
i=1 1 i=1

It is easy to see that based on Algorithm 2.1 from a given
relation R we decide whether arbitrary attribute a is prime

Z(that is, a 6 [) B.) or not.
i=1 1

The following corollary is obvious.

Z

C o r o l l a r y  2 . 1 There exists an algorithm that from a 
given relation R, decide whether arbitrary attribute a is 
prime one of R or not, and worst-case time of this algorithm 
is polinomial in the number of rows and columns of R.
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Eredmények a prim-attributumokra vonatkozóan

Vu Duc Thi

Összefoglaló

A szerző bebizonyítja, hogy ha egy relációs adatbázisban 
К = ÍA^,...,A^} a minimális kulcsok halmaza fi felett, és 
К = {B,,...,B } az anti-kulcsok halmaza, akkor 
ü m m
(J A. = fi \ П B. , azaz /fi \ D B. / a prim-attributumok

i = l  i= 1  i = l  1

/"prime-attributes"/ halmaza. Felhasználva ezt az eredményt, 
algoritmust ad annak eldöntésére, vajon egy adott R relá­
cióra vonatkozó attribútum prim-e vagy sem. Algoritmusa az 
R reláció sorainak és oszlopainak számára nézve polinomiális.

Результаты касющиеся прим-атрибутов

By Диц Тхи 
Р е з ю м е

Пусть в реляционной базе данных К = {А^,А^,...,А^} есть мно­
жество минимальных ключей /над fi/, а К 1 = (В,,...,В } множест-о 1 шI. mва анти-ключей. В статье доказано, что U A. =fi\ 0 В., други-

i=l 1 i=l 1
ми словами /fi \ О В^/ есть множество прим-атрибутов. Используя 
этот результат, автор дает алгоритм для решения вопроса, что 
данный атрибут есть прим или нет. Число шагов алгоритма есть 
полиномиально в числе столбцов и рядов в реляции R.
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