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1. INTRODUCTION

The prime attributes and minimal keys play essential
roles for the normalization of relations. In [5], we have
constructed a combinatorial algorithm that from given rela-
tion scheme, relation or a closure operation determines a

set of all minimal keys.

The antikeys play important roles for the investigation
of extremal problems of functional dependencies as well as
for the construction of concrete relations representing a
set of minimal keys or finding minimal kevs. In [4), we
constructed a combinatorial algorithm which from given set oZf
minimal keys finds the set of all antikeys. In (2], the equi-
valence of sets of minimal keys with Sperner-systems has been

proved. A set of antikeys is also a Sperner-system.

Lucchesi and Osborn [3] proved that the following prime
attribute problem is NP-complete. Given a’'relation scheme £
and an attribute a, decide whether an attributem a belongs tc
any minimal key of S. However, in this paper we prove that

PES K= {A1""’A£} is the set of minimal keys over & and

K = {B1,...,B } is the set of all antikeys of K, then

m

m
i gr  Liev @\ B, 1is the set of all prime

) m
[ & =8\ I B,
=1 i=1 i=1
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attributes. Based on this result we are going to construct
an algorithm that decide from a given relation R whether

arbitrary attribute is or isn't prime. We prove that worst-
-case time of our algorithm is polynomial in the number of rows
and columns of R. In this paper we give the representation of a

minimal key through a set of antikeys.
First we give some necessary definitions, and in Section 2

formulate our results.

Definition 1.1 Let R = {h1""’hm} be a relation over
the finite set of attributes @ and A,B & Q. We say that B

B) 1f

Byrh

functionally depends on A in R (denote A

(Vhi,thR)((VaeA)(hi(a) hj(a)) - (VbeB)(hi(b)=hj(b))).

f

Let Fp = {(A,B): A % Bl}. F. was called the full family

of functional dependencies in R.
Definition 1.2 Let Q@ be a finite set, and denote P(Q)
it's power set. Let F & P(Q) x P(2). We say that F is a

f-family over & iff for all A,B,C,D € @

(F1) (A,A) € F;
(F2) (A,B) € F,(B,C) € F > (A,C) € F;
(F3) (A,B) EF, RS C, DEB (C,D) € F;

(F4) (A,B) € F, (C,D) e F »(AUC, BUD) e F,

Clearly, F, is a f-family over Q.

R
It is known [1] that if F is an arbitrary f-family, then

there is a relation R over Q such that FR = F,
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Definition 1.3 The mapping L: P(Q) » P(Q) is called

a closure operation over Q@ iff for every A,B C Q

{13 a B Lia)y,
(2) A€ B> L(A) & L(B),

(3) L(L(A)) = L(A).

Remark 1.1 1t is easy to see that if F is a f-family,

and for all A S Q we set L,(A) = {ben: (A,{b})€F},

B

then LF is a closure operation over Q. Conversely, it is
proved [1] that if L is a closure operation, there is
exactly one f-family over Q@ such that L = Lps where

F= {(A,B): A,BSQ, B L(A)!}.

Thus, between closure operations and f-families over @ there
is one-to-one correspondence,

Clearly, for arbitrary closure operation there is a relation

R such that L = LF -
R

Definition 1,4 Let R be a relation, L be a closure
operation over 9, and A & Q. A is a key of R (a key of L) if
£
A E Q(L(A) = @), A is a minimal key of R (a minimal key of L)

f
if A is a key of R (a key of L), but B # @ (L(B) # Q) for
R

any proper subset B of A. Denote KR(KL) the set of all minimal

keys of R(of L). Clearly, Kp = K and K_, K. are
FR R L

Sperner-systems over Q.

Definition 1.5 Let K be a Sperner-system over Q.

We define the set of antikeys of K, denoted by K—1, as

follows:



=2 L0 =

1 = (a¢cn: (BEK) (B A) and "(AC C) + (JBEK) (B'C C)}.

# # =

It is easy to see that K_1 is also a Sperner-system over Q.

Theorem 1.1 ([1,2]). If K is an arbitrary Sperner-
-system, then there is a closure operation L(L') for which

=1
L (K - K L').
In this paper we always assume that if one Sperner-system

play the role of the set of minimal keys (antikeys), then

this Sperner-system is not empty (doesn't contain Q).

2. RESULTS

Definition 2.1 Let L be a closure operation over Q.

Denote Z(L) = {A e P(8) 3 L(A) = A},
T(L) = {ACgqg: L(A)=ARand ACB - L(B) = q}
# #

The elements of Z(L) are called closed sets. T(L) is called

a maximal family of L.
Lemma 2.1 [4] Let L be a closure operation over Q. Then

-1 _
K, =~ = PLL) «

Lemma 2.2. Let K be a Sperner-system over O and K | is
the set of antikeys of K. Then if A € K, |A| > 2 (that is, A
is a minimal key), then there are Bi'Bj € K_1, and an attribute

a (a ¢ B;) such that A _ B, U {al, and a € Bj.
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If |A| > 2 then by Theorem 1.1 there exists a closure

operation L such that K = K Let D be the set for which

L°
D ?-A and A\ D= a(a€Q), i.e. |D| = |A| - 1. By Lemma
2.1 and from A € K, we have L(D) # §, and there is a

B, (B; € K™') such that L(D) € B. It is clear that

ACBU{a}. From |A| > 2, we have A< | B
» 7, ~ B, ek
t
such that a € Bj'

£

Consequently, there is Bj € K_1

The lemma is proved.

Theorem 2.1. Let K be a Sperner-system over { and

=1

K = {B ,Bm} is the set of antikeys of K,A € @,

qreee
Then A € K holds (that is, A is minimal key) if and only

if A‘i?Bi (vi =1,...,m) and for every D (D §—A) there

is a B; (B; € K ') such that D € By,

Proof. We suppose that A is the set for which

A % B, (vi=1,...,m) and for every D (D C A) there is
£ 7
a B, (B, € K ') such that D & B, . Clearly, if |A| = 1,
. 3. F i
-1

then A € K holds. If |[A| > 2 and there is a B; € K

such that BiC:‘A, then A 1is a key by definition of antikev.
#
-1

If there isn't a Bi e K’_1 such that BiC: A, Ehen =K g iAC
#

is a Sperner-system over Q. Then by Theorem 1.1 there exists
a closure operation L so that K = KL' Consequently, if
L(A) # @ then by Lemma 2.1 there is a B, (Bi € K_]) such

that - LAA)E Bi’ raent K Bi’ This contradicts with the

fact that A ilBi (vi = 1,...,m). That is, L(A) = q.



=202 =

1

Because for every set D(D §iA) there is a B; (B, € Al

such that D E:Bi, it is clear that by the definition of
minimal key A is a minimal key, i.e. A € K holds.

On the other hand, we suppose that A is a minimal key, i.e.
A € K. It is clear that A $ By AvE =g ) o (byoshe
definition of antikey) and for every D (D glA) LERND) ?’Bi
(vi =1,...,m) then by the above proof D is a key, which
conflicts which the fact that A is a minimal key. Consequently,

1

there exists a B; (B; € K ') so that DE B,. The theorem

is proved.

Definition 2.2 Let Q = {A1,...,Am} be a family of
non-empty sets over @, and |Ai| = g Y= Tpsseimde Bhe

following numeration of Q is called primary one:

1 1 g3 s =
A1= {a1,...,aT1},...,Ai= a1,...,ari},.,.,Am— a],oou’a-[m

1
where we choose a1 as follows:

1) Choose a first element a of A1. If there is an
1
Ai (1 < i < m) so that Ai = {a}, then let a1 = a.
Conversely, we mark all elements a, which occur in Ai-s

(1 < i < m) by the star and

2) We choose a following element a of A1. If there is an
Ai (1 < i < m) such that a is a unique element of Ai.
which was not marked by the star, then let a; = a.

Conversely, we mark all elements a, which occur in

Aj-s (1 < i <m) by the star. The 2-th Stepis repeated
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1
until a1 was chosen.

We choose a? (p = 2;.94:m) a8 follows:

In Ap' where P run from 2 tom

3) If there is an a? such that g < p and a? e Ap,

then let ag = a?. Conversely, we perform a following

step:

4) We choose a first element a of Ap’ which was not marked

by the star. If there is an Ai (p <« £ <« m) , such that
is a unique element of Ai, which was not marked by the
star, then a? = a. Conversely, we mark all elements a
which occur in A, -s (p < i £ m) by the star. The 4-th

p

Step is repeated until aj was chosen.

5) The 3-th Step is repeated until aT was chosen.

Example 2.1 et @ = {1,2,374,5} and

By = 115225, A2 = {¥,3,6}, A3 = {4,5,6}. Then:

1
{1%,2,5y A1%,3,6}, {4:5,6%;
- e R 0 SR B Rl M {4,5,6}; because 5 is a unigue
element of A1 which was not marked by the star, we set
a% = 5 and
{S58%72%) ¢ AT ,3%,6y {4,5,6}: because 6 is _a unhigue
element of A2 which was not marked by the star, we have

a% = 6 and

a
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i
{5.0% 2%k, {6, 17:3% ], {4%,5476} :  becaugsew b = a, and

3
5 € A3, we have a,; = 5% That 718, A1 = iS5 2 Y

A2 = {6;1,3}. and A3 = {5,4,6} is a primary numeration.

Remark 2.1 It is wasy to see that for a given family Q of
non-empty sets over @ it is possible that there are many
primary numerations of Q. For the constructing of primary
numeration we only construct a%—s (4. = sy n)S
Clearly, the construction of primary numeration depends on the
order of elements of Ay (1. 5. 1 e ym)yy  dilel A4F, Ehevordery

of elements of Ai (i=1,...,m) is changed them we can

obtain a new primary numeration.

Remark 2.2 By Theorem 2.1 it is easy to see that if a € @,
m
then {a} € K if and only if a ¢ | B;, where
1=
-1

K = {B1,...,Bm}.

Theorem 2.2 Let K be a Sperner-system over £, and
K = {B1,...,Bm} is the set of antikeys of K. If a is an
attribute such that there is a sequence (no,n1,...,nk) (k > 1)

which is an ordered subset of the indices 1,...,m, and

a €B_ (VL = 1sesueik)y a4 Bj(Vj : j ¢ {w1,...,ﬂk}), then

3.
k L
A= | {a,| } U {a} is an element of K, where
i=1
{Bnoﬂ B1Ti = {a1 ,...,aT"i}} (i = 1,..:;k) 48 primary
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Proof. It is easy to see that by

AN (B n Eﬂ ) e END (vi =1,...,i) we have A EB_
o} 3. = ™4

(VL =0 pseepleds From a '@ Bj (V1 = 78 {n1,...,nk}) we
have A & B. (VB. € K—1 N AB. ises:B. 1) -Consequently,
T ) g T Ty <
s Ty
AgB;, (vi=1,...,m. Clearly | {a; '} €B_ holds.
i=1 % 0

By the definition of primary numeration for every

L (1 "4 = B) *there is a ™5 such that

‘n' .
& s Bl
AN (BTT n BTT ) = {a 1}. Consequently, if D is a prcper

0 j

subset of A such that a € A\D, then DG BTr , Clearly,
(0]

if D- is a proper subset of A so that a € D and

‘rr :
i
a;, €AND (1 <1i<k), then there is a "y 8O that

L |

{a,I }. Consequently, from a € D and

A0 (B . 0B )
k 5 J
Uf{a, "} €B we have DEB . By Theorem2.1 A € K

r=1 0 1

holds. The theorem is proved.

Theorem 2.3. Let K Dbe a Sperner-system over Q and

K7 e {B1,...,Bm} is the set of antikeys of K. If A € X

and |A| > 2, then there exists an attribute a and a primarz
mes ™

- i i
numeration {B n B = A o Nra T, iy < ARk e s
™ s 1 T - — -
(o] 3k |
1.
such that (no,n],...,nk) is an ordered subset of the
indices ‘lpaestym, @ a.€ BTr OVl =il o o ) et B Bj

e k s

(Vi ¢4 @ (% bene,md), and A= {a1l} U {a} hclds.
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Proof I1If {A| > 2 and A € K, then by Lemma 2.2

there is a € @ and aB, (B; € K_1) such that

AEBi U {a}, where a ¢ B -

e e U
Denote {B1T ,...,B1T } = {Bi. €K : a € Bj}.

1 k J

It can be seen that {BTT reeosB 1:#°9 holds', 4.e. k.o 7.
1 k >

We set m_ = i. It is clear that

- (no,n1,...,ﬂk) is an ordered

subset of the indices 1,...,m.

By K| is a Sperner-system over Q we have B_ N ﬁn # 0.

o) i
ITt-is elear” that a € Bj vj = J & {n1,...,wk}). Because
A € K and by the definition of antikey A n B_ N EW £ @
c i
(vi = 1,...,m). It is easy to see that from A € K and by

Theorem 2.1 for every b (b € A\{a}) there is a TS such that

ANnB_ N En = {b}. Consequently, we can suppose that for
o i

every i such that ((B_n B ) NA) #@. B n Ew_ has a

following form: B_ n B =4a. ,vees@y ¥ and

ARAB NB = {a; , a peeesay }, where 3j < 1. Thus, the

elements of A stand in the last places of BTT n ﬁn . After

0 i
that we construct a primary numeration of {B1T N En,=1.§iik}-
0 3
k L
Denote €= |] f{a; "} U {a}. It is obvious that a € A,

i=1 )

Clearly, from the construction of primary numeration, we

m
have a, 1en (Vi = 1,...,k). Consequently, C € A,

On the other hand by Theorem 2.2 C is a minimal key, i.e.

C € K. Hence C = A holds. The theorem is proved.
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™
Denote a, ° the element a. From Remark 2.2, Theorem 2.2

and theorem 2.3 we have a following representation of a minimal

e
minimal key A, i.e. A €K : A = || {a, 1}, where k > 0.
i=o
* Theorem 2.4 Let K = {A1,...,A2} be a Sperner-system

&)

over Q and K = {B1,...,Bm} is the set of antikevs of K.
Then [} m

U Al=Q\.ﬂ B, .

i=1 i=1

[
Proof. We suppose that c¢c e || A, (A; € K).

i=1 *t
Hence 3A (1 < p<gtand A_€XK) ¢ ¢ € A_. By Remark 2.2
P i B p & o
it can be seen that if lApl =1, then ¢ g || B,, i.e.
i=1
T -1
ce  fl By UB; €X ). If |Ap| > 2, then by Theorem 2.3
i=1

there is on attribute a and a primary numeration

= 'ﬂ'i T+
B, NEB. SMa e.ed b, 1 @a’E %k, ¥ 1) Bch that
m s 1 T = - -
0 € : T4
(no,n1,...,ﬂk) is an ordered subset of the indices 1,...,m,
a€eB (vl = A, 250,k @@ Bs (V3 23 & {n1,...,wk}) and
Ty ]
k Ty
B = | {1a;} v {aly Then if ¢ '=.a holds, then © @ B_ ;
B o "o
m Ty
i.es c €& 1] Bi holdi ITf ¢ = a, holds, then by
i=1
™y A m
a, €B NB we have c @ B, i.e. ¢ ¢ .D B,
o} h Sk i=1
e m
(Bi € K ). Hence c @ B, holds. Thus,
i=1
2 m
U 2; &£\ [ B, holds.
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m
A, _ 2\ fi B;. The theorem is
i= faq o

e

It is obvious that

proved.

Definition 2.3 Let Q be a non-empty finite set, and

RUE {h1,...,hm} be a relation over Q. Let ER is the

equality set of R, i.e. Ep = {Eij ¢ 1 <1< 3j<m}, where
e e {a€e : h;(a) = hj(a)}.

= C. . . 3
Let MR {A I 2 : aEij € ER : Eij A and

JE L. XR: A g-E 1 2ieFsmy 1 & &€l

MR is called the maximal equality system cf R.

Definition 2.4 [1] Let F be a f-family over @, and
(A,B) € F. We say that (A,B) is a maximal right side
dependency of F iff VvB'(BE&EB') : (A,B') € F ~ B' = B.
Denote by M(F) the set of all maximal right side dependencies
of F. We say that B is a maximal side of F iff there is an
A so that (A,B) € M(F). Denote I(F) the set of all maximal

sides of F.

Definition 2.5([1,2]) Let K be a non-empty Sperner-
-system and R be a relation over Q. We say that R represents

K if Kp = K, where Ke is the set of all minimal keys of R.

Theorem 2.5 Let K be a non-empty Sperner-system, and

R be a relation over Q. Then R represents K iff K = Mg,

where K_1 is the set of antikevs of K and MR is the maximal
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equality system of R.

Proof. Because K is a non-empty Sperner-system, K_1

1

exists. On the other hand, K and K~ are uniquely determined

by each other, we have Kp = K holds iff K;' = K|

Consequently, we must proved that K;1 = M, holds.

It is obvious that Fo is a f-family. Now, we suppose that
1

holds.

A is an antikey of Kp, i.e. A € Kp

R * It can be seen that

R ¥
A # Q. If there exists a B such that AGE B and A E B,
f
then by the definition of antikey we have B 3 2. Hence
£
A g @ holds. This contradicts to Vc € Kp : c € A.

So A € I(FR) holds. If there is a B' so that '‘B' # @,

B' € I(Fp) and A _ B', then B' is a key of R. This contra-

dicts to B' # Q. Consequently, A € I(FR)\fﬂ} and
3B' (B' € I(Fp)\Q): A % B'. On the other hand, according to

the definition of relation Q@ ¢ M It is easy to see that

R
Eij = I(FR). Thus, MR < I(FR) holds. If D is a set so

that Vc € MR s D ?’C, then by the definition of functional

dependency D is a key of R. Consequently, M, is the set of

R

maximal distinct elements of I(FR). So we have A € MR‘

Consequently, we assume that A € M According to the defi-

R
nition of relation and MR we obtain A £ Qg 1.€.

VB € KR : B ¥1A. On the other hand because A is a maximal
equality set, for all D (A‘; D) D % Q holds. Consequently,
by the definition of antikey A € k2" Holds.

R

The theorem is proved.
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Definition 2.6 Let R be a relation over @ and Kp be a
set of minimal keys of R. We say that an attribute a is prime
of R if there is a A € KR such that a € A.

Based on Theorem 2.4 and Theorem 2.5 we construct a following

algorithm.

Algorithm 2.1 Let R = {h1,...,hm} be a relation

over § = {a1,...,am}.

Step 1 From given a relation R we construct the set

Ep = {Eij : 1 <1i<3j<m}, where E,. = {a€a : h,(a) =1%(a)L

Step 2 From E, we construct the set

= [ =4 . o —
T {Afsz. aEij € ER : Eij Al}.

Step 3 From T we construct the set

= ¢ 3 : c =
MR {Ae T: 3B € T: A 5 B} {A1,...,AR}.
R k
Step 4 We construct the set V =0 \ |] Ay .

i=1

Remark 2.3 1In algorithms we assume that the
elementary step being counted is the comparison of two
attributes. Thus, if we assume that subsets of Q@ are
represented as sorted lists of attributes, then a Boolean
operation on two subsets of @ requires at most |Q| elementary

steps.

Proposition 2.1 Let R = {h1,...,hm} be a relation

over Q = {a1,...,am}_
Let Kp is the set of minimal keys of R and Kp = {B1,...,B2}.
K;1 = {A,...,A} is the set of antikeys of R, Then
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j 4
Algorithm 2.1 determines the set V = | B, /
i=1
time of this algorithm is polynomial in the number of rows

and worst-case

and columns of R.

m
Proof. Clearly, |Mg| < |T| < |Eg| = (,) holds.

rl
Consequently, the time complexity of Algorithm 2.1 is

polinomial in the number of rows and columns of R. By

-1

r - BY Theorem 2.4

Theorem 2.5 we have MR = K

£
v=a\fl a, = | B; holds. The proposition is proved,
i=1

It is easy to see that based on Algorithm 2.1 from a given
relation R we decide whether arbitrary attribute a is prime

L
(that is, a € |

Bi) or not.
3=1

The following corollary is obvious.

Corollary 2.1 There exists an algorithm that from a
given relation R, decide whether arbitrary attribute a is
prime one of R or not, and worst-case time of this algorithm

is polinomial in the number of rows and columns of R.
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Eredmények a prim-attributumokra vonatkozodan

Vua. bue Thi

Osszefoglald

A szerzd bebizonyitja, hogy ha egy reldcids adatbazisban

K = {Al,...,AQ} a minimdlis kulcsok halmaza Q felett, és
Kml = {Bl,...,Bm} az anti-kulcsok halmaza, akkor

L m m

U A, =@\ n B,, azaz /2 \ N B,/ a prim-attributumok
o <E 4 i il 4
i=1 i=1 i=1

/"prime-attributes"/ halmaza. Felhaszndlva ezt az eredményt,
algoritmust ad annak elddntésére, vajon egy adott R rela-
cidra vonatkozd attributum prim-e vagy sem. Algoritmusa az

R relacid sorainak és oszlopainak szamadra nézve polinomidlis.

Pe3ynbTaThH Kacoluecs IIPUM—-aTpPHOYTOB

By Iuu Txu

Pe swomMme

[IyCTh B PEeJIAIUOHHON 6a3e HaHHHX K*={A1,A2,...,A£} €CTb MHO-

XKeCTBO MHHHMAJBbHHX KJmouew /Ham R/, a K-l= {Bl,....Bm} MHOXeCT-

Ba aHTU-KJIOYer. B cTaTeke noxaaaHo,quo ﬁ Ai=S2\ ngi’ Opyrua-
: i=1 i=1

mu cnosamu /9 \ N Bi/ €CTh MHOXECTBO NPHM—-aTPHOBYTOB. UCHNOnNm3ys

S5TOT pe3yabTaT, aBTOP OaeT aJITOPHTM IJIS PeumeHus BOIpoca, 4YTO

OaHHHHA aTpUbyT eCTh IPHUM HJIH HeT. YHCJIO maroB aJIrOPHTMa e€CTh

IIOJIMHOMHAJIBHO B YHCJIe CTOJIOHOB H PAINOB B pesyiaAlHH R.
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