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ABSTRACT

A service system M(M) 1, (n + 1) which operates for a finite period of time, is considered. 
The system is associated with a simple cost structure. The paper deals first with the problem 
of finding the optimal service rate which minimizes the expected total costs. Then the optimal 
arrival rate under the same criterion is investigated. Numerical results for both cases are given. 
The optimal service rate for queuenig systems with infinite operation time is discussed.

INTRODUCTION

This paper is motivated by [ 1 ] in which the input of a similar service system is controlled 
by using a rejection time policy. The present paper deals with the problem of controlling the 
system by two different approaches. First controlling the system through the service facility 
by choosing the optimal service rate. Then the system is controlled through the input by 
choosing the arrival rate optimally.

Consider an MlMl 1, (n + 1) queueing system which operates for a finite period of time 
(0,7). The system starts at time t = 0 with no customers. Customers arrive according to a 
Poisson stream with mean arrival rate X. An arriving customer enters the system only when 
the number of the present customers at his arrival is less than n + 1. The service times are 
independent exponentially distributed random variables with mean 1/p. After the closing 
time T, no new arrivals are accepted and the present customers in the system, if there are 
any, are to be served in an overtime.The system is associated with the following costs:

i- The cost (loss) per unit time when the server is idle during the period (0,7), is Cr

ii- The runing cost per unit time when the server is busy during the period (0,7), 
üs CB .

Hi- The overtime runing cost per unit time (occurs after the closing time 7), is CQ.

To avoide trivial cases, we consider only the cases when

Cj > CQ > Cg , ОГ CQ > (^ y  Cg.

In both cases C; > , since a busy server procedure revenue (the system operates economi­
cally), while a free server représentes loss for the system.

THE EXPECTED TOTAL IDLE PERIOD DURING (0 ,0

Let Bk (t) denotes the expected total time the system spends, with no customers during 
the interval (0,0, given that the system has started at the opening time with к customers,
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k  = 0,1........, n + 1.

If the system starts with к customers at the opening time t -  0, then it may happen that 
the first transition in the Markovian queue size process:

i- is due to an arrival during (xjc + dx) which accurs with probability

-  (X + u)X
Xe dx, if 0 <  к < n.

ii- is due to a departure during (x,x + dx) which occurs with probability 

це ~  MX dx  if к = n + 1 and with probability

це~ (x + dx if 1 < к <  n.

Integrating over all values of 0 < x  <  t, it follows taht B(t), к = 0,1, . . . , n + 1 satis-
k

fies the system of integral equations

BAt)  = X J [x + B(t — x)]e dx,
O ' * 1

(1) BkA) = X /e “ (x +tl)x Bk+1(t -  x)dx + /uj e~(x + ^ XB. _ A t  -  x)dx,  1 < к <n, 
о 0

5 n+1(0  = n f  е~*хВп+1и  -  x)dx. 
о

If B*(s) = /  e~ st B(t)dt, к = 0,1, . . . , n + 1 denote the Laplace transform of BAt),
K о к

then the system ( 1 ) can be written in the form

( 2)

(X + s)£j(s) -  X5*(s) = X/s(X + s),

(M+i )  B*+l(s) -  B̂*n(s) = 0,

(X + M + s)B*k (s) -  Xß^+1 (s) -  lJBk _ J (s) = 0, 1 < к < n,

The determinánt of the coefficients of the system (2) has the form
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\ +  s -  X 0 ........................................  О
— ц Х + д + í  —X ......................................... о
О

Дл+ 2^  ~
О

-  м
о ............................  о

Denoting the right lower subdeterminant of order 
easily shown that

X + n + s — X 
— M Ц + s

к in A „+2(s) by Ak (s), then it can be

( 3 ) R * (  .  _
0UJ s(X + s)An+2(s)

In order to decompose B*Q(s) by partial fractions, we examine the roots its denumerator 

p„+40) = s(X + s) An+2 (s).

It can be shown, as in [2], that Pn+4(s) = 0 has

a) one repeated root = 0,
b) one root s — — X,
c) n + 1 distinicit negative roots Sj ,s2, . . , , sn+l.

It is easy to show that the necessary and sufficient condition that one of the roots 
Sj ,s2, . . . , sn+1 coincides with the single root s = — X is

A„(-X) = 0.

By the virtue of the above discussion, if A„(—X) 4 0, then

Л + 1
Pn+4(s) = (s -  s0)2O + X) П  (s -  s.), 

and

(4) * К  an c
5 o^) = - f + - + ------ -s2 s s + X

n+l h

/•=1 5 sj

where the coefficients are given by
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(5)

,n+1
л+1
П  sti= 1 '

V i ( -  X)
C n+1 >

x #  (—X —s,)
í=i 1

4 , + i t y
/i+l

s,2(s. + X) П  (s. -  s )
iti] v ;

and
n+l

a0 = ~  + -2” fy).о /=! I

j=  l , 2 , . . . ,  n + 1,

On inversion, we get

" +1 s.f
(6) 5 0(O = + aQ + ce—xr + bje > .

By the same way, a similar expression can be obtained for BQ(t) when A^(—X) = 0.

Now the expected total idle and busy period during the time of operation (0,7), is 
BQ(T) and T — B Q(T) respectively.

THE EXPECTED TOTAL COSTS

It remains now to find the expected overtime caused by the customers present at the 
closing time T. Let Pk(t), 0 < к <  n + 1 be the probability that there are к customers at 
time t, in the system. They satisfy a finite system of linear differential equations. The eigen­
values of that system are the roots of An+2(s) = 0, discussed in section 2. The corresponding 
eigenvectors can be determined, as in Lemma 2 in [2], to get pk {t) finally in the form

И+1 у t
(7) pk{t) = Z  d . a e * , к = 0 ,1 ,------n + l ,

where a j ^  is the (k + 1)^- componant of the eigenvector corresponding to the eigevalue 
s., and djS are arbitrary constants to be determined from the initial condition of the system 
(the number of customers in the system at t = 0).

Now the objective function, given that the system has started with no customers, is given 
by

(8) Cr (M) = CfB0(D  + CB(T -  Bq(D) + c 0 2  \-pjLT)
i=l M

The numerical results concerning the optimal service rate p* for fixed values of X in the 
case of finite waiting room with capacity n, can be summerized as follows:

a.) Cj = 4, CQ = 2, CB = 1, n = 5 and T  = 10,
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X 0.5 1.0 1.5 2.0
*M 0.84 1.20 1.50 1.90

b.) Cj = 2, CQ = 3, CB = 1, и = 5 and T = 10,

X 0.5 1.0 1.5 2.0
Д* 1.70 2.13 2.60 3.0

Concerning the optimal arrival rate X* for fixed values of д in case of finite waiting room 
with capacity n,  we get

c.) Cj = 2, CQ = 3, Cg = 1, « = 5 and T = 10,

M 2.5 3.0 3.5 4.0
X* 2.11 3.05 4.16 5.13

d.) C7 = 4, C0 = 2, Cg = 1, n = 5 and Г = 10,

0.84 1.20 1.50 1.90
X 1.08 5.60 7.51 10.0

Tables 1 and 4 shows that for a queueing system Af/M/1, (и + 1) with fixed values of 
C/; C0, C g , n  and T, the optimal arrival rate A* corresponding to a fixed value д, does 
not imply that д is the optimal service rate for the same system with X = X*.
This is due to the fact that the dependence of the objective function (8) on X and д is 
not only throuhg the ratio А/д.

OPTIMAL SERVICE RATE FOR QUEUEING SYSTEM WITH T  = °°

Consider the system M/M/l, (n + 1) which operates for infinite period of time 
(T = °°). The arrival and service rates are X and д respectively. The system is associated 
with the following costs: i-

i- r1 is the revenue provided by a served customer. 
ii- r2 is the loss of the system caused by a lost customer (because of the fullness 

of the waiting room).
in- CI is the cost (loss) per unit time when the server is idle.
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Denote by vA (7) the number of the admitted (joining) customers during a time interval 
(0,7), and by vL(T) the number of lost customers (beceaase of the fullness of the waiting 
room) during (0,7).

The purpose of this section is to find the optimal service rate p* that maximizies the 
average expected net revenue given by

(9) CjOi)= lim k[rxEvA( T ) -  CjB^D],T “̂ oo

where BQ(T) is the expected total idle period during (0,7) given by equation (6).
Putting p = X/p, then the stationary probabilities p*k that there are к customers in the 
system are given, see [3], by

( 10)
+ Pn+l1 + о +

к = 0,1 , . . . , n + 1.

Now we have that

and

7 ^ ( 7 )
lim —------

T -+ » XT

в 0т

1 *
= 1 -  pn+i*

(11) |im T ■■ = p0-

From equations (10) and (11), the objective function given by (9) can be written in the form

(12) C. (m) = Ár, 1 + P ±  • • • ±  РП _  c r ----------------------- --
1 1 1 + p + . . .  + pn+1 1 1 + P +  . . . p " +1

= Xrr
Xr1p”+1 + Cj

1 + p + . . .  + p"+1

Taking the first derivative of (12) with respect to p and equating to zero, we get

nÿ l
(13) Xr1[p”+1 (к + l)p* -  {n + 1 )p" 2  pk ] + C. 2  (к + 1 )pk = 0.

1 K u k=o 1 к --о

The left hand side of the later equation is a polynomil of degree In in p, it can be written 
in the form

2 n
(14) f  (p) = 2 a j ,

2n i =0 '

where
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a. = (i + l)C/;
= (« + 1)(C7 -  X# )̂, 
= — (2 n + 1 — 0 Xr7)

0 < i < n — 1, 
t -  n,
n + 1 <  i <  2n.

It is easly seen that the equation /  (p) = 0 has only one positive root p as follows:2/i
Since f 2n(0) = a0 > 0 and < 0, then f 2n(p) = 0 has at least one positive root.

Applying Descartes’rule of sings, see [4], (which states that number of positive roots of a 
polynomial is equal to the number of variations in sign in the sequence of coefficients of this 
polynomial oris less by an even number), it follows that f 2n(p) = 0 has only one positive root 
д  It is clear that the number of variations in sign of the coefficients a .s given by (14), does 
not change whatever the relation betwe en and Cr

Taking the second derivative of the objective function given by (12) with respect to p, 
we get

Ct(p)
p - p < 0.

By virtue of the above discussion we conclude that the optimal service rate p* at which 
the objective function Cj (p) attains its maximum is unique and equal to X/p where p is 
the unique positive root of (13).
However the upper bound of the positive root of (13) which is given in [4] by

(15) 1 + {" + 1V nCIl'Krl

may give a rough description of the behavior of the unique root p and concequently the 
optimal value p* of the service rate, when the values of X /j and Cj changes. We discuss 
in the following example the behavior of the optimal service rate p* for the simple case 
n — 1, where an explicit formula for the unique positive root p exists.

Example: For waiting room capacity n = 1, we get

XM1 + p ) - C .
С1 ^ = — л----------- г '1 + p + p 2

and equation ( 13) gives

'Krl p2 + 2(Xr1 — Cj)p + Cj = 0.

The positive root p of the later equation is given by
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(16)
-  (Xrj -  Cj) + ]/C\rl -  Cj)2 -  Xr7C7

X/\ if Xtj ^C 7

P = 1 if X/'1 = C7.

From (16) it can be aesily shown that д* has the properties 

a.) d * ^  c\ 
dCj ß <  ° ’
i.e. the optimal mean service time l /д* increases as C7 increases, 

b.) £ r  M* >  0,

i.e. the optimal mean service time l /д* decreases as rj increases.

C.)

i.e. the optimal mean service time l /д* decreases as X increases.

It is clear that the properties of the optimal mean service time l /д* agrees with the properties 
of the upper bound of p given by (15) when n = 1.

The numerical results obtained for the optimal service rate д* in the case of infinite 
operation time (Г  = °°) can be summerized as follows:

1.) For fixed Cj -  3, rl = 2 and n = 4

X 1 2 3 4

M* 0.80 2.04 3.51 5.15

2. For fixed X = 2 and n = 5 , the values of д are given in the following table

\ Cl
r l \

1 2 3 4

1 2.28 1.88 1.68 1.55
2 2.75 2.28 2.04 1.88
3 3.05 2.55 2.28 2.11
4 3.28 2.75 2.47 2.28

It is clear from tables 1 and 2 that the properties a,b and c for the case n = 1, are 
still the same for larger values of the waiting room capacity (n = 4 and n = 5). In table 
2, д on the diagonal assume a fixed value (д* = 2.28) this is due to the fact that, when
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rx = Cj then the optimal service rate ß* depends only on X and n (see equation 13).

Remark: Let us consider the objective function 

(17) С2(д) » Дга \  [CA (D  +

which represents the average expected cost rate. Now our purpose is to choose the optimal ser­
vice M which minimizes С2(д).
It can be seen that

(17’) C2(m) =
Cj + Xr2p‘И+1

1 + p + . . .  + p‘Л+1
since

lim
7’->oo

^ L(T)
XT Pn+1 •

Comparing С: (д) and C2(p), (given by equations 12 and 17), we can see that, if 
T2 = rx, then the optimal service rate ß* that maximizes Cy (ß) as the same that minimizes 
C2(ß). On the other hand if r2 Ф rx, then the optimal setvice rate ß* that minimizes 
C2(m) is unique and has the same properities a,b and c (replacing r by r2) described in the 
given example.
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ö s s z e f o g l a l ó

Optimalizálási feladatok Markov típusú kiszolgálási rendszerekben 

Ahmed F. Mashhour

Markov típusú M/M/l kiszolgáló rendszer érkezési intenzitásának optimális megválasztá­
sát vizsgálja a jelen dolgozat. Feltételezzük, hogy az üzemeltetési költség (időegységenként)
CB ha foglalt a kiszolgáló, Cf  ha szabad, s ha véges a működési idő és túlóra is fellép, akkor 
a túlórázás időegységenkénti dija CQ. Az alábbi esetek lehetnek érdekesek:

^7  ^  ^ 0  >  ÇВ C 0 > CI > CB-

Véges és végtelen működési időre kiszámítjuk a minimális (végtelen idő esetén az egységnyi 
időre eső) üzemeltetési költséget biztositó érkezés intenzitást. Az eredményeket számítástechni­
kai szempontból is analizáljuk s szemléltető numerikus eredményeket közlünk.

P e  3 ю M e

З а д а ч и  о п ти м и зац и и  в простей ш и х с и с т е м а х  

о б сл у ж и в ан и я

Ахмед Ф. Машххоур

В р а б о т е  и с с л е д у е т с я  о п т и м ал ь н о е  о п р е д е л е н и е  и н т е н с и в н о с т и  
входящ его  п о т о к а  п ростей ш и х  си стем ы  ( M/ M/ l )  о б с л у ж и в а н и я . П усть 
сто и м о ст ь  р а б о т ы  си стем ы  / в  ед и н и ц у  в р е м е н и / Cß е с л и  о б с л у ж и в а ­
ющих п р и б о р  з а н я т  , Cj  е с л и  с в о б о д е н . Если  вр ем я  ф у н к ц и о н и р о в а ­
ния си стем ы  к о н еч н о  и в о з н и к а е т  с в е р х у р о ч н а я  р а б о т а ,  т о г д а  
с т о и м о ст ь  с в е р х у р о ч н о й  р а б о ты  з а  единицы  врем ен и  CQ . И нтересны  

следующие с л у ч а и  :

С1 > со > св и со > С1 > Св

П риведены и л л ю стр ати в н ы е  н у м е р и ч е ск и е  э к зе м п л я р ы ,
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