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§ 1. Introduction

The problems dealt with in the present Note are connected with the
classical inequalities of A. MARKOV and S. BERNSTEIN (cf. [3]). We formulate
them as follows. Let f(x) be a polynomial of degree n satisfying the condition

f(@) | £ 1 in the finite real interval a < x < b. We have then in the same
interval

l , 2 2
=— -n%,
(1.1) e l G b —a
llf [(x —a)(b—x)]712-n
Both bounds are sharp asit can be shown by the example f(z) = 7', (2 l: = 1)
—.a

where 7', is Chebyshev’s polynomial.
We shall deal with the following four problems.

Problem 1: Let us consider all polynomials f(z) of a fixed degree n mot
vanishing identically. Introducing the norm

(12) 11| = max e[ (@) |, 20,
we seek the maximum M, of the ratio ||f" || : || f ||

Problem 2: Let x, be a fized constant, x, = 0. Considering the same class
of polynomials and the same norm as in Problem 1, we seek the maximum M ,(x )

of the ratio | f'(@y) | = ||£].
Problem 3: Again we consider the set of all polynomials f(x) = Zn a,

and the same norm || f || as in the previous Problems. We seek the mammum
G, of the ratio |a, |:||f]|.

Problem 4: Let us consider all polynomials f(x) 2‘ a, " of the fixed

degree n satisfying the condition |f(x)| <1 in the mterval —1<z<1.
We seek the maximum H, of

lIA
ot

(1.3) max Zn'log(v—}—l)a,,x” ; —1=Zz
r=0
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In this Note we derive upper and lower bounds for the maxima defined
in these Problems; especially in the cases 1, 2, 4 we determine the correct order
of magnitude as n — oo. The explicit evaluation of these maxima seems to be
rather difficult. Our results can be formulated as follows:

Problem 1: M, ~ n.

Problem 2: M ,(0) ~n, M ,(x,) ~ n'? if x,> 0.
Problem 3: Anl3 < 2 "nl, G, < Bnll2.

Problem 4: H, ~ logn .

(1.4)

Here 4 and B are positive constants independent of 7. The symbol a, ~ b,
means always that the ratio | a,/b, | is bounded away from 0 and o. Occasion-
ally, we use the symbol a, o< b, if the ratio a,[b, tends to 1 as n — oo.

These Problems (except 3) arose in conversations with Professor PAuL
TURAN during his stay at Stanford University in the first half of the year
1963. I owe him also some simplifications and other valuable comments to the
proofs. Problem 4 has originated in the joint research of S. KNAPOWSKI—
P. TurRAN on primes in certain arithmetic progressions [2].

Problem 3 is slightly different in character from the inequalities (1.1);
it is the analog of the famous problem of CHEBYSHEV characterizing the Cheby-
shev polynomials 7',(z).

§ 2. Upper bounds

1. Problems 1 and 2. We use the familiar inequality e~ — x[n)"
valid for 0 < # < n. Thus assuming ||f || = 1, we have | (1 — x/ f(ac -9
in the interval 0 < x < n. Applying to the polynomial (1 — a/n)" f(x) of
degree 2n the first inequality (1.1), we find (@ =0, b = n)

| —(1 —2/n)"f(x) + (1 —z/n)" f'(2)| < %(2 n)2=28n.

In particular for z = 0 we find

| —f(0) +f'(0)| < 8n,

and since ]f )< 1, we have [f(0)| < 8n +1, ie., M,0) < 8n +1.
Hence, if f(x) is any polynomlal of degree n 7 not vanishing 1dentlca.lly, we have
(2.1) M, 0<B8n+1)]|f].

Let @, > 0; we assume again that f(z) is not vanishing identically, i.e.,
[|£]]>o0. We apply (2.1) to the polynomial f(z +xo). Since ||f(x 4+ z,) || =
< % ||f ||, we obtain |f"(x,) | < e~ |[f||-(8n +1). This being the case for
every @, > 0, we have [|f’ || < (8n + 1) ||f || so that

(2.2) M,<8n+1 and M ,(x,) < e (8n+1).

A Dbetter bound for M, (z,),z, > 0 (as a matter of fact the best one
so far as the order of magnitude is concerned) can be obtained with the
aid of the second inequality (1.1):

| = (1 — @o[n)"2 flzg) + (1 — zo[n)" f(2,) = 2'”(-770(” i xo))_llz' 1FAIE
(1 — zo/n)" | f'(2o) | < (1 — xo/n)*1 | f(zo) |4 2m (zo(n — o)) "2 [|f]].
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We have ]f(xo) [ < ¢ || f||. Hence for a fixed x,, as n — oo, we have M ,(x,) <
<An% A>0

2. Problem 3. Let ¢ be positive. We have

(2.3) 17 = max e f[;iJ B fe—sx-e—x f g] ‘.
Now
A(x+e)xi = I2d =1 /—1»[ = L 2d .
Je |f21x S ‘ f2(1+e)5x
0 0
We set
i i
(2.4 ciS el S E
) f[2(1+e) >

where L, (x) denotes the Laguerre polynomials (cf. [4], p. 100, (5.1.6)). Con-
sequently,

a c
2.5 T e (PN (e [ el
(2.8} 27(1 + &)" ( ) n!

so that ([4], p. 99, (5.1.1))

712 o1+ 07 S 2 el 407 e =

O

=¢(1 4 &)71 (nl)2 27 (1 + )7+ |a, 2.
This yields the following inequality:
lan]
I
Writing ¢ = 1/n, the right-hand expression will be ~ n’.
3. Problem 4. We use the formula

(2.6) 2= q) . < (14 g)nti2e-12,

oo

e—t _e—mt
(2.7) logm:f——dt, m > 0,
t
0

(ef. [1], p. 17, (18)), as it can be verified by differentiation with respect to m.

(The formula is obvious for m = 1.) Hence we have the identity
~ — f{e—t
(2.8) Zn'log v+ 1)a,z"= J et f“(x) ;f(e ﬁ) dt .
r=0

0

Let ¢ and @ be positive numbers, ¢ < w. We divide the integral in (2.8) in
three parts: I, I1, ITI corresponding to the intervals [0, €], [&, @], [®, =]. In the
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first part we use the mean-value theorem combined with the first inequality
(1.1); in the second and third part we use only the bound |f(z) | < 1. Then
we find

¢ - p—t : _ p—t
]I]éje-'“’—;—xn?dtgrﬁJl te dt < n?e

0 0

since et > 1 — ¢. Further
- 2 w2
]IIl<je"—dt< »ﬂ=2log(—u—,
t t €

2
|III|<Je—’Edt<—j e—tdt=2 e
t ] w

We choose ¢ = 1/n?and @ = msothatfor —1 <2 <1

(2.9) <1+6logn+£e‘”<2—|—610gn.
n

n
Slog (v+1)a,2
v=0

It is easy to prove that lim sup H,[logn < 4 asn— oo.

; :
A similar argument leads to an upper estimate for | > 4, a, 2’| provided
»=0
n
that |f(x)| = SDa, 2’| < 1. Here we assume that the constants A, are the
»=0
moments of a positive distribution,
b
(2.10) A= (rda)), y=0,1, .00,
a

or else that the sequence {4,} is the difference of two sequences of the form
(2.10).

§ 3. Lower bounds

In order to obtain lower bounds for the quantities A ,, M n(x,), Gn, H,
defined above, we have to exhibit certain special polynomials f(z). We denote
by L¥(x) and by LQ(z) = L,(x) the Laguerre polynomials (cf. [4], p. 100,
(5.1.6)).

1. The polynomial L,(x) satisfies the inequality ([4], p. 162, (7.21.3))
(31) e 2 ILn(x)l _S_ 5y X _Z_ 04

with the equality sign for @ = 0. Hence the function f(x)= L,(2x) has the norm
l|£]] = 1. Now ([4], p. 101, (5.1.13) and (5.1.14))

iL,,(,lc) = — LY (2) = — L) — Ly(ow) — . . . — Ly_4(2)
dx
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so that | e=*2 L;(z) | < n with equality for 2 = 0; with other words || L,(22) ||=
= n. Hence M, > n, M,(0O) = n so that M, ~ n, M,(0) ~ n.

2. In order to obtain a lower bound for M ,(x,), z, > 0, we use ([4], P-239,
(8.91.7)) where we write 2 = 0 and we choose o > —1/6. Thus

(3.2) max e */%

Lg’)(l‘) l y 72“/2_1/4, x

v

a,

where a > 0 is arbitrary and fixed. Now let ¢ = ¢(n, a, @,) = ¢, be a positive
constant to be determined later; lim ¢, will exist and it will be finite and

N—>oo

positive. We write

(3.3) f(@) = mii=eR [©(2 3+ 2¢,), n2a,
so that || f || depends on n and ||f || ~ 1 as n— oo. Hence (see above)

1 gkl e

Efl(a'o) = — plA—a2 [@+D (230 4 2¢,) ~nlt-a2 .02 1 =npll2,

Here we used FEJER's classical asymptotic formula for the Laguerre poly-
nomials (cf. [4], p. 196, (8.22.1)); the oscillatory part of the main term is

cos {2(n — 1)12(2x, + 2¢,)1/2 — ehlin Tl cosx’.
2 +

We determine ¢, in such a way that x” satisfies the condition 2’ = 0 (mod =).

For this purpose we set

1)7 7
2n — 1012 (2, + 20,)12 — (’%)" -g —[2n — )2 Ba)t - a1 a=Fkn

where [y] is the greatest integer < y; £ is an integer. Hence lim (2z,+ 2¢,)% =

N—>eo
= (3x,)V? so that lim ¢, = 2 /2. Fejér’s formula holds uniformly in every

n—>ece

fixed positive interval.

3. Formula (3.2) is based on rather complicated considerations. A simpler
approach to the same result M ,(z,) ~ n*, x,> 0, is the following. Let ¢
be again a positive constant to he determined later. We choose

’

f(x):T"[:—‘l( = (—1)"’1’,,(1_‘”+0

n

so that e * | f(x)
- E e

n n
= cos n ¢ = cos (2n(z, + ¢))%. We determine ¢ = ¢(n, z,) = ¢, in such a way
that (2n(x, + cn))% = (k + 1/4)7, k an appropriate integer. For this purpose
we may follow a’similar procedure as above; lim ¢, will exist and it will be

N—>co

again finite and positive. Hence e~ | f(z)| ~ L.

< 1 in the interval 0 < x < 2n — ¢. Now we write 1 —
0

2
2(x, + ¢)\

2 /2
=cosg=1—-"— -+ ... so that (pf\=1( ] and 7' ,(cos @) =
2
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x4+ c
n

y = ch a, « = 0. We have then f(z) = ch na and

ena + e nha

e

&

—1>=1 so that we can write

We discuss now the values y =

e—xf(x) _— ec—n(ch a+1).,

In order to prove || ~ 1itremains to show that max (—ch ¢ — 1 + o) < 0,
P i .

LERR e A a
o 2 0. This is indeed so, since —cha < —1 ——<1—a.
2

Now we consider

Flao) = lT;(
n :

n n n

T"—_H—IJ s 1)"7]47*;‘(1_ %o +¢

g 2 2
We write again 1 — b il 5 cosg so that ¢ g( (%"fi)] . But
n .

n
2(xy+c)

sinn @
fa" 4

n~1 T, (cos ¢) =

1/2
j j sin (2n(z, + ¢))V2.

sin ¢

Since (2n(x, + ¢))% = (k + 1/4)x we have sin (2n(z, + ¢))* = + sin%.

This proves the assertion.
4. We seek a lower bound for G,,. For the function (3.3) we have || f || ~1

and

,anl — pl/d—a/2 | ln i
n!

Choosing o = —1/6 the lower bound 4-2" (n!)~!.n's follows.
5. Finally we seek a lower bound for H,,. In (2.8) we choose f(x) = T ,(x)
and we write x = 1. We obtain
P 1—T, (e T 3 1
‘ P s Z‘,,(e )dt: (sintp —-coslncrd(F% —cosntpd(p

sin ¢ cos @
1 —cosg

log

o o/ cos @ o
0 0 0

where the inequality logoz < @ — 1, * = 1. was used. Now

nl4 na/4

JI—COS”‘PW:JL:L”@
@ o

0 0

and the last integral is ~ log n.
This establishes the proof of (1.4).

(Received September 17, 1963)
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0 HECKOJIBKUX ANMPOKCUMALIMOHHBIX MPOBJIEMAX
G. SZEGO

Pe3iome

B Hacrosiueil pabore paccmaTpuBalOTCA YeTbipe 3ajaud NPUOAMIKEHUS,
B Ka)K/J0# U3 KOTOPBIX yyacTBYIOT ITOJMHOMBI ¢ 3aJAHHON cTeneHblo n. Tpu nep-
Bble 33/]aUM aHAJIOTMYHBI ONpejiesleHHBbIM NpobiieMam NpUOIM)KeHU s, B KOTOPHIX
BMECTO KOHEUHBIX MHTEPBAJIOB, YMOTPeOIAKIMXCA B KJACCHUECKUX CIyuasix,
yyacTByeT OecKOHeuHbIf MHTepBaJl x = 0. B pafore npuBoxarcsi ABa pesyJib-
TaTa.

1) OnpenesMM st NMPOM3BOJILHOTO TMOJMHOMA f(x) «HOPMY» CJIeYHOIMM
obpazom:

| f|| = maxe™[f(2)[,x20. Torna |[f'[[ < 4,[f]],

rae A4, — ToCTOsIHHAS, 3aBUCSAIIAS TOJILKO OT CTemeHu 7. A, uMeeT NMOPSII0K 7.

lIA
=

<1 B uuHTepBaye a — 1 < 1. Torpa

2) Iyctb Zn‘a,, x’
v=0

| n
1 1 e’ | < kel ,
!2 og (v + 1) a,a" | < klogn

rae k mocro siHHOE.
Pa6ora nocBsimaercs P. ERDOS B yecTb MATU/IECATHIIETHSI CO JHSI PO~

JACHUSA.
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