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Introduction 

The investigations described in the present paper join to a theorem of 
B . TRACHTENBROT ([8], Theorem 1). This theorem serves the purpose of deter-
mining a 2-graph if the t ru th function realized by it is known, and it solves 
t h e problem completely from theoretical point of view. However, in applying 
th is theorem, the re arises a so high number of tests which means a grave 
disadvantage in practicalapplication. Our investigations are devoted to improv-
ing TRACHTENBROT'S idea into a more determined method which seems to be 
able for being performed by an electronic computer or by a machine bui l t 
for this special aim. 

§ 1 gives a survey on the situation of researches in the investigated field. 
§§ 2—4 contain the description of the proposed algorithm.1 The problems 
(arisen in boundaries of graph theory and logic) are investigated by t e rms 
of combinatorial set theory. 

At the end of § 4 the questions of machine realization are touched (wit-
hout the endeavour to perfectness). 

The paper terminates with four appendices. App. 1 presents a proposition 
which has an auxil iary rôle in the algorithm. App. 2 considers a par t of t h e 
main problem which requires to be treated separately. The two final appen-
dices touch the immediate fu r the r questions of the theory, namely they give 
such mathematical formulations of the problems which will prove, i t can 
be hoped, to be profi table in the future research. 

§ 1. The notion of repetition-free realization. Preliminary theorems 

I t is supposed that the most impor tant initial concepts ( t ruth funct ion, 
monotonie dependence, prime implicant, repetit ion-free superposition of t r u t h 
functions; s t rongly connected two-terminal graph, canonical decomposition 
of such graphs, pa th) are already known to t he reader. Concerning these notions 
we refer to the papers [1], [2], [3], [7], [8]. 

Let ev . . en denote (all) the edges of a 2-graph (i.e. strongly connected 
two-terminal graph)©; let us assign the t r u t h variables xlt . . . ,xn to these 
edges, respectively. Let t ha t t r u t h function f ( x v . . ., xn) be considered which 
has the value f (on a place of its definition domain) if and only if there exists 
a path of © whose every edge corresponds to a t ru th variable having the value 

1 T h e r e a d e r who is i n t e r e s t e d only in p e r f o r m i n g o u r p r o c e d u r e can o m i t t h e 
p roo f s of p r o p o s i t i o n s of § 3. T h e end ing of e a c h p r o o f is d e n o t e d b y Q. E . D . 
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f . Then , usually, i t is said tha t t h e graph © realizes the function f without 
repetition. There are well-known t h e following fundamenta l facts : 

f depends effectively and monotonie increasingly on its each variable, 
a set of edges of © is a path if and only if the conjunction of the variables 

corresponding to these edges is a prime implicant of f , 
@ can be decomposed canonically if and only if f can be decomposed by 

repetition-free superposition2 (KTTZNECOV [7], Theorem on p. 197), 
if the realizable function f cannot be decomposed by superposition, then 

f has essentially only one realization (i.e. any two 2-graphs realizing / can be 
connected by an isomorphism which maps the terminals of one of t he graphs 
to the terminals of t h e other graph) (TRACHTENBROT [8], Theorem 2, p. 237). 

The f i rs t fact exposed just now gives a necessary condition in order 
tha t a t r u t h function should be realizable; however, this condition is n o t suffi-
cient a t all. So there arises the p r o b l e m o f r e a l i z a b i l i t y : let be 
stated for a funct ion in order a necessary and sufficient condition for a 
funct ion t o be realizable (without repeti t ion). Fur the r , starting b y a given 
t ru th f u n c t i o n / , it is desirable to f ind a possibly simple procedure in order to 
construct t he graph realizing / in t he case when / has been found t o have a 
realization. 

W e shall now consider these problems in the part icular case when / is 
assumed to have no decomposition by (repetition-free) superposition.3 A remark-
able way in order to a t t e m p t our problems is shown by a theorem of B . T R A C H -
T E N B R O T ( [ 8 ] , Theorem 1, p. 236) which will be recapi tulated here in a some-
what d i f fe ren t formulation. The correspondence between the paths of a 2-graph 
© and t h e prime implicants of the func t ion / realized by © implies t h a t , if we 
are searching the graph @, the paths of © (as sets of edges, regardless to the 
ordering) can be given easily, therefore i t remains to be determined how these 
edges are incident to t h e vertices. The set of (all) edges incident to an inner 
vertex is called an inner star. The theorem of Trach tenbro t states t h a t a set 
§ of edges of © is an inner star if and only if § satisfies each of the following three 
requirements : 

A) any edge beside ÍQ is contained in some path which contains no edge of 
B) for any path, the number of the common edges and this path is either 

0 or 2, 
C) to each pair of edges of § there exists a path containing both of these edges .4 

For a n y set of edges of © it can be controlled whether these conditions 
A), B), C) are fulfilled or not . So, theoretically, the theorem of Trach tenbro t 
gives a procedure for solving our construction problem.5 However, the producere 
got by direct , " rough" application of this theorem is not satisfactory f r o m two 
points of view either. Firs t ly , it does not give an elegant solution for the problem 
of realizability. Namely, if we apply this procedure for a non-realizable funct ion 
/ , then there are two possibilities: either it arises an obvious irregularity a l ready 

2 N a t u r a l l y , u n d e r t h e p r e s u p p o s i t i o n t h a t / a d m i t s a ( repe t i t ion- f ree) r e a l i z a t i o n . 
3 T h e p a r t i c u l a r case of t h e p r o b l e m of r e a l i z a b i l i t y w a s f o r m u l a t e d a s P r o b l e m 

2 in [4] (p. 36). — C o n c e r n i n g t h e r e l a t ion of t h e genera l p r o b l e m to th i s p a r t i c u l a r 
case, we r e f e r — beside t h e m e n t i o n e d t h e o r e m of K U Z N E C O V — t o § 2 of [7] a n d t o [4]. 

4 O u r a s s u m p t i o n o n t h e i n d e c o m p o s a b i l i t y of / is e ssen t ia l in o rde r t h a t t h i s 
theorem s h o u l d be t rue . I n t h e c o n t r a r y case, t h e n o t i o n of i n n e r s t a r m u s t be r e p l a c e d 
b y a m o r e spec ia l a n d c o m p l i c a t e d no t ion . 

5 F o r t h e sake of comple t enes s , one h a s t o d e t e r m i n e f i n a l l y t h e edges i n c i d e n t 
t o the one a n d t h e o the r t e r m i n a l . Concern ing t h i s s imple t a s k see [8]. 
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in the course of applying the procedure (but, in general, not a t the beginning), 
or we reach regular ly a 2-graph which realizes a t ruth funct ion different f r o m 
t h e function / given previously. Secondly, even in the case of realizability, t h e 
procedure requires a great n u m b e r (2", where n is the n u m b e r of the edges) 
of tests each of which decides whether a special subset satisfies the conditions 
or not . Consequently, it is desirable to seek a more definite algorithm in t he 
sense that it has a reduced n u m b e r of steps in comparation to t he direct method 
which consists of testing all sets of edges concerning they fulf i l A), B), C) or 
not . The main pa r t s of the present paper a re devoted to improve T R A C H T E N -

R R O T ' S theorem into a more constructive ( therefore more mechanizable) proce-
dure which serves the purpose of determining the inner s tars concerning a 
function, indecomposable by superposition, supposed to be realizable.6 

The f i rs t imperfectness exposed above makes justifiable to look for a solu-
tion of the problem of realizability consisting of a possibly explicit criterion 
which can be applied for a t r u t h function / still before constructing the g raph 
realizing / (if such a graph exists). This d i f f icu l t problem will be touched in 
Appendix 3. 

§ 2. Formulation of the problem in terms of combinatorial set theory 

If a t r u t h function / is given which depends monotonie increasingly 
on its each variable, then t h e prime implicants can be regarded as certain 
subsets of t h e set E consisting of the variables o f / . Also the properties A), 
B ) , C ) occurring in T R A C H T E N B R O T ' S theorem can be expressed in t e rms 
of combinatoral set theory. Using this idea, the questions can be raised as 
transformed followingly.7 

Let a f in i t e set È be given, further a collection of subsets of E such t h a t 
satisfies t h e following condition: if Px £ ,JF>, P2 £ and P1 ^ P2, then 

neither Рг z> P2 nor P1 С P2 holds. 
A subset F of E is called a W-set if i t satisfies all t h e three s ta tements 

(I), (II), ( I I I ) : 
(I) To a n y element x of E — F there exists a set such tha t i ( P ç 

с E - F. 
(II) If an intersection P П F is n o t empty, then P D F = 2 (for the 

members P of & ) . 
(III) To any pair x, y of elements of F there exists a set P(£ sat isfying 

P 2 {x,y}. 
Let us f i x two elements a, b (chosen arbitrarily) of E . Our aim is in §§ 

3—4 to de te rmine those W - s e t s with a t leas t four elements which are supersets 
of {a, 6}; especially, to decide whether a such W-set exists or not . During 
these investigations a W - s e t F which ful f i l s f Э {a, 6} and will be 
called a desired W-set. 

Some of the propositions stated in t h e course of our investigations give 
sufficient conditions in order that no desired W-set exists. After proving a 
proposition of this character , it will be supposed tha t t h e condition is n o t ful-
filled (even if this supposition is not formulated explicitly). 

6 A l t h o u g h the p r o c e d u r e proposed h e r e i s more d e f i n i t e i n t he m e n t i o n e d sense, 
i t has a m o r e compl ica ted d e s c r i p t i o n t h a n t h e " r o u g h m e t h o d " . 

' I f t h e e lements of a s e t Sf a re se ts t h e m s e l v e s , t h e n w e shal l say t h a t 91 is t h e 
collection o f i t s members. 
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§ 3. Foundation of the algorithm 

Proposition 1. If one of the following statements a), ß),y) is true,then there 
exists no desired W-set: 

a) a £ P, b Ç P holds for no member of 9 , 
ß) a £ P, b (J P holds for no member of Sf\ 
y) a <t P, b £ I' holds for no member of 9-
Proof. If o) is t rue, then no superset of {a, b} can fulfil (III). I f e.g. 

ß) holds and c( ^ a, b) is an element of an arbitrary superset F of { a , b}, 
then 9 cannot have a member P satisfying P П F — {a, c}, hence F does no t 
fulfil (III) . Q. E. D. 

Now we define four collections 9<%\ of subsets of E by 
the following rules: 

SA'ff, consists of the sets of form P — {a, 6} where P runs through the 
members of 9 containing both of a and b. 

9 p consists of the sets of form P — {a} where P r uns through the m e m -
bers of 9 satisfying a £ P and b $ P. 

9T consists of the sets of form P — (b} where P runs through t h e 
members of 9 satisfying b Ç P and a $ P. 

9P consists of those members of 9 which contain neither a no r b. 
We form fur ther collections8 of subsets of E. Each of 9'àA 9 p , 9»' 

consists of the (distinct) sets of form P — where P runs through the member s 
of ,9>а\ 9ь) respectively, and is the union of the members of 

Let Hp, Hp, I f f denote the unions of the members of 9 f , 9 p , 9 p , 
respectively. 

Proposition 2. If 
(1 ) (HP\J H p ) - # < J > 

is not empty, then there exists no desired W-set. 
Proof. We verify the proposition indirectly. Firstly, we show t h a t a n y 

desired W-se t F is a superset of the difference (1). In the contrary case, since 
(I) assures t h a t any element of E — F occurs in some member of 9P, a n y 
element of the difference outside F would be contained in some member 
of 9(

0
V. — In the fur ther proof we separate two cases. 
Case 1: the difference (1) contains two or more elements. Let x, y be 

distinct elements of (1). By (III) there exists a member P of 9 containing 
both x and y, bu t this P must contain one of a, b too, what contradicts to (II). 

Case 2: t he difference consists of one element x. If F is a desired W-se t , 
then it contains a, b, x\ let a fu r the r element of F be denoted b y y. By (III) t h e r e 
is a P (£ 9 ) such t ha t P П F = [x, y}. The fact that P contains neither a 
nor b contradicts to the definit ion of я. Q. E . D. 

So we can suppose H™ с IP" and HP с HP. Le t 9F, 9P, 9'P 
be defined as the collections of sets of form Q П Hp П Щ1 'where Q runs th rough 
the members of 9P, 9P, 9\F, respectively. Similarly, let 9F, 9P, 9P, 
be defined as t he collections of sets of form Q — R where Q runs through t h e 
members of 9P, SAP, 9P, respectively, and R is defined by the following 
induction. Le t R1 be the union of those members of 9 p e a c h of which consists 
of (exactly) one element. If is already def ined and the re exists a set of 

8 I t is al lowed t h a t the e m p t y set o c c u r s a s a m e m b e r o f the co l lec t ions to be d e f i n e d . 
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form P — (P £ &P) consisting of one element, then let Rt be the union 
of and the one-element sets of form P — Rt (P £ ^i2)

0). Let R denote the 
last Rj. 

Let Hp, Hf>, Щ\ Hp, Hp, Hp denote t h e union of t h e members 
of Sf i f , W>f>, W>'f, P respectively. 

The nex t proposition follows immediatelv f rom the above definitions. 
Proposition 3. There hold the equalities Hp = Hp = Hp and Hp = 

= Hp = Hp . 
Proposition 4. Each desired W-set is a subset of Hp |j [a, b}. 
Proof. Let x be an arbi t rary element ^ a, b of a desired W-set. (II) 

certifies t h a t x cannot occur in some member of ,9^'ff so x occurs in a member 
of one of •-9r>'b\ AI'p. By our agreement a f t e r proving Proposition 2, x 
is an element of some member of A^P- If no member of Pfif contained x, then 
{a, x} would no t occur as a subset of some P (£ this contradicts to (III). 
Therefore x must belong to Hp, and, by a similar inference, also to Hp. This 
implies t ha t x £ Hp. 

We have to prove finally t h a t each element ^ a, b of a desired W-set 
is contained in Hp. This is implied obviously by the following s ta tement : if у 
is an element of some set i?, , then у cannot occur in any desired W -se t . In prov-
ing this s ta tement , we can assume tha t the similar s ta tement was already 
verified for the elements of R^y . There exists a member P of such t h a t 
P — Rj~i = {у}. If у were contained in a desired W-set F. t hen P П F={y} 
would be t rue, what contradicts t o (II). Q. E. D. 

Proposition 5. If one of pip and .pfif contains the empty set, then there 
exists no desired W-set. 

Proof. Le t be assumed tha t 0 occurs as a member of e.g. J^p. This means 
tha t a suitable member P of ^ has an empty intersection with Hp (= Hp). 
If F were a desired W-se t , then PDF would be equal to {a} this contra-
dicts (II). Q. E. D. 

Proposition 6. A subset F( \D {a, 6}) of E is a desired W-set if and only 
if all the following seven conditions are fulfilled (F' denotes the set F — {я, b}): 

(О') F' е Hp, F'è2. 
(Г) ( = (I)) To any element x of E — F there exists a set P(£ W ) 

such that x £ P С E — F. 
(Iii) Each member of AAp' and Pfif1 has a non-empty intersection with 

F'. 
(Iii) No proper subset of F' fulfils the property (Iii). 
( I l i ) Every intersection mentioned in (Iii) consists of exactly one 

element. 
(1Ц) If an intersection PDF' is non empty (where P £ A/J'p), then 

P П F = 2. 
(III ' ) To any pair x, y of elements of F' there exists a member of W-p' 

containing both x and y. 
Proof. Let us remember t h a t the desired W-se t s are characterized by t h e 

requirements (I), (II), (III), F ^ 4, E D {a, b}. Firstly we shall prove t h a t 
any desired W-se t satisfies the properties exposed in Proposition 6. (0 ' ) was 
stated already in Proposition 4. (I') is tr ivial ly satisfied. Owing (0') , (II) 
implies (Iii) and (Hi); one can see easily tha t (Hi) follows f rom (O'), (Iii) and 
(Щ) (see also Proposit ion 3).9 (Iii) and (IIP) a re immediate consequences of 
(II) and (III), respectively. 
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Conversely, let a subset F of E possess the properties enumera ted in 
Proposition 6. (I) is satisfied by F trivially. L e t P П F ^ 0 be assumed 
for an arbi t rary Р ( £ W5), in this case there are th ree possibilities: 

if both of a, b is contained in P П F, then (O') assures P П F = [a, b} 
(#o1 is disjoint, by i t s definition, to a n y member of S5 containing a, b), 

if exactly one of a, b belongs to PDF, then (O') and (II3) imply P Ï Ï F = 2, 
if neither a nor b is contained in PDF, t hen P П F — 2 follows from 

(0') and (Щ); 
so (II) is satisfied by F in each possible case. 
W e are now going to show tha t F fulfils (III). Let a pair x, y of elements 

of F be considered. If x = a and y = b, then (III) holds since the assumption 
of Proposit ion 1 is supposed to be false. If exactly one of a, b occurs in the pair 
x, y, t h e n (III) is implied by (0') and (I l j) (indeed, if e.g. x differs f rom a and 
b, then (O') and Proposi t ion 3 assure t h a t x occurs in some member of 
and in some member of ^J,31). Finally, if a and b do n o t occur in the investigated 
pair, t h e n (III) is a consequence of ( I I I ' ) . Q- E. D. 

§ 4. Oversight of an algorithm for determining the W-sets 

Owing the results of the preceding paragraph and Appendices 1, 2, we 
can propose an algori thm which determines the W-se t s if the set E and the 
members of belonging to a realizable t ru th funct ion / indecomposable by 
superposition, are given. Before all, we determine t h e three-element W-sets 
(see App. 2). Afterwards we consider t h e pairs of elements of E (in arbi t rary 
order), and we apply t h e following procedure for each of these pairs. Firstly, 
we look a t whether t h e considered pa i r a, b occurs in a W-set, determined 
sooner, or not . I f i t does occur, then t he investigation of the pair a, b is finished, 
there exists 110 other W - s e t which is a superset of {a, b} ; we consider the next 
pair.10 In t he other case (i.e. if there was got no W-se t sooner, containing both 
a and b) we form the sets according with t he definitions of § 3. In the correspond-
ing stages we control t h e fulfilment of the supposition of Proposition 1, 2, 5 
respectively. (If one of these suppositions is fulfilled, then the investigation 
of the pair a, b is finished.) In the case when it is possible tha t {a, b} is a subset 
of some W-se t , it remains to decide which subset of H1^ satisfies (I ') — (III ' ) . 
Proposition 7 (in App. 1) gives a method for determining the subsets satisfying 
(Щ) and (Щ) explicitly, we must choose the set f r o m these sets (if i t exists) 
which fu l f i l s also (I'), (Щ) , (Щ), ( I I I ' ) . This can be executed by tests . 

The procedure presented just now seems to be convenient for being realiz-
ed by a machine whose activities are, in great lines, similar to an electronic 
digital computer . Ins tead of arithmetical operations, i t need perform some set-
theoretical operations. T h e storage of t h e machine contains the subsets of E 
which occur in the procedure. The members of & are stored during the whole 

9 T h e r eade r can o b s e r v e t h a t the p r o p e r t i e s enumera t ed in Propos i t ion 6 do not 
form an i n d e p e n d e n t s y s t e m , namely , we cou ld get an e q u i v a l e n t sys tem b y omi t t i ng 
(II2). H o w e v e r , the admiss ion of this p rope r ty in our p ropos i t ion will prove t o b e advan t -
ageous f r o m t h e view p o i n t of ou r fu r the r a i m s . 

10 T h i s tes t is m a d e ju s t i f i ed by the f a c t t h a t t he in te rsec t ion of t w o d is t inc t 
W-sets c a n n o t have two o r m o r e elements s ince / is indecomposable a n d realizable. 

— I f w e o m i t t e d thisstep, t h e n a W-se t hav ing m elements woidd a p p e a r in I I exemplars . 



REALIZATION OF TRUTH FUNCTIONS BY TWO-TERMINAL GRAPHS I 1 7 

procedure. I t seems to be a convenient method t h a t each set is stored in one 
memory cell. The length of the cells (i.e. the number of digits in any cell) 
is greater or equal to the number of elements of E (E digits correspond one-one 
t o the elements of E). The value of the digits can be +1 , —1 or 0. - f l denotes 
t h a t the corresponding element of E occurs in the stored subset, —1 denotes 
t h a t the corresponding element does not occur in the subset, and 0 is the value 
of the digits to whom no element of E is assigned. We must store also the W-sets 
constantly when they had been produced. The sets occurring only in investi-
gat ing a f ixed pair can be cancelled af ter the transit ion to an o ther pair. The 
members of e.g. are stored similarly as the members of b u t now also 
those digits have the value О which correspond to the elements of E —- II 'f ; 
we must provide t ha t no member of ffi^ should be stored in two exemplars. 
Furthermore, i t is necessary to have a special uni t which serves for executing 
t he method just if ied by Proposition 7. 

Appendices 

1 

In the present section a proposition of combinatorial set-theoretical na ture 
is proved. The idea of this proposition is no t essentially new, a thought of 
related character arises already in [5] and [6J.11 However, I believe tha t t he 
eijuivalence s ta ted here has not yet been formulated in such an explicit manner . 

Let M = (Tj, r2,. . . , r a} be a finite set, let a collection of its certain 
ß 

subsets Nv N2, . . Np be given. We can suppose (J Ny = M. Let the t r u t h 
y= 1 

variables r1; r2. - • ., ra be assigned to rv r2, . . ., ra, respectively. Le t us form for 
each Ny (y — 1, . . ., ß) the disjunction Шу of those (unnegated) variables 
which correspond to the elements of Ny. 

Proposition 7. The following two statements are equivalent for a subset 
M' of M: 

(i) M' has a non-empty intersection with each of Nv N2, . . ., Np and for 
any proper subset M" of M' there exists a set N (1 57 y ^ ß) which satisfies 
M" П Ny = 0. 

(ii) The conjunction of the variables which correspond to the elements of 
M' is a prime implicant of the (monotonie increasing) truth f unction 

f ( H , r 2 t a ) &Vlp. 

Proof. Under a full elementary conjunction of f we unders tand, usually, a 
conjunction in which each of r1, . . ., ra exactly once occurs and which contains 
only these variables (the unique occurrence of a variable can be unnegated 
or negated). These conjunctions can be identified with the places of the defi-
nition domain of f in the customary manner. Le t 21 and 23 be full elementary 
conjunctions; 21 is said to be greater as if there is no variable which occurs ne-
gated in 2Í and unnegated in 2L 

Let us assign to any subset M' of M a full elementary conjunction by wha t 
follows: the conjunction contains ra (1 ^ b ^ o) unnegated if and only if r4 
occurs in the set M '. One can see tha t M'ZiM" holds if and only if a greater 
conjunction is assigned to M ' than to M". The value of f on the place 

1 1 C f . T h e o r e m o n p . 3 3 7 a n d F o o t n o t e 2 i n [ 6 ] . 

2 A Matematikai Kutató Intézet Közleményei IX. A/I—2. 
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corresponding to M' shows whether M' has a non-empty intersection with 
each of Nv . . ., Nß or not . 

M' has the proper ty (i) if and only if the full elementary conjunction 
3í(assigned to M') satisfies the following to statements: f(3i) = f , and S3 < 31, 
33 ̂  31 imply f(33) where S3 is an arbi t rary full elementary conjunction of f. 
Let 31' be the conjunction which results from 31 by cancelling the variables 
which occur in 31 negated. Since f is monotonie increasing, 31 fulfils the above 
statement if and only if ЗГ is a prime implicant of f. Q. E. D. 

2 
The presented procedure is able to determine those W-sets only which 

consist of a t least four elements. I t remains the task of determining the three-
element W-sets . This can be performed as it follows. 

Let a, b be fixed elements of E. The next proposition can be verified 
similarly to Proposition 1. 

Proposition 8. If one of the statements a), ß), -y) occurring in Proposition 
1 is true, then there exists no three-element W-set containing both a and b. 

Let the sets Dv D2 be defined by 

Z>1 = U P , A = u f , 
РЭa Pj )a 
py> P$b 

and let D3, С be defined by DA = U P, G= Г) P where P runs through those 
members of Ad which contain exactly one of a, b. 

Proposition 9. If either the set С — ( f)1 y D2) is empty or it contains at least 
two elements, then there exists no three-element W-set containing a and b. 

Assume that С — ( D1 y D2) consists of one element c, in this case there 
are two possibilities : 

(i) [a, b, c} is a W-set , there exists no other three-element \N-set containing 
a and b, and {D^Df) —{a, b, e} <~P9, 

(ii) there exists no three-element \N-set containing a and b, and ((D1U D3) — 
— {a,b,c}) — D2 is not empty. 

Proof. One can see easily that {a, b, c} fulfils (II) and (III) if and only 
if с £ С —- (D1 у D2). If с'(^с) is an arbi t rary other element of C— (DY у П2), 
then (I) cannot be fulfilled by{a, b, c}.IfC-(D1UD2) = {c}, t hen( (Z^UL> 3 ) -
— [a, b, c}) — I)2 = 0 is the necessarv and sufficient condition in order tha t 
{я, b, c} should fulfil (I). Q. E . D . 

3 

Let / be a t ruth funct ion as at beginning •§ 2. We have there formulated 
what the properties due to TRACHTENBROT mean in terms of combinatorial 
set theory. The exposed correspondence makes possible tha t also other pro-
perties of / should be expressed set-theoretically. 

Namely, let the f in i te set E and the collection Aft be given as in § 2. 
A/'' is called indecomposable by superposition if to any non empty subset F (a E) 
there exist two members Pv P2 of Aft such tha t (Рг П F) фф,Р2 П F ф 0, and 
the union (P1 П F) U {Рг - F) is not a member of Aft-12 

12 C o n c e r n i n g the e q u i v a l e n c e of t h i s p r o p e r t y anc I t h e or iginal dé f in i t ion of 
i n d e c o m p o s a b i l i t y , see T h e o r e m 2 in [2] (p. 51) a n d Corol la ry i n [4] (p. 36). 
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T h e collection & is called realizable by a 2-graph if there exist such sub-
sets VP, VQ, VV V2, . . ., VK of E such tha t 

A) any element of E occurs in exactly two of VP, VQ, VV . . ., VK and 
ß) the following two propert ies are equivalent for a subset F of E: 
1°) F 6 & 
2°) each of t h e intersections F П VP and F П VQ consists of one ele-

ment, and each of the intersections F П VLT . . F П VK consists 
of 0 or 2 elements, and no proper subset of F satisfies the s ta tements 
exposed above in 2°). 

Now TRACHTENBROT'S theorem can be expressed in the following manner : 
if & is indecomposable by superposition and realizable by a 2-graph, then the 
sets F , , V2, . . ., VK (are determined uniquely and) coincide with the W-se t s . 

4 

We say t h a t t h e t r u t h func t ion 

g(y1,y2,...,yn+r) 

originates by r-fold distribution f r o m the funct ion 

f(Xl> X2> • • • > -bi) 
if t h e r e exists a pa r t i t ion of the set {yv y2, . . ., yn+r} such t h a t 

t h e number of t h e classes in n , and 
in t h a t case when we s tar t with g and we p u t t h e variables equal to each 

o the r in any class, t h e n the resul t ing function g' coincides with / essentially 
(i.e. t he re exists a one-to-one mapping of the set of the variables of g' onto 
the set of the var iables of / such t h a t t he equality of all pairs of corresponding 
variables implies t h e equality of t h e values of g' and / ) . 

For the sake of simplicity, we shall consider only such t r u t h funct ions 
which depend monotonie increasingly f rom all t h e variables, and only such real-
izat ions in which a lways non-negated variables correspond to the edges of t h e 
of t h e realizing graphs . 1 3 

Let us consider a t ru th func t ion / . The question of determining an optimal 
realization of / (by a 2-graph) can be expressed in the following manner : 
let us f ind a t r u t h funct ion g such t h a t 

g admits a repet i t ion-free realization, and 
g originates b y r-fold dis tr ibut ion f r o m / w h e r e the number r has the pro-

p e r t y t h a t all t h e funct ions originat ing by 0-fold, 1-fold, . . ., (r — l)-fold 
dis tr ibut ion f rom / are non-realizable (in the repet i t ion-free sense). 

(Received October 2, 1961) 
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СПОСОБОМ ДВУХПОЛЮСНЫХ ГРАФОВ, I 

A. ÁDÁM 

Разработан алгорифм, пригодный для машинного выполнения, для 
определения внутренних звезд на основе теоремы 1 цитированной работы 
Т Р А Х Т Е Н Б Р О Т Э , исходя из реализуемой функции, которая неразложима 
относительно суперпозиций. 
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