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1. Introduction 

J . ACZÉL, M. GHERMÂNESCTI and M. Hosszú in their paper [1] have con-
sidered the basic cyclic functional equat ion 

(1.1) F(Xy, x2, . . . , i „ ) + F(x2, x3, .. ., xn, Xy) + ... + F{xn, Xy, . . ., xn_y) = 0 

and t he derived equat ion 

F(Xy, x2, ..., xp) + F(X2, X3 xp+1) + ... 

(1 -2) I (Xn_p+1> х
п_р+2, . . . , xn) -(- F(xn_p+2, xn_p+g, .. ., xn, Xy) -(-... 

+ F(xn, Xy, . . ., Xp_y) = 0 , 

where p and n (> p) are two a rb i t ra ry positive integers. 
In the mentioned paper they have formulated three theorems, the second 

being: 
The most general solution of (1.2) in the case when n 2p — 1 is given by 

(1 •«!) F(Xy, x2, . . ., Xp) = f(Xy, x2, . . ., Xp_y) f(x2, x2, ..., Xp) 
where f is an arbitrary function. 

This theorem (and two others) are proved under the following assump-
tions: 

1° XJ Ç S, where N is an a rb i t r a ry non-empty set; 
2° The values of the function F lie in an addit ive abelian group M; 
3° The group M is such t h a t the equation mX = A (X, A Ç M) has 

a un ique solution X = Ajm for every m < n (m £ N). 
I n the proof of f i r s t and second theorems it is sufficient to t ake m — n 

in 3°. 
The idea of t he proof of the th i rd theorem, concerning equation (1.2) 

in case p < n < 2p -— 1, is shown in [1] for two part icular values of n and p. 
For detai ls of the proof in the general case and for similar equat ions of. 
M. H o s s z ú [2] (also there the same assumptions 1°, 2° and 3° are made). 

I n the second paragraph of th is paper we shall solve the equat ion (1.2) 
for n 2p — 1, under the assumptions 1° and 2° only. In the th i rd paragraph 
we shall solve the generalized equat ion (1.2) when all funct ions are taken 
to be different . Finally, we shall invest igate the equation (1.2) wi th 1° and 2° 
in the case p < n < 2p — 1 for some special values of difference 2 p — 1 — n . 

1 Be lgrade . 
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2. Equation (1.2) for n ^ 2p - 1 

We have the following 
Theorem 1. If n ^ 2p — 1, then the general solution of the functional 

equation ( 1 . 2 ) , under the hypotesis 1° and 2 ° , is given by 

(2.1) F(xlt .. .л Xp) = f[Xp, х2, ..., Xp_i) ~~ f(x2, x3, ..., xp) A , 

where f is an arbitrary function and A an arbitrary element of M such that nA = 0. 
Proof. Direct calculation shows tha t every function F of the form (2.1) 

satisfies the funct ional equation (1.2). We have to prove the converse, i.e. 
t ha t it follows f rom (1.2) t ha t F has the form (2.1). 

Let с be a f ixed element f rom S. Assuming t h a t n 2p — 1 and putt ing 
xp+1 = xp+2 = . . . — xn = с in (1.2), we obtain 

F(xv x2, ..., Xp) 4- F(X2, X3, ...,xp,c) + . .. + 

(2.2) + F(xp,c,c, ...,c)+(n-2p+l)F(c,c,...,c) + 

+ F(c, c, ..., c, x f ) + F(c, c, ...,c,xvx2) + ... + 

+ F(c, xv x2, ..., Xp_x) = 0. 

If we subst i tute хр = с in the last equation, we get 

F(xv x2 Xp_v c) + F(X2, x3 Xp_y, с, c) + ... + 

(2.3) +F(xp_1,c,c, ...,c)+(n - 2p+2) F(c, c, ...,c) + 

+ F(c, c, .. .,c,Xj)+ F(c, c, ..., c, xv x2) + ... + 

+ F(c, xv x2, . ..,xp_j) = 0. 

Subtract ing (2.3) f rom (2.2), we find 

F(xJ, x2, . . . Xp) = F(xv x2. ..., xp_v c) — F(X2, X3, ...,xp, c) -f 
(2.4) + F(X2, X3, . . . , xp_v с, c) — F(x3, Xv . . . , Xp, с, c) + . . . + 

+ F(xp__v c,c, . . ., c) — F(Xp, c,c c) + F(c, c, ..., c). 
Put t ing 

(2.5) f(xv x2, . .., xp_f) = F(xv с) + F(x2, x3 Xp_„ c, c) + 
+ . . . + F(xp_v c,c, . . . , c) , 

(2 .6 ) A= F(c,c c), 

the equality (2.4) takes on the form (2.1). For 
X̂  — #2 — • • • — X pi — c, the equa-

tion (1.2) gives nA — 0. 
Thus the theorem is proved. 

3. Generalization 
Let us consider following functional equation 

(3.1) F f x v x2, ..., Xp) + F2(x2, 
X3, . . . , Xp+l) -(-••• + 

+ 
-f ... + Fn(xn, xlt . .., Xp_f) = 0 (p< n), 
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under the hypothesis 1° and 2° of paragraph 1 (the hypothesis 2° holds for 
every function Fj). 

Theorem 2. The general solution of the functional equation (3.1) in the case 
n ^ 1p — 1 is given by 

Fí(xx2, . . . , Xp) = 

(3.2) =fi(xv x2, . .., Xp_f) -fi+1(x2, x3, ...,Xp) (i = 1 , 2 n — 1), 

I n(Xi, X2, . . . , Xp) = 

— fn(xj, x2, . . ., Xp_j) / i (x 2 , x3, . . ., Xp) , 
where / , (i — 1 , 2 , . . . , n) are arbitrary functions defined on S with values in M 

Proof. Using the conventions Fj = Fi+n, x, = xi+n, the equation (3.1) 
can be written in the form 

) + F ,+ 1(x í + 1 , Xj+2, • • • > xi+p) -f- . . . -(-

(3.3) + Fi+n_p(xi+n —p> Х1 + П— Xi+rl —l) "h 

i +n-p+i(Xi + n—p + i> X , ' + n _ p + 2 > • • •> Х/+Л-11 X , • ) + . . . + 

"4" F j +n—i(X|L)_n—i> X j , . . . , Xp—2) = 0 . 

Putting xi+p = xi+p+1 = . . . = x , + n _ ! = с in (3.3), where с is a f ixed 
element of S, we obtain 

Fj(Xj, x , + 1 Xj+p—j) + F l + 1 ( x í + 1 , x , + 2 , . . . , x,+p_j, 
o) + 

+ Fi+2(Xj+2, x f + 3 x,+p_1 , c, c) + • • • + 
(3.4) + Fj+p^fXj+p^, с, c, . . . , c) + F i+p(c, c, ..., c) + 

+ Fi+p+1(c, c, .. ., c) + . . . + Fi+n_p(c, c, ..., c) + 
-b F/фП_рц_1(с, с, . . . , с, x,) -)- F i + n _ p + 2 ( c , с, . . . , с, Xj, х,-^) -f-

• • • "h Fi+л—i(c, Xj, X /^j , . . . , x ,+p_2) = 0. 
The substitution x, +р_г = с in (3.4) gives 

Fj(Xj, xi+1, ..., Xj+P_2, c) -f- Fj+1(xi+1, xi+2, ..., x , + p_ 2 , c, c) -f- . . . -4-

+ F i+p—2(Xi+p-2' 

c, c, . ..,c)+ Fj+p-fc, с с) + 

(3.5) + Fi+p(c, с, . . . , с) + . . . + Fi+n_p{c, с, ..., с) + 

+ F,'+n_p+1(c, с, . . . , с, Xj) -)- F,+п_р+2(с, с, ..., с, Xj, х,+ 1) -f-

-(-... -4" Fj+n_l(c, Xj, Xj+V ..., x ,+p_2) = 0. 

Subtracting (3.5) from (3.4), we get the formula 

F i(Xj, xi+v . . . , x,q.p_1) = 
= Fj(Xj, x , + 1 X,+p—2> c ) ^i+li^i+l! X,+2, . . ., X/_)_p_1, с) -f-

(3.6) -p Fj+1(xi+1, Xi+2,. . . ,Xj+p_2, c,c) — Fj+2(Xj4_2,X,+3,. . ., X/+p_1, c, c) - j - . . . + 

+ Fi+P 

—2(Xi+p—2> C> C> • • • > C) + \(xi+p-v C> C> • • • ' C) + 
+ Fy+p^/c , С с) 
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which ho lds for every г = 1, 2, . . . , п . 
Let u s pu t now 

g[(Xj, x2, . . . , Xp_i) = Fi(x l t x2, . . . , i, c) -f-

(3.7) + F C) + . . . + 

4 Fi+p——с, с, . . . , с) , 

(3.8) А, = Fi+p_1(c, с с). 

Since Ft = Fi+n, we conclude t h a t g( gi+n. Put t ing in (3.1) 
xx = x2 = . . . = xn = c, w e f ind 

(3.9) A l + A t + . . . + A n = 0. 

According to (3.7) a n d (3.8), the f o r m u l a (3.6) can be written in t h e form 

(3.10) F,(xv x2 Xp) = g f x v x2, . . . , Xp_4 - gi+1(x2, x3, . . . , xp) -p A. 

(i = 1 , 2 , ...,n). 

Final ly , with the n o t a t i o n s 

fx = 9x -

/2 = g 2 - Ay, 

/ з = 9з - Л - A ' 

f n = gn - A1 - A2 - . . . - An_l , 

(3.10) can be written in t h e form 

(3.11) F,(Xj, x2, . . ., Xp) = fi(xj, x2, . . . , Xp_j) fj+i(x2> хз> • • xp) 

(i = 1 , 2 , . . . , n ; Л = f n + i ) -

Since t h e form (3.11) is identical w i t h the form (3.2) we have proved 
tha t (3.2) is t h e consequence of (3.1). Conversely, the d i r ec t calculation shows 
tha t the f u n c t i o n (3.2) sa t i s f ies the equa t ion (3.1) for a r b i t r a r y / , . 

The proof of Theorem 2 is f inished. 

4. Equation (1.2) for p < n < 2p — 1 

The case p < n < 2p — 1 of equa t ion (1.2) is m u c h more d i f f icul t . For 
t ha t case we have proved t h e following th r ee theorems. 

Theorem 3. / / n = 2p — 2 > p and if we admit the hypotheses 1°, 2° 
and 3° with m = 2, then the general solution of (1.2) is 

(4 .1 ) F(xv x 2 , . . . , XP) = G0(X], x 2 , . . . , Xp_,) - G 0 ( X 2 , X3, . . . , x p ) 4 -

+ Gfxv Xp) - GfXp, XJ) + A (nA = 0). 

Theorem 4. / / n == 2p — 3 > p and if we admit only the hypotheses 1° 
and 2°, the general solution of (1.2) is 
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(4.2) F(xv x2, . . ., xp) = G0(xv x2 xp_y) — G0{x2, ж3, . . . , xp) -f 

+ 0 1 ( ж 1 , x p _ v Xp) — G f X p , x v x2) + A ( n A = 0 ) . 

Theorem 5. If n = 2p — 4 > p and if we admit the hypotheses 1°, 2° and 
3° with m = 2, then the general solution of (1.2) is 

(4.3) F(Xy, x2, . . ., Xp) = G0(xk, x2, . . . , Жр_1) &0(ж2, Ж3, . . . , xp) -f-

Í ' G j (.С 1 • X p _2. Xp j. Xp) GfXp, Xy, ж2, ж3) -j-

+ G2(xv x2, xp_v xp) —G2(xp_v xp, xv x2) -f A (nA=0) 

In fo rmulas (4.1), (4.2) a n d (4.3) G0, G1 a n d G2 are a r b i t r a r y funct ions . 
These theo rems suggest t h a t the following conjecture is t r u e : 
If p < n < 2p — 1 and n is odd then under the hypoteses 1° and 2° 

the general solution of (1.2) is 

F(xv x2, . . ., xp) — A-j- G0(xl, x2, .. •, xp_f) G0(x2, x3, . . ., xp) -(-
p-(n+1)/2 

(4.4) -f- 2 X2' • • • > xk> xn—p+k+1> • • • > Xp—V xp) — 
k=1 

— Gk(Xp_k+v . . ., Xp, xv . . ., x2p_n+k)} (nA = 0). 

If p < n < 2p — 1 and n is even then under the hypotheses 1°, 2° and 
3° with m = 2 the general solution of (1.2) is 

F(xj, x2, . . . , xp) — A -j- Gg(xk, x2, . . . , j) Gq(x2, x3, . . . , xp) - j -

p-n/2 
(4.5) -j- 2 {@k(xl' X2~ • • • > xk, . . . , Жр_1, Жр) — 

k = l 

0А.(Жр_л+1, . . ., жр, ж1, . . . , ж2р_п_(С)| (иА = 0) 

I n the following two p a r a g r a p h s we shall prove Theorems 3 and 4. W e 
omi t t h e proof of Theorem 5. 

5. Proof of Theorem 3 

Using t h e same procedure as in section 2, we find for t h i s case 

F(xj, ж2, . . ., Жр) = [F(xv ж,. . . ., Xp_v с) - F(ж2, ж3, . . . , xp, с) + 

+ F(xv ж3. . . ., Xp—j, с, с) - F(x3, ж4, . . ., Жр, с, с) + 

<5.1) + • • • + 

+ F(Xp_2, xp_v с, с, . . . , с) - F(xp_v жр, с, с, . . ., с)] + 

+ F(xp_y, с, с, . .., с) — F(xp, с, с, . . ., с, Ху) + 

+ F(c, с, . . ., с, Ху). 

The square bracket has t h e form (4.1). I n order to r e d u c e the remain ing 
t e r m s to th is form, we p u t in (1.2) 
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( i ) X2 = X3 = . . . = Xp_y — XP + j = = • • • — Xn = C, 

( Ü ) X 2 — Л3 = . . . = Xp_y = Xp = . . . = = C, 

( i i i ) — X 2 = . . . = X p _ y = = ЗГр^2 = = • • • = = G , 

a n d t h u s w e o b t a i n 

F(xv с, с с, Хр) + F(c, с, . . . . с, Хр, с) + F(c, с, . . . , с, хр, с, с) + . . . + 

(5.2) + F(c, Хр, с, с, . . ., с) + F(xp, с, с, . . . , с, з*,) + F{c, с, . . . , с , xv с) + 

+ F(c, с, . . . , с, xv с, с) + . . . + F(c, xvc,c, . . ., с) = 0 , 

(g.3) F(xv с, с с) + F(c, xv с, с, . . . . с) + . . . + F(c, с, . . . , с, хг) + 

+ ( р - 2) F(c,c, . . . , с) = О , 

(5.4) F(xp, с, с, . . . , с) + F(c, Хр, с, с, . . ., с) + . . . + F(c, с, . . . , с, хр) + 

+ ( р - 2 ) F(c,c, . . . , с) = 0 . 

Sub t rac t ing (5.3) a n d (5.4) f rom (5.2) we ob ta in 

0 = F(xv c,c, . . ,,c, Xp) + F(xp, c,c, . . . , c , xx) — F(xv c,c, . . ., c) — 

(5.5) — F(c, c, . . . , c , x,) — F(Xp, c,c, . . . , c) — F(c, c, . . . , c , x p ) + 

+ 2 F(c,c, . . . , c ) , 

since nF(c, c, . . . , c) = 0 . F rom (5.1) a n d (5.5) we ge t 

2 F ( x v x2 Xp) = 2 [ F ( x v 3*2, . . . , з * р _ ! , c) - F( x2, x3, . . . , х р , c) + 

-f- F(x.2, X3, . . . , с, с) F(x3, x4, . . . , Хр, с, с) -f-

+ . . . + 
+ F(Xp_v c,c, . . . , c) - F(Xp, c,c, . . . , c ) ] + 

+ [F(xv c,c, . . ., c, Xp) — F(xp, c,c c, Xy) + 

-f F(c, c, ...,c,Xy) — F(c, c, . . ,,c,Xp) + 

+ F(xp, c,c, . . ., c) — F(Xy, c,c, . . ., c)] + 

+ 2F(c,c, . . . , c ) . 

Dividing b y two, we f i nd t h a t F has t he fo rm (4.1). 
I t can b e shown b y simple calculation tha t (4.1) satisfies (1.2). 

6. Proof of Theorem 4 

By t h e same a rgumenta t ion as in section 2 we ob t a in 

F(Xy, x2, . . . , Xp) = 

= [F{Xy, x2, . . . , Xp_y, c) - F(X2. X3, ...,XP,c) + 

+ F(x2, з;3 xp-y, с, c) — F(x3, xv . . . , хр, с, c) — 
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( 6 . 1 ) + . . . + 

T" F(Xp^3, Xp_2, C, C, . . . , c) — F(Xp_v Xp_p Xp, C, C, . . . , C)J + 

4" F(Xp—2' C, C, . . . , c) F(xp_v Xp, C, C, . . ., C, Xp) — 

+ F(Xp-v C,c, . . . , c, Xj) — F(Xp, c,c, . . . , c, 

+ F(c, с, . . ., с, xv x2). 

The square bracket is of the form (4.2). Le t us subst i tute in (1.2) 

(i) x3 = x4 = . . . = Xp_x = xp+1 = x i + 2 = . . . — xn — с', 

(ii) x3 = x4 = . . . = xn — cj 

( I i i ) X2 = x2 = . . . = X p _ j = = X p + 2 = . . . = x n = с . 

then we obtain 

. . . j C, Xp 

) + F(x2, с, c, ...,c,Xp,c)+F(c,c, ...,c,Xp, с, c) + 

+ F(c, c, . . .,c,Xp,c,c,c) + . . . + F(c, с, Xp, с, c, . . . , c) + 

( 6 . 2 ) + F(c, Xp, c,c, . . . , c, Xj) + F(Xp, c,c, . . ., c, xv x2) + 

+ F(c, c, . . . 
, C, Xj, x2, 

c) +F(C,C, . . . , c , x t , x2 , c, C) + . . . + 

+ F(c, Xp x2,c,c с) — 0 , 

F(xp x2, c,c, . . ., c) + F(X2, C,c, . . ., c) + (p — 4) F(c, c, .. ., c) + 

(6.3) + F(c, c, . . . , c, Xj) + F(c, c, . . . , c, Xp x2) + F(c, c, . . . , c, xv x2, c) + 

+ F(c, c, . . . , c, Xp x2, с, c) + . . . -f F(c, Xp x2, с, c, . . . , c) = 0 , 

(6.4) F(Xp, c,c, . . . , c) + F(c, Xp, с, c, . . . , c) + . . . + F(c, c, . . . , c, xp) + 

+ ( p - 3) F(c,c, ...,c) = 0 . 

Subtract ing (6.3) and (6.4) f rom (6.2) we f ind 

0 = F(xp x2 , c,c, . . . , c, x , ) +F(Xp, c,c,.. ,,c, xv x2) +F(x2, c,c, . . ., c, xp, c) + 

+ F(c, Xp, c,c, . . ., c, Xp) — F(xp x2, c,c, . . ., c) — 

(6.5) — F(X2, c, c, . . ., c) — F(c, c, . . ., c, Xy) — F(c, с с, xv x2) — 

— F(Xp, c,c, . . ., c) — F(c, Xp, c,c, . . ., c) — F{c, c, . . . , c, xP,c) — 

— F(c, с с, Xp) +4F(c,c, . . . , c) 

since nF(c, c, ..., c) = 0. Subst i tut ing 

X2 ~ X3 = . . . = Xp_2 = Xp = Xp_pp = . . . = xn = с 

in (1.2) gives t ha t 

F(xv c,c, . . . , с, X p _ p c) + F(c, c, . . . , c, 
p e, c) - f -

-f F(c, c, . . ., с, Xp__p с, с, c) + . . . + F(c, Xp_p c,c, . . . , c) 4-
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(6.6) + F{xp_v с, с, .. ., с, Xy) + F(c, с, . . ., с, Xy, с) + 

+ F(c, с, . . . , с, Xy, с, с) + . . . + F(c, с, Ху, с, с, . . ., с) + 

+ F(c, Ху, с, с, . . . , с , Хр_у) = 0. 

Putting Хр_у = с resp. Ху = с into (6.6) we get 

(6.7) F ( X y , с, с, . . ., с) + F(c, Ху, с, с с) + . . . + F(c, с, . . . ., с, Ху) + 

+ (р - 3) F(c,c, . . . . , с) = 0 , 

( 6 . 8 ) F(xp_y, с , с , . . . , с) + F ( c , Хр_у, с , с , . . . , с ) + . . . + F ( c , с, . . . , с, х р _ у ) + 

+ (р - 3) F(c,c, . . ., с) = 0 . 

Taking i n to account, (6.6), (6.7) and (6.8), we can write 

0 = — F(Xy, с, c, . . . , с, Xp_y, c) — F ( x p _ y , c , c , . . . , c, Xy) — 

— F(c, Xy, с, c, . . ., c, Xp_y) + F(c, с с, Xy) + 

( 6 . 9 ) + F(c, Xy, c,c c) + F(Xy, c,c, . . . , c ) + 

- f F(c, c, . . . , c, xp_y) + F(c, c,.. ., с, Xp_y, c) + F(Xp_y, c,c c) — 

- 3 F(c, c, . . . , c ) . 

By addi t ion of (6.1), (6.5) and (6.9) we obtain 

( 6 . 1 0 ) F(xy,x2, . . . , x p ) = 

= F ( X y , x2 XP_y, c) - F(X2, X3, . . ., XP, c) + 

+ F(X2, X3, .... XP_y, С, с) - F(x3, Xy, . . ., xp, с, C) + + • • • + 

+ F(Xp_y, c,c, .. ., c) — F(xp, c,c, . . ., c ) ] + 

+ \_F(Xy, x2, c,c, . . ., c, Xp) — F(xp_y, Xp, c,c, . . ., c, Xy) + 

+ F(Xp_y, Xp, c,c, . . ., c) — F(Xy, x2, c,c, . . . , c) + 

+ F(c, Xp, c,c, . . ., c, Xy) — F(c, Xy, c,c, . . . , c, xp_y) + 

+ F(c, Xy, c,c, . . ., c) — F(c, Xp, c,c, . . ., c)] + 

+ \F(x2, C,C, . . . , c, Xp, c) — F(Xy, с, c, . . ., c, xp_y, c) + 

+ F ( X y , c,C, . . . , c) — F(X2, C,C, . . ., C) + 

+ F(c, c, . . . , c, x p _ y , c) — F{c, c, . . ., Xp, c) + 

+ F(c, c, . . ., c, Xp_y) — F(c, c, . . ., c, Xp)] + 

+ F(c, c, . . . , c ) . 

Finally we p u t 

Gv(Xy, x2. . . . , XP_y) = F(Xy, x2, . . ., xh_y, С) + F(X2, Х3, . , хР_г, о, c) + 

+ . . . + F(xp_y, c , c , . . . , c ) - F ( X y , c , c , . . . , c , Xp_v c) + 

+ F(Xy, c,c, . . . , c) + F(c, c, . . ., c, xp_y,c) + F(c,c, . . .,c,xp_y), 
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G j (X j . xp_v Xp) = - F(Xp_v Xp, c,c, . . ., c, xx) + F(xp_v xp, с, c, . . . , c) — 

— F(c, xv c,c, ..., c, Xp_x) + F(c, xv c,c, .. .,c) , 

A = F(c, c, ..., c) , 

thus f o r m u l a (6.10) reduces to (4.2). 
On t h e other hand every funct ion of t h e form (4.2) satisfies the equa t ion 

(1.2) if n = 2p — 3, and t h u s Theorem 4 is proved. 

(Received J u n e 8, 1963) 
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D . 2 . D J O K O V I Ö 

Резюме 

Рассматриваются циклическое функциональное уравнение (1.2) и 
обобщенное уравнение (3.1). Предполагается, что независимые переменные 
XI ÇS, где S — произвольное непустое множество, и что значения функций 
принадлежат некоторой аддитивной абелевой группе М. Приведены общие 
решения этих уравнений для «лёгкого» случая п ^ 2 р — 1. В «тяжёлом» 
случае р<п<2р—\ рассматривается уравнение (1.2) только д л я п = 
= 2р—2 и п — 2р— 3. Что бы получить общее решение в случае п = 
= 2 р — 2 мы должны предположить выполнимость и единственность деле-
ния с 2 в группе М. 

Общее решение функционального уравнения (1.2) получили раньше 
A C Z É L , O E R M Ä N E S C U , H O S S Z Ú но при более сильных предположений об 
группе М. 


	9. kötet / 1-2.sz.�������������������������
	DJOKOVIC, D. L.: Generalization of a result of Aczél, Ghermanescu and Hosszú�����������������������������������������������������������������������������������

	Oldalszámok������������������
	51���������
	52���������
	53���������
	54���������
	55���������
	56���������
	57���������
	58���������
	59���������


