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by
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1. Introduction

J. AczirL, M. GEERMANESCU and M. HosszU in their paper [1] have con-
sidered the basic cyclic functional equation

(LAY (@B o000 Bri) b Py By, ~ o o e By) s o5 7 FBis B < 0005 B ) =10
and the derived equation
F(zy, @3, - .., Tp) + F(Xy, Xy, ..., Tpyy) +
(1.2) e F(l’n_pﬂ’ Zn_pyas -+ +» Tn) + F(il”n_pn: B pefias v By 7)) 5 5 20
(@, By v s Tpg) = 0,

where p and n (> p) are two arbitrary positive integers.

In the mentioned paper they have formulated three theorems, the second
being:

The most general solution of (1.2) in the case when n = 2p — 1 is given by

(1.3) H(@y5is5 0 oy )= (@ i) oneinsBpy Vo= I (T By o )

where [ is an arbitrary function.

This theorem (and two others) are proved under the following assump-
tions:

1° z; € 8, where S is an arbitrary non-empty set;

2° The values of the function F lie in an additive abelian group M;

3° The group M is such that the equation mX = 4 (X, 4 € M) has
a unique solution X = A/m for every m < n (m € N).

In the proof of first and second theorems it is sufficient to take m = »
in 8°,

The idea of the proof of the third theorem, concerning equation (1.2)
in case p < n < 2p — 1, is shown in [1] for two particular values of » and p.
For details of the proof in the general case and for similar equations of.
M. HosszU [2] (also there the same assumptions 1°, 2° and 3° are made).

In the second paragraph of this paper we shall solve the equation (1.2)
for n > 2p — 1, under the assumptions 1° and 2° only. In the third paragraph
we shall solve the generalized equation (1.2) when all functions are taken
to be different. Finally, we shall investigate the equation (1.2) with 1° and 2°
in the case p < n < 2p — 1 for some special values of difference 2p — 1 —n.
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2. Equation (1.2) for n = 2p — 1

We have the following
Theorem 1. If n = 2p — 1, then the general solution of the functional
equation (1.2), under the hypotesis 1° and 2°, is given by

(2.1) F(x), 2y, - 4%p) =f(@1, %3 «+ s Xp_3) —[(Xas Ty, ... %p) + 4,

where f is an arbitrary function and A an arbitrary element of M such thatnA = 0.
Proof. Direct calculation shows that every function ¥ of the form (2.1)
satisfies the functional equation (1.2). We have to prove the converse, i.e.
that it follows from (1.2) that # has the form (2.1).
Let ¢ be a fixed element from §. Assuming that » > 2p — 1 and putting

By iy = Wpay = ..+ = Wp=¢ M (1.2); we obtain
F(zy, @, ... 0p)+ F(Xy, Tgy -« oy Tpy €)+ ...+
(2.2) + F(xp, ¢, ¢, ...,¢)+(n —2p-1) Fle, ¢, ...,c)+

+ Hec, €5 « - 5.6, By} + F(C) 65 « oo €y @iy Bg) i -
+ Flc, @y, @5, ..., Tp_4) = 0.

If we substitute x, = ¢ in the last equation, we get

B0, oy By g ) ol Bilns, @5y Bpiys G C) b o
(2.3) + F(zp_y, 6,6, ..., ¢)+(n —2p+42) Fle, ¢, ...,c)+
= Blc, ¢, v i) Hlo) 6 s ooy 650 = ot
+ Fle, @y; @, + 05 Xp_q) = 0.
Subtracting (2.3) from (2.2), we find
By, Ty oo o ) = FUTys Ty o0y Tpgs €)= H (B, Ty - 058 p50) T
(2.4) + F(xy, @3, <o 5 Tp_15656) — B3, ®jy « ooy Ty 65€) = i +
+ F(wp 3,66 ..., 6) — Flzp,¢,¢, .. s¢)+ Fle,e, ...50).
Putting

(2.8 Sl @y o 0uBpg) = P& By o 00 Tp 33 8) + BBy Bys + <5 B30 6,0) +
doevs b By 15660 o i 25 €) s

(2.6) A, — Ile 0; L)
the equality (2.4) takes on the form (2.1). Forz, =2, = ... = 2, = ¢, the equa-
tion (1.2) gives nd = 0.

Thus the theorem is proved.

3. Generalization

Let us consider following functional equation

(3.1) B (@i By o orois [ Bp) T+ B (o, By 1oy i) = 005
+ B _pi(@n_pt1 Tn_ptar « - Zn) +Fn_p+2(xn._p+2’ Zn_pigs- -+ Tny Ty) +
+oin (X 2y, s Bp ) = 0 (p<m),
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under the hypothesis 1° and 2° of paragraph 1 (the hypothesis 2° holds for
every function F;).

Theorem 2. The general solution of the functional equation (3.1) in the case
n = 2p — 1 is given by

B @y gy, o055 Bp) =
(3.2) =fil®y, Ty, .-, Tp_y) —[11a(T2, @y, ..., 2p) (6=1,2,...,n—1),
Frlz), 25, ..., %) =
= fu(®y, Zgy « .., Tp_y) — [1(T2, T3, ..., Tp)

where f; (i =1, 2, ..., n) are arbitrary functions defined on S with values in M.
Proof. Using the conventions F; = F, ,,, ; = ¥;,,, the equation (3.1)
can be written in the form

Foxi, ®iygs -« o Tizpa) + Fi119(®igss Typgy oo s Bigp) + - - .+
(3.3) + Fiynp(@isn—p Tixn—pirs - - Tigny) +
+ Fiin—pr(@isn—ps1s Tisn—pia - s Tign—pp T)+ ... +
+ Fiiny(@izn—y Tir -« - Tiypyg) = 0.
Putting #;4, = Zi4p41 = ... = Ti4n_y = ¢ in (3.3), where ¢ is a fixed
element of S, we obtain
Fi@i @ity - o3 Tigp) + Fig1(@igy Tiggy -+ s Tigpys €) +
+ Fipa®ise Tiggs <o o Tigp-s G €)+ ... +
(3.4) 4 P pa®rip—1s € s vy €Y+ Fypples e, ... 0) +
+ Prpasloie, cco6) .. + Frpnplese ...,¢) +
+ FipipaalC, 0, ooy 6,0+ Fron _paale.c, .., 0@ €144) +

“+ ... + F,‘+n_1(0, Liy Lijgyye e vs .’17,‘+p_2) i

The substitution ;,, ;, = ¢ in (3.4) gives

Fizy, ivgy - s Tigp—a, )+ Froy(®isys Tisar -+ -0 Tigpg 6 6)+ ... +
+ Piipo®isp-200 -y 6)+ Frypyle.c, ....¢) +
(3.5) S B0, 85 oo 50 8) 7P cin T Pipnple 6 .00 8) +
+ FisnpiaC: 6+ s & B)+ FipnpialC, 0, « 03 €, By, Tiyy) +
+ ons F Pl By Bigys o o s Bipp—a) = 0.

Subtracting (3.5) from (3.4), we get the formula

Fi(wiv xi+1) v (e wy xi+h"‘l) —
= Fi(xi, Ziyyy «« s Tigp—gs c) — Fi+1(xi+1, Liygy «oos Ligp—ys c) +

(3.6) + Fi-n(xi-n, Ljygy- - - ,xi+p—z,C;C)—Fi+z(xi+2,xi+3,- s Ziyp—1,C, Ot s
- FippalTrppn 008 v5056) — Fopp i@y 005 o 530) +

+ RPrypilei e o0.40)
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which holds for every ¢ =1,2,...,n.
Let us put now

Gl B By v v oo Bpg) = Filss Bay ¢« o5 By ) +
(317 R e i 1) B e

+ Fi+p—2(mp—1, GG i),

(3.8) A; = Fip (6,6 ..y 0).

Since F;= F,,,, we conclude that ¢g,=g;;,. Putting in (3.1)
&= i =i —l¢, 'We Tind, :

(3.9) Y I SR TR O T S
According to (3.7) and (3.8), the formula (3.6) can be written in the form
(8.10) Fimy, 2y ..., %p) = Gy, Ty -+ - » Tp—y) — Fig1(Ts T3, .. ., 2p) + Ay
(= 12k e )
Finally, with the notations
h=a,
fo=0s — 4,
fi=9s — 4, — 4,,

fn:gn _Al —112 _— e —A4,1_
(3.10) can be written in the form
(3.11) Bl BBy« ovs @) = Fl00 T » o 5 Bpa) =150l 85 By <« 0 8p)

(=L, 2, . con sl =) s

Since the form (3.11) is identical with the form (3.2) we have proved
that (3.2) is the consequence of (3.1). Conversely, the direct calculation shows
that the function (3.2) satisfies the equation (3.1) for arbitrary f;.

The proof of Theorem 2 is finished.

4. Equation (1.2) for p<n<2p — 1

The case p < n < 2p — 1 of equation (1.2) is much more difficult. For

that case we have proved the following three theorems.
Theorem 3. If n = 2p — 2 > p and if we admit the hypotheses 1°, 2°
and 3° with m = 2, then the general solution of (1.2) is

(4.1) Flw, B o - o5 Bp) == QB B+ ++ 5B y) — o5, By - - -0 Bg) -+
+ Gy(my, T,) — Gh(@p, 7))+ 4 (nd = 0).

Theorem 4. If n = 2p — 3 > p and if we admit only the hypotheses 1°
and 2°, the general solution of (1.2) is
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(4.2) F(@y @5 « o o3 Bp) = G o1 Ty + 525 Bpy) — G, By « - -5 Bp) -+
+ Gy(@y, Tp_y, Tp) — Gy(Tp, Ty, Ty) + 4 (nd = 0).

Theorem 5. If n = 2p — 4 > p and if we admit the hypotheses 1°, 2° and
3° with m = 2, then the general solution of (1.2) is

(43) Floy, 2y ..., %) =Gy(@y, @y, ..., Tp—y) — Gof@y, T3, . .., Tp) +
+ Gy, Tp_s, Tp_y, Tp) — G1(Tp, Ty, Ty, T3) +
+ Gy, T, Tpy, Tp) —Gop(Xp—y, Tp, T4, Xy) + A (RA=0)

In formulas (4.1), (4.2) and (4.3) G, G, and G, are arbitrary functions.

These theorems suggest that the following conjecture is true:

If p<n<2p—1 and n is odd then wunder the hypoteses 1° and 2°
the general solution of (1.2) is

B By <o s ) = A+ Gol®, Bay =« Bp_y) — Coltlns By - 5 o5 8) =+

p-(if2
{4.4) -+ 2 {G & By » o3 Bip Bn—prnian + + 55 Dpss Bp)—
k=1
— Gl ®p—giryy - - o3 Epy Biy = - - Bgpritn) } (A = 0).

If p<mn<2p—1 and n is even then wunder the hypotheses 1°, 2° and
3°withm = 2 the general solution of (1.2) is

Fxy, B, oo 0p) = A+ Gy@), @y - o s Bpy) — Gl @5 - .-, Bp) +
p—nj2
(4.5) + 3 {Gdwy, 2y, - o, Ty Tn_prytrs- - +» Tp—ys Tp)—
k=1
— G p—piis v+ v Ty By « 0 Byginip) } (nd = 0)

In the following two paragraphs we shall prove Theorems 3 and 4. We
omit the proof of Theorem 5.

5. Proof of Theorem 3

Using the same procedure as in section 2, we find for this case

Bl @y o0 o Bp) = [ B By« v 00 Bpyyy O — T @i By o+ 55 T €) F
+ P2y, Byy -« oy Bpgy € €)= Hgy By 545 Eps 6 6)F
(5.1) ST &
4 @y g Bpyp CsCy o« o5 8) — Bl @pys Bipy 6,65 w258} ]
b gy 5650 w0y €) — B 8,85 v on s Colly) +

L F(6,.C;: -y 6y Tq)

The square bracket has the form (4.1). In order to reduce the remaining
terms to this form, we put in (1.2)
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() Zy=23= ... =% 1 =Xpy1 =Tpy = ... =T =¢;
(ii) Zy=23= ... =Zp_;, =Xp= ... =Tp = C;
(ill) B == ... =Cp ) = Tpy1 =Tpya = ... =T =,

and thus we obtain
By 6565 50050 @)+ F(0,6 o« o, 6 B )+ Fl6, 0y o s vy 6Ty 84 €) + 5

(5.2)

(¢.3)

(5.4)

(5.5)

+ B0, 5 0,05 « <5 6)F P ®ps €4 8 +41 6, B} Fle, 6 -« ., 0,85, ¢) 1
= B05 0 es 51 Gy 1y G0 s ow = H(C 8y, 0,6, vayiC) =0,

F(%450,1C, o5 1G) =BG BH1C0C - v 58 e = H(65C, o o365 05 )
+(p — 2) F(c,c, ...,¢) =0,

Pls, 6,0, <o s Y+ Ploy B, 0.8, - - s O+ oo ey 04 o oo &%) +
+(p —2) Flc,c, ...,c)=0.
Subtracting (5.3) and (5.4) from (5.2) we obtain

0= F(x;,6,0 0.6 %)+ F(@p; €, 6, «s056, %) — Fi@y,6,0, ...,8) —

— Fle,0, «uuy 6.%) — P2y, 0,0, ..., 0) — Fle,e, ...,6,%,) +
+ 2 F(,ec,...,c),

since nF(c, ¢, ...,¢) = 0. From (5.1) and (5.5) we get

QF(xy, Xgy + + o3 &p) = 2[F(2y, By, . « o5 Xp—y, 6) — F(Tg, Ty, ., &py €) +
+ F(2y Ty, ..., Tp—y, 6, ¢) — FlXg, @y, ..., %p, 0, €) +
+ ...+
+ F(xp_y, €., ..., €) — Flgp, c,¢, ...,¢)] +
+ [F(zy, ¢, ¢, ..., ¢, xp) — F(xp, 050, ...,6,%) +
A~B(e; 6 sv 6%y — H (€105 o s €1 Tp)
+ F(@p, 0,0, . .; ¢) — Py, 80, ..., 0)] +
S (e )

Dividing by two, we find that F has the form (4.1).

It can be shown by simple calculation that (4.1) satisfies (1.2).

6. Proof of Theorem 4
By the same argumentation as in section 2 we obtain
By, By o ona Bp) =
= [ (o 05, oo iy, ) — (X5, Eay ey Ty C)

+ P2y, @3, o . s Tpy, 6, €) — F(Z3, ®yy 05 Tpy €. €) +
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(6.1) -]
+ Py Bi, Ty €, 0y ooy € — BBy, Bz, Xy 65 €, o~ - B)] +
+ P(@)a Ty €, 0, oy 0) — FBpy, By €, €5 o0y, ) +

+ By 650, sons 0, 8) — Pl 0.0, 0 - o4 0, @y Tg) +
+ F(C; €, « +»5 C5 Ty Ba).s
The square bracket is of the form (4.2). Let us substitute in (1.2)

) xzy=2y= ... =Tp_ 1 =Xpy; =Ty 5= ... =Ty = ¢;
(i) 23 =2, = ... = Tn=10;
(lil) 3y == ... =T 1 =Ty =Tpyy= ... =Tp=1.

then we obtain
F(zy, 2y, ¢, ¢, ..., %)+ F(xy, ¢, 0, ...,¢,2,6)+ Fle,c, ...,c, %, ¢, )+
+ Ble, €, - - o By 6, &, 0) 4 . . . + 0, 6,85,0, 8 .. B)F
(6.2) + Fle, 25, ¢,0, ..., ¢, 2)+ F(xp, 0,0, ...,0, 2, %)+
4+ Fle, ¢, « . 3¢, Xy; Tgy6) + Fle, €, o1, %y X5, 056) + .o -
e A (o N SRR ) e 1 I

F(xy, @y, ¢,¢, ...,¢)+ F(xy,¢,¢, ...,¢)+ (p — 4) Fle,c, ..., c)+
6.8) + Flcic, .50 %)+ Flo,e, ....0, 2w+ Fle,c, ...,¢ %, 0 c) +
b B0, 8y oy 05 By B 0y )i o s T B 2, 1, 0,6 0} =10,

(6.4) F(zy,cc, ...,c)+ Fle,xp,c,¢,...,¢)+ ...+ Fle,c, ...,c,xp) +
+(p —3) F(c,c, ...,c)=0.
Subtracting (6.3) and (6.4) from (6.2) we find

0= F(xy, 23, 0,06, ..., ¢, %) +F(2,, ¢ 00 .., 00 5)+Fx,c0 ....0c)+
+ Flo, xzp, ¢, 6, . s 0,%) — B2y, %5,6,0, . ..; 6)—
(6.5) = F(@5.:¢, Civ= 05/6) = (GG} 5 055 C, Ba) — HNC3.C5 wisie 5.C;p5 ) —

— BB €, € s vy 8) — Floyp, 0,6, < s ye) — Fle, ¢, s ucy 6, 85,€) —
— F(c,c, « w3y Cyiy) 440, 0, ..., 0)
since nk(c,c, ..., c) = 0. Substituting
By=Byg = ... =p g =Xp=Tpyy = ... =Ty =20
in (1.2) gives that
F(zy, e,0, ...,¢, %4, ¢)+ Fle,e, ...,0,T5,¢,¢) +

+ Ble, 0y sy, Tpyy 6,6, 6} - oo+ Fle, ®pyy €, €, . ., 6)F
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(6.6) + B (Bpgy €, Gy o oy @ )+ FU0, €y o oy 0, By, 8) T
L H(c, €, - .., C;%i,C, €)t sl Fle, €505 2 ,06) F
+ Fc, @y, 0,6, «.vs 0, Tp—4) = 0.

Putting x,_, = cresp. x; = cinto (6.6) we get

(6.7) Fxy,70; 65 =me 6) B0, T30, G w55 6) T 50 ook PG G, 2w 31 0% 041

+1p = 8) Flo, 0 swumth=10s

(6. 8) (@ 3G Gy BY 7 HUCH 15163005 2 53 C) b s e (65 Chuosis s i )

o (n — 8) H(c; € vy ) = 0.
Taking into account, (6.6), (6.7) and (6.8), we can write

0=— Flxy,c6,...,6, %, 1,c) F(xp 15105185 e 8 5 050 Ty ) —
= K(e; ®1,650; o556 Bp ) FF(C5 65 w056, Ty)
(6.9) N (R TR R [ O SN ...,c)+

+ F(6, €5 v o s G Wp o) T(6, 8,1 0 o8, Bp g5 )+ Fl,_ys €85

— 3 K¢, ¢, ..., 0).

By addition of (6.1), (6.5) and (6.9) we obtain
(6.10) BBy s « 0 By} =
= K2, Ty« Ty iy €)= B (Epy By 0oy Wip B)

+ By, @3, . .y By_q, €, ) — F(X3, Ty, - - -, Tp, €, 6)

F B(Tp 156565 - op0) — Flmp, 0,0, ... €)] F
Ao [0 Wi 0 G w05 B ) = BBy 3B 005 5 00 W)
o W (By 5 By 15y o 5.9 6 = FByy By 8465 = 5 o5 €}
A U, By €,6; 553 6 By) = F(0, Bys 6, €5 5 1 056, Bp_4)
- U6, 2, €, 0y ey €) — HUC, Bpy 65,6, -y €Y )
+ [Pl 6,6, ... 6,5 0) — Py, 0, €, ...,0,% 5.6 +
+ F(xzy, ¢,¢, ...,6) — Flxy, ¢,¢, ...,¢) +
+ F(e,c, ... 3G Bpig G — F(e,c, ...,z )+
A= BU05 G5 4 o 0y B ) — L6 6, - 505 G ]
(6 641 5 555 B)

Finally we put

Ol By o vas Bp_g) == Pl T <05 8,35 OV P00 W5 5 - 55 Bp_oy B2 B} T+

s o R e MRy ) S (T B e T L )

«C)—

= IRy Cs Bs 505 8} UG 0 5555 05 Bpq5 6) T F (8, <« 5Ty
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Gy\®y, Zp_g, Tp) = — F(Xp_3, €5, 6,65 oo o3 6, By) + F(@p—y, Tp, 6,0, ..., C)—
— Fle, oy, 656 .0 50,25 3)+ Fle, oy, 6,6, ...,6),
A= Hley6 ooms€) s

thus formula (6.10) reduces to (4.2).
On the other hand every function of the form (4.2) satisfies the equation
(1.2) if n = 2p — 3, and thus Theorem 4 is proved.

(Received June 8, 1963)
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OBOBILEHHUE OJHOI0 PE3YJIbTATA
ACZEL, GERMANESCU u HOSSZU

D. 7Z. DJOKOVIC
Pe3lome

PaccmarpuBaiotest LMKiMyeckoe (QyHKLMOHAJAbHOe YypaBHende (1.2) wu
o6o6imenHoe ypasHenue (3.1). INpemrnonaraercs, 4To He3aBUCHMble NepeMeHHbIE
X; €8, rre S — NPOM3BOJIbHOE HENYCTOe MHOXECTBO, X 4YTO 3HAUeHHs QyHKIMIl
NpHHa/JIe)KaT HeKOTopOoi ajuuTuBHON abesneBoit rpynne M. IlpuBeaeHbl obue
pellleHMsi 3TUX YPaBHeHMI I WIErKOroy ciayyas n = 2p — 1. B «TsHhrénom
ciayyae p < n < 2p — 1 pacematpuBaetTcss ypasHenue (1.2) Tonbko aast n =
=2p—2 U n=2p—3. Uro 0Obl NoJyuyuTb o0llee pellleHHe B Cliyyae n =
= 2p — 2 Mbl JIOJUKHBI T1PE0J0KHTb BBITOJHUMOCTL M eIMHCTBEHHOCTD Jlejle-
Hust ¢ 2 B rpynne M.

O6wee pewenne GyHKUMOHANbHOrO ypaBHenusi (1.2) mosnyuunu paHblue
Acztr, GERMANESCU, HoSszU HO npu 6osee CHILHBIX TpeoNoyKeHuit 00
rpynne M.
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